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Abstract

Emission tomography amounts to the statistical estimation of the spatial distri-
bution of a radioactive tracer based on a finite sample of externally-detected photons.
We present is an algorithm-independent theory of statistical accuracy attainable in
emission tomography that makes minimal assumptions about the underlying image.
Let f denote the tracer density as a function of position (i.e., f is the image being
estimated). We consider the problem of estimating ¢(f) = [ ¢(z)f(z) dz, where ¢ is
a smooth function. Assuming only that f is bounded above and below away from 0,
we construct minimum-variance unbiased (MVU) estimators for ¢(f). By definition,
the variance of the MVU estimator is a best-possible lower bound (depending on ¢
and f) on the variance of unbiased estimators of d)( f). It gives a benchmark for
the performance of image reconstruction and quantification algorithms. The. analysis
gives a geometrical explanation of when and by how much estimators based on the

standard filtered-backprojection reconstruction algorithm may be improved.

Keywords: Radon transform, Unbiased estimation, Density estimation
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1 INTRODUCTION S

1 Introduction

Computed tomography is based on the fundamental mathematical result that, under
suitable regularity conditions, a function f: R? — R is uniquely determined by its

line integrals.

Definition 1.1 Let R¢ denote d-dimensional Euclidean space. Let G denote the set
of lines in R? (G is mnemonic for Grassmann manifold). The Radon transform of
f: R? — R is defined to be the function Rf : G — R which maps [ € G to the line

integral of f over (.

In emission computed tomography (ECT), the goal is to determine the density,
f, of a radioactive tracer in a subject as a function of position by external detection
of emitted photons. Since the probability of a photon traveling-along a specific line
through the subject is proportional to the integral of f along that line, the probabil-
ity density function (p.d.f.) of the observations is given by the (appropriately scaléd)
Radon transform of f. Because only a finite number of observations distributed ac-
cording to the Radon transform of f are available, not the Radon transform of f itself,
a statistical estimate of f must be made from the available data. In this paper, we will
quantify the statistical difficulty of estimating quantities of the form [ ¢(z)f(z) dz,
where ¢ is a smooth function. We term these quantities integral functionals of f

generated by smooth functions or, more briefly, smooth functionals.

Example 1.2 Let DC R? denote the closed unit (radius disk). Suppose that f is
square integrable and 0 outside D and that ¢ is an element of an orthonormal basis
for the square-integrable functions on D. Then [ ¢(z)f(z)dz is the coefficient of ¢

in the expansion of f with respect to that basis.

Example 1.3 If ¢ approximates the indicator function of a pixel or region of interest

(ROI), then f ¢(z)f(z) dr approximates the fraction of activity in that pixel or ROL.
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Under minimal assumptions about f, we shall construct minimum-variance unbi-
ased (MVU) estimators for smooth functionals and compute their performance. By
definition, the variance of these estimators gives a best-possible lower bound on the
variance attainable by any unbiased estimator. It therefore provides an algorithm-
independent measure of how well such functionals may be estimated. Moreover, it
turns out that there is a simple geometrical relationship between the MVU estima-
tor and an estimator based upon the filtered-backprojection reconstruction algorithm

commonly used in medical imaging. The analysis provides an explanation of when

and how much estimators based on filtered backprojection may be improved.

Remark 1.4 The MVU estimator will be seen to depend on f. Since, in practice,
f is unknown, one cannot attain the bound simply by just applying the MVU esti-
mator. However, as will be discussed in sec. 8, the analysis gives insight into how
one might construct practical estimators whose performance approaches that of the

MVU estimator.

1.1 Mathematical Model of ECT

There are two principal types of ECT used in medical imaging: single-photon emission
computed tomography (SPECT) and positron emission tomography (PET). The very
idealized mathematical model we will consider here is applicable to both. To motivate
the model, we will consider the specific example of PET.

As the name suggests, PET images are produced using a positron-emitting ra-
dioactive tracer. Shortly after a positron is emitted, it combines with an electron in
an annihilation reaction. On the average, a positron travels only a very short dis-
tance between emission and annihilation, so the position of the annihilation reaction
is approximately that of the positron’s emission. The annihilation reaction results in
the emission of a pair of annihilation photons that travel in (approximately) opposite

directions along a line that has uniformly-distributed random orientation. These pho-
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tons subsequently strike detectors at approximately the same time, forming what is
known as a coincident pair. From a coincident pair, one can thus infer that a positron
was emitted (approximately) on the line segment between the two detectors which
detected the pair.

The positions of the positron emissions and the paths of the annihilation photons
are naturally modeled as points and lines, respectively, in R®. However, the most
common detector configurations actually only detect coincident pairs whose paths
are close to a fixed plane (and which therefore must originate from an annihilation
reaction near that plane). In this case, it makes sense to think of the problem as being
2-dimensional. While in what follows we will, for simplicity, restrict ourselves to the 2-
dimensional problem, our approach could equally be applied to the full 3-dimensional
problem or any other detector configuration.

To construct a mathematical idealization of the PET problem, we model the
locations of positron emissions as independent random variables distributed according
to a p.d.f., f, D. Let I'C G denote the set of lines in R? that pass through D.
Given that the ith positron emission occurs at z;€ D, the line along which the
resulting annihilation photons travel will be modeled as a random line ;€ T' through
z; with uniformly-distributed random orientation. We model these orientations as
being independent of the z; and each other so that the [; are independent random
variables. It can then be shown that the [; are distributed according to the probability
density Rf on T [14, sec. 2.1][15, sec. 2.3]. For convenience, we define T f &of 1Rf.

Remark 1.5 In sec. 2, we will redefine R and T as operators on spaces of functions.

Remark 1.6 It should be emphasized that the model described here is a very ide-
alized model of the PET problem. It ignores a number of physical effects which
complicate PET in practice. (A brief discussion of how one might extend the model
to include some of these effects may be found in sec. 7.) Nevertheless, it abstracts

the fundamental problem of ECT.
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1.2 Integral Functionals

The problem of estimating smooth functionals is motivated, in part, by their being
a statistically well-posed substitute for the more natural problem of estimating the
fraction of the total tracer contained in some subset S C D. Define the indicator

function of S by

ef ] 1 T€S

o z¢s

Then the fraction of the total tracer in S is given by [ 1s(z)f(z) dz. This suggests

considering the more general problem of estimating quantities of the form &(f )‘iﬁf

15(:!:)

Jp #(z) f(z) dx, which we term integral functions, where the indicator function is
‘replaced by a more general function. We shall consider the problem of estimating

&(f) from n independent observations distributed according to the probability density

T f in the case where ¢ is a smooth function, i.e., ¢ is infinitely differentiable.

Remark 1.7 It is natural to ask why we treat only integral functionals generated
by smooth functions and thereby exclude, in particular, indicator functions. The
reason is that, under the very minimal assumptions that we want to make about f, it
is impossible to construct estimators for integral functionals generated by indicator
functions that perform well for all possible f. In other words, the problem of esti-
mating integral functionals generated by indicator functions is statistically ill-posed
without strong regularity conditions on f. Precise results along these lines may be
found in (15, sec. 6.2] and [16, prop. 7.1]. Previous workers have avoided this difficulty
by making strong assumptions about the functional form of f (see section 1.4). In a
sense, the approach taken here obviates the need for strong assumptions about f by

placing strong conditions on ¢.

Remark 1.8 While indicator functions are not smooth, any indicator function can
be closely approximated by a smooth function (cf. [8, prop. 8.17]). Under suitable

regularity conditions on f, the integral functional generated by an indicator function
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will then be close to the integral functional generated by the approximating smooth
function. Thus, under suitable regularity conditions, the results presented here may
be carried over to the problem of estimating the fraction of the total tracer in a pixel

or ROI.

Remark 1.9 Suppose f is square integrable and {¢;} is an orthonormal basis for the
square-integrable functions-on D. Then f =3, é;(f)$; and the problem of estimat-
ing f is closely related to the problem of estimating the qSJ( f)- Thus, understanding
how well one can estimate the integral functionals of f provides an approach to un-
derstanding how well one can estimate f. The point of this and the preceding remark
is that understanding the estimation of smooth functionals of f provides a technical

tool for understanding the estimation of the basic quantities of interest in ECT.

Remark 1.10 Note well that f is defined to be a p.d.f. on emission locations; it
contains no information about the rate of emissions. (One can think of the p.d.f. as
being obtained by dividing the emission rate per unit area by the total count rate.)
Similarly, the data are taken to be a sequence of elements of I', there is no time
information. Thus the way we have set up the problem defines away the problem of
estimating the total count rate. This explains why the familiar Poisson distribution
does not appear in our model. In practice, one would like to known the total count

rate, but good estimates for this quantity are easy to construct.

1.3 Basic Statistical Notions

In this subsection, we introduce some basic statistical notions. We follow [22].

Definition 1.11 We define a statistical experiment to be an ordered pair (€, {p; :
f € P}), where ( is a probability (sample) space and {p; : f'€ P} is a set of p.df.s
on {2 indexed by the set P. The set €2 is the set of possible observations. In oﬁr
model of the ECT problem, §2 will be the n-fold Cartésian product of I', I'*. The set
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P is called the parameter space (cf. [22, def. 7.1]) and represénts the set of possible
states of nature. Under the statistical hypothesis f € P, the observation is a random
variable distributed according to the p.d.f. ps. In our model of the ECT problem,
P will be taken to be a set of p.d.f.s on D. Under the statistical hypothesis f € P,
the observations will be distributed according to the n-fold product of Tf, (T f)",
i.e., the probability density at | = (I1,l2,...,l,) € I'™ is given by [T, Tf(L;). In
other words, we shall consider the statistical experiment (I'*,{(Tf)" : f € P}). For
comparison, we shall also consider the simpler statistical experiment, the so-called
planar-imaging problem, in which the observations under f are elements of the n-
fold Cartesian product D™ distributed according to the n-fold product of f, i.e., the
statistical experiment (D", {f™ : f € P}). In other words, the observations are the

locations of the radioactive disintegrations.

Definition 1.12 We are interested in estimating smooth functionals of f given ob-
servations in I'* (or D™). We will therefore consider estimators that are functions
$n: T = R (or ¢, : D* — R). If ¢,(I) is an estimate of ¢(f), the “badness” of the
estimate will be quantified by the squared error [6n(1) — $(f)]2. The expected value of
the squared error under f is termed the mean squared error (MSE) of the estimator

ngSn under f.

Roughly speaking, we would like construct estimators whosé MS‘E is small for
many of the f € P. It is easy to construct estimators whose MSE is small at any
particular fo€ P, indeed the estimator @, = ¢( fo) has MSE 0 at f,. But such
estimators perform poorly at other f € P and are of little interest. In order to
obtain useful results, we must restrict our attention to estimators that satisfy some

impartiality criterion. One such criterion is unbiasedness.

Definition 1.13 An estimator ¢, is said to be an unbiased estimator of ¢(f) if

Etén = &(f) for all f € P, where E; denotes mathematical expectation under the

statistical hypothesis f. The MSE of an unbiased estimator is equal to its variance.



1 INTRODUCTION ' 11

An estimator is said to be minimum-variance unbiased (MVU) at fo if its variance at
fo is minimal with respect to that of all unbiased estimators. An estimator is said to

be uniformly MVU if it is MVU at all f € P.

In what follows, we will construct MVU estimators for both the planar-imaging

and ECT problems.

1.4 Image Model

As discussed in sec. 1.3, useful estimators need to satisfy some impartiality criterion
with respect to the various f € P. This makes any useful notion of statistical opti-
mality dependent upon P. While a number of authors have obtained results on the
statistical difficulty of the ECT problem, the work here differs from previous work in
that it makes very weak assumptions about the unknown density f, i.e., P is allowed
to be a very “large” subset of the set of p.d.f.s on D.

In most statistical models for ECT, f is assumed to belong to some predetermined
finite-dimensional family of probability densities. Such models are termed “paramet-
ric”. Most commonly, the domain of interest is “pixelized”, i.e., divided into a finite
number of squares. It is then assumed that f is constant on each square (e.g., [24,
sec. 1.2]). Another parametric approach, based on a singular value decomposition of
the tomography process, is described in [1]. The advantage of parametric models is
that one can use standard methods of parametric statistics to develop and evaluate
estimators (e.g., maximum likelihood estimators and Cramér-Rao bounds). The main
disadvantage of parametric models in ECT is that, in practice, the actual f is unlikely
to conform to the assumed model, creating an error which falls outside the assumed

statistical framework.

Definition 1.14 In the remainder of this paper, we will take P to be the set of p.d.f.s

on D that are bounded above and below away from 0.

Remark 1.15 In our opinion, the restriction f € P is sufficiently weak to cover
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almost all practical applications. The assumption that the density function is bounded
above corresponds to the physical condition that the concentration of tracer in the
subject is bounded above. Since this upper bound can be arbitrarily large, this
condition will be satisfied in any practical application. The assumption that the
density function is bounded below away from 0 is perhaps more problematic, but
since this lower bound can be chosen to be arbitrarily small, we do not believe it
alters the essence of the problem. Physically, one can think of it as postulating some
positive level of background radiation. Alternatively, one could alter the experiment
by adding some artificial observations that mimic those that would be obtained from

a low-intensity uniform distribution.

1.5 Outline of Paper

In sec. 2, we review concepts related to the Radon transform. In sec. 3, we discuss
the representation of smooth functionals on P by functions on I' and construct MVU
estimators in the class of linear estimators for both the planar-imaging and ECT
problems. In sec. 4, we show that the linear estimators constructed in sec. 3 are
actually MVU estimators in the class of all estimators. In sec. 5, we discuss concrete
representations of the estimators constructed in sec. 3. In sec. 6, we consider the
special case where ¢ is a Gaussian p.d.f.. Explicit numerical results for this case are
given. In sec. 7, we sketch a simple generalization of our model to include the physical
effects of photon attenuation and detector nonhomogeneity. Some concluding remarks

are given in sec. 8.
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2 The Radon Transform

In this section, we review some notions related to the Radon transform that are used in
what follows. In sec. 2.1, we introduce some notation and define the Radon transform.
Sec. 2.2 discusses the adjdint of the Radon transform, which is commonly referred
to as the backprojection operator in medical imaging. In sec. 2.3, we consider the
Radon transform on spaces of square-integrable functions. Sec. 2.4 gives the inversion

formula for the Radon transform.

Remark 2.1 On a first reading, the reader may wish to just skim this section, focus-
ing mainly on the notation and definitions. The motivation for many of the definitions

will become apparent in sec. 3.

2.1 Definition

Definition 2.2 Let S'C R? denote the unit circle. Define the map w:R—S? by
6 — (cos,sinf). We shall use the map w to define local coordinate systems on

51, the local coordinate being denoted by §. We define the integral of f over S? as
Jsi F(w(0))d0 = 57 F((6)) d6.

Definition 2.3 Let G denote the set of lines in R2. We define the double covering
7: S x R — G by taking n(w,s) € G to be the line in R? through sw which is
perpendicular to w. Note that 7(w,s) = 7(—w, —s). It will be convenient to use the
coordinates (8, s) to refer to the line 7(w(8),s) € G. We will then write the integral
of a function g on G as f;g(8,s) dsdf & o J2 . g(8,s)ds db.

Definition 2.4 For any function g : S* x R — R, define its drop §: G — R by
§(r(w,s)) def 9(w,s) + g(—w,—s). For g : G — R, define the lift of g to S* x R by

& gom:5'xR—>R.

Remark 2.5 We are now ready to define the Radon transform. In essence, the

Radon transform of a function f : R? — R is the real-valued function on G whose
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value on a given line | € GG is equal to the integral of f over [. It is, however, more
standard to define the Radon transform to be the real-valued function on S! x R
which is the lift of the Radon transform just defined. The resulting Radon transform
has a redundancy due to the fact that each point in G is represented by two points in
S x R. While working on S? x R is convenient in most (deterministic) contexts, in
our statistical problem the observations are naturally elements of G and it is awkward
to represent them as elements of S? x R. The major downside of this is that to use
any of the previously obtained results on the Radon transform, we have to go back
and forth between the two definitions. We shall refer to the Radon transform which
givés functions on S x R as the standard Radon transform and the transform which

gives functions on G simply as the Radon transform.

Definition 2.6 We shall be dealing with a number of sets on which there is some
fixed notion of integration, e.g., the integral on S! defined in def. 2.2, the integral on G
defined in def. 2.3, the usual integrals on R¢ and D, etc. In order to avoid repetition,
we shall generically denote a set equipped with some fixed notion of integration by
X. This idea can be made precise by taking X to be a measure space. The reader
who i1s unfamiliar with measure spaces will lose little by using the preceding intuitive

definition of X.

Definition 2.7 Let X be as in def. 2.6. Define L'(X) to be the set of absolutely-

integrable real-valued functions on X.

Definition 2.8 The Radon transform on L!}(R?), which we shall denote by R, maps
f € L*(R?) to the function Rf : G — R whose value at [ € G is equal to the integral
of fon l. The standard Radon transform on L'(R?), which we shall denote by R,
maps f € L'(R?) to the lift of Rf to S* x R. It can be shown that Rf € L!(S! x R)
[11, p. 168]. It follows at once that Rf € LY(G).
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2.2 The Adjoint

In this subsection, we will develop the adjoint of E. In the context of medical imaging,

this operator is commonly referred to as the backprojection operator.

Definition 2.9 Let X be as in def. 2.6. Define L>(X) to be the set of bounded

real-valued functions on X.
Proposition 2.10 The map R* : L®(S* x R) — L*®(R?) given by
R = 0),z - w(0))dl
9(@) = [ 9((0),2 - w(0))
for g € L®(S* x R) is the adjoint of R : L'(R?) — L'(S x R) in the sense that
[ Rf6,9)9(60,5)dsdo = [ f(@)Rg(a)da
for all f € L*(R?) and g € L®(S* x R). The map R*: L=(G) — L*(R?) given by
* 1 % ~
R'g(z) = 5 R'§(2)
= [ 9(6,2-w(6))de - @21)
0 ' .
for g € L®(G) is the adjoint of R : LY(R?) — L*(G) in the sense that
| /G Rf(8,s)g(8,s)dsdf = /R (@) Rg(z) de
for all f € LY(R?) and g € L=(G).
Proof. The result for R is given in [11, p. 169]. The result for R follows from this
by the definitions. W

We conclude this subsection with a simple identity which relates the adjoints of

R and R.
Lemma 2.11 If g € L*(S* x R), we have the identity
Rg=Ry,

where § € L(Q) is defined as in def. 2.4.
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Proof. The lemma follows by chasing through the definitions. The details may be
found in [15, lem. 2.1.16]. |

2.3 L? Theory

It is very natural to define the Radon transform as an operator from L!(R?) to
L'(G). However, in our statistical investigations we will often need to consider the
Radon transform on spaces of square-integrable functions. We start by recalling the
definition of a Hilbert space, which is a (possibly infinite dimensional) generalization

of Euclidean space.

v

Definition 2.12 Let V be a (real) vector space. An inner product on V is a function
V xV — R, which we denote by (z,y) — (z|y)v, that is symmetric in its arguments,
separately linear in its arguments, and satisfies ||z||Z = (z,z) > 0 for all z € V with

equality if and only if £ = 0. The distance between = and y is then defined to be

llz —yl|.

Example 2.13 R¢ becomes an inner product space by taking the inner product to

be the usual dot product.

Definition 2.14 Let V be an inner product space. A sequence {z,} of elements of V
is said be a Cauchy sequence if imy, m—oo ||Zn — a:ml lv = 0. (Intuitively, the condition
means that the z, stay close to each other as n — 0.) The sequence {z,} is said to
converges to z € V if im0 ||z, — z||v = 0. V is said to be a Hilbert space if every

Cauchy sequence in V converges to an element of V.

Example 2.15 R?is a Hilbert space (see, e.g., [18, thm. 3.11(c)]). Other important

examples are the spaces of square-integrable functions introduced in def. 2.16.
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Definition 2.16 Let X be as in def. 2.6 and fo € L*=(X). The space of real-valued
functions f on X such that

Baeso [ (@) fo(w) do < o0

will be denoted by L%(X, fo). When fo = 1, we simply write L*(X). L*(X, fo) is a
Hilbert space when equipped with the inner product

(9o 2 [ f(@)g(a)fole) do
(see, e.g., [5, thm. 5.2.1}).

Remark 2.17 If f € L*(X, fo), then the Cauchy-Schwarz inequality [3, thm. 1.1.4]
implies that the function L*(X, fo) — R defined by g — (f|g)r2(x,s) is continuous.
We shall make frequent use of this fact.

Definition 2.18 Define I' to be the subset of G consisting of lines whose distance

from the origin is < 1, i.e., lines with s coordinate of magnitude < 1.

Definition 2.19 Let p < ¢ be 1, 2, or oo. It is frequently convenient to consider
a function in L%(D) as a function in LP(R?) by defining it to be zero outside D.
Similarly, it is frequently convenient to consider a function in L¢(R?) as a function
in LP(D) by restriction. To avoid confusion, we introduce some notation for this. If
f € LY(D), we define t1q(p) ez fE€ LP(R?) to agree with f on D and equal 0 outside
D. If f € LY(R?), we define Tqu(sz,L,;(D)fe L?(D) to be the restriction of f to D.
We make similar definitions for L(T") and L*(G).

Definition 2.20 We define T: L*(D) — L*(T") by
1
T:f = —me)am 0 o wz )y f-

In words, T'f is obtained by considering f as an element of L!'(R?), taking the Radon

transform and scaling (giving a function in L'(G)), and restricting the result to
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I'. That the definition makes sense, and, in fact, T is continuous, can be see from
the stronger result that R : L%(D) — L*T, (1 — s?)~'/?) is a continuous map [17,
thm. I1.1.6].

We now turn our attention to the adjoint of 7'.

Definition 2.21 The adjoint operator of T : L?*(D) — L?*(T") is defined to be the
unique continuous linear operator T*: L?(I") — L?*(D) such that (f|T*g)r2p) =
(T flg)r2(ry for all f € L?*(D) and g € L*(T") [3, sec. 11.2].

Remark 2.22 In def. 2.20, we were able to obtain the Radon transform on L2(D)
from the Radon transform on L'(R?) since any square-integrable function on D is
absolutely integrable. In the case of the adjoint operator, we cannot simply obtain
T* from R* since the set of square integrable functions on I’ .strictly contains the
bounded functions on I' and R* is only defined on the lattér. However, it turns out
that a square-integrable function on I' can be approximated arbitrarily closely by a
bounded function and thus T* can be obtained essentially by a continuous extension of

1 R*. The following definition formalizes this idea of arbitrarily closed approximation.

Definition 2.23 Let L be a linear subspace of a Hilbert space H. L is said to be
dense in H if for each z € L there exists a sequence {z,} in L which converges to
z. A continuous function on a Hilbert space is clearly determined by its value on a

dense subspace.

Remark 2.24 All the notation should not distract the reader from the point of the
next proposition, which is that T* is essentially the scaled backprojection operator

1 =
LR,

Proposition 2.25 The adjoint T* : L*(I') — L?*(D) is given by the unique continu-

ous extension of 1mpem2) 12(p) © R 0 tpeor),roo(g) : LP(T) — L°(D) to L*(T).
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Proof. Let f € L?(D) and g € L°(T). Then

1 .
(fl;WLoo (m2),22(D) © R" 0 troo (1), 1=(6)9) L2(D)

1 *
— ;/Df(x)ﬂ'L“(]R?),L%D) ocR*o LL°°(1"),L°°(G)g(.’E) dz

1 *
== /11&2 12y, ?) © f(z)R" o Lo (1), L0 (6)9(T) dz

T
1 .
= ;/GRLL’J(D),LI(]Rz) o f(8,8)treo(r),Leo(c)9(0, 5) ds df
1
= ; ,/[‘ 7TL1(R2),L2(D) oRo LL2(D),L1(]R2)f(9’ 3)9(9,3) ds do
= [ T£(6,9)9(6,5) dsdo

= (T flg)ram),
SO ‘
* 1 *
T"g = —mre(@3),L2D) © B 0 tro(r) L2 (G)

on L°°(T"). Since L*°(T") is dense in L?(T'), the result follows.

2.4 Inversion

We will now develop an inversion formula for the Radon transform.

Definition 2.26 Let X be as in def. 2.6. Define C*°(X) to be the set of smooth,

i.e., infinitely differentiable, functions on X.

Definition 2.27 The Schwartz space S(R?) is defined to be the subspace of C*°(R?)
consisting of functions f such that
[flmp & sup  sup (1 +|e[)¥|05: - 08 f (=)
Br+-+Bn<m zeR4

is finite for all m,k € N [23, ch. 10, ex. IV]. Intuitively, S(R?) is the set of smooth
functions that, along with their derivatives, rapidly approaéh 0 as |z| — oo. The
Fourier transform F: S(R?) — S(R¢Y) is denoted by f +— f, where f is defined by

G

—i2nx-€ !
o€ f(z)dz
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[23, p. 268, def. 25.1]. The Schwartz space S(G) is defined to be the subspace of
C*(G) consisting of functions g such that
|glmx & sup  sup (14 s%)¥|85879(8, )|
B4+v<m (6,5)€G

is finite for all m, k € N, cf. [10, eq. 2.10].

Remark 2.28 The use of the circumflex to denote the Fourier transform conflicts
with its use in denoting an estimate of an unknown quantity. Since both notations are
quite standard, we shall just endure this ambiguity. It should be clear from context

which meaning is intended.

Definition 2.29 We define the Riesz potential operator ™! for functions f € S(R9)
by ,
(I 1) (6) = 2mlElf(0) (22)
(cf., [21, sec. V.1]). For f € S(RY), it is shown in lem. A.1 below that I~ f € C*°(R¢).

For functions on S! x R and G, we define I~! to act on the second, or “s” variable.

Remark 2.30 In the context of medical imaging, /™! acting on functions on S* x R

or G is the “ramp filter” in the “filtered-backprojection” algorithm.

We are now ready to give the inversion formula for the Radon transform.

Theorem 2.31 Let ¢ € S(R?). Then

é= iR*I'—‘Rqs
2

(recall that I=1 acts on the second or “s” variable of functions on G).

Proof. = The inversion formula for the standard Radon transform,

6= BT Rs,
4 /
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is proved in [17, p. 18, thm. 2.1]. From this, using lem. 2.11, it follows that

' 1 */ 17—1 D ~
¢ = ER (I7"R¢)
- lrrigs, m
2w

Remark 2.32 Thm. 2.31 is just the “filtered backprojection” algorithm in medical
imaging. The Radon transform of ¢, R¢, is ramp-filtered (I7!) and backprojected
(R*) to recover ¢.
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3 MVU Linear Estimators

In order to develop some intuition for the problem, we start by considering a restricted
class of estimators, the so-called linear estimators, for smooth functionals. We shall
construct estimators which are MVU within this restricted class, which we term MVU
linear estimators. In sec. 4, we shall see that these MV U linear estimators turn out

to be MVU estimators in the class of all estimators.

3.1 The Planar-Imaging Problem

We start by considering the estimation of ¢»( f) given n independent, identically dis-
tributed (i.i.d.) observations distributed according to f, i.e., the planar-imaging prob-
lem. For this problem, there is an obvious estimator for ¢( f). Indeed, note that gb( kD)
is the expected value of the random variable constructed by evaluating the function ¢
at a random sample distributed according to f. Thus an obvious estimate for ¢(f) is
‘the sample mean of the derived observations obtained by evaluating the function ¢ at
the original observations. We can write this estimator as (zy,...,Z.) — = Y, é(z:),

where z; is the :th observation.

- Definition 3.1 Let v € L?(D). We define the linear estimator generated by v to be

the function given by (z1,...,z,) — n7 1 32, v(z;).

We shall now show that the estimator generated by ¢ is in fact the MVU linear

estimator.

Remark 3.2 It is useful to describe the variance of the estimator generated by v by
embedding v in L?(D, f5). This is the motivation for introducing the weighted L2
space L%(X, fo) in def. 2.16. When fo in def. 2.16 is a p.d.f. on the probability space
X, the weighting of the integrals in def. 2.16 correspondé to a probabilistic weighting.
The space L*(X, fo) corresponds to the space of random functions on X with finite

second moment when X is distributed according to fo.
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Proposition 3.8 Let fo € P and v € L*(D). Then the linear estimator generated

by v has mean O(fo) and variance

n"H{IvlIz2 o, ) — [0(f0)]}-

~at fo. The variance is finite since v € L*(D, fo) if and only if v € L*(D).

Proof. At fo, the linear estimator generated By v has mean

/ /D ;) fo(z1) -+« fo(zn) dzy - - -dzyy = /Dv(x)fo(x)dx
= z.{(fo)

and variance

/D /D ;v z;) — 0(fo)*fo(z1) - - - fo(zn) dzy - - - dzye

1

-, |
/D D{;Z v(z;) — 0(fo)]} folza) - - - folwn) dz1 - - - dzse

i=1

I
3

2/ /D z”:v —9(fo))? fO(xl) -+ fo(zn) dz1 - - - dzsy

D i=1
n [ [v(2) = o(fo)*fole) do
= 1Y [ vX(e)fole) dz — [0 o))}
= n"Y|[vllE2,5) — [0(fo)]*}-
The condition fo € P implies that v € L*(D) if and only if v € L*(D, fo). It follows
that both [[v]{22(p 1) and ©(fo) are finite. M |

Remark 3.4 The condition v € L?(D) is clearly a neceésary and sufficient for the

variance of an estimate of the form (z1,...,z,) — 2 Y%, v(z;) to exist at fo € P.

The next proposition shows that ¢ is the only function in L?(D) that generates

an unbiased estimator.’

Proposition 3.5 Let v € L?(D) and suppose the linear estimator generated by v is
an unbiased estimator of ¢(f), i.e., O(f) = ¢(f) for all f € P. Then v = ¢.
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Proof. Since v and ¢ are linear functions on L?(D), they must agree on the linear
span of P. A routine argument shows that the linear span of P is dense in L*(D).
(It is well-known that the step functions are dense in L*(D) (see, e.g., [8, prop. 6.7]).
Now all the step functions are in the linear span of P except those taking a value of 0.
But it is clear that step functions taking a value of 0 can be approximated arbitrarily
closely in L?(D) by a function in the linear span of P). Since © and c;S are continuous,

the result follows. W
To summarize:

Theorem 3.6 The estimator generated by ¢ is the unique MVU linear estimator for

the planar-imaging problem. Its variance at fo is
n"H{181122(p, 50y — [0(fo)I*}-

Proof. Combine props. 3.3 and 3.5. B

We shall see in sec. 4.1 that the estimator generated by ¢ is actually a uniformly

MVU estimator for ¢(f) in the class of all estimators.

3.2 The ECT Problem

We now turn our attention to the construction of MVU linear estimators for the ECT

problem.

Definition 3.7 Let f, denote the uniform distribution on D, i.e., f, is the constant

function 1/7 on D. Define g,= T f,.

Definition 3.8 Let ¢y € L*(T, g,). We define the linear estimator generated by ¢ to
be the function I'* — R given by (l1,...,0,) —n~ ' Y%, dz(li)..
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Proposition 3.9 Let fo € P and v € L*(T, g.). Then the linear estimator generated
by v has mean (T fo) and variance \

1 ( fr b6, )T fo(0, ) ds df — [(T fo)]2) .

at fo. The variance is finite since 1 € L2(U', T fo) if and only if ¢ € L*(T', g,).

Proof. Essentially the same as the proof of prop. 3.3. B

Remark 3.10 The condition ¢ € L*(T', g,) is clearly necessary and sufficient for the

variance of an estimate of the form (I1,...,0,) — £ 7, ¥(L;) to exist at fo € P.

Our next goal is to find a criterion for an element of L(T',g,) to generate an
unbiased estimator. The desired result is given by prop. 3.16. In the interim, we shall
define the operator Ty, and see that the condition T} ¢ = ¢ given in prop. 3.16 has
the intuitive content that ¢ backprOJects to ¢.

Since we are working in L?(T',g,), we need to reformulate T as an operator T},

whose range is L?(T', g,). The next definition does this in slightly greater generality.

Definition 3.11 For f, € P, define the linear operator Ty,: L*(D) — L*(I', T fo) by
[ T%% It is shown in [17, thm. I1.1.6] that T}, is continuous, from which it easily

follows that T, is continuous.

Remark 3.12 Ty, f(6,s) is just the likelihood ratio of the observation (f,s) under
the statistical hypotheses f and fo.

The next proposition shows that the adjoint operator T}, : L*(T', g.) — L*(D) is
just the continuous extension of T*. Its intuitive content is that T} is just the back-

projection operator. (The situation is analogous to the one discussed in rem. 2.22.)

Proposition 3.13 The adjoint of Ty, : L*(D) — L*(T', T fo) is given by the unique
continuous extension of T* : L*(T') — L?*(D) to L*(T', T fo).
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Proof. Let f € L*(D) and g € L*(T). Then

(Trof19)r2@g0) = F%%((%%g(e,s):/’fo(a,s)dsde
= /F Tf(8,5)9(6,s)ds d8
= (Tf19)r2
= (fIT"9)2my-

Since L*(T) is dense in L*(I', T fo), the result follows. ®

Corollary 3.14 If fo € P, then T} =Ty}, .

Proof. By prop. 3.13, T}, and T}, agree on the dense subset L*(T'). W

Corollary 3.15 Let ¢ € S(R?), fo € P, and ¢ € L*(T',g.). Then Tt = ¢ if and
only if T;p=¢. M

Proposition 3.16 Let ¢ € S(R?) and ¢ € L*(T,q,). Then the linear estimator
generated by ¢ is unbiased if and only if T} b = ¢.

Proof.  Suppose T} ¢ = ¢ and f € P. Then, by the definition of the adjoint,

H(Tf) = /¢ (6,5)Tf(6,s)ds d6
Tf(6,s)
/¢ 9, s )Tfu S TIu0,5) dsd

= ('@b Tfu,f)L2 (T.94)

= (Tt.¥, frr)

= (4, /2o

= (/).
for all f € L?(D), in particular for all f € P. Conversely, suppose ¢(T'f) = ( f) for
all f € P. Since ¥ and ¢ are linear operators, (T f) = é(f) for all f in the linear
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span of P. Since the linear span of P is dense in L?(D), it follows that '¢v(T f)=é(f )
for all f € L?(D). This says that T*¢ = 1. The result now follows from prop. 3.13.
|

Intuitively, prop. 3.16 says that a function ¥ on I' generates an unbiased linear
estimator if and only if it backprojects to ¢, i.e., if T} 1) = ¢. We are therefore lead
to investigate the existence and uniqueness of solutions to the equation ;¢ =¢.

We start by answering the existence question in the affirmative.
Definition 3.17 For ¢ € S(R?), define F¢ € C=(G) by Fé & SI7'Ro (cf. lem. A.1).

Proposition_ 3.18 Let s €S. Then T; F¢ = &.

Proof. By props. 3.13, 2.25, and 2.31,
I; F¢ = T'F¢
1
= —R'F¢
™
¢. B

Remark 3.19 The standard approach to quantifying the fraction of activity in a
ROI may be termed the “filtered backprojection and integration” algorithm, i.e., one
estimates the image by an estimate f using the filtered backprojection algorithm
and computes the integral of f over the ROI. Since this algorithm is usually imple-
mented using a discrete version of the Radon transform, it does not fit precisely into
our framework. However, we shall give a heuristic argument to the effect that this
standard pfocedure is essentially the linear estimator generated by F'¢.

The idea of filtered backprojection is to replace the quantity R¢ in the inversion
formula given in thm. 2.31 with a smooth approximation to the observations. Let
w € S(G) be an approximate delta function in the second variable, i.e., for fixed

6, w(6,s) as a function of s approximates a delta function. Let g, be the smooth

function on G obtained by convolving the sum of n point masses of mass n~! at
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the observations l;,...,l,, so that g, is a smooth approximation to the empirical
distribution generated by the observations. (The convolution is taken with respect
to the second variable only.) Then the filtered-backprojection estimate, f, of f is
iR*I7'g, and

. 1 .

#f) = 5 [ @R (2)de

_ 1 T poo 1
- 2/0 /_OOR¢(973)1 9(6,5) ds df

- % L[ Ré6,mU9.)"(6,n) dn do

= 3 [ [ R3O0, m)ln) dn o |
= %f;/_o; (I=*R$)™(6,m)gn(6,7) dn db

= S [ [ Rs0,960(0,9) ds do

_ /0” _ZF¢(9,s)gn(9,s)dsd9

= (F¢)(gn),

where the overbar indicates complex conjugate and third equality follows from the
Plancherel theorem (see, e.g., [8, thm. 8.29]). In the limit as g, approaches a delta
function in the second variable, this quantity will approach the estimator generated

by F'¢. A discrete version of this argument may be found in [12].

Prop. 3.18 establishes the existence of an unbiased linear estimator. The next

proposition addresses its uniqueness.

Definition 3.20 If A is a linear operator, let A/(A) denote its nullspace, i.e., the set

of vectors z such that Az = 0.
Proposition 3.21 Let ¢ € S. Then ¢ € L*(T',g.) satisfies T} % = ¢ if and only if

Y€ Fé+N(T},).

Proof. If T} v = ¢, then T} (v — F¢) = 0, so » — F¢ € N(Ty,). Conversely, if
»—Fée N(T;), then T =¢. W
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Intuitively, prop. 3.21 says that the functions which generate unbiased linear es-
timators form an affine linear space obtained by adding functions which backproject
to 0 to F¢. Thus the uniqueness question boils. down to whether or not there ex-
ist nonzero functions on I' that backproject to 0. The next proposition shows that
this question is equivalent to whether or not Ty, L?(D) is dense in L*(T,T fo), i.e.,
whether or not any function on I'" can be approximated arbitrarily closely by the

Radon transform of a function on D.

Definition 3.22 Let L be a linear subspace of a Hilbert space H. The closure of L,
which we denote by L, is the subspace of H consisting of elements f such that there
exists a sequence in L converging to f. It is obvious that L C L (consider constant
sequences); the point is that a sequence {f,} C L may converge to an f ¢ L. By

definition, L is dense in L.

Definition 3.23 Let H be a Hilbert space and z,y € H. Then z is said to be
orthogonal to y if (z|y)g = 0. If L is a subspace of H, then the subspace of H whose
elements are orthogonal to every element of L is termed the orthogonal complement

to L and denoted by L*. We note the identity (L*)* = L [3, cor. 1.2.9].

Proposition 3.24 Let fo € P. Then
o e -
N(T}) =Ty L*D) .

Proof. This is a special case of the following general fact. If A : H — K is
a continuous linear operator from a Hilbert space H to a Hilbert space K, then
N(A*) = AH" (see, e.g., [3, secs. 1.2, I1.2]). (This is just the Hilbert space analogue of
the familiar fact from linear algebra that the range space of a real matrix is orthogonal

to the nullspace of its transpose.)

Corollary 3.25 N(T}) = {0} if and only if Ty, L*(D) is dense in L*(T', T fo).
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Proof. If Ty, L*(D) is dense in L2(T, T o), then TRL2(D) = L*(T, Tfo), so
N(T;) = LAD,Tfo)*
= {0}

Conversely, if N'(T})) = {0}, then TfoLz(D)-L = {0}, so

T,D) = [TLAD)|

= {0}*
= L*T,Tf). m

Intuitively, prop. 3.24 tells us that the generators of unbiased linear estimators
differ by functions that are orthogonal to the range of the Radon transform. In sec. 5,
we shall see that WJ_ is infinite dimensional, implying there is an infinite-
dimensional space of unbiased linear estimators. In the remainder of this section,
we shall consider, in a somewhat abstract manner, the construction of MVU linear
estimators for the ECT problem. It turns out that the MVU linear estimator is
generated by the projection of any ¥ € L*(T, g,,) that generates an unbiased estimator
onto —T-fo—L"’(—D)_ ‘

Definition 3.26 Let L be a subspace of a Hilbert space H. L is said to be closed
if L =L. If Lis closed and ¢ € .H , there is a unique element prg€ L, termed the
projection of g onto L, such that

— :.f — /
llg — pLyl|H gl,réLllg 9'llu

(8, thm. 5.24], i.e., prg is the element of L that is closest to g. It has the property
g—pg € Lt. Thusif ¢ € L,

(91¢")r = (Prglg")nr- | (3.1)

We also have the formulas

g=prLg+prtg
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and

gz = llpeglly + llpregllf-

Theorem 3.27 Let fo € P and ¢ € S(R?). Suppose ¢ € L*(T,T fo) satisfies Tfp =

¢. Then the estimator generated by prL—Q(D)-'(/) is an MVU linear estimator for ¢(f)
0

at fo in the ECT problem. Its variance is

w7 (Ilormmeré e — BT H)) (32)
at fo.

Proof. We first note that pfj-o—%—)d) generates a unbiased estimator since ¥ —
pmgb € mL and hence ¢ — pm—)z/) is in the nullspace of T} . Now
suppose ¢’ € L*(T', T fo) generates an unbiased estimate of ¢(f). Then T} (¢' — ) =
0, so ' — %) is in the nullspace of T} and hence orthogonal to _ffo_L——z(T) By eq. 3.1,

it follows that PT,2(D) ' = PTI7 D)(,/). Thus

Wlizere = llpr zmY 2@ rs0) + |lPp oy Yllzae o)
> ler eyl ®

In effect, the unbiasedness condition determines the component of the generator
of any unbiased linear estimator in the range of the Radon transform, but allows the
component in the orthogonal complement to.be arbitrary. The variance is minimized

by setting the component in the orthogonal complement to be 0.

Remark 3.28 In sec. 4, we shall see that the estimator constructed in thm. 3.27 is
an MVU estimator in the class of all estimators. However, since the minimizing ¢
will change as a function of fo, such an estimator can no longer be a uniformly MVU

estimator.

Remark 3.29 From the above, ¢ € L*(T, f,) generates an unbiased estimator if and
only if (T f) = qﬁ( f) for all f € P. This says that the functional generated by ¢ on
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P is the same as the functional generated by 1 on T'P. This idea can be expressed

by saying that 1 is an observation-domain representation of ¢.

Remark 3.30 Under the assumption that f € P, the above theory extends to any
¢ € C*=(R?). Indeed, for any ¢ € C=(R?) one can find a ¢’ € S(R?) that is equal to
¢ on D (cf. [8, lem 8.10]) and thus generates the same functional on P as ¢.
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4 MVU Estimators

In this section, we will show that the MVU linear estimators constructed in sec. 3 are

actually MVU estimators in the class of all estimators.

4.1 Uniformly MVU Estimators for Planar Imaging

In this subsection, we will prove the claim made in sec. 3 that the linear estima-
tor generated by ¢ is an uniformly MVU estimator for d)( f) in the planar-imaging

problem.

Theorem 4.1 Let ¢ € S(R?). The estimator generated by ¢ is an uniformly MVU

estimator for qu( f) in the planar-imaging problem.

Proof. Let fo € P be given. For |t| < sup,cp ¢(z) — ¢(fo), define f; : D — R by

fo = {1 +t[¢ — ¢(fo)I} fo.

Using the fact that
| [ [#(@) - dfo)lfodz = (4.1)

it is clear that the f; € P. Consider the one-dimensional subproblem of estimating
#(f:) from n i.i.d. observations distributed according to f; for |t| < sup.ep |@(z) —
$(fo)|. The Cramér-Rao inequality [13, art. 399D] states that the variance of any
unbiased estimator of ¢( ft) at fo is bounded below by

[0:0(f)le=ol”
n||6; log fi(z)li=ollr2(D)

The denominator of this expression is commonly referred to as the Fisher information

for t at t = 0. We have

- 8108 fu()oeo = [(z) —fig)o)]fo(x) ]
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and hence the Fisher information at ¢t = 0 is equal to

nl|¢(z) — (is(fo)”%%D) = n{||8||72p) — [6(fo))}.
Again using eq. 4.1, we also have |

Bid(fi)le=o = O /D 6(z){1 + t[d(z) — $(fo)]} fo dzls=o
= [ #@l$le) - $(fo)lfo(z) dz
= |I8llz2p,50) — LS. -

It follows that the variance of an unbiased estimator of ¢( ft) at fo must be >
n_1{||¢||%2(p) — [¢(fo)]?}. By thm. 3.6, the linear estimator generated by ¢ is unbi-
ased and achieves this lower bound. Since fo € P was arbitrary, we conclude that

the estimator generated by ¢ is an uniformly MVU estimator for qS( f). &

4.2 MVU Estimators for ECT

In this subsection, we will show that the MV U linear estimator constructed in sec. 3.2

is an MVU estimator for the ECT problem.

Theorem 4.2 Let fo € P, go = Tfo, and ¢ € S(R?). The estimator generated by
P def p:T}_Iﬁ(_D)'Fd) 1s an MVU estimator for ¢>(f) at fo in the ECT problem.

Proof. The proof is analogous. to that of thm. 4.1 in that the Cramér-Rao in-
equality is applied to one-dimensional subproblems to show that the variance of any
unbiased estimator cannot be less than that of the MVU linear estimator. In thm. 4.1,
we considered perturbations of f, in the direction ¢(z) — ¢(fo). In the ECT problem,
we consider perturbations of g (approximatély) in the direction pff'o_LZ’(F)F ¢ —(go).
For this to make sense, the first step is to show that WF ¢ —(go0) € Ty, LE(D).

We start by noting that constant functions are in T, L*(D), since Ty, fo = 1. It
follows that pr—rspyF'é — ¥(go) € Ty, L*(D). Let L2(D) and L(T,go) denote the

o
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subspaces of L?(D) and L*(T, g), respectively, whose elements  satisfy [p h(z) dz =
0 and Jr h(s, 8)go(s,8) dsdf = 0. Then pr—rzp;F'é — ¥(g0) € T5,L2%(D) N LE(T, go),
since WF ¢ generated an unbiased linear estimator. We claim that T, L?(D) N
L3(T, g0) C T4, L3(D). To prove the claim, let f € L?(D). Then

/D flo)de = /D F(2)T1(2) dz
- /F T£(6,s)dsdo (42)

LTfof(G, $)go ds df.

Thus if f € L*(D)\L3(D), then T;,f ¢ L2(T',g0). This says that Ty L%(D) N
L2(T,g0) C Ty, L3(D). Now suppose g € Ty, L2(D) N L(T,go). Then there exists
a sequence {g,} in T;,L%(D) such that g, — g in L*(T,go). Since g € L2(T, go),
limp—eo Jr gn(0, $)go(6, ) dsdfd = 0. We can writé each g, as Ty, f, for some f, €
L?(D). By eq. 4.2, lim,—o [ fn(z) dz = 0. Consider the sequence { f, — [p fn(z)dz}
in L(D). We have

lim Ty, [ fn Ydz] = lim Ty fn — lirn T fn (z)dz
n—00 fO n—oo fo fo

= hm 9o — T}, nh_{& / falz

= g

so g € Ty, LZ(D). This prove the claim that 77, L2(D) N L2(T, go) C Ty, L2(D). From
the claim, we can now conclude that pTWF ¢ — ¥(g0) € Ty L2(D).

Let € > 0 be given. Since pz—rapyF'é — P(go) € Ty, L3(D), we can choose n €
L%(D) such that ||Tj,n— me é—1(g0)||r2(r,g0) < €/2. Now the simple functions,
i.e., functions taking only a finite number of values, are dense in L3(D) [2, p. 52].
Using this fact and the fact that 77, is continuous, one may assume without loss of
generality that 7 is a simple function. For [¢| < sup,¢p |n(z)|, define g; € TP by
g+ = T(fo +tn). Consider the one-dimensional subproblem of estimating (F'¢) (g:)
from n 1..d. observations distributed according to g;. (Note that, defining f; = fo+tn,
this is equivalent to the problem of estimating ¢(f;).) We will now compute the Fisher
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information for the estimation of ¢ at ¢ = 0. We have

B9
9t li=0
Tn
Tfo
= Tfon

Oilog gtlt=0 =

Thus the Fisher information for the estimation of ¢ is equal to n||Tsn|[Z2(r 4 2t t = 0.

Now

O:(F¢) (gt)le=0
= 3, [ F4(6,9)TLful6,) + tn(6, 5)] ds d6)zo
- /F Fé(6,5)Tn(0,s)ds do
- /F F&(8, 5)Tn(8, s)go(8, s) ds db
= [[F6(6,5) = (90)]Tisn 6, 5)0(6; ) ds dB + (g0)
= [ PrmmF (0, 9) — $(90))T1(6, 5)g0(0: ) ds dB + 3 (go)
= /F[pmz—(D—)Fqﬁ((’, s) — ¢(90)][pWD—)F¢ — 4(g0)]g0(6, s) ds db
+ [ [rrmmyF(6.5) — bigo)]
< {T5C(6,5) — [pr—gapyF'd — blgo) ao(0, ) ds df
2 P72y F'e — $(90) |22, 40)
—HPWF¢ — 9(90)|1z2(0.g0) 1 T7C (6, 8) — PF,;I?TD_)F¢ — 9(g0)| 22T 00)
2 |lpr 25y f e — @L(go)llL?(F,go)(”pﬁ;L_z(ﬁqus — P(g0)!|L2(rg0) — €/2)
(the first inequality follows from the Cauchy-Schwarz inequality). It follows from the
Cramér-Rao inequality [13, art. 389D] that the variance of an unbiased estimator of

(F¢)(g:) at go must be at least

[0:(F) (90)le=o]?
n||T4,<| l%ﬁ(r‘,go)

lenariids (90 132(rgo) (11P7 T2y E'S — (90l l22(0,00) — €/2)°
B n(llpr oy E @ — ¥ (90)ll2r.a0) + €/2) '
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Since € > 0 was arbitrary, we conclude that the variance of an unbiased estimator

of (F¢)(g:) at go must be > n—1|]pmp¢ — ¢(90)||%2(F,go)' The unbiased linear

estimator constructed in thm. 3.27 achieves this lower bound. B

- Remark 4.3 Unlike the estimator in thm. 4.1, the MVU estimator in thm. 4.2 de-
pends on fo. It is thus not a uniformly MVU estimator.
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5 Construction of Projection Operators

In sec. 4.2, we saw that the linear estimator generated by 14, 7, &of p:l_"_foLZ_(DTF ¢ is an
MVU estimator for ¢(f) at fo in the ECT problem. In this section, we will express
the projection operator PT,I50D) in a concrete way that is suitable for numerical
calculations.

We start in sec. 5.1 by considering the special case where fo is the uniform dis-
tribution on D. It turns out that the analysis of this special case provides useful

building blocks for the analysis of the general case, which is carried out in sec. 5.2.

5.1 The Uniform Distribution

Definition 5.1 Let f, and g, be as in def. 3.7. Explicitly, g.(0,s) = 7f—zx/l_———sz
(cf. [4, sec. 2.5, ex. 4], [14, sec. 2.1]). For future reference, we note that the marginal
distribution of the “s” variable is given by the brobability density %\/1_—_;5 on [—1,1].
We shall denote this probability density by p.

Definition 5.2 A subset of a Hilbert space H is said to be orthonormal if each of
its elements have norm 1 and distinct elements are orthogonal to each other. An
orthonormal subset is said to be an orthonormal basis if its linear span in dense in
H. If {z;} is an orthonormal basis for a Hilbert space H, then each z € H can be

 expressed as ¢ = T;(a:lo)na: and |[2lf = Ti(zile)?.

Definition 5.3 Let Z, N, and Nt denote the sets of integers, nonnegative integers,

and positive integers, respectively. For m € N, define the functions Up,,: [-1,1] = R

by

Up(cos 8) &f W

The U, are called the Chebyshev polynomials of the second kind [4, sec. 7.6] [14,
sec. 2]. They form an orthonormal basis for L*([—1,1], p,) [4, app. C.2]. As the name

implies, the U,, are indeed polynomials, the first three are 1, 2s, and 452 — 1. We
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extend the functions U, to S? x R by the formula Uy, (6, s) & U, (s). For | € N* and
m € N, define the functions a;,, : S' x R — R and b, : S* x R = R by

a1m(0,8) = V2Un (s) cos(16),

and

bym(6,5) & V2U,,(s)sin(16).

Definition 5.4 If g(6,s) is an even function on S* x R, i.e., g(—8, —s) = g(0,s), it
can be viewed in a natural way as a function on G given by the formula g(4,s). In
particular, since U,, is even when m is even and a;» and b, ,, are even when { + m is
even, we shall view Up,, ajm, and by, as being defined on I' by the formulas given in

def. 5.3 when m and [ + m are even, respectively.
Definition 5.5 Define
B, = {U, :m € 2N} U {aim,bim : |l € Nt m € [ + 2N}

and

B!, = {ajm,bim :1 € N, m € {{mod 2,] mod 2—{-2,...7,1—2}}.

Proposition 5.6 B, and B., are orthonormal bases for Ty, L*(D) and its orthogonal
complement in LT, T f,), respectively.

Proof. For ! € Z and m € N, define the functions ¢;,: S* x [-1,1] — C (C

denotes the set of complex numbers) by
L (0,5) & U (s)e™.

Note that ¢, is even (odd) when |m — | is even (odd). An orthonormal basis for

T:.L*(D) C L*(T',g,) is given by ¢, with [ € Z and m € |I| + 2N [4, sec. 7.6] [14,

sec. 2.3], where the ¢, are interpreted as functions on I" per def. 5.4.
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Since we are dealing with (real) probability densities and integral functionals gen-
erated by real-valued functions, it is convenient to replace the above basis with one
consisting of real-valued functions. Applying the standard procedure for converting a
complex orthonormal basis to a real orthonormal basis to {¢;, : [ € N, m € [ + 2N}
yields B,, which proves the first assertion.

To prove the second assertion, we will show that an orthonormal basis for L*(T, g,)

is given by
BuUB., = {Uy, : m € 2N} U {aim, bim : | € N*,m € [ mod 2 + 2N}.

We start by noting that, since {\/7U,, : m € N} is an orthonormal basis for
L*([-1,1],2+/1 — s?) and {ﬁ,vl;cos(le),vl;sin(le) : | € Nt} is an orthonormal
basis for L?(S?), an orthonormal basis for L?(S* x [-1,1],§.) is given by
1 1 1
_‘_Um : - NI U{—= my T
(Bl im e UAggam
If ¢ € L*(T, g4), then

bl,m (e N"’,m € N}

|l¢||12;2(r,g,,) = /Flbz(Q, s)gu(6,s) ds df
1

= = 52(0, ), (0, s) ds do
2 sxx[_l,lﬁb( »8)9u(0,.5) ds

1 ~
= 4 (Z (Um|¢)%2(sl x[-1,1),54).

meEN

+> > (al,m]¢)%2(slx[;l,l],§u) + (bl,m|¢)%2(51x[_1,1],gu))

leN+ meN

N

( Z (Um|1Z)i2(51x[—1,1],§u)
me2N

+> > (al,ml¢)%2(51x[—1,1],§u) + (bl,m|¢)%2(51x[-1,1],§u))

leN+ m€lmod2+42N

= ( > Unl®)ior g (5.1)

meE2N

+> > (az,mlzb)iz(r,gu)+(blvm|¢)i2(ﬂgu))’

{EN+ m€&lmod2+2N
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where the fourth equality follows since Uy, is even (odd) when {4 m is even (odd) and
aim and by are even (odd) when [ +m is even (odd). Since B,UB; is easily verified
to be an orthonormal subset of L*(T,g,), it is an orthonormal basis for L*(T,g,).

Combining this fact with the first assertion gives the second assertion. M

Having established that B, is an orthonormal basis for Ty, L?#(D), it is now

straightforward to express PT, 2Dy in terms of this basis.
0

Corollary 5.7 The MVU estimator at f, for the ECT problem is generated by

T oy fe = X;N(UmIF¢)L2(F,gu)Um (5.2)
me ]
+ Z Z (al’m|F¢ )L2(F,gu)al,m + (bl,mle) )L2(F,gu)bl,m-
IEN+ mel4+2N o
Its variance at f, is given by
n” ( Y (UnlF¢)izr. (5.3)
me2N+

+ 3 Y (@mlFé)irg,) + (BimlF ¢)%2(f‘79u))’

leN+ mel+2N

where

!
(G1F )20 = 5 [ 119(9,5)F¢(9,s)\/1 “dsds. (5.4)

We noted in rem. 3.19 that the estimator generated by F'¢ roughly corresponds to
applying the filtered-backprojection algorithm and taking a Weighed integral of the
result. We shall therefore refer to it as the standard algorithm. It is interesting to

compare the performance of the standard algorithm with that of the MVU estimator -

generated by me @.

Corollary 5.8 The variance of the standard algorithm at f, is given by

n! ( Z (Um'F¢)2L2(F,gu)

me2N+

+ 3 Y (amlFé)iar . + (bl,mlFsﬁ)%?(r,g.,)) :

leN+ m€imod24-2N
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The difference in variance at f, between the standard algorithm and the MVU esti-
mator 18
nt Yy > (a1mlFé) 22 gu) + OrmlFd) o) B (5.5)
leN+ m=lmod,lmod2+42,...,|-2
We conclude this section by showing there is an important special case where the

standard algorithm coincides with the MVU algorithm.

Definition 5.9 A function ¢ : R? — R is said to be radial if it can be written as a

function of |z| alone, i.e., if ¢(z;) = @(z2) for all z1,z, € R? such that |z1| = |z2]-

Proposition 5.10 Suppose ¢ € S(R?) is radial. Then mecb = F'¢. Moreover,
WFédepends only on s, i.e., WF(IS(&,S) = meqﬁ(Gg, s) for all 0y,
92, seR.

Proof. It is not difficult to verify that F'¢ is independent of 6 and can be writ-
ten as an even function of s. It follows that, for [ + m € 2N*, the inner product

(a1,m|F'é)r2(r,g,) reduces to

2 " cos(16) db /_ 11 Un(s)F(s) V1= s2ds = 0.

72 Jo

Similarly, (b,m|F¢)r2r,g.) = 0. Eq. 5.2 thus reduces to

P ol e = > (UnlFé)r2(-1,11,00)Unm (5.6)
me2N
= F¢,

where the last line follows since the set of functions {U,,;m € 2N} is an orthonormal

basis for the subspace of even functions in L?*([—1,1],p,). M

Corollary 5.11 Suppose ¢ € S(R?) is radial. The estimator generated by F¢ is an

MVU estimator for ¢(f) at f, in the ECT problem. Its variance at f, is given by

n7t (IF$(0, ) Feor o — [S(H7) . ® (5.7)
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5.2 The General Case

Remark 5.12 Given a countable, linearly-independent subset of a Hilbert space,
there is a standard procedure, the Gram-Schmidt procedure, for constructing an or-
thonormal subset with the same linear span {3, 1.4.6]. We shall refer to this procedure

~ as orthonormalizing.

Proposition 5.13 An orthonormal basis for Tj,L?(D) is obtained by orthonormal-
izing the set of functions {%gj}gje}gu in L2(f,Tfo).

Proof.  Defining the multiplication operator M I LT, Tf,) — L*(T,Tf) by
fo
g %%g, it is clear that we can decompose T, into the composition M %&Tfu. Since
¢}
M Thu is continuous, the linear span of {%gj}gjegu is dense in 7', L?(D). Orthonor-

[¢]

- malizing this set thus gives an orthonormal basis for Ty, L2(D).

Remark 5.14 Let {n;} be a orthonormal basis for T, L2(D), which may be con-

. 2 -
structed according to prop. 5.13. Then p—Tw and || WHW—) are given
by the formulas

Py = 2T oy

Jj=1
and
_ 2
HproLz(D)zM |%2(1",Tfo) - Z(¢lnj)TfoL2(D)'
=1

One issue encountered with the use of these formulas in numerical calculation 1s that
one can only compute a finite number of terms and it is difficult to assess how many
terms are necessary. This issue may be addressed by constructed a basis for the

orthogonal complement of TfoLz(D)-L.

- Proposition 5.15 An orthonormal basis for TfOL2(.D)-L is obtained by orthonormal-
izing the set of functions B., in L*(T, T fo).
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Proof. By prop. 3.24, TfOL2(D)-L = N(T},)- Thus, by cor. 3.14, TfOLz(D)-L =
P — W

N(T},). An orthonormal basis for Ty, L2(D) is therefore obtained by orthonormal-

izing B!, in L*(T',Tf,). W

Remark 5.16 We are now in a position to outline a numerical approach to the

caleulation of pr—rzmy¢ and |lpr—rzE¥lliaq oy Orthonormal bases for T;,L*(D)
and T—foml are given by props. 5.13 and 5.15. Together they form a basis for
L*(T', T fo). One can then expand 7 in terms of this basis. To check whether one has
computed a sufficient number of terms, one can comparing the squared L%(T', T fo)

norm of the expansion with |[¢||Z2r 7, which can be computed by numerical inte-

gration.
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6 Gaussian Functionals

In this section, we shall consider the special case where the integral functional is
generated by a Gaussian p.d.f.. For brevity, we shall refer to such functionals as
Gaussian functionals. In sec. 6.1, we shall see that an observation-domain represen-
tation of Gaussian functionals can be given explicitly in terms of special functions.

In sec. 6.2, we specialize to the case of radial Gaussian functionals.

6.1 Genéral_ Gaussian Functionals

Definition 6.1 Let
of = L(a+k)/T(a) 2*
b ») & z
(asbi) = D T(b+ k)/T(b) &!

k=0
denote Kummer’s confluent hypergeometric function [19], where, in this equation, I'

denotes the gamma function.

Proposition 6.2 Let ¢,,€ S(R?) be given by the Gaussian p.d.f.
boo(z) L - _lomal/20"
i T 2702
with mean a € R? and covariance c*I. Then the observation-domain representation

F¢,, ts given by

TO

Fa0(6:5) = %:;e-“—“-w(e))z/%’q)(—l /2:1/2;(s —a-w(8))?/20%).  (6.1)

Proof. R¢ is given by

2no

1 2 2
R¢>(9,s) - e—(s—a-w(O)) /20
o
[4, sec. 3.5, eq. 5.3] and the Fourier transform of R¢$ with respect to the second
variable is given by

20242

(R$)" (6, ) = em2mowl®)s=r
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[8, prop. 8.24]. Thus, by def. 3.17,

us

(F¢010)A(9’<) = 2(1_1T¢a,0)h(07§)
= 7|¢|(Ra,0)"(0,() (6.2)

= |C|6—i27ra-w(0)(e—27r2o2§2 ,

where (F'¢,,)" denotes the Fourier transform of F'¢,, with respect to the second
variable. The next task is to take the inverse Fourier transform of the above equation
with respect to the second variable. First suppose that a - w(6) = 0. By symmetry,
we then have

F¢a,0’(973) = 71"/00 |C|e—27r202(2ei27rs'r; dC

-0

= 7 /oo (|2 cos(2msn) d¢

= 2 /oo (e~ 2mo¢ cos(27s() d¢,
0 B

which expresses F'¢, , in terms of a Fourier cosine transform. Using the Fourier cosine

transform ldentlty
/ ze cos(zy) dz = 1 ®(1;1/2; —y*/4a)
0 y 2 3 3 y

(7, eq. 1.4(14)], we get

Foo(8,s) = 5=—=5(1;1/2; -5 /20°).

2wo?

If a-w(f) # 0, then the result for a - w(f) = 0 and standard results on the effect of

translation on the Fourier transform (see, e.g., [8, thm. 8.22]) give

F¢,,(0,s) = ®(1;1/2; —(s — a - w(6))?*/25°).

2no?

Eq. 6.1 now follows by applying the Kummer transformation identity ®(a,b,z) =
e“®(b— a;b;—z) [19, eq. 13.1.27] [6, eq. 6.4.7] to the last equation. M
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Remark 6.3 Defining the function x, : R — R by

6_52/2"2@(—1/2; 1/2;5%/20%),

1
Xo(s) = 2no?

we can write
Fo(8,5)(6,5) = Xo(s — a-w(6)).

Thus for each fixed 6, F¢,, as a function of s is a translate of the function x,.
Example 6.4 In fig. 1, we illustrate the function x, for o = 0.1. fig. 1

Example 6.5 In fig. 2, the graph on the upper left shows the zero-mean Gaussian fig. 2
p.d.f. with ¢ = 0.1, i.e., ¢o0.1. The graph on the upper right shows the observation—
domain representation F ¢0,6,1 of ¢0,0.1, obtained using eq. 6.1. The lower half of fig. 1

is similar to the upper half, except that the G_a,ussian p.d.f. is centered at a = (1,0)
instead of at the origin. Fig. 3 is identical to fig. 2 except that o = 0.5 instead of fig. 3
o=0.1.

Remark 6.6 By inserting the result of prop. 6.2 into cor. 5.7, we can now explicitly
compute the MVU estimator for Gaussian functionals at the uniform distribution
along with its variance. Since the inner products in egs. 5.2 and 5.3 are not available
in closed form, it is necessary to evaluate them numerically. This comes down' to
evaluating a two-dimensional integral numerically, cf. eq. 5.4. It is useful to start
by computing the expansion given in eq. 5.1. One can evaluate the left-hand side of
this equation numerically and then verify that the right-hand side converges to the
left-hand side. This provides a check on the accuracy of the numerical integrations
and allows one to determine how many terms of the expansions in egs. 5.2 and 5.3

are needed to achieve a given level of accuracy.

Example 6.7 We consider the estimation of the functional generated by a Gaussian
p.df. ¢ centered at a = (1,0) with o = 0.5. (This was illustrated at the bottom of

fig. 3.) The standard estimator is generated by F¢(1,0),0, which is shown at the top of
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fig. 4. The MVU estimator at f, is generated by me $(1,0),0» Which is illustrated
in the middle of fig. 4. The difference F'¢(1,0),, — W‘F #(1,0),0» Which backprojects
to 0, is illustrated at the bottom of fig. 4. In this particular case, the variance of the
standard estimator is 0.087n~! while the variance of the MVU estimator is 0.066n~1.
Thus, in this case, the variance of the standard estimator is more than 30% higher

than that of the MVU estimator.

6.2 Radial Gaussian Functionals

Remark 6.8 MVU estimators for radial Gaussian functionals at the uniform distri-
bution along with their variance can be computed by inserting the result of prop. 6.2
into cor. 5.11. Numerical evaluation of these quantities is much easier than in the
nonradial case since no numerical integration is necessary to compute the estimator
and its vafiance can be computed by evaluating a single one-dimensional integral

numerically.

Example 6.9 Fig. 5 shows the variance of MVU estimators for a radial Gaussian
functional given 10° observations evaluated at the uniform distribution as a function of
o. The lower curve is for the planar-imaging problem. It was obtained by numerically
evaluating the formula given in thm. 4.1. The upper curve is for the ECT problem.

It was obtained by numerically evaluating the formula given in cor. 5.11.

For radial Gaussian functionals and the uniform distribution, the asymptotic be-

havior as 0 — 0 can be described very simply.

Proposition 6.10 Let ¢, be a zero-mean Gaussian p.d.f. with covariance matriz o1
and f, the uniform density on D. Asymptotically as o — 0, the variance of the MVU
estimator for ¢(f) at f, is given by 1/4x20?n in the planar imaging problem and

1/87%20%n in the ECT problem.
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Proof. Routine calculations show that

. 1 2 /9,2
— ~l=l?/20
1) = o | 1 de
_ l _—1/202
= —(1-e)
1
2 _ - 2
L#@ e d =~ [ S
1 =1/0
- 4#202(1 —eV 2)'

It follows from thm. 4.1 that the variance of the MVU estimator for the planar-imaging

problem is given by

1 2 1 ' 2
-1 _=1/02y L 172022
n [47r20'2 (I—e ) 7r2(1 © ) }

which is clearly asymptotic to 1/47%0%n in the limit as ¢ — 0. Using thm. 4.2 and

cor. 5.11, the variance of the MVU estimator for the ECT problem is given by

_ 1 C o _1/202
w (1P sy — 21— 7)) (63)

It is shown below in lem. A.2 that ||F¢,||72r1y,) is asymptotic to 1/ 873/20° in the
limit as ¢ — 0. It follows that variance of the MVU estimator for the ECT problem

is asymptotic to 1/87%/25°. W

Example 6.11 Fig. 6 shows the result of inserting the approximation
IF$ollZ2r.rs ~ 1/87%%0°

into the expression for the variance of the MVU estimator given by eq. 6.3. The
approximation is shown in the upper curve, while the true value is shown in the lower

curve. We see that the approximation is very accurate in the region ¢ < 0.1.

Remark 6.12 For radial Gaussian functionals, the MVU estimator at f, coincides
with the standard estimator. We now present an example that shows this estimator

can be very suboptimal at fo # f,.
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Example 6.13 Let ¢ be radial Gaussian with o = 0.5. Then the MVU estimator at
fu 1s generated by F'¢ and, by ex. 6.11; its variance at f, is &~ 0.087n~!. Now suppbse
that fo is highly concentrated about the point (0,0.63) € D. Then go = Tfo is
highly concentrated a,bouf the curve 6 — (0,0.63sin §) and we can approximate the
integral f-g(6,5)go(6,s)dsdf by - f7 g(6,0.63sin6)df. Using this approximation,
the variance of the estimator generated by F'¢ at fo is = 0.04683n1. From prop. 5.15,
the function az0/|laz0l|r2(r,g) is @ unit vector of T_fofz_(F)l. The squared inner
product of this function with F¢ in L*(T',go) is =~ 0.04594, which implies that the
variance of the MVU estimator at f, is at most 0.00089n~!. Thus in this, admittedly
extreme, example, the variance of the MVU estimator is less than the variance of the

standard estimator by a factor of more than 50.
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7 Extension of the Model

The model of ECT given in sec. 1.1 and analyzed in this paper is very idealized.
However, the general approach can be extended to more realistic models. Of course,
extending the model will introduce varying degrees of additional mathematical com-
plications. In this section, we will briefly illustrate a relatively simple extension of
the model to include the effects of photon attenuation and detector nonhomogeneity.
Again, we motivate our model by the physical problem of PET.

In PET, some of the emitted photons are absorbed by the subject and thus not
detected. It can be shown that the fraction of photons pairs traveling along a given
line which are not absorbed is independent of the position of the positron emission
which gave rise to them [20, p. 416]. That is, the number of observed photon pairs
~ observed along a given line (8, s) is proportional to v(6,s)T f(6,s), where (0, s) is
the fraction of photon pairs tfaveling along (6, s) which are not absorbed. Thus the
probability density of the observations is given by

def 7(653)Tf(973)
11(8,5) = Jrn(8,5)Tf(0,s)dsd6 (7.1)

Note that the normalizing factor [-v(6,s)T f(6,s) dsdf is the expected value of the

fraction of positron emissions whose photon pairs are detected. For simplicity, we will
henceforth assume that ~ is positive on T'.

The approach in this paper is based on observation-domain representations of
smooth functionals as was done in prop. 3.16 for the transformation T. To get a

similar result for the transformation T, we solve eq. 7.1 for T'f, obtaining

CTf,s) = /F W(Q,S)Tf(ﬁ,s)dsdé%e’s—?. (7.2)

Since [T f(0,s)dsdf = 1, it follows that
Tf(8,s) . 1
/r 20, O T TG T 0.5 dsdo
Inserting this relation into eq. 7.2 gives "

: ~ T£(6,s)
Tf(0,s) = +(6,8) T1H83) gsdg’

~(8,s)
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. .
We now write

fo@f@de = Z [ TITo@)f(e)de
= 123 /F I7'T$(6,5)Tf(6,s) ds do

We now see that 7 ( Jr %%’;l ds d@) i—,lyl‘é is an observation-domain representation

of the functional generated by ¢ for the transformation T except for the complica-
tion that the normalizing factor f %%’?— ds df depends on the unknown distribution
f. There are two approaches to dealing with this. One approach is to note that ,-
e %%l ds df can generally be estimated with a high degree of certainty (an obvious

estimate is X7 ,v~1(1;)) and therefore can be taken as a known constant. The other

approach is to rephrase the problem to one of estimating the functional generated

by Jr X705) Jsdg=1 - &, for which %#ﬁ is an observation-domain representation.

~v(8,s)
Since the factor f- %%‘;l ds df is independent of ¢, this will not change the ratios of

the various functionals being estimated, which is generally the main point at issue.
(E.g., if we think of the functionals as approximating pixels, the effect would be a
scale factor applied to the image.) In either case, having obtained the observation-
domain representation of the functional, the extension of our approach to this model
i1s now straightforward. It is evident that detector nonhomogeneity effects may be
incorporated into the function  and thus be subsumed under the same mathematical

model.
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8 Discussion

The results in this paper give best-possible lower bounds on the variance of unbiased
estimation of smooth functionals in the planar imaging and ECT problems. They
can be used as a benchmark in assessing the performance of image reconstruction
and quantification algorithms. Appropriately generalized, they can also be used as a
design tool for assessing the performance that is achievable by new imaging devices.

One attractive feature of the approach taken here is that the resulting bounds may
Be applied to parametric reconstruction algorithms, regardless of how the image is
parametrized. E.g., if the estimate of the image is represented by f (z) = X5, asbi(z),
where the G; are parameter estimates and the b; are basis functions, one can comparé
the variance of the implied estimate of $(f),ie., 3(f) & T, a:é(b;), with the bound.

The numerical results given in ex. 6.7 show that, at least in some cases, the MVU
estimator for ¢(f) may have significantly less variance than the estimator generated
by F'¢. Since, as mentioned in rem. 3.19, the latter estimatof corresponds roughly to
the standard algorithm used in medical imaging practice, the results suggest that some
improvement of the standard estimator may be possible. More extensive evaluation of
the bound should help delineate the conditions under which significant improvement
over the standard algorithm is possible.

It should be emphasized that the MVU estimators for the ECT problem con-
structed in this paper are only minimum variance at particular points fo € P. There
is no guarantee that will perform well for all f € P. Nevertheless, they suggest an
heuristic appreach to constructing algorithms which will perform well at all f € P.
The idea is that, given a sufficient number of observations, one can construct a good
auxiliary estimate f of f and then apply the MVU estimator at f . We are currently

investigating this issue.
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A Supporting Mathematical Results

In this appendix, we collect the statements and proofs of some supporting results that

were used in the body of this work.

Lemma A.1 If f € S(RY), then I71f € C®(R%).

Proof. For s > 0, let H,(R% denote the subspace of L?(R¢%) whose elements f

have a Fourier transform satisfying

flEes ™ [+ PP &

< 0.

H,(R9) is termed the Sobolev space of order s. For each k € N, the Sobolev embedding
theorem states that any function in H,(R¢?) for s > k+d/2 is k-times differentiable [8,
thm. 8.54]. Now the Fourier transform of a function in S(R%) is in S(R?) [8, cor. 8.23].
Let s > 0 and f € S(R?) be given. Since f € S(RY), there exists ¢ > 0 such that

(14 [€2)E2D2 | f(g) < e

on R It follows that

™ s/ f 2
4x [ (1 1EP)YIERIFO1 de
2 (s+2)/2| §

an? [ (1+ e fo) de
4n2c® [ (14 1€[%) " dg

I 1z e

IN

IA

272 oo

I'(d/2) Jo
Q2 2+d/2

< S [y

8627T2+d/2

T 1+/ 2 df)

4722 .

(1 +r2)—drd—1 dé

IN

<00,
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%)

hence I71f € H,(R%). Since s > 0 was arbitrary, it follows from the Sobolev embed-
ding theorem that I=1f is k-times differentiable for all k € N, i.e., I71f € C=(R4).

Lemma A.2 Let ¢, denote the zero-mean Gaussian p.d.f. with covariance matriz

0?I. The limiting behavior of HF¢UH%2(F,Tfo) as o — 0 is described by

PGl
o—0 _HF¢0”L2(G)

where

2 \ 1
SIFllize) = 5575

Proof. Starting with def. 3.17 and using eq. 6.2, we obtain

|IF¢0||]2;2(C) = /()W/_O:O[F¢a(9,8)]2dsd6
/(: /_:[(F 8,)°(6,0)) d¢ d6
2 T 2 —4m252¢2
" /o /_wf e dc df
= 2’ /0®C26_4,,2,2<2 d¢ dé

1/2

1603

-

[9, 3.461.2], which gives eq. A.2. To prove eq. A.1, we will prove that

lim I|F¢a||L2(1"Tfu ,r2”F¢<7I|L2(G

=0.
o—0 ) ”lF¢crHL2(G

(A1)

(A.2)

Let € > 0 be given. Since v/1 — s? is a continuous function at s = 0, we can choose

0 < és < 1 such that |v/1 —s%2 — 1| < ¢/2 if |s| < §s. Then, writing

lHFéﬁaH%z(r,Tfu) - F22HF¢0”%2(G)|
ZlFdll32(

fo 2L (F:)2(8,5)|V1 —s2 —1|dsdf + [T fs|>1(F¢a) (0,s)dsdf

||F¢ollm
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< [T i<s(Fd0)2(0, 5) ds 6 I Sus(F6,)6,5)ds a9

o ||F¢o!|%2(g) HF(ZSUH%,?(G)
€ B Do (F.(0,5) dsds |
—2 [1F$sll72(c ’

we see that it suffices to prove that

T F - 2 9’ ds db |
lim J3 Jisizs(F'é )2( s)dsd _ 0. (A.3)
=0 N1F %62 |

Using the expansion
1
2(~1/2,1/2,7) =~z [1 + O(lal ™),

which is valid for z > 0 [19, eq. 13.1.4], and eq. 6.1, there exists a constant ¢ such

that

1 20°
4ro? —.3_2—[1 +cot/s’]
1+ co?/s?

2152

|F35(6,s)] <

<

It follows that
18 Sijps(F$0)*(0,5)dsdo (ke[S [ [ s 5™ ds dB

472
1F 61 mec, : el
_ 160° [1 + 002/52]26'5
T pl/2 107 ’

from which eq. A.3 easily follows. M
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Figure 1: The function x, evaluated for o = 0.1



Figure 2: Gaussian functionals and their observation-domain representa-
tions. Gaussian p.d.f.s are shown on the left and their respective observation-
domain representations are shown on the right. The upper pair is for a radial
Gaussian p.d.f., while the lower pair is for a Gaussian p.d.f. centered at (1,0).
For both pairs, o = 0.1.



Figure 3: Gaussian functionals and their observation-domain representations.
Everything is as in fig. 1, except that ¢ = 0.5.



Figure 4: The functions which generate the standand and MVU estimators
‘are shown in the top and middle, respectively. Their difference is shown at
the bottom.



VARIANCE

10.

0.1

0.001

0.00001

-7
1.10

1'100.001 0.005 0.01 005 0.1 0.5 1 SIGMA

Figure 5: Variance of MVU estimator for radial Gaussian functionals at the
uniform distribution with 10° photon pairs (lower curve is for planar imaging,
upper curve is for ECT).
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Figure 6: Approximation to the variance of MVU estimator for radial Gaus-
sian functionals at the uniform distribution with 10° photon pairs (lower
curve is the true value, upper curve is the approximation).
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