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~ ABSTRACT

A method of designing ideal cascades in which the separation factor varies

. with stage number is presented and applied to centrifuges as separating units.

The centrifuge is characterized by a performance function, which gives the

separative power, optimized with respect to all internal variables, as a function

- of cut and throughput. For centrifuges with certain tYpes of performance func-

tions,jvariable-dvideal cascades can provide product at lower cost than the

cohventional ideal cascade in which the separation factor is independent of

‘stage number.
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1. Introduction

- As far as is known, all cascades for uranium isotope separation are
designed as ideal cascades with all separating units operated in exactly the

same manner. When the separation factor (or the separative power) does not

-

' . vary with stage number, the characteristics of the ideal cascade may be obtained

from the theory aeveloped in the books by Cohen (1) and.Bénedict and Pigford (2).
However, we show in this paper that it is possible to construct ideal (i.e.,
no;mixing),cascades'ih which the separation factor varies from stage to stage.
For certain types of separating units, the performance of this "variable-a"
ideal cascade'is suﬁérior to that‘of the conventional "constant-0" ideal
caécade. |
In;order to attain the hé-miking condition at each point in the cascade
where streams join, each separating unit in a constant—a‘caﬁcade must be
,6perated sfmmetrically. In symmetric opération, the‘héads separatién factor a
ié equal io'tﬁe tails separétion factor 8. In a variaﬁleea ideal cascade, on
the other hand,lthe'nojmixing requirement'imposes diffefent constraints on the
aéymmetries‘of.the‘units in adjacent stages. |
The ability of a centrifuge to perform as an isotope separator is described
tby the dependence of some measure of its separative efficiency_(e.g., heads, tails,
or total sepéraﬁion factor or separative power) as a function of éll experimentally

controllable variables. The latter may be divided into two classes: internal

_parameters~and operating parameters. The distinction between the two classes is

as follows: changing an internal paiameter affects only the product and waste

‘compositions but does not alter the feed, product otvwaste flow rates. Change

. of anvoperating variable disrupts both the flows and compositions of the streams

'leéving the éentrifuge. The two Operating variables are the cut 6 and the



throughput L.; Amonéuthe‘iuterhal parameterS-arevthe tempereture differences
across.the,endicape of thevrotor and thevdesign and oosition of any scoops in-
side the rotor. The‘geometry (height and radiusi ahd'beripheral speed of the
rotor are uot considered to be coutrollable variables..'The'rotor is always
driven close to ite strength or stability limit; there is no reason to do
otherwise.

Throughout this analysis, we assume that the isotope fractious of U—235»
in.all streams are much sualler than unity.r.with this-reetriction, the heads

separation factor for a single centrifuge is given by:
0t=x9‘/xF o - S . (1)

where x_ is the U-235 concentration in the product stream and xF is the feed

compositlon. The talls separation factor is:

Bexesx, T
where x, is the waste composition from the centrifuge. Byfmeans of material
balances,'the cut 6 is found to be related to the separation factors by:

g= B=-1 - - ' (3)

Theory and experlment g1ve ‘the separatlon factor as a function of all con-

trollable parameters of the centrlfuge, or by a functlon of the general form
‘a(L,6, internal variables)

The centrifuge performs most efficiently when the internal variables are adjusted
(at each combiﬁation'of L and 6) so that the separation factor is a maximum. The

optimized separation factor_is therefore a function only of the operating variables
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L and 6. Usihq an asterisk to denote optimizatibn with respect to all internal

variables, the function a*(L,8) is called thebperformanée function of the centri-

fuge. Prévided.ali of‘the internal variableé have beep‘qbnsidered in the optimi-
zatidn.prdcess, thé iéotqbe‘separating capébilify of the centrifuge is completely
defined by the performance fuhctipn.

If the éondition of symmetry (q=B) is imposed upbn the centrifuge because
iﬁ ié to bevempioyed-in a COnétant-a iéeal cascade, Eq. (3) shows that
9'= 1/(1:+ as, and hehcé'a* is a fuﬂction of L ohly.. However, for the variable-a

cascade, the restfictioh a = B does not apply and knéwledge of the complete -

(i.e.,:two-dimehéional) performance function must be used in cascade analysis. -

2. Cenﬁiifﬁge Flow Moééls
Thrée different centgifuge égrformance fuﬁctions are utilized in
éomparing constaht—a and variablg-a cascades. All of the centrifuge models are
détiVea by_ﬁeansvof éhe Cohen method of solving the diffusion equation in tﬁe
gas containeé in the rotor (3). Brief summa?ies of the three models are
‘presented beIOW;_additional details are given,in'Appendix I.
Case A is the 6riginal Cohen model, in which the éxial flow velocity
is indépéndent of ‘axial position in the centrifuge’(ife;, the "long bowl"
aéprdiimation). The énly internal variable is the’éarameter m, which represents
the ratio of the magnitude of the circulating flow to a‘characteristic'molecﬁlar
'diffusion':ate.' Oétimization.with respect to this internal variable is |

accomplished by vafyihg m until the separaﬁion factor is a maximum.



Cases B and C permit axial decay of the axial velocity‘profile; The radial .7
" ‘shape of the axialIVelocity is assumed torbe independent4of axial position, and
_ cnly the magnitude:of the flow changes; " The gradient eqnationsvderived by Cohen’
still apply, but the coefficients are. dependent upon arial location, In case B,
the internal floe is assumed to be'driven thermally by a temperature difference
at one end’cap."The radial dependence of'the axial velocity is taken -from the
calculations of Jacques (4); although the particular radial shape is not as
important in the present analy515 as is the fact that the flow decays Wlth distance
from the‘driving end'cap. Exponential ax1al=decayvof the flow in a centrifuge rotor
. was predicted by Ging (5). However, we have.utilizedidecay constants larger |
.'than that predicted bY'Ging's.calculations in order to enhance the basic axial
asymﬁetry about‘the.midplane which this tfpe of flow pattern causes. In case‘B,
vthe only internal tariable used in optimization is the ‘end cap temperature
difference, which'is varied.until'a is naximized. | |

Case C represents a'centrifuge driven thermally from both ends by tem~
perature differences of opposite sign'on the tﬁo end caps. As in case é, the
radial shaée.of.the end-driven flowvis-taken_from Jacques' calculation and the
flow magnitude is allowed to decreasefwith distance aWay'from the appropriate
driying end.. In érinciple, both end cap temperature differences are internal
variables which should_be inCIuded.in the optimization process. fo avoid time=~
consnming optimisation calculations( theiratio of the endacap'temperature dif-

ferences and the common axial decay constant are fixed, so that only one

- optimization parameter needs to be considered.

Figure 1 shows ‘the variation of the magnitude of the axial flow veloc1ty
w1th height in the rotor for the three cases treated. -The veloc1ties ‘have
v been normalized'to‘unity at the bottom of the strippingisection. .The magnitude
_of the axial velocityvis deternined by.the internal variable driving the flow
v(m for case A and the hot end.cap temperature difference.for cases B and c)

which is varied in order to maximize the separation factor.




- power for asymmetric -elements.

3. Performance Functions

The infOrmAtiOn contained in the performahce function a*(L,6) may be
expressed in terms of other variables. The usual depehdent'variable is the

separative power of the centrifugé, and the function SU*(L,0) may be obtained

" directly from a*(L,0). The asterisk on 8U indicates that it is optimized with

respect to all internal variables. _F6r cascade analysis, it is convenient to
consider o and B as independent variables and L* and SU* as optimized dependent
variables. If 0 is expressed in terms of a and B by Eq.. (3), the performance

function a*(L,0) can be turned inside out to yield the function L*(a,B). Here

.L* ig the méximum'throughput'which can be achieved at specified values of O and
B. It may be shown that the values of the internal variables which maximize

'@ for a particular L,0 combination are the same as those which maximize L at

specified o and B. Ihﬁs, L*(a,B) is another way of expressing the performance
function ofvtﬁé'centrifuge.;'

Pieseﬁtétioh and analytical appiicationiof the pe;formance function is
facilitated if the'depehdent'Variable is chosen as th§ separative power SU*
ratherbthan the sepafétion factor a* or thé throughput L*. The reason for

this is that 8U* varies much more slowly with either sets of independent

‘variables (L,0) or (a,B).than do the other two possibilities. There is,

'however, disagreement concerning the proper formulation of the separative

Defining a function f(a,B) by:

- -~ a(B-1)1na - (a-1)1nB

f(a,B)— aB - 1 ’ (4)

Bulang et al (6) obtain the separative power:
68U = Lf(a,R) E o (5)
whereas Ouwerkerk and Los (7) arrive at the relation:

8U = LEB,@) | )



Bquation (6) m;y'aISO be termed the then sepﬁtétive’power because it was
obtéined;by Ouwerkerk and Los (7) assuming that»the.vaiué funétion‘derived
by Cohen (1) isvééélicable. [use EqJIIIfIB)in Eq. klO),_eXpress concentrations
in terms of @ and B by Egs. (1) and (2) and eliminate the éut by qu (3).]

These two formuiations’apply'to dilute:conqentrétions of 0-235 in U—238iﬂ
and differ:only'inﬁthe order in which the variables o and B appear in the ' -
function f£. Whether the separative power is described by Eq. (5) or by Eq. (6),
6U* (0., B) correspondé“to the product of L*(a,B) and either.f(a,B)'or £(B,a).
The relative'mefits of fhese two expressions fér the Seﬁaréﬁive poﬁer of a
single asymmetric'separéting unitLﬁill be Aiécussed in Séc; 4; Hdwéver, for .
the.present anélysié;.Eq.'(S) and Eq. (6) may be regarded'éimply'as alﬁerhate
means of éescribingfthe éentrifuge performance functioh;- The choice of |
c§hen's or Buléng?s'separative power is not im@ortant in_the cascade
calcglations.; As shoﬁn'in~the following'sggtiog,AcaScade:éonfigurations are
compared on the basi; of a‘figureéof-merit'which closely represents the cést
per unit amount Of a product of specified concentfation,‘

imhe.maggitu&eé of the;optimized séparative powers_éf ;he'centrifﬁges
. modeled in the presant'caiéulation were not the main point‘of’in£erest. The
important asﬁect'of the performance function is’ the manner in which §U* varies
‘with L and © or with o ahd-B;' Hence, the input parameteréffor the calculation
of  the flow fiélds wére selected so aé to be reasonably.realisti¢ and to‘yield
'». separatibn-factors sufficiéntly éréétér.than:hnity_;ohthat.the analytical |
dééenéracies associated with close sééaration were avoided. In order to simplify
‘the separ#tidn performaﬁce calculations, the.range éf thevoﬁérafing vaiiaﬁles
was restricted.'.Thé cut was required to be iq'the range 0.1 < © < 0.9 and

Our object

the throughput was restricted to the range L . <L<L .
e : : - "min — 7 — "max

is to compare constant-a and variable-a cascades comprised of centrifuges
‘having the same performance function. . The conclusions of this analysis are
not substantially affected by restricting the range of operating variables to

 the confines cited above.
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Figures 2, 3, and 4 show the performance functlons GU* in terms of the
independent variables L and O (left hand panels) and in terms of ¢ and B
(right'hand panels) for centrifuges A, B, and C.. The performance,functiOns
8U*(a,B) are presented  as t0pographlca1 maps in which the‘contours are lines
of constant 6U*. Bulang's separative power (eq (5)) has been used in all
plots. ”Had the"Cohen separatlve poéer'(Eq. (6)) been nsed instead, the curves
in the left hand panels of Figs. 2—4 would have been somewhat flatter than
those for Bulang s seuaratlve power and the contours in the rlght hand panels

would have been sOmewhat altered. However, the qualltatlve features of the

. performance function plots would be the same and identical values of L*(a,B)

could be computed from- them.

The left hand panels of Flgures 2 - 4 display the performance functlons
as they normally would be obtained ‘from experiment or from theoretical calcul-
7_ation. Thehcase A perfornance function of Figure 2 indicates that SU* is rela-
tively insensitive to cut for 6 < 0.6 but thereafter decreases rapidly. The
6U§(L,6) plot for the<case B centrlfuge (Figure 3) decreases uniformly with cut.
This behavior_reflects the decay of the axial Velocit& with distance from,then
heated end cap at the bottom of the stripping sectionli In order to avoid iso-
tope mixing, the feeo injection point in units of‘rotor lenoth is approximately
equal to the cut {in the close-separation 1init, these two qnantities are exactly
equal (5)5.- Consequently, separative performance is;inproved to the extent that
the;feed can be introduced at an axial position where'the circulatory flow is
strong. For the case B centrifuge, feed injection near.the bottom of the.strfp-
ping'section,'which implies a small‘cut, produces the largest Su*. 1In the case C

centrifuge‘Shown in Figure 4, the flow strength -passes through a minimum at



6 =0.4 kFigure 15.',As'a result, when the cut (and hence the feedvinjectlon
point) is v 0;4, Su* is poorest. In this instance, Su* is largestqfor cuts
either near 0.1 or betweenﬁﬂ 0.7 and 0.8.

Thelcontour representatlons of GU*(d 8) , which contain the same informa-
tion and are obtalned from the GU*(L 0) plots, also reflect the effect of axial
varlatlon of the c1rcu1atory flow. The GU* contours in Flgure 2 slope gently
downward as B increases (or, accordlng to Eq. (3), ‘as 8 1ncreases).- Ihe Su*
terrain in F1gure_3 is about twice as steep as'it is in Figure 2 but slopes in
' the same direction. The contour plot for case C (Flgure 4) has a distinctly
different character from those'of the prev1ous two cases. . Large GU* values are
'achleved for both comblnatlons of large a, small B and for 'small a, large B At

high flow rates (near the L = L boundary), 8u* is depressed near the

symmetry line (a = B).

3. Cascade Design

In this section, constant-0 and variahle—a ideal_cascades constructed of
centrifuges with.performance.functionsIrepresented‘by Figures 2 - 4 are compared.
comparison is based upon the unit cost of product of a specxfled composition.
It is assumed that all costs are proportlonal to the total number of centrl- '
fuges in the cascade, so that the unit product cost is: |

o n. ) . : '
cé(s/kg UF,) - k i.ci/P, L | o (N
where k is the annual cost of operating*one centrifugeb(including_capital recovery,
.machine'replacement, poweriandvoperating costs) and ci'is\the number of‘centrifuges
in stage i. The cascade’contains n stages and P is the product'flow rate from the
top stage. _The quantitf hy which a particular'cascade design is‘judgedvis the ratio
Cp/k, uhich, according to ﬁq, (3), is equal to the nunber'of centrifuges in the cas-

cade divided by the product flow rate. This comparison is'meaningful only
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if the two.cascades uhder.consrderatlon rece1ve.feed cf the same compos1tlon
and produce waste and(prOAuctistreams of the same assey;

In ée51gn1ng a varlable;a cescede; therseperatlon factcrs et_eéCh stage
arerselected in a manner Qhrch‘hlhrmrres.the procuct cost Cp.. chever, in
order to’ satlsfy the requlrement of nc mrxlng; the heads and talls separatlon

factors on adjacent stages must satlsfy the condltlon (see Appendlx I1):
o = Bi ] : . , (8)

A method:of designing a no-mixing,casééde;which,satiSfiessthis restraint is
presented invAPpendix:I!I.For any specified set of heads separation factors

(i.e., g, Q. weees® )y the throughput to the centrifuges in stage.i.follows . .

1,h
from the performanCegfunction-andqu;.(8);.name1y; L, =fL*(ai,ai;1)., The per-. ..

formance functioh”t*(dyﬁr is obtained. from: one.of the contour plots of Figures
2, 3, or 4lhyfdividingfGU**by'f(a;B) given by Eq. (4).. Similarly, the cut of .
the centrifuges in stage ‘i is found by ccmbination of Eqs.'(3) and (8).

In order to assurevintegerfnumbersrof stages in the;stripping,and en~-

‘riching sections and to avoid isdtope mixing with natural uranium feed, the

waste and produdt‘ccmpcsitions'Cannot be specified a priori..  Instead, these
compositions are chosen ‘to be as close as possible tc.nominal values of 0.003
and 0.03’respectivelinhen'the number of stages . in each section are integers.
The<unit*productscost~of;the variable-0 cascade is then determined from Eq. (7).
This,quaﬁtity depends.onlyfupon the separation factors essigned to each. stage
and the performance function of the centrifuges .in the cascade.
If-thelseparation?factor is to be the saﬁe'at-all stages of an ideal
cascade, Eq.‘(8) shows that & must be equal to B. 1In terms of the contour
plots, a (and‘B) must.lie aiong the 45° 1lines in Figures 2 - 4. For all three

centrifuges, maximum separative power along the symmetry lines occurs at the
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largest ailowable flow rate. (This feature'may ho§ occor if the effect of
feed on the velocity profiles is incorporated into the'centrifuge performarce
model) . The maximum Su* for the coostant—a caecades are denoted Ey the,poiﬁts
marked "S" in Figures 2 —'4,> The unit product cost for the constant-o cascade
may be determined from cdnveptionaljiaeai_cascade theory (2). ‘For each per-
formance function';here is only.one minimum produce cost constant-a cascade.

There are{ on the other:hand, an infihiie'number of variable;a cescades.' The

' “gsavings":
o (c)) - {C) . - T :
savings(%)-'?--—P cogs; - = Vbl'-q x 100 : (9
‘ p const.-0 :

“is the measure of the superiority (ox inferiorityrvof“a particular variebie—af
cascade de81gn over the best possxble constant-a mode of operatlon of the
avallable centrlfuges. The unlt product ‘cost of the constant-a cascade is
evaluated at the same feed, product, and waste compositlons as those of the
partlcular variable-0 cascade w1th whlch comparison is made. | |

The remaining question'is,how,to select the set of heads‘separation
factors for the variable-0 céscade in a manner ﬁhicﬁ minimizes Cp, For
quidance to the solution of this problem, we utillze the performance N
*function plots.. (8). lndlcates that the heads separatlon factor of
a stage in an ideallcascade must be equal to the tails separatlon.factor of
: thev3£age above'icfllbne methoé of selecting a set of.ui-values is to require
_ thet for eecth,'phe correspondiog a be chosen'asptﬁe point on the conrour ploc
for whichrdﬁ* is a-maximum..eThis specification'definee an "opereting‘line"-on
the contour ploc,'to which the‘c0nditi6ns of-alllstagee in the cascade are |

restricted.
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The - Type-A Centrifuge
The operating line delineating the "ridge" of separative power for the

~ Type-A centrifuge is shown in Figure 2. 'Suppose the first stage is operated at

the p01nt A in the plot (a 1-40, Bl 1. 17) The cascade condition given

-1.40. The point on the operating line

"

by Eq. (8) requires that B al

corresponding to B = l 40 is az = 1 17 (POint A' of Figure 2). The separative

¥

power of the At stage is smaller than that of the A stage. Because the
operating line is symmetric about the 45° line, all odd number stages operate
w1th the centrifuges at pOint A and all even number stages conSist of |
centrifuges w1th the characteristics of p01nt A'. ThlS arrangement produces

the follow1ng set of heads separation factors Wthh constitute the input

information-to the variable-0 cascade analysis:

1.17

™

. h
QR

I

o, =1.40
o, = 1.17

a, = 1.40

Calculation of the unit product cost for this particular variable-o design
‘and for the constant—a design corresponding to the point S on Figure 2 shows
that the sav1ngs defined by Eq. (9).;5 f3.7%. That’is, the variable-a de51gn
1s‘1ess_eff1cientvthan the conventionalvconstant—a design. It does not matter
,whether_the first»stage.iS'selected at Af orlh. 'Ehé sane negatige saving of
-3.7% is found for'the variable-a" consisting of the'pointsz and B' as well.

The unit product cost of the constant-0 cascade at point C in Fiqure 2 is also
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3.7% greater than thet of the point S cascade. For the type-A centrifuge,

therxe does-not appear to be any way of designing a variable-a cascade which is
superior toutne constant-a cascade composed of»centrifuges each of which operates'
at its maximum.separative power (point S); " Although the»separative powers.ofu
the,steges operated at points'A or B are greater than the'separative power at

S, the.stages wnlch must operate'at-points A' and B'-produce less separative
uork.then machines’operatinc at's; The net result is that the loss of separative
work due to the nigh-cut operat;on,at A' or B' more'than offsets the’gein in
separative performance.arising fron the low-cut operationlof the machlnes at A

or B.

The !xpe-s Cenﬁrifuge

| The variable-a cascade composed of Type-B centrlfuges most likely to com-
pete successfully w1th the best’ constant-a de31gn follows the operating 11ne
shown in the contour plot of Figure 3. The flrst stage of the varlable-a cas-.
cade has been arbitrarily'selected et.the point qi = 1752, 81 = 1.07.‘ Once
this point has.been chosen, the operating points of the remaining_stages are
fixed by the operating line end the‘cascade condition of:ﬁq. (8) . The operating
poxnts for the 11 stages in the var1ab1e—a cascade are shown as the numbered
dots along the operatlng line in Flgure 3. Note. that because the operatlng 11ne
_is not symmetrlc about the 45° 11ne, operating conditions closer to symmetry are
approached towards the top of ‘the cascade. The unit product cost'calculated for

this particular variable-a design is 5.4% greater thanfthat”dbtained for the
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~constant-a.cascade;operated’at'poiﬁt S in Figure 3. . For this particular centri-
fﬁge‘performAncelfuhction, there does not appearrto'be‘aIbetter'way“of designing
a cascade then as a'conventional constant-0 assembly of cehtrifuges operating at
maximum separative power.

The Type-C Centrifuge

The contour plot of Figure 4 for the Type=C centrifuge does not exhibit

a ridgebof 8U* of approximately hyperbolic shape in‘the a-B plane as do the Types
A and B centrifuges:v'InStead; the separative poWer,ih the region of symmetric
TOPeration is lower than the GU; onvthe'heights at either side of the 45° line.’
Consequehtly; we have seiected a variable-0 cascade whbse stage operatihg poihts
'oscillaté-between'points A and A' in Figure 4 for coﬁparison with the best
constant-0. cascade at poiht S. if‘the first stage is selected at point A, all
;odd numbered stages operate with o = 1:50, B = 1.08.' For the even numbered
stages'(pornt A'), o= 1. 08, 8 = 1. 50. The average separative or the powersv

at points A andrA' is larger than the maxihum separative power along the
symmetry line (point'Sf. The detailed cascade analysis described in Appendix

D shows that the sav1ngs is 5 5% 1f stage one is at p01nt A and 5.7% if the
'cascade is started at p01nt A', |

Figure 5 shows the details of the variable—a cascade of Type-c centrlfuges

in which the odd-numbered stages are represented by p01nt A' in Flgure 4 and the
even—numbered stages operate at point A. The ordlnate helght of each stage in
Figure 5 gives the heads concentration leariﬁg the'stage‘ahd the width of the
rectangles is proportlonal to the number of centrlfuges in the stage. The heavy
vertlcal arrows represent large flow rate streams (heads flow from hlgh—cut
‘stages and talls flow from low-cut stages) and the light arrows 1nd1cate small

flow rates. The cascade contalns two strlpplng stages and six enriching stages
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and supplies a product stream of slightly largeriassay than the nominal require-
ment of 3%. The tails strean is somewhat more.depleted than the desired waste
composition of 0.3%]' | | |

The constant-0 cascade to which the arrangementﬂsh0wn in Figure 5 was
compared to obtain the 5.7% product unit cost saving cannot be diagrammed; for
the same_prodnctand waste compositions as shown in Figure 5, noninteger numbers
of stages would be‘required in‘a constant-a cascade with all stages represented
by point s in Figure 4. However,.the nearest 1nteger stage cascade in which
each centrifuge operates at p01nt S of Figure 4 (a = 1 152) is shown in Figure 6.
This cascade contains ~n 5 times as many centrifuges as the one in Figure 4 but
snpplies v 5 times the product flow rate as does the latter. The number of cen-
vtrifuges per unit product flow rate is approximately the same for both arrange—
ments. Despite the very different appearances of the variable-a cascade of
Figure 5 and the cdnStant-a arrangementlin Figure 6, both.cascades utilize the

same centrifuges.

4. Separative’PoWer‘and Valne Function of Asymmetric ﬁlements

The great ntilit? of the Cohen value.function gi#en by Eq. (IIXI-18) is
that when nsed to'calculate'the separative duty AU of ahcascade by Eq. (IlI;17)
and to calculate the_separative power'of a single centrifuge by: |

: ='L[9w_xé) + A-0VEx) - Vixp], o

the ratio'Aﬁ/GU is equal to the total nnnber of>Centrifnges in the cascade, which
is a direct measure of the cost of the process. This important result can
be rigorously demonstrated only for ideal cascades consxsting of symetrically
operatEd centrifuges (i.e., for constant-o cascades). In the case of the
variable-0 cascade, in which GU is different for the centrifuges on each stage,

the analog of Eq,((III-20)'is:

§
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. n ' , . .
AUY= § g GUi - o . (11)

where AU is ngen by Eq.(III-l7) and GU is the Cohen separatlve power
(Egs. (4) and (6)) for each of the‘ci centrifuges comprlslng stage i of
the cascade. We hava’not been able to prove that Eq.'(ll) is applicable
to any variableQa,cideal cascade. ‘However, Eq. (11) has been applied to
the cascade_shown.in Fig. 5 using the'interstage flow rates supplied by
‘the detailed cascade analysis, and was found to be satisfied as accurately.
as the computaticns'pérmitted. | | | o

The‘UScfulness of Eq.'(ll).for_symhetric cascadeS'iies in the'facc
that the_éui are the came for ail'centcifuges, thus providing a means of
;calculating-the tccal number of centrifuges needed without a complete
'cascade analjsis._ For the variable-a cascade. on the other hand, Eq. (11)
does not permit computatlon of the total number of centrlfuges, wh1ch can
be obtalned only by the methods outllned in Appendlx IIT. -

' Bulang's (6) ana1y51s of the asymmetric element produces, in addition

.to the aeparativc'pocérvof‘Eq; (5), an assoc1ated value functlon. Unfortunately,
this value functlon depends upon o and B as well as upon concentration.
ccnsequently,'a value balance over a variable-a cascade capnot be made
becausc-chécé iévnc Qay of decidihé whichvof che many a‘c'tc use in the

value functions in (Eq. (III-17)).

5. . Conciusioqs

. It has been shown that it is possible to design ideal cascades wherein
the separation factors vary in an arbitrary fashion withvstage number. For cer-
tain types of centrifuge performance functions, a properly chcsen set of heads
separation factors rasults in a cascade for which the product has a lower unit
cost than_any‘constant-a cascade utilizing thé same centrifuges and producing the

same exit stream compositions. ‘The separative power of the‘asymmetrically
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. operated centrifuge in a variable-a cascade is. a useful guide to the.

efficiency of the cascade design; the unit cost of product is lowest when

the average GU*_pf.the stages-in the'céscade is largest. When the restriction
of conétant sepérationlfactor>at each stage is remobed; the search for the most
efficient,cascéde-can‘be reduced to the following tépoloéical problem: to

find the set of points (x,8,), i = 1,....n, on the performance function

contour plot which maximizes.SU*avg subject to.the restraint a, ., = B,.

Despite the greater flexibility that removal of the restriction of symmetric

' operation'ptovidesAin cascade design, not all types of centrifuge can be arranged

in variable-0 cascades which are better.than the conventional-constant—d’cascade.
Vhriable—a designs appear to be superior to coﬂétant—a designs only when the cen-
trifuge exhibiﬁs é minimgm in the circulatory flow near the midplane of the rotpr.
However, the géneral question of the character of the internal flow profile which
produces perfqrmanée fﬁnctionS'frdm which efficient variable-o cascades can be
construéted has_nbt'been explored in detail. Only the three axial decay shapes
shown in Figure 1 and analyzed by the Cohen iodel were investigated in this work.

Nor has the question of how td deduce the set of separatioh factors which yield

. the most efficient ideal cascade for a given performance funcfion plot been in-

vestigated in detail.

Despitevthése unexplored areas, the present calculations have demonstrated
that fortat-ieast éne'type of perfotﬁante function, cascaaes should be constructed
with va#iable rather than constant separation facto;s at each stage. Determina-
tion of the performance function of a particular centrifuge (i.e., one of specified
rptor geometry and_péripherallspeed) either theoretically'br experimentally is a
tedious job, primarily because of the necessity of optimizing the performance function
with respect to ail_internal variables which can affect the gas circulation inside
the rotor. The cost_of obtaining the performance function §U*(L,6) must be jusﬁified
in terms of the potentiai benéfits of more efficient cascade performance. The

savings of @ 5¢ found for the Type-C centrifuge in this work can be translated

into a cost saving in the following way. The annual separative work capacity
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which will be requlred in the United States in the next 50 years has been esti-
mated to be between 100 and 400 mllllon SWU/yr, dependlng upon the date of
introduction of LMFBRs (8) The specific cost of plants constructed in this
time period will probably be between $130 and $2OO per Swﬁ/yr capacity (9).
Thus, the investment in isotope separatlon plants up to the year 2020 will be
between 13 and 80 billion dollars. If all of this capac1ty is in the form of
centrifuges, a 5% 1mprovement in eff1c1ency represents a ‘saving of between

2/3 and 4 billiOn-dollars. There'appears to be ample 1ncentive to justify

. exploring all proposed centrlfuge des;gns for the p0851b111ty of cost reduction

by use in ideal cascades w1th varlable separatlon factors.
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" APPENDIX ¥
' CENTRIFUGE PERFORMANCE MODELS
Within the context of the Cohen model (1), the change in the U-235 con-

centration with axial position in the rotor:is given by Egs. (52) and (59) of

. Reference 3. The effect of throughput on the velocity distribution is neglected

in the analysis and the axial gradient equations are:"

= x - YOL (x - x) ‘ ' g . (I-1)

Q e
88

in the enricher,'éhd:

Q |
8l

=x - Y(l - 8)L(x - x) ' (1-2)

in the stripper. In these equations, N is the axial position in units of rotor
1enqth‘and x is the isotopic“fraction of U-235 in the gas at position n. The

coefficiehts g and Y, which may depend ﬁpon n, are given by:

e |
1 _ .2 Jf - o -
e 2a F(r,n)rdr ‘ " o (1-3)
0
and 1 | _.2; o
f [F(r,n)] ar/r
1 1 . 0 | 1 |
———=1v(n) ) 5 (2mpDr,) + ' . : (1-4)
sm z T m— (z/r))

where Z'And r., are the length and radius, respectively, of the rotor and oD is

2
the denéity-diffusivity produét of UF6 gas. The'constant a2 is:

(1-5)
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. where AM = 3 is the mass difference between the two uranium isotopes, {l is the
angular speed of the rotor, R is the gas constant and T is the température of

the bulk gas in the centrifuge. F(r,n) is the flow function, defined by:

x , -~ _
F(r,n) = 2n f pw(r',n)r'dr’ | (I-6)
o o

w(r,n) is the axial comporient of the gas velocity in the _fotor‘.

A. Nondecaying Flow
If w is not a function of nb, g and Y are constants. Eqs. (I-3) and (I-4)

~ may be written as:

1_1 22 - ' | o R
7" - (a rz‘)‘ VE.(Z‘n'pDrz)m | | (. (1-7)
g==—(ac)) /& (& [—-———] N ' (1I-8)
' /2 20 T 14 m? ' _

where E is the flow pattern efficiency:

2

T
f  F(r) rdr

4 0
- BE=T 1 '
R 2
. f [F(r)] adr/r

(1-9)

) and m is a dimgnsiénléss quanti{:'y dependent upon the magnitude of the internal

- flow: »
_r ’ 1/2

T2
] 2
2 _[ [F(r)] ax/r
me =2 ’ L o (1-10)
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with g and Y constant, Egs. (1-1) and (1-2) may be integrated analytically (3).
Using the definition of the heads and tails separation factors given by.Eqs. (1)
and (2), there results: | |
(1 + 6yL) explg(l - n) (1 + 6yL)]

1+ 6vL expla(L - n) (4 + 6YL)] (1-11)

a =

exp{gnFll -1 - 6_)YL]} - (1-8vyL
B=— 1- (-9

where hF is_the axial position.at which the concentration is equal to X The
feed poih€ is assumed to be adjusted to prevent‘iSOtope mixing by feed injection.

Eliminéﬁion qf nF between Eqs. (I-11) and (1—12) yields:

s @ - - _In[B - (B-1)(1-6)yLl |, )
T @-moyL - eI+ o [1 3l = (1 < 6)yL] ]} (I-13)

The cut may:be eliﬁihated from Eq. (I-13) by use of Eq;:(3), which yields an
.kequétion‘which may'bé solved numerica;ly for.the throughput L as a function of
'd(>B,'g and Y. ‘Since.all of the terms iﬂ Eqs. (I-f) ana (1-8) except m are fiﬁed
-once the rotor Speed, :adius and height are specified, we,have L as a‘function
éf d; B, and m. ;*‘a,B):is dete;miﬁed from this equation by maximizing L with
respect t§ m. Finaily, the perforﬁancé function 8U*(a,B) is determined by use
of Egs. (4) and (5),; The Altérhate perfbrméncé function, SU*(L,0), may be

.constructed directly from thesevresults. The numerical work, the coefficient of

m in Eq. (I-<7) was taken as 60 and the coefficient of the bracketed function of

'm in Eq. (I-8) was assumed to be 1.8.

B. Flow Decay from .One End

The circulatory flow in a centrifuge can be driven by a temperature dif-
ference.A'rh between a heated end cap and the bulk gas. ‘The‘axial velocity pro-
file generated by this driving mode is represented by the product of a radial

shape function and an exponential decay from the heated end plate (n = 0):
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w(z,n) = AT, h(x) e N | (1-14)

The function h(r)-séecifies the radial shape and magnitude of the velocity.
The flow magnitﬁde is proportional to the temperature driving force ATh, which:
has been extracted from h(r) because of its role as,the internal variable used
for optimization. The radial function h(r) has been taken from the work of
‘Jacques (4). When'Eq. (I-14) is uSedvin'Eq. (I-6) and the resulting flow
function inserted in Eqs. (1-3) and (I-4). the axial dependence of the coeffi-
cients g and Y in the gradient equations is flxed. Egs. (I -1) and (I 2) are
integrated numerically. Eq. (1-2) is,employed from n = 0 to the position'at
which the. computed concentratlon is equal to xF Thereafter, numerical 1nte-

gration continues using Eq. (1-1) until n = 1 is attalhed._ In the computations,

’

a value of Kk = 1.5 was used.

C. Flow Deeay from Both Ends

If one end plate of a centrifuge is maintained hotter than the bulk gas
and the other end plate is cooled, the flows generated at each end cause cir-
“culation in the same direction in the totor.l The axial velocity profile may

be obtained by supefposition of the flows generated by each end plate: .

w(z,n) = h(r) [A-rhe"‘” + A-rce"‘-‘l'")] - C @-18)

The fleﬁrdecays.fromleach end tewards the midpiane of the rotor. fhe internal
variables.of the centrifuge are the two temperature differences ATh and ATc'and
optimization should be performed on both of them. Howeve;,»we have arbitraiily‘
fixed the raeio of ATC to AT, at 2.23 and eptimized only upon AT,. The decay

constant K was also arbitrariiy_chosen equal to 4-to produce a factor of two

decfease in the flow magnitude between the hot end and the midplane of the

centrifuge.
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APPENDIX II
RELATION BETWEEN THE HEADS AND TAILS SEPARATION FACTORS IN AN IDEAL CASCADE

' Pigure 7 shows two stages of a recycle cascade in which the heads stream

from stage i-1 is fed. to stage‘i and the tails stream from stage i-1l cohstitutes

the feed to stage i-2. For the limiting case of U-235 fractions much less than

unity, the requirement of no isotope mixing leads to:

w o =v, - | | ‘ | (II-1)

where u, and‘vi are the heads and tails concentrations, respectively, in the

streams leaving stage i. The heads separation factor for stage i-1 is: -

%51 = 95-1/%5 (11-2)
_Thevtails separation factor for stage i is:
Substituting Eqs. (II-1) and (II-2) into (II-3) yields: -

%1785 | S (-4

'j Thé cut at stage iis given by Eq. (3) which, when combined with Eq. (II-4)
results in:

a, ;-1 o
i-1 '
9 L= ———-———:— - R ' - . ‘(II-S)
1 e -1 :
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APPENDIX IIIX

- 'NO-MIXING; VARIABLE-G CASCADE ANALYSIS

¥

We wish to determine the product flow rate,‘the ﬁumber_of stages and the
number of separatiﬁé units per stége in a cascade subject to the>following
restraints: ' ' K | S
1. The feed to the cascade is natural uranium (Xg = 0.0071). Nominal product
and waste compositions are 0.03 and 0.003, reSpectively;' Exact values of Xp and
xw are to be.chOSenrsp that they arg as closé to the nominal valueg as possible
and: (a) the cascade contain$ an integei number of stages; (b) the composition
v.at the feed stagé.is exactly eqﬁal to 0.0071.

2. . The heads and ﬁailé from each.stage flow to.the adjaceht uppef and lower-
stages,.respectively.. | | o
- 3. No mixing of'streams of differéﬁtvisoﬁbpic composition bécurs-anywhére‘
in the cascade.
‘4.' All U-235 isotopic fraétions'are negligible coﬁpared~to unity.
5. Each separating unit inithe cascade has the samevpétformﬁnqe function
‘L*(a,B), which may‘be’obtainea from‘Gﬁf(a,B) plbts'éuch”as those of Figures
2 - 4by use of-ﬁqs; (4).$nd (5). The separating units in each stage operate
identiéally; .However, each stage need not be operated ét the samé valués of o and
8 as.the chex.Staqés (i.e., ;he'cascadé is not necessariiy.a constant-a cascéde).
6.. .The,beads separatiqn facﬁor ofveéch stége in éhé cascade is assumed to be’
specified. iIn addiiiqﬁ, the'tails separation factor fo?ifhe bottéﬁ stage in the
:st?ipping section is specified. ‘ |

We- define a "minimum"_cascadevwhich sppplies a product flow rate P from a
siﬁglééeparating unit comprising the top stage. A cascade to supply a p;oduction
rate larger thén P may be regarded aé éémpbsed of the apprépriate numbef of

minimum cascades.
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, The material balance over the enriching section of a recycle,cascade

constructed according to specification 2 above is (2):

- X =-u, | ‘
P i : ‘ ,
u, - v = L -
: ‘ (IIr-1
i i+l Ni+1/P o - _ . )
where Ni is the total tails flow rate fromvstage i. If Li is the throughput

to each separating unit_in stage i{and c; is the number of separating units

‘connected in parallel at stage i:

Ni = ci(l-ei)Li: | . B | (III-Z{

The cut at'stagebi} ei, may be eliminated by use of Eq.(III-5), and substitution

of Eq. (III-2) into Eq.(III-1) yields:

I S 15 e Sl e | | RPN
i i+l Li+1 ai(ai+1 - 1) ci+1 o =

Let the cascade contain n stages.' At the n'th stage, c, = 1 and:

. , an—l -1 : .
 pPp=0L = |————— | 1 (I11-4)
: nn . laa -1} ™n ‘ ) :

The product flow rate P may be eliminated from Eq.(III-3) by use of Eq.(III-4)
The tails concentration at stage i+l may be removed from Eq. (I1I1-3) bybusing

the no mixing requirement, Viel = Y510 With these substitutions, Eq. (III-3)

may be solved for Civ1’
c _ Lo %1% — 1 %n-1 T 1 1 XE - ou, I
i+l L a o -1 fa, . -1) o w o-u (111-5)

i+l n n-1 i+l
~ Since the pérformanég»functibn*L*(a,B) is the same for all separating units,
and according to Eq. @1I-4) Bi,= ai;l} the flow rate L; is determined by the heads.

separation factors of stages i and i - 1:
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L = L¥(a,,0, ) R (I11-6)

i i-1' .

Using Eq.ﬁII—6)'(and‘the analogousvrelation for the -top stage),.Bq}GII-S)becomes:

. _ ) o
%1 (%% ") (%1 ") 1 %t Wa g

L NN - a; -1 Oy Yo T Y

Cc, =

3 *

i L (ai,ai
Eq.¢1147)applies to]the enrichingréection, n, + 1 < i'<>n, where n, is the
number of stages in the stripping section and n is the total number of stages
in the cascade.  In the stripping section, 1<ic< nw, the number of separatlng

units per stage is:

S "<a_ o . i
e e %) %% "M Gt ) YR (111-8)
i 1o aeg.o0 ;) ey - 1jla, =1 )70 vt Y
where:
c .= *p - X %1 1 “1“0 -1 L*(a n’' %n- 1) ' (ITI-9)
1 X, - X, oo -1 ao(al - 1) ‘L (ql,ao) .

n n-1

’ e

-In Eqs. (@I11-8) and (II-9) the bsep‘aration factor of the h_ypothetical zeroth stage,

.

‘ao, is equal to the tails separation factor of'stage one, Bl.

The cascade gradient‘eqhation is:

=, o | . 11I-10
Y T %Ha W - )

- With ao,......a speczfled, the solution procedure is as follows. Starting from

X, Eq(III-lO)ls integrated untll u, = X_. wa is adjusted

i =1, where u, = -

1 “1 0w
about the nominal composition of 0.003 until the composition at the feed stage
is exactly 0.0071. This procedure fixes X, and n_. Integration of Eq.(III-10)

continues until the stage n at which the calculated heads composition is closest
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to‘the:nominal-prOduct-caméosition of 0.03. The numbér of stripping and enriching
stages and thavpradﬁct and waste compositions’ffom the cascade are thus deter-
miaed.“ In addition;_ui'is known as a functian of stage number.

»ﬁith ai'speéified at eachlatage and'uivknown by the prévious'solution of
the cascade gradieat equation, the number of separating units in each stage is
determined froq EﬁsraII—7)and(III—8).In this calculation, the petformance
function is availagle (e.g., from figures 2, 3, or 4).:afhe number of sepaiating

'unita at each stage is not necessarily an integer, ékceét for the product stage

~ where <, % 1. | |

.'Iet k be the cost attributable to the capital investment and operating
eipenses of each separating unit, in dollars per Separating unit per year.

The total'yearly.aost of a cascade of n stagea with ci separating units per

stage is:

: cto_t(s/yr) =k Z ¢ : - _(111-11)’
l . .
The cost per unit amount of product may be obtained by dividing Ctot by the |
- product flow rate P. With the latter given by Eq.(III-4) and L expressed in

terms of -the performance function, we have:

. aa .- 1 Zci
Cp(S/kg product) = k a 1 " (oo )' l(III~12) .
» n-1l : n’ n-1"

_,Bq.a11-12fgivés thé anit cost of p:oduct‘from a variable-a ideal cascade pro-
vidiqé a product of concentiation XP ahd a waste of composition X, from a feed
of composition xF_= Q.OO?l.j The compositions Xp and Xw are close to 0.03 and
0.003, respectively{'their'exact values have been determined in the course of

the computation.
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In ordex to’éompare the-variable-a éaséade with thg.cohventional constant-0
cascade, the prqdﬁqt cost of the latter must bé'Calcuiateé'for the same product
and.waste compo#itions as those determined in the variable—d vcascade analysis.
For the case of cohstant separatioﬁ facﬁor, it may- be shown‘that the equations

derived above reduce to:

. 1n(X /X ) . o S
ne—E 2 - o S (1I1-13)
| 1n(x./xF) o _ :
R T T N - e
and:v>
- PIn(X /%) + Win(X/X) , o
¢4 TP - Dinax . o N (I11-15)
T .
where: ‘

oiE
B
.

(I11-16)

e
t><

The numerator of Eq. (III-lS).ié the separative duty of the cascade defined in

‘terms of the Coheh value function:
J = L) - : - o ‘ (III-17
AU = PV + WYX - (PHDVX) - ( )

‘where V(x) = (2x-1) %n[x/(1-x)] = -fnx : - (III-18)
Since P = 6L=p/(1+a), the aénohinatorvof Eq. (III-15) is the separative power of

each separating4unitf(l):“

. _ L(o-1)1na : B | ' I11-19
60 = 25T - (111-19)

and the usual formulaE
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AU . : v v - '
= e . (III-20)
KA 80y | . :
1 Ym
is recovered. The'uﬁit product cost for the constant-a cascade is thus:
_ X X - X, X\
R - ln(—z, -+ —ETY—’ In ;(—-)
p sym ® L*(a,a) (@=1) 1no. (I11-21)

a+1

. Comparison of the variable-a and constant—d ideal éaScadeS'involves
evaluating the (Cp/k) values for each type.' For the vafiable—a cascade, a series

of heads separation factors, ao,......dn is selected from within the allowable. 

cut and throughput rangés of the performanée-function.' Exact values of Xp=and o
,x' are §a1culated aqd the figure of merit Cp/k is computed from Eq. (IIIQIZ).
For.the constant-0 cascade, the valﬁe of a which produqes the largest separative
_powe¥ in sfmmetric operatibn'is selected from the pefformance function plot.
(qﬁ/k)sym'is then'célculated from Eq.(111-21) for thiS'vaiue of a and the Qalues

of X and Xw‘determined in the variable-0 cascade analysis.



LITERATURE CITED

K. P. Cohen, "The Theory of Isotope Separation as Applied to the
Large Scale Production’of U-235", McGraw-Hill, New York (1951).

M. Benedict and T. H. Plgford, "Nuclear Chemical Englneerlng",
Chapter 10, McGraw-Hill, New York (1957).. .

D. R. Olander,'_vAd'v.' Nucl. Sci. & Tech. 6, 105 (1972).
R. Jacques;iéEA Report Rr4336 (1972) .
J. Ging, U. S. AEC Report UVA-198-62S (1962) .

w.,Bulang, W. Groth, I. Jordan, W. Kolbe, E.. Nann and K. H. Welge,
Z. Phys. Chem. 24, 249 (1960). y

C. Ouwerkerk and J. Los, U. N. Conf. on Peaceful Uses of At. Energy,
12, 367 (1964). : .

R. P. Omberg (HEDL), personal commun1cat10n (1974)

ORO-735, USAEC (Nov. 1973).

28




1.

9

00 YU04207828 2

FIGURE CAPTIONS

Variation of the magnitude of the circulatory flow (axial velocity
component) with axial position in the rotor for three types of
centrifuges.'

The performanee function for the Type-A centrifuge in terms of
Bulang s separative power. ‘The curves within the envelope of

‘dashed lines represent contours at constant 8U*.  The contour lines

in the upper left(hand corner of the envelope correspond to.the large
8U* and those in the lower right hand corner are the smallest SU*.

Y'The values of SuU* correspondlng to each contour 11ne differ by one
: swu/yr.

The performance function for the Type-B centrifuge in terms of
Bulang's separative power. The curves within the envelope of dashed
lines represent contours of constant 6U*. The contour lines in the
upper left hand corner of the envelope correspond to the largest SU*

.and those in the lower right hand corner are the smallest 6U*. The

values' of SU* corresponding to each contour line differ by one swu/yr.

‘The performance function for the Type-C centrifﬁge.in terms of

Bulang's sepa:ative power. The small segments of contour lines near
points A and A' represent the largest values of SU*. The SU* values
associated with the remaining contour lines decrease towards the
lower right hand portion of the envelope of dashed lines.

Variable-0 cascade constructed of Type-C centrifuges.

Constant-0 cascade constructed of Type-C centrifuges.

' Three stages of a recycle cascade.
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* CONCENTRATION OF HEADS FROM STAGE, %

05|

10

30~

20| EVEN
[ 6:013

1.5

NOMINAL PRODUCT

| oop sTAGES:

8 =08 '

EVEN STAGES:

1 1 %=302%

EXACT PRODUCT

* 1
25
{ 3 ' 3
K b
r. 4 ) ]
L . - kS - 1{
FEED— 2 : )
Xg=0.71% I '
— YVI ‘1
NOMINAL WASTE X EXACT WASTE
: XW= 029°/o
| 1 ! 1 1 | |
6 "4 2 o 2 4 6

NUMBER OF CENTRIFUGES PER STAGE

XBL7412-7629
Fig. 5 '

34



CONCENTRATION OF HEADS FROM STAGE, %

000042078301 35
'3'0  NOMINAL PRODUCT . *
. e EXACT PRODUCT
XP=2.92°/0
C2spk
‘ALL STAGES:
8 = 0465
: , [ e—- y——
; L ©
20
C : LA )]
3
r 11 .
L5
. T 10 1 J
L
C 2. -
v r . ] J
1.0 / ' ! -
C L ~
'S ! '
| C -‘ :
* FEED ——e{ ‘, z - -
Xp=071% C — 2 : =
] [ 2 L)
: C K] J
05_ - '1 2 L 3 - i
| NOMINAL WASTE —» EXACT WASTE
| - Xy = 0.30%
0 _ { 1 ] 1 [ - L | 1 |
20 10 0 10 20

NUMBER OF CENTRIFUGES PER STAGE

XBL7412-7630
Fig. 6



Vi-2 Ui-3

XBL 7412-76 31

Fig., 7



Uuvuud

&

H W
o
S
&

LN
P

LEGAL NOTICE

This report was prepared as an account of work sponsored by the
United States Government. Neither the United States nor the United
States Energy Research and Development Administration, nor any of
their employees, nor any of their contractors, subcontractors, or
their employees, makes any warranty, express or implied, or assumes
any legal liability or responsibility for the accuracy, completeness
or usefulness of any information, apparatus, product or process
disclosed, or represents that its use would not infringe privately
owned rights.
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