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Abstract

The phase space area plays an important role in determin-
ing the performance of optical stochastic cooling. Specifi-
cally, the number of samples in the beam consists of three
factors corresponding to three dimensions, the factor in
each dimension being given by the ratio of the total phase
space area in that dimension to the radiation wavelength.

[. INTRODUCTION

In microwave stochastic cooling [1], the maximum cool-
ing rate is limited by the number of particles n, in a so-
called “sample”, defined to be the subset of particles that
can interact with a given particle through the pick-up-
amplifier—kicker system. The signal from the particles in
the sample, other than that from the particle itself, con-
tribute to the heating term. A smaller value of n, therefore
leads to a faster cooling. If the bandwidth of the pick-up-
amplifier-kicker system is denoted by W, n, is given by
the well-known relationship

ng = n%. (1)
Here, n is the total number of the particles in the beam,
F =TW, and T is the time duration of the beam. Equa-
tion (1) is the statement that the signal due to a given par-
ticle appearing at the kicker lasts about 1/W, and hence
only particles within that temporal distance can interact
with the given particle. The quantity F is referred to as
the number of the samples contained in the beam.
Recently, optical stochastic cooling was proposed to take
advantage of the larger bandwidth possible with amplifiers
in the optical wavelength region, which could be as high as
1013 -10 Hz [2]. Thus the sample size n,, and hence the
cooling time, would be greatly reduced. A quadrupole un-
dulator and a normal dipole undulator respectively play the
role of the pick-up and the kicker in the original scheme in
reference[2]. However, the requirement on the beam emit-
tance in that scheme turns out to be very stringent, being
about Aej or less, where A is the wavelength of the radia-
tion used for the cooling and o is the rms relative energy
spread in the bearn. The transit time scheme of optical
stochastic cooling was proposed to avoid this limitation [3].
In this scheme, normal undulators are employed for both
the pick-up and the kicker, and the information on parti-
cle coodinates is transmitted via the coordinate-dependent
transit time of the particle trajectory between the pick-up
and the kicker undulators.
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The purpose of this paper is to study the effect of the
transverse structure of the radiation field on the cooling
performance. To this end, we analyze the transit time
scheme of the optical stochastic cooling in detail, using an
approximate model for the undulator radiation to represent
the space-time dependence of the undulator field [4]. Our
main finding is that the number of samples in the beam F
can be written as

F = FLFr.Fry, (2)

where Fr and Fr; (Fry) are referred to respectively as the
number of the longitudinal and the transverse samples in
the x(y)-direction. We find that the number of the samples
in each dimension is given by the ratio the total phase space
area to the coherent phase space area A.

The relevance of the transverse structure of the radiation
field in optical stochastic cooling was first pointed out in
reference[3] based on an intuitive argument. However, the
expression for the number of the transverse samples con-
jectured there-the ratio of the beam size to the coherent
mode size— 1s valid only in the limit of parallel beam.

The expression for F as the ratio of the total longitu-
dinal phase space area to the coherent phase space area
A reduces the usual result TW in the long bunch limit.
In the short bunch limit, however, F becomes the ratio
of the beam energy spread to the coherent energy spread.
This could have interesting consequences for the cooling of
bunched beams.

II. PARTICLES AND FIELDS

Let z; and z} be respectively the position and the angle
of the betatron motion of the jth particle as it passes the
center of the pick-up undulator, and §; its relative energy
deviation. The total transverse coordinates are therefore

zp; = z; + 165, =p; =T + 145, (3)

where 1 and 17 are respectively the dispersion and its
derivative at the center of the pick-up undulator. In the
following, we will be mainly concerned with the behavior in
the x-direction where the dispersion occurs. The behavior
in the y-direction will become obvious.

Following the work in {3], we choose the betatron trans-
fer matrix between the centers of the pick-up and the
kicker undulators to be —I, and the dispersion function
at the center of the kicker to satisfy the symmetry relation
(nic,m%) = (m1,—n'). Thus, the transverse coordinates of
the ith particle in the center of the kicker (z ki, ;) are
related to those at the pick-up as follows:

i = —x; + b, 2, = -zt —7'é; (4)
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The path length of the particle trajectory between the cen-
ters of the pick-up and the kicker in the linear approxima-
tion is given by

I = lo+ Al; = Iy + 2(np; + Q6;). (5)

Here, Q = o' + fOI" dsD(s)/p(s), D(s) being the contri-
bution to the dispersion from the dipole magnets and p(s)
the radius of the curvature of the particle trajectory[3]. In
this paper, the betatron focussing in the undulators is ne-
glected so that particle trajectories are straight. The tra-
jectory of an ith particle in the kicker undulator can there-
fore be written as

Txi(t) = zxi + i zxi(t), Ti(t) = @l (6)

The quantity zx;(t) in Eq.(6) is the longitudinal coordi-
nate given by:

ZK,'(i) = ﬂ,‘(l + 1:9%,—/2)(61 -5 — ALL), (7)

where 3; is the speed of the ith electron divided by ¢, ¢
the speed of light, and s; = ¢f; the distance of the the
ith particle behind the reference particle in the pick-up
undulator. It is necessary in Eq.(7) to keep the second
order term in the expansion of cos r; because the leading
term 1s sometimes cancelled out. The constant term I
in the path length does not appear in Eq.(7) because the
time ¢t = 0 is defined to be the moment when the reference
particle passes through the center of the kicker undulator.
To find the field produced by the jth electron
Epj(z;zp)expiw(t—t;) , where w = 2w¢/X = ke, it is suffi-
cient to note the relation at zp = 0 (the center of the pick-
up undulator) , Ep;(z;0) = exp[ikup;(x — zp; )} Eo(x;0),
where Ej is the field of the reference particle[d]. We will
approximate Ey(z; 0) = exp(—2?/402), where o, is the rms
mode size at the waist. The field for zp # 0 is then ob-
tained by a Fresnel transformation. The resulting expres-
sion is further simplified by neglecting the zp-dependence
in the spotsize and the wavefront curvature. The result
is then multipled by the factor exp[—(z — ¢(t — t;))/40E],
where ac ~ NA/v/2x, N being the number of the undu-
lator periods. This factor is introduced to account for the
fall-off the field strength due to the increase of the spot-
size as well as the fact that the relative bandwidth of the
undulator radiation is about 1/N. In this way, we obtain

Epj(z;zp,t) = Egexpltkzp(l — 3:22/2) —ik(ct — 55)~-

(# — 25 — zpuj)?

2
4o;

(zp—ct + .s]-)2
402

1 (8)

In deriving Eq.(8), we have assuined that the undulator
bandwidth, 1/N, is much lager than both the relative en-
ergy spread of the particle beam o4 and the line width due
to the angular spread, y2z'2, where v is the relativistic fac-
tor and z' is the angle at the pick-up or kicker undulator.

We choose the optical ABCD matrix for the pick-up-
amplifier—kicker system to be the same as that of the be-
tatron transfer matrix, —I, with an an amplification factor

+ 7L.l;(l - ;) —

g. The field at the kicker Fk; is then related to that from
the pick-up by Ex;j(z,2,t) = gEp;(—z,z,t—lo/c—Asj /c).
Here, z is the longituninal coordinate measured from the
center of the kicker undulator.

III. COOLING AND HEATING TERMS

In the kicker undulator, the energy of a particle becomes
modified due to the coupling of its transverse motion in
the undulator magnetic field and the transverse electric
field of the amplified undulator radiation from the pick-up
undulator. The change in the relative energy of the ith
particle is

Ab;=e Ky . ImZ/thpj(—zK,-(t),zK,'(t),t — Aty)
. )

2me2y?

x exp(ikyzii(t) — zi;/401). 9)

The complex notation for the field is used here with Im
implying the imaginary part, and e is the particle charge,
m its mass, K, the undulator deflection parameter, k, =
27 /Ay, Ay the undulator period length, and the trajectory
of the ith paricle is specified by Eq.(6) and Eq.(7). We are
assuming that the undulator strength is tapering out as a
Gaussian function with an rms length oy ~ L/v/27. Also
note the relation o¢c = (1 — B)or =~ 0/27*. Performing
the t—integral, we obtain

Abs; = Glm | Y4 + Z @,’j , (10)
J#L
where G = egK,, E()L/2m0272, and
k20202t
Tr LY r*ij . .
b;j = ———exp ——=5— — kAL — ik(si — s5)
T Tijey { 82?;‘(2) '
2 . )
{(1:,-]- — aj;(si — sj Yor/oc)” — xfj - (s; — sj)za'f/aé]
8T

- 2
ij(2)
x exp(ip;;) -y

Here

Tijz) = \J0F + 230} /2, Tijo) = \/o} + 2o}

i = At;/e, si=tifc, z;; = vgi+ap; = —zi+z;+n(8;+6;)
:I::-j = IlKi + .’I:IPJ- = —.’L‘:- + :I:;- + ﬁ(—éi =+ 5j)

The phase term ¢;; in the last factor in Eq.(11) is a real

quantity with the property @i; = 0 and |p;;| < [k(s; — s;)|

for i # j. The explicite expression of such a phase term

will not be important for the following calculations. The
change in the average value of 67 is then

(A8}) = 2GIm (6, 1)) + n(G?/2)(®129],). (12)

Here the angular brackets imply taking the average with re-
spect to the variables s;, 8;, z;, and z;. We assume that the



distribution function in these variables can be factorized
into Gaussian functions in each variable, with rms widths
0,,05,0¢, and o,:. Since all particles are equivalent, we
have arbitrarily chosen two indices, ¢ = 1 and 7 = 2. The
first term in the above is the cooling term. In obtaining the
heating term, the second term in Eq.(12), we have used the
fact that the average of the quantity &;; 2% vanishes un-
less j = j' because of the large, random phase k(s; — s;+).

The cooling term can be evaluated in a closed form as
follows: ‘

4kGQo?
T+ 27203 /o2)P

Q%3
1+ 20203/03] } '
This reproduces the expression derived in reference[3] when
nos L oy

The heating term can be written as n,G%/2, where
ns = ($12®P],) is the number of particles in a sample for
optical stochastic cooling. The averaging with respect to
variables s; and s, involves Gaussian integrals. Assuming
for simplicity that o, >> o¢, the result is

2GIm < 5,91 >= —

exp {—-2k~2 [ai:n"’ + (13)

oo b Reter)
Z12()Z12(2) 4 | Zhay Ty =12(2)

(14)

The rest of the averaging will be carried out approxi-

mately by regarding the variables 1, and x}, to be in-

dependent with Gaussian distributions of widths ¥, and

¥, respectively. These quantities will be roughly given

by £2 & 202 + 20?07 and T2, = 202, + 2n°¢}. Performing
the z;,-average, we obtain :

O P Lo & Gt A
12/ — ——

7 Sz /Ty + £

). (15)

The final average in the variable 1, can be estimated ap-
proximately as follows: First, we assume that the Rayleigh
length of the undulator radiation is about ¢y so that

or m\Jor/2k, o0 = 1/\/2koyr (16)

The exponential factor in Eq.(15) can then be written as
exp(—¢2/4(1 + €)), where € = ¢%2'%/202. Thus, the aver-
age is dominated by the region £ < 1. For a rough estimate,
therefore, we may set £ = 0 everywhere except the expo-
nential function, which we replace by exp(—£2/4). The av-
erage of this term can be expressed in terms of the modified
Bessel function K;;4. By examining the result, we obtain
the following estimate for the heating term:

G? . G? o A/2
‘—n(¢12¢12) = — TNy ~ _C = (’ = =
2 oz 2m\/(o? + B2)(0% + T}

2 D)
(17)

Note here that the quantity A/2 in the numerator is the
coherent phase space area 27o,0... Equation (17) is the
main result of our analysis in this paper. We consider the
meaning of this result in the next section.

IV. THE ROLE OF PHASE SPACE AREA IN
LONGITUDINAL AND TRANSVERSE
SAMPLES
Comparing Eq.(17) and Eq.(1), we see that the number

of samples in the beam F for the present case is indeed in
the form of Eq.(2), with F, = ¢,/0¢, and

V(62 +E2)(e% + £2)

Or Oyt

Fr

(18)

This reduces the conjecture of reference (3], /0., in the
limit B, > o, where 8, 1s the beta function of the parti-
cle beam in the kicker undulator. However, note that Eq.
(18) consists of two factors, the size and the angular factors.
The angular factor arises from the fact that two particles
with angular separation larger than the coherent mode an-
gle do not interact, and therefore can not both belong to
the same sample. v

It is clear that n; will be further reduced by the number
of transverse samples in y-direction Fr,, the expression of
which will be similar to that of Fr,.

The analysis of previous section gives Fi = o,/o¢c be-
cause we assumed ¢, > o¢. In analogy to the transverse
samples, a more general expression is

2 /(a& + a2)(ags + o})

~ [§

where o¢cs = 1/2koc is the coherent bandwidth. In the
limit 6, > o¢, ocs > 05, Fr becomes the usual expres-
ston o./cc. In the opposite limit, 0, < o¢, ocs K 05,
we obtain Fy = ¢s5/ocs. Thus we find in this case that «
fuster cooling would be achieved with a narrower bandwidth
amplifier. The implication of this conclusion for the cool-
ing of bunched beams will be studied in a future paper.
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