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Table of Contents of Insertion Device Lectures, by K.Halbach

Each lecture lasts about 2 hours and starts with a summary of the previous
lecture. In this summary, topics are often formulated somewhat di‘#érently
than in the original lecture in order to enhance clarity, or to illuminate
the subject from a different perspective. For a review of a partiéular

topic, it may therefore be uéeful to look at the viewgraphs/tapés of both

the criginal lecture as well as the following lecture.

#1;0ct.21.1988. Naxwell;s equations; soft iron properties; continuity
conditions; properties of fields, integrals over fieldé,'and'potehtials;
electromagnetic (em) Insertion Devices (ID); advantages of permanent
magnet (pm) systems; magnetic properties of. pm materials; easy axis
rotation theorem; irpn—free system design; quadrupoles multipoles§ linear
array; iron—free 1D. _

2#2;0ct.28.1988. Literature; iron-free 1D performance: conseguences of

- perturbations; hybfid ID: structure, performance, focusing, entrance/exit
'design, consequences of perturbations, scalar potential bus: pm-assisted
em—ID; laced 1D; hybrid quadrupole, dipole,'501enoidal—field—doublef;
laced quadrupole, sext&pole; continuation of Maxwell’s equations; theory
of a function of a complex variable.

w3;Nov.4.1988; Stored energy in Charge Sheet Equivalent Material.(CSEH);
fields, potentials from currents, charges in 2D with function of a comple:
variable; continUation of theofy of a cohpiex variable; integrals over
areas; Cauchy’s ihtegral théorem, with applications;.error field
propagation in a 2D dipole; field quality of dipole with/without shim;
general equations for the design of irpn—free systems; proof of easy axis
rotation theorem; design of iron—-free multipole.

#4;Nov.11.1988. Example of shimmed dipole; quantitative formulae about
effects of perturbations in iron-free 6u1€ipqles; details about iron—-+ree
quadrupole; derivation of per#orménce equation for iron—-free ID; general
D hybrid~theory; general hybrid design preocedure; limit of hybrid ID
performance; excess flux concépt; 2D design fé}mula'for hybrid ID;:
chamfered hybrid'pole;.usefnlneés pf CSEM overhang; 3D design preview.

#5;Nov. 18. 1984. Simple view of CSEM overhang; potential, fields at corner in
2D; ZD hybrid désign: complete.désign equation, with formulae (not yet
dEfived),fbr excess flux coefficients and effectiveness of CSEM overhang;
conformal mapping:_conformality,-transformatjon of curvature;
complete(!!!) list of needed procedures (2) and conformal maps (2);

precedure to map a non-dipole into a dipole; 2 simple examples of design



. | <

of non—dipolé in dibole gnaﬁefry; complgte, detailed descrintion of
dproqedure for design of neo—dipole in dipole geome{ry; appiication to
 d;sigH of hybrid ID pole,nand to sextupole. "Exotic" hbh—&ipoieé“are
d1=cu=sed in lecture #16. ' ’ o ‘
ﬁé Dec.L.JQBS. Very detailed.summary and re-formul ation of 3D hybrid design
procedurea and of design-of non-dipole; details of hybrid ID pole désign;
and effect of changing thgrgap of hybrid ID on field distributicn, viewsd
in dipole geometry; more: on sextupole pole shape désign; conformal mappin:
as a "thinking tool" (i.esi:using the concepts w:thout ‘nrmulae)°
g;ectrnstatic,éxtractxonaﬁnom the 88"'cyclotron, =olut10n to Dzrxchlet
problem in a circle; mappdng of ‘interior of ideal mu1t1pole onto circular
disk'with;Physics—informamdon/undefstanding;'fiux befween nonfimmediéte—
neighbor-poles of multipedes or hybrid ID is only symﬁétry”dependent, not
geometry deﬁendent. | _‘
47;Dec.21.1988. Fieldtat edgesof 2D CSEM wi thout iron;‘éimple way to
evaluate/"see" value of LNg(z0-z2)/(z0-z1)); design of Stanford Linear
Colliger arc magnets withOPOISSON in dipole geometrv; POISSON—mesh; effect
of saturation on fieldidistribution in windowfrahe maghet:'incorrgct and
cerregt analysis; SchwarsvEhristoffel transformation: general recipe,
removal of one corner fromofermula, and "arbitrary” placement of two othar
corners; application #1: :field from dipole with zero pole width.
2;Jan,. 6.1°989, RElationship*bEtween~curvatﬁre of U=const; and\A#cgnst.
suffacesg and magnetic #ielﬂvproperties.'Rogowski éurfaée_dErived-from
semi—-infinite cépatitof,'éhd;frdm first principles; proper and improper
QSEﬁoffRogowski contour. 2Peneedle with !{El=const. on tip. Analytical 2.
order shim for semi-infipite:dipole. )

#9:Jan13,1989. S-C map of indinite array of ID poles. Excess flux and exceszss
potential drop in Geometry 17 (G1). (An application is described in lecture
#16). Excess flux in G2. Eapansion of complex potential in G1 into |
exponentials.

#10;Jan19.1989. Taylor seriesT (T-S) manipulation algorithms: expansion
coefficients'¥of'(l@atzixeicior a product of 2 Tﬁé; fbr‘the inverse of a
T-5, and when a T-S ‘is usedsas a variable for another T-S, and for one T-S
divided by another (given as homework, with sclution in:lecfd;e #11).
BASIC-program with these abgorlthms. Method to expand F’ into e>ponent1a1=
when dz/dt cannot be 1ntegrated in closed form, with a program for G2

#11;Febr,o.1989. Expansion of:i field errors in exponentials for finite width
dipole. Summary of T-S-manipulation algorithms. S-C transformation of

polygon onto circle. General: 3D hybrid theofy with many iron blocks.
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Capacities: equivalent circuit diagram. Capacities for ID. "Invisible"
flux. '

#12;Febr.10.17989. Design of entfance/exit excitation for straight (average)
trajectories. Capacity between non—adjacent poles of ID, except for
contribution in region close to midplane. Program for calculation of
capacities of ID. A subtle point about ID capacities. Application of
capacitor concept to a particle-spectrometer—like magnet. Propagation of

- errors/perturbations in a 2-capacitor-1adder nétuoré’that describes an ID.

| Line integral errors due to gap error, easy axis orientation error, pole
thicknes error, taking into account partial self-compensation of these
errors. ) ' ' '

#13;Febr.17.1§89. Calculation pf an integral needed for error assessment
with information provided by POISSON, Capgcity between non-adjacent poles
close to midplane. CSEM-placement for a third order entry/exit system.

‘Details about properties of symmetric/antisymmétri: érror fields. an 1D

that is antisymmetric with respect to midplane. Propagation of

perturbation in a'3—capacitor model of an ID. Solution of the 2D equation
of motion in Schwarz—-Christoffel gecometry.
ﬂ14+15;March J+10.1989, Line integ?al errors ?rom easy axis driehtation

‘error in 3 side by side CSEM Slocks. Analysis of device to measure easy

“axis orientation errors along one side of a CSEM block, Formulation of

analysis of G3 with two different éxcitation patterns. Discussion of the

following major details needed for analysis of G3: multidimensional secant
equation solver; method to remove singularities from the limits of
inteqgrals to be evaluated numerically; some properties of constants
entering into this problem, and usihg these properties to force smooth but
firm bounds on the range of values these parameters can assume; derive-

formulae for calculation of flux and excess flux; procedure to do a

Fourier expansion of the ID-fields. Line integral errors from gap between

CSEM and pole, and CSEM blocks of different strengthé, The DrthogonalA
Analog Model, with some applications. : 5
'.#lb;March'17.1989. Design of aivery "exotic" 2D magnet in dipole geometry,
with strong emphasis on difficulties and pitfalls tﬁat can occur.
. Application of the excess potential drop concept to tﬁe calculation of
capacities of ID. Derivation of a closed expression for an integral,

demonstrating some very important and useful mathematical techniques.
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ADVANTAGES OF PM SYSTEMS

- Strongest fields when small

- Compact

- Immersible in other fields

-“Analytical” material

- No power supplies 7 - Reliability |
* No cooling . Convenience

- No power bill
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Direction
PURE CSEM* W /U
- CROSS SECTION
'C_Urre'nt Shéet Equivalent Material - e.g. REC



~Insertion Device Design

Klaus Halbach

Lecture 2.

October 28, 1988

_ Magnetic undulator R
(N periods) A (| By
|| b
~ - Diffraction-
20 limited cone

of x-rays
Lo .‘L‘.
N \' y’ﬁq“ Lé:'ﬁ N ' 6. I -

) Flux-concentratl
\Zmrmmm steel (Fo)pohp':gm

(Bbey

Relativistic
slect

4

IZ



L T,l‘rafure ,

. J D JaCK;Ch C{llff(Ca( F/((frgg{y;,q B CC
-/‘fc(“,% Pexmanent /‘{cj.g{; n nearr anef f)m'fl
John Wiley o€, (977

WM 169 (17800 { Theory, wo irou |
1Y _(_g_?_'((a?- ((7?(}. (flun( ¢’roq-(vu fysfe’*s):
JAP 5T 3605 (1785) (Revien)

. P‘rot. (7?( L('nc(. (a.‘[, ({.O-'l\ﬂ-"'ol.-}
.'gPeC‘.a[{\y I‘fagneff' Pr;c_ l??( s /fcc,';cﬁ‘. {C[?L

209%5,.

gum'h.aryc{{(c?{«?{ #((/0/2//((( |

g’?‘ﬂ(/?: féi)'p(:zlj ™ lual /'?:.0{?

Vi = §E.dd =~ @ §= [Bdi> &> oA E=-F

, ﬁlz'v‘ ’/?zf:‘— ¢
Cﬂu{(ﬁqc '/)' . AB 0 4 /‘{,
B K(H} ;off trom 1 g Fp=-16; 9-/«,/(4

B o/ order /(7 /d
V /‘b
?A .
__f

4 0 Can uge H-—‘%"«(V Vacum\ [7{/.0 VH*

bet: V ol g«,/c Va/u'( (/ }#0;01.4;/&#(
14 5757{(*’ because ?H'ﬁ--d(h-y

B« = B, cuss Fev tsofr0p:
Hy windy = Hy 7ty Mmediu ”-

/é‘("%l < 4 4//4(




my\\»xm %o \\...w.c\ vm;wu

VAR

Tag - Ty
ov=T90 = [T
xp fphy b.:m. av&tu\wsmw\ su@ -
A ¢
T4 M.%\
T,’ h/3

»&
=%

LS O

"l n b 5\5 g

%. h*\wtnkisu »\‘lu AarA
SN
h)33J woL) 29,

b

0= Jr ] oyl

47 sz,m =8

"7

ﬁf&.-%%i: 57& dJ-=orHd]

[ QWY &

T rym Loray QH%\

&Qfm WO weysn)] ) 4y *mwuku‘;»fss sa\o x«n\
.;n*e\a\:« C\E\JI.»\ wam L/ 95D vl\g,r.&.
.u.euw\??v\_w f.\\c\c».\: 5147 N:V_ rexg..*mu

T AL .S*v% “..o.‘\vw..&..xo.e .5*“»“ hi3s) vy

(eo ) ow' gy i n\é\ w2094y w0y e_t: slvy Asvg
_ _ Yaw fY 1paoys ngo -
K:& “\\Em.* J\ :\: \\Zx oy u\ai\:oi )
vuowrv?ﬁo& n\..oc»\& \u.ct:e ..& \o ..quu..\mmﬂ

&
u \uku *ct_&s luv\w.

1Y »?Qu
JrILILeY Ysng..?( .A\?tcw?.:w so4
Yy 4o -= Y.

ﬁ\t&« mu%v &v.\\.v 4+ WNNIVA LD

O~
\ .». &%*ai-#\“ m SMU

Ty e/ 1),
H ) \\NT&\&Q *?.3( : o\( m mw.w}‘..“

:t \o 2bun: u“:\ t..%,

.u&xx?Q \_\w ..&I “\\»..\ a0k !.&, uéw*u\c.\tm
$22042)0 )yv S :u. ¢ \_d% Y sjr=2j Nm 2570228




103 x16 ”
14 |-
12
10 |~
V)
8
IRON: PRI
6} ° coLp ROLLED-~_ ~N | T
L] . -
. Wp, =16,600 . "
n - z
o 4 ANNEALED——— = =
2 W, = 4600
M H,-TREATED——
Zz W}, =210 a, L...Y..
- 0 n
g2 a E
ot !
U —-g ]
2 |
o e - -
zZ_q | f}’
pond 1 ~
I &
-8 : - -
-10
Qo vommm
-12 P
<«
-ta T
-16 1 y ‘1 1 1 1

-6 - -12 -8 -4 o . 4 8 12 16
FIELD STRENGTH, H, IN OERSTEDS -

Fic. 11-28. Effcct of treatment of specimen on the hysteresis of i

W =16 600 for B = 15000. After anncaling in the usu

1;(



N

x».«&x\:u xouw utc»m so.,\:xuu\w.s \_o \.“Q.\
ST Siam vt L s bk e | ] P .
Www. B Do oy r H : T M mm .m= o wm_m o | “ . _
COE D 0 00bs ke
Ul T 09 W 8I5E *T(H:gy
oD
oogEzr . g T

]

m

: ,
e
m_.,

XBL 792-8539

e sovers ey weey ',
Q




Py

PURE CSEM CONFIGURATION
PERFORMANCE

B = ir2'B, 2 cos(nkz): e‘”kh : .Si'?v'(n e /M) : (1 - ek

u=0 (O"’/M’)
n =1 +u M/
kK =2x/\
Z = x+ly
= B .
Example: © ° ' %y

for: L = A/2
M =4
B, = 0.9 Teslas (REC)

B'”=O(Teslas) =i-1.55e7. cos (kz)

Easy Axls
Direction CSEM* €A
- Blocks T |'mr

_,._,,;/,,.,...w.
i E&E 0

'PURE CSEM*W /U
CROSS SECTION

"Current Sheet Equivalent Material - e.g. REC
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CLS

PRINT DATES;"
PI=42ATN(1)
Alsu"Di=#Y. #H9%H#

";TIMES; " HW4"
Do=#4. He# HIodH, a8 HI=HE. $44 Da=4##, 384 DS=H#.#4%
AT TTToUE, HEH E2sH, H4% Els#. pH8 ES=H. #HE Mis#, BHE"
Tsat D7=H#, ##4 DO=H##, HEH"
AGS=DI=HH, HEHA AN USSR ARHNATS CO=RE  HHR 2 Clmiph. PHA~~AAY
GDSUB DAT
PRINT
PRINT USING Alﬁ;Dl;DZ;H $H3;D4;D3
PRINT USING AZ2$;B3jE2;E1;E3; ML
INFUT “BO=";DO
DO=D3%DO/B3I:AF=1+D2/H2
GO= ((A?*l)!LDG(A?*l)-(A?-l)tLDG(A?-!))/PI B9=SQR(A9¥A9*1)

. G1=GO+2% ( (A9—1) 3LOG (A9=1) -AP¥LOG (AF) ) /P11 G1=61% (H2+D2) ¥2/P1
_'D7=D1% (E1+G0) +D2E2: DB=M1¥D1/H2+GO
. PRINT USING A3%;D7;D8  «
T PRINT '
K= (BI/{AF+1) )~ (1/A9) KB=8*A9tA9/B9/PI/PI
. S1=SIN(.S¥PI/AF) :S3=SIN(1.SIPI/AT) ¥(1-2/BI/B) /9
. 100 INPUT "01,03=";01,03 -

DS“H"*FNGI(01/H")
D&=DO¥D7-D1 ¥H2¥FNG1 (03/H2) +D5% (D1+D3)

 D3=D1+D3~DO¥D8:D3=D6/D3

V3= {D1+01) ¥ (D3+03~D5) ¥H2

C1=D7+D3*D8:L0Q= D1*E3+(H2*D”)‘”/PItLOG(l*(D3*-StDl)/(H3*Gl))
C1=C1~C0:C0=4%C0

PRINT USING A43%;D3;V3;C0;C1

RRINT:GDTO 100

DEF FNG1(X)

E9=KIXEXP (-, 5*PI*X/A9)lFNGlaGO—KS!E9t(Sl*S TEEFHET) ) N

IF X=0 THEN FNG1=0

- END DEF

DAT:
RE#~D D1,D2,H2,H3,D4,D3, B3,E2,E1,ES, M
DATA “.5,.‘4,-45,.5,.6 519,.1 10 6,.5,1.002676, 1 1474756,1.03

RETURN

b9
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DEFDBELA-I, K-Z

DEFINT J

PIa4xATN(L)

cLs

FRINT DATE$;" “;TIMES$;" FEXPR"

REM=====—=" Expansion of F' of semi 1/0-dipole with slanted (angle=N1¥PI) side.

Asat e, RRUASAAN

START:

PRINT

INPUT “N,J9=",Ni,J9

DIM A1(0139),B1(0239),C1(03Jd9)

AliM)=13A1(1)=1;:CALL POWER2(J9,N1,A1()) 3REM~~—mmmw—am——e (1+T)" N1
El(1)=} ,
FOR J1=2 TO J9

S1=0

FOR J2=1 TO Ji1-t
S1=S1+B (J2) 3AL(J1-J2)
NEXT J2
B1(J1)=S1/(J1~1)31REM
NEXT J1

W(T) with Bl(1)=l

Tia,S5:REM-~S51 leads to W(-T1), S2 leads to Di. C2 for renarmalization of W(T).
Fls-T1;F2=1-T1 . : '
S1=B1(J9):S2=1/(NI+1+J9)
FOR J1=39~1 TO O STEP —-i

S1=S1¥F1+B1(J1)

S2mGAF2+1 /7 (N1+1+J1)
NEXT J13
D1=S2%F27™ (N1+1) 1 C2=-EXP (~D1) /S1:1PRINT USING A$;D1/PI -

FOR Ji=] TO J9:B1(J1)=C2%B1(J1):NEXT JisREM===—<=——==Renormalization of W(T).
AL(O)=13A1(1)=1:CALL POWER2(J9,=N1,A1()) sREM~=memeawa-fF* cpefficients.
CALL INVERT(J9,B1(),C1()):REM Cl=T (W)
CALL INSERT(J9,C1(),A1(),B10)):E1(0)=A1(0) REM=——==mm—me—=nsert T(W) in F'(T)
REmM = and get F*(W).
FOR J1=0 TO J9:PRINT USING AS;B1(J1);sNEXT J1
ERASE A1,B1,C1 ’
. GOTG START '

SUB POWER2(J9;E,A1(1))1REM Raises A(O0)+A(1)3X to power E.
K=A1(1)/A1(0):+A1(Q)=AL(Q)"E
FOR J1=1 TQ 39 .
AL(J1)=A1(J1-1)sKE(E+1~-J1)/31
CNEXT- J1 ' .

END SUB

SUB INSERT(J9,A1(1),B1(1),C1(1)) 1REM=mwm=ua= Insert one series into another.
DIM A2¢0:J9,0:39)
CALL MATR(J9,A1 () ,A2())
Cl(1)=R2(1,1)3B1(1)
FOR J1a2 TO J9 o '

S=0

FOR J2=1 TO J1

S=8+A2(J1,J2)8B1(J2)

‘NEXT J2 -

Ci(Ji)=§ - . ’ i
NEXT J1 '
ERASE A2
END SUB

ther procedures Same as in FEXP|

(0.2

01-14~1989

18:47:49 FEXP2

Coefficients of expansion of
side (N=angle/Pl).

N

Q.
0.2
€. 3
ek
0.3
Q.o
a7
0.9
0.9
1.0

Al

~B.5773E-02
=0.1499E+00

C =0, 199SE+Q0

~Q0.2IIBE+00
~0.2707E+00
“Q,2970E+QQ
=Q. 3120E+00
-0, 33728£+00
-0, IST9E+QO
~0.357FE+00

A2

+4.7821E~02
+8.9911E-02
+Q, 1 260E+00
+C, 1368E+00
+0, 1832E+00
+Q. 2058E+Q0
+0. 2254E+00
+0, 2425E+00Q
+0,2574E+00
+0,2707E+00

A3

=-3.3603E~02
~&4.5718E-Q2
-9.4898E-02
-Q, 1 209E+00
-0,143BE+00
-0.163%E+00
-0, 181 BE+0Q
=0, 197SE+0O
~0.2115E+00
~0.2240E+00

A4

+2, 4078E-02
+5.2378E~02
+7.7232E-02
+9.9999E-02
+0, 1205E+00
+0, 13I9CE+00
+G, 1S54E+00
+0,1702E+00
+0, 1834E+00
+0Q.1954E+00

F* in exponentials in dipole with sloping

AS

=2, 1393E-02

-4,.3841E-02 ..

-6.5687E-02
-8.614HE~02
=0, 1049E+00
=0.1220E+00
~0.137SE+QO
~Q, 1S14E+Q0
=0. 1640E+00
~0.17S5E+00

Ln!
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01-07-1989
1.2

-

1. 1102E+00

=0, 3481E+00

1.44~Q
1.0764E+00
=0, 9594E+00
1.4
1, Q127E+00
-1.0315E+00Q
1.8

0. P4TLE+VO

Lor
15:30:38 FEXPL ¢

~0, SITLE+Q0
Q. 135FE+0Q

=0, 3243E+00
P, 6341E-02

-0, 1142E+00
3. 8784E-02

S, 04Q6E-02

~1,08138+00.2=1, 92T4E~02

2.0

Q. 8774E+QQ
=1.1171E+0Q
2.2

Q. 81675000
-1.1438E+00
2.4
Q.7&205+Q0
=1, QH4ZE+Q0
2.6 .
Q, T LI0E+(
=1.1302E+00

0. 1699E+00
-7.1663E-02

0. 23506E+Q0
=0.1170E+00

0.3053T+00
(~0. 155SE+00

Co T4Q7E+D)
-0. 1320E+0Q0

2.3 -

Qo EQIZE+QO
-1, i329E+CO
3.0

Q, aJOGE+QO
=1.2031E~00

[

01-07-1989 :
0.9670E+00 =~4,9790E-08 =0.3170E+00
6.9910E~-02 .

=1.06462E+00Q

Q. I&ZLE+QQ

=0, 215TE+00

0. T7SEE+0O
-0, 33872+00

3 | A

18:33:02

1.8300E-08

Ta-

Q. 281EEQ0
=4 ,3054E-02

~6,3501E-02
1.2211E-02

=Q, 269TZ+0Q
S.4843E-02

~0.32275+00
7.3951E%02

~0.2925E+00

7.4475E-02

=Q, 2265E+¢0
6.3440E~02

=0, 1S513E+00

4, 8226E-02

=7.9454E~02
2.6310E=-02

~1,6223E-02
5.7944€-03
134 72038-02

~1.4211E-02

-~

5

FEXP1

/z

il

?.119CE=-03

.‘u47¢’00
~3.2433E-02

Q. 2360E+QQ
=3.4342E-02

7.2 09E°0“
~1.18376-02

-8.1299E~02
1.4788E-02

=0, 178B1E+0Q
3. 5632E-02

=0, 2206E+00
4}81aOE—02

—-0,2246E+00
5.3112E~02

=0, 208 LE+00
'§.2213E-02

=0, 1731E+00
4 7221E-02

N

AN

0. 1317€+00
-2.0751E-02

{0{ 4,{-Fal f(@h df

Coe f for Lrpengd
Jf;.sgs"e-oﬂ

—h, F646E-02
Z.9118E-Q3

=-Q,2247E+00
2.2257E~02

2.4319E-02
=2.7750E-03

0. 1926E+00
So2.4524E-02

0. 1FE2E+QQ .

-2, 7753E~-02

Q. 1120E+00Q
~1.7426E~-02

1.01464E-Q02:

~1.7255E-Q3

~7.8608E~02
1.3721E~02

-J. 13218+
2.6163E-Q2

=4 LETTE+OO
3. 4738E8-02

7

0. 1359€+00
~1.9100E-02

u‘nafF

0. 1680E+QQ
=1.16708-02

5.816469E-02
-4.7131E-03
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DEFINT J
cLS
. PRINT DATES$;" ";TIMES;" FEXP1"
J9=S:PIm4RATN(L) .
' DIM A1(¢0:39),B1¢0139),C1(0109),FL{0:I
| A= AN, BRGRSAs 0
| REM~~Frocadures:POWERT(J8,J9,E,A1 (), 81 () ;POWER2(JF,E,A1())
| REM==INSERT(JF,A1 (), 31¢),L10) ;. INVERT (J9,A1 (), B1 1)) JPRODIST, AL, BLO,C10)

START: "

'FOR AOe1,2 TO J.05 STEP .2:PRINT USING “#.8#";R0
AQ=SER (3)

Eo::aRIAO*AO-l) BD-l/BO AD=1/A0
AL(D)=80-12A1 (1) ==

CALL POWER2(J?, «TXAD, Al1¢)): REu‘

E1(Q)=A0+1: b1 (1)a<] :

CALL FOWER2(J?,—-.5%AD, Bl()) RE”

CALL PROD(J9,AR10), Bl() C1())sREM

A1 (0)=2xBD: A1(1)=BD!AD ' L

FOR J1a2 TO J9:A1(J1)=A1(J1-1) *AD: NEXT Jl:REM—-Ai-(1+Al(A-U))/B

CALL PRCD(J?,AL(),C1CO),F1()):REM F13C1 %A1

AD2=.5*AD:A1(1)=AD2:A1(0)=0

FOR J1=22 TO S9:”1(J1)=A1(J1~1) xAD2INEXT J1:REM~—pP1al/ (2xA-U)

CALL FPOWERT (39,J9,-2,C1(),B1()) :REM=——=—m—smm—a—— BleC Lt =2)

CALL PROD(J9,A1(),210),C10)):REM S1=A1%EL

CALL INVERT (J9,C10),B10))

CALL INSERT(JI¥, BRI O), Fl() AL ())

AL ==1(0)

CONV=-2XAQ/PT-

FOR G120 TO J9:PRINT USING A%;A1(J1);:NEXT Ji

FOR Ji=0 TO J9:A1(J1)=R1(J1) RCONV/ (2931+1) :NEXT J1

FOR Ji=3 TO J9:FRINT USING A$;AL(J12 5 NELT "J1FRINT

'NEXT AQ ¢ e '

END

Ala(A~-1-U)~(.S/A)

Dla(A+i=-U)~(~.5/A)
C1=A13%B1

N

SUB POWERT (J8,J9,E,A1(1),B1(8)): REM~- —w==Raise saries to power E.
REH-—BI(O:J?)BCoe§f. of series defined by. AI(O:JB), raised to pouer E.
B1(0)=A1 {O)~E

FOR Ji=1 TOQ J9 -

B=0 .
E1=(E+1)/J31:Jd35J1538 - !
IF J3<0 THEN J’=O " -

FOR J2=J3 TQ Ji-1
B=B#El(J")tAl(Jl-J”)t(E-J”XEI)
NEXT J2
BI(J1)=B/A1(0)
NEXT J1
IND SUE

UR POWERZ2 (J9,E,Al1 (1)) :REM Raises A(Q)+A(1)xX to power E.

BA1(1) /AL () s AL (O) =8 (O~ E

OR J1=l T3 39 ) ,
Al (J1)=a1 (J1-1) Kk k(E+1~J1i/J1 Lo . !

IEXT J1 -

‘ND 3SUE

YB INSERT(J9,A1(1),B1(1),C141)) :REM-~===~Insert one series 1nto anagther.

AM A210:09, 01 39) sREM==Y25 AL (N) AX"M, Z=S B1 (M) RY“M=SL (M) AX M.

ALL MATR I, A1 0. A20)) ' B

Lili=a2101, 1)&51’1'

O& J1=2 rn_;q .

S=3+AZ(J1,J2) XHL (I2)
. NEXT J2
C:(313=8
NEXT J1
ERASE A2
END SU%

rio/

-SUB INVERT(J9,A1(1),B1¢1)) tREM=mmmcm— | Coeff. of invarted saries.

DIM A24¢1:39,1:39)
CALL MATR(J?,A1(),A2())
Bl(y=1/A1(¢1)
FOR J1=2 TO J9
B=0 B
FCGR J2=1 TO Ji1-{
(B=B+A2(J1,J2) xB1(J2)
NEKT Jz2
‘Bl (J1)=~B/A2(J1,J01)
NEXT, Jt :
ERASE A2
END SUH

SUB MATR(J9,A1(1),A2(2)) :REM Hatrzx for series raised to integer powers.
FOR J1=1 TO J?:A"(Jl 1)=A1(J1) INEXT J1
FOR J1=2 TO J9
FOR J2=J1 TO J9
A=0 -
FOR JZX=J1-1 TQ J2-t
A=A+A2(J3, J1-1) XA1 (J2=-33)

NEXT J3.

A2(J2,J1)=A
NEXT J2:NEXT J1
END SUR

SUE PROD(JF,A1(1),BL(1), C‘(l)):REn Product of 2 series.
FOR J1=0 TO 39

C=0 .

FOR J2=0 TO J1

C=C+A1 (J2) xB1{(J1-J2)

NEXT J2

C1(J1)=C
NEXT J1
END SUB
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CALCULATION OF INVERSE TRIGONOMFTRIC FUNCTIONS ON THE IBM PC
OR_OTHER MICROCOMPUTERS

7600-5625Q

X
It ﬁas recentiy come to my attention that the BASXC that comes with
the ublqaltous 1BM PC (and many other microcomputers) provides the user
wi{th only one {nverse trigonometri¢ function, namely the arctangent.
Furthermdre. ft 1s recommended to use the following algorithas ((3), (a))
when only the value § of the sin functlon, or only the ¢alue C of the cos
function, Is known.
;

(1) S = SIN(A)

(2) € ~ cOS(A) ' |

(3) A= ATN[S/SQR(I-S'S))

(4) A 1570796 - m[c/sqn(: -c*¢y)

+

Both (3) and (4) have the problem thh; an overflow can occur. It
would be roily to assume that this will nbc_happen: depending on what
type of calculation one isfdolns, it i3 not at all unljikely that the angle
A is exactly ¢ P1/2 or O or PI. Since it 1s a rather poor programming
practlce to enter a number llke P1/2 1n digital ‘form, 1 assume below that
the computer has PI, or [t has been established by executlng early In- the
program ' ! !
%
(5) PI = NFATN(1). .

The following algorithms avold the overflow problems: S

(6) A ~ 20aTn(8/¢1+5QR{1-5"5)))
' . § «_?
(1) & = prr2-2rati(c/(1esQr(1-coc))) .

{6) returns - rx)z<A<rx/2. and (7) returns OCA<CPI.

f
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e cmaely related »to thls is the problem of converalon from Carteslan t.o .
polar coord!inates. ! :

o wIf X"and.Y are’ known{:’ »

(8) X = RY*COS(A)

T w
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(lO) LR SQR(X#X+ YY)
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