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Vapor-Liquid Equilibria for Solvent-Polymer Systems from a 
Perturbed Hard-Sphere-Chain Equation of State 

Abstract 

Ram B. Gupta+ and John M. Prausnitz* 

Department of Chemical Engineering, University of California, and 

Chemical Sciences Division, Lawrence Berkeley Laboratory 

Berkeley, CA 94720-1462. 

Vapor-liquid equilibria (VLE) for solvent-polymer mixtures at modest pressures are 

obtained from a perturbed hard-sphere-chain equation-of-state. This equation-of-state is the sum 

of a hard-sphere-chain term as the reference system and a van der Waals attractive term as the 

perturbation. The reference equation follows from the Percus-Y evick integral theory coupled with 

chain connectivity as described by Chiew. The effect of specific interactions, such as hydrogen 

bonding, is introduced through the proposal of Veytsman based on statistical distribution of 

hydrogen bonds between donor and acceptor sites suggested by molecular structure. 

Calculated and observed vapor-liquid equilibria are presented for non-polar, polar and 

hydrogen-bonding solvent+homopolymer systems. Pure-component parameters (number of 

segments per molecule, segment-segment energy, and segment diameter) are obtained from pure

component poperties: liquid density and vapor pressure data for normal fluids; and pressure

volume-temperature data for polymers. A binary energy interaction parameter must be obtained 

from limited VLE data for each binary system; this parameter appears to be independent of 

temperature and composition over a useful range. Theoretical correlations and predictions are in 

good agreement with experiment. 

*To whom correspondence should be addressed. 

+Present address: Department of Chemical Engineering, Auburn University, Auburn, AL 36849. 
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Introduction 

For process and product design, vapor-liquid equilibria (VLE) for solvent-polymer systems 

are necessary for a variety of applications including surface acoustic-wave vapor sensors 

(Ballantine and Wohltjen, 1989; Grate et al., 1992); recovery of organic vapors from waste-air 

streams using a polymeric membrane (Baker et al., 1987; Matsumoto et al., 1991); pervapoiation 

(Maeda et al., 1991), and other polymeric membrane-separation processes; polymer 

devolatilization (High and Danner, 1990); vapor-phase photografting (Kubota et al., 1990); and for 

optimum formulation of paints and coatings (Napper, 1983). New experimental data and 

correlations are required for rational design. 

Recently, we presented sixty-six isothermal data-sets for VLE in a variety of solvent

copolymer and solvent-homopolymer systems (Gupta and Prausnitz, 1995a). We observed an 

unusual effect in VLE for some copolymer+solvent systems where the solubility of an organic 

vapor in a copolymer was higher than that in either parent homopolymer (Gupta and Prausnitz, 

1995b). This effect was attributed to "intramolecular repulsion" between unlike copolymer 

segments .. 

Polymer-solution phase behavior is more complex than that described by the 

incompressible-lattice Flory-Huggins theory, especially when the solvent is expanded or 

supercritical (i.e. at high temperatures). Hence, better theories are required to describe phase 

equilibria for compressible and highly non-ideal polymer solutions. For rational process and 

product design, we require correlations based on molecular thermodynamics. Previous efforts 

along these lines are reviewed by Danner and High (1993) and by Lambert et al. (1995). 

Song et al. (1994a, 1994b, 1994c, 1995) have developed a perturbed hard-sphere-chain 

(PHSC) equation of state for calculating phase equilibria in solutions containing polymers, 

copolymers, and solvents. For binary polymer solutions, the PHSC theory can reproduce all types 

of observed liquid-liquid phase diagrams, including upper or lower critical solution temperatures 

(UCST or LCST), or both, including closed partial-miscibility loops (Song et al., 1994c). With 

some modifications (Hino and Prausnitz, 1995), the PHSC theory correlates experimental liquid

liquid equilibria of polymer-solvent and polymer-polymer systems, including spinodal and binodal 

curves and phase diagrams having a UCST, LCST, or both. 

The PHSC equation of state is easily applied to represent vapor-liquid equilibria. In this 

work, we use the PHSC equation of state to correlate experimental data for vapor-liquid equilibria 

for polymers with solvents at modest pressures; Since the PHSC equation of state has parameters 
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that have clear physical significance, it provides a useful method for predicting thermodynamic 

properties outside the range of available data. We have correlated experimental data with the 

PHSC equation of state at one set of conditions and made predictions at other conditions; 

predictions were then compared with experimental data. 

Perturbed Hard-Sphere-Chain (PHSC) Equation of State 

In the PHSC theory, molecules are assumed to be attracting chains of spheres (segments) 

that are connected by covalent bonds (Song et al., 1994b). The total pressure, p, is given by 

P = Phard-sphere + Pchain-connectivity + PvdW-attraction 

where, Phard-sphere is due to hard-sphere repulsion; Pchain-connectivity is due to covalent bonds 

between hard spheres; and PvdW-attraction is due to attractive van der Waal force between non

bonded hard-spheres. 

The PHSC equation of state for pure fluids is (Song, 1994b) 

p r2ap 
-- = 1 + r2bpg - (r-1)(g-1) -
p~T ~T 

(1) 

(2) 

where p = NIV is the number density (N is the number of molecules and V the volume), k8 is the 

Boltzmann constant, Tis the absolute temperature, and g is the radial distribution function of hard 

spheres at contact; the best analytical expression for g is that from the Camahan-Starling equation, 

1-T[/2 
g = 

(1- T/)3 

where reduced density T[ is 

T[ = rbp 
4 

(3) 

(4) 

In Equation (2), the term [1 + r2bpg- (r -1)(g -1)] represents the reference equation of state for 

hard-sphere chains and the last term is a van der Waals perturbation to take into account attractive 

forces. The three segment-based parameters in Equation (2), r, b, and a, all have a clear physical 

interpretation. The first parameter, r, represents the number of effective spheres per molecule. The 

second parameter, b, represents the second virial coefficient of hard spheres; it is an effective van 
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der Waals covolume. The third parameter, a, reflects the strength of the attractive forces between 

two non-bonded segments. In the PHSC theory, both b and a are temperature-dependent as given 

by the Song-Mason (1989) method 

(5) 

(6) 

where e and u are pair-potential parameters; e is the depth of the minimum in the pair potential and 

u is the separation distance between segment centers at this minimum and dis the effective hard

sphere diameter. In Equations 5 and 6, Fa(k8T/e) and F ,fk8T/e) are two universal functions of the 

reduced temperature, k8T/e. These are determined from experimental thermodynamic properties of 

argon and methane over the entire fluid ranges; they are represented by the relations 

F
0
(k8 T fe) = 1.8681 exp[-o.0619(k8 T fe)] .+ 0.6715 exp[-1.7317(k8 T fe):VZ] (7) 

4 

F,(k0T fe) = 0.7303 exp[-o.1649(k8 T fe) 112 ] + 0.2697 exp[-2.3973(k8 T fe):VZ] (8) 

Derivation of the PHSC equation of state is readily extended to mixtures (Song et al., 

1994a) 

m 

1 + p L X;X ir; r ibiigii 
ij 

where X; = N /N is the number fraction of molecules, r; is the number of segments (tangent hard 

spheres) comprising component i = 1, 2, ... , m, and gii is the ijpair radial distribution function of 

hard-sphere mixtures at contact In Equation (9) no arbitrary mixing rules are required for Phard

sphere and Pchain-connectivity· However, a one-fluid theory of mixtures is assumed for calculating 

PvdW -attraction· 

For each unlike pair of components (i ~ j), additional parameters, bii and aii, are needed for 

the mixture; b;i is the second cross virial coefficient of hard-sphere mixtures and a;i, is the 

parameter reflecting attractive forces between two unlike non-bonded segments. Parameters b;i 

and a;i can be obtained by extending Equations 5 and 6 to mixtures: 

(10) 

(9) 



e,11 = (e . .e .. )112 (1-K .. ) 
, II JJ lj 

where A.;i and l(;i are two adjustable binary parameters. Finally, gij is given by 

where 

and 

3 ; .. 
+ - IJ + 

2 (1-1])2 

p m 

1] = -""' x.r,b. 4-4- Ill 
I 

gij = ~(b;b)bij)'/3 fxkrkb;/3 
l 

(11) 

(12) 

(13) 

(14) 

(15) 

(16) 

In summary, each pure solvent or homopolymer is characterized by three molecular 

constants: r, segment number per molecule; cr, segment size; and£, non-bonded segment pair 

interaction energy. These molecular constants are obtained from readily available pure-component 

data for thermodynamic properties such as vapor pressures, densities, and compressibilities (Song 

et al., 1994b). Pure-component parameters for 77 solvents and for 22 polymers have been 

collected by Song et al. (1995); these parameters were used here. For each unlike pair of 

segments, usually one and only rarely two binary parameters, (KandA.) are needed for the mixture; 

these can be determined from limited experimental mixture properties. 

Comparison with Experimental Data 

The PHSC equation of state was applied to some of our data (Gupta and Prausnitz, 1995a) 

and to some data from literature. Pure-component molecular parameters were obtained from pure

component properties (Song et al. 1995). Binary interaction parameters (KI2 or AI2) were 

regressed from experimental data at the highest available temperature because these data were of 
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highest accuracy; these binary parameters were then used to predict VLE at other conditions. In all 

the non-hydrogen-bonding cases, we found that K12=0 was sufficient to represent VLE. 

Isothermal results are presented as pressure versus weight fraction solvent in the polymer phase. 

Benzene+polystyrene is a relatively simple system because polymer and solvent segments 

are similar in nature and there is no polar interaction. Figure 1 shows calculated and observed 

VLE. A single parameter (A.12 = -0.024) was determined from data at 60 oc; predictions were 

made at 45, 30, and 15 °C. For all four isotherms calculated VLE are in good agreement with 

experiment. 

Figure 2 shows the effect of polymer molecular weight on VLE for 

pentane+polyisobutylene. It is well known that at higher polymer molecular weights (above 

10,000), molecular weight does not have any significant influence on VLE (see for example Kun et 

al., 1993; Bonner and Prausnitz, 1974). However, at lower molecular weights, polymer 
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molecular weight has some influence on VLE. At a given pressure, the solubility of pentane in tb 

low-molecular weight (1350) polyisobutylene is higher than that in high-molecular weight (2700) 

polymer (Figure 2). At fixed composition, an increase in polymer molecular weight causes a 

decrease in the entropy of mixing, resulting in lower miscibility. 

In Figure 2, one binary parameter (AI2 = -0.061) was determined from VLE data for the 

higher-molecular-weight polymer; equilibria were then predicted for the system with lower

molecular-weight polymer. 

VLE for benzene+poly(ethylene oxide) are shown in Figure 3. One binary parameter (A12 

= -0.026) was obtained from the data at 70 °C; VLE were predicted for 45.8 °C. It is gratifying 

that the PHSC theory correctly predicts that the VLE line at 45.8 oc isotherm has a different 

curvature than that at 70 °C. 

Figure 4 shows VLE for chloroform+polystyrene. Here, pressure versus weight fraction 

solvent shows more curvature than that in Figure 1. This curvature is due to higher polarity of 

chloroform as compared to benzene. Here, one parameter 0-12 = -0.0234) was determined using 

50 °C data; VLE were predicted at 25 oc. At both temperatures, the PHSC theory is in good 

agreement with experiment. 

Figure 5 shows VLE in another polar system, chloroform+polybutadiene. One binary 

parameter (A12 = -0.016) was regressed from the 25 oc data; predicted VLE at 0 oc agree well with 

experiment. 



As suggested by Figures 1-5, one binary parameter appears to be sufficient to represent 

VLE over a range of composition, temperatures, and molecular weight. For these systems, when 

represented by the Flory-Huggins thoery, Flory binary parameter (XJ depends upon composition, 

temperature and polymer molecular weight (Danner and High, 1993). 

However, the equations discussed above are not applicable when there is hydrogen 

bonding between components. We have extended the PHSC equation of state to such systems. 

Systems with Specific Interactions (Hydrogen Bonding) 

The system chlorofrom+poly(vinyl acetate) exhibits hydrogen bonding; each chloroform 

molecule has one proton donor site and ~ch vinyl acetate ~gment of the polymer has two proton 

acceptor sites. For this system, Figure 6 shows results using the PHSC equation of state. Two 
binary parameters (1e12 =- 0.043; AI2 = 0.0112) are needed to fit data at 60 °C. Correlation at 60 

°C is in good agreement with experimental data; however, prediction at 45 °C does not match the 

data well, giving an error of 5 to 10%. 

The PHSC equation of state (Equation 1) does not account for strong attractive forces due 

to hydrogen bonding. The PHSC theory accounts only for weak attraction due to van der Waals 

forces as a perturbation to the dominating repulsive forces. To account for hydrogen-bonding 

interaction, Equation 1 was modified to 

P = Phard-sphere + Pchain-connectivity + PvdW -attraction + Phb (17) 

where Phb is due to attractive hydrogen bonding interaction, which can be calculated from the 
volume derivative of the Helmohltz free energy due to hydrogen bonding (Ahb) 

(dAhb) p =--
hb dV NoJt.T 

(18) 

The hydrogen-bonding Helmholtz energy is found from a proposal of Veytsman 

(Veytsman, 1990; Panayiotou and Sanchez, 1991; Gupta et al., 1992) and further improvement by 

Gupta and Johnston (1994) using local-segment density. The derivation was based on the 

combinatorial expression for distributing hydrogen bonds between given donor and acceptor sites. 

The equation for Ahb (Gupta and Johnston, 1994) is 
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where Nkl is the number of kl hydrogen bonds; and pOkl, is the standard Helmholtz energy of 

hydrogen bonding given by 

where E0 k1 and S0 kl are standard energy and entropy-of-hydrogen-bonding parameters, 

respectively. Nko. is the number ofunbonded donor sites and N 01 is the number ofunbonded 

acceptor sites given by 

m 

Nko = Nkd- L,Nkl 
1=1 

n 

N01 = N 1
a- L,Nkl 

1=1 

(19) 

(20) 

(21) 

(22) 

where Nkd is. the total number of k donor sites, and N1a is the total number of l acceptor sites in the 

system. 

The number of hydrogen bonds Nkl between donor group k and acceptor group lis 

determined by minimizing the Gibbs energy with respect to all kl hydrogen bonds 

where 

(23) 

(24) 

and VOkl is a hydrogen-bonding-volume parameter. At modest pressures, the contribution from 

PVOkl is negligible. 

In summary, each type of hydrogen bond requires two parameters, E0 k1 and S0
k}. 

These are obtained by fitting the extended PHSC model to experimental data. 
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Comparison with Experimental Data for Hydrogen-Bonding Systems 

The extended PHSC equation of state (Equation 17) was applied to VLE for 

chloroform+poly(vinyl acetate) shown in Figure 7. Two hydrogen-bonding parameters (E0 12/R = 
-1705 K; and S0 12/R = -4.64) were obtained from data at 60 °C; these were used to predict VLE at 

45 oc. At both temperatures calculated results are in·excellent agreement with experiment. Using 

two binary parameters in both cases, results shown in Figure 7 are much better than shown in 

Figure 6. 

Results similar to those in Figure 7 are shown in Figure 8 for VLE in the hydrogen

bonding system chloroform+poly(ethylene oxide). VLE in this system is shown in Figure 8. Two 

hydrogen bonding parameters (E0 12/R = -1303 K; S0 12/R = -2.78) were regressed from data at 60 

°C. Predicted VLE at 5.53 oc compares very well with experiment. Extended PHSC equation of 

state provides good prediction even though the molecular weight at 60 oc (5x106) is much larger 

than that at 5.53 °C (308). 

The hydrogen-bonding-energy (E0 12) and entropy (S0 12) parameters obtained in Figure 7 

and 8 are of the same order as those reported for hydrogen bonding by Pimentel and McClellan 

(1960). 

Conclusions 

The perturbed hard-sphere-chain (PHSC) equation of state can represent vapor-liquid 

equilibria of homopolymer solutions. Correlations and predictions are in good agreement with the 

experimental data. It appears that, as suggested by theory, binary parameter AI2 is independent 

over useful ranges of concentration, temperature, and polymer molecular weight. For many binary 

systems KI2 = 0. 

Using Veytsman's method, contributions from hydrogen bonding are incorporated into an 

extended PHSC theory with good results for poly(ethylene oxide) and poly(vinyl acetate) with 

chloroform. 
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. List of Figures 

Figure 1. VLE for benzene+polystyrene solutions. Polymer molecular weight, 

0.25x106; points, experimental data from Noda et al., 1985; lines, calculation using 

PHSC equation-of-state parameters: KI2 = 0, Al2 = -0.024. 

Figure 2. Efect of molecular weight on VLE in pentane+polyisobutylene solutions. 

Points, experimental data from Panayiotou and Vera, 1984; lines, calculation using 

PHSC equation-of-state parameters: KI2 = 0, AI2 = -0.061. 

Figure 3. VLE for benzene+poly(ethylene oxide) solutions. Polymer molecular weight, 

5,700; points, experimental data from Booth and Devoy, 1971; lines, calculation 

using PHSC equation-of-state parameters: KI2 = 0, AI2 = -0.026. 

Figure 4. VLE for chloroform+polystyrene solutions. Polymer molecular weight, 

0.29x106; points, experimental data from Bawn and Wajid, 1956; lines, calculation 

using PHSC equation-of-state parameters: KI2 = 0, A12 = -0.0234. 

Figure S. · VLE for chloroform+ 1,4 cis-polybutadiene solutions. Polymer molecular 

weight, 0.25x106; points, experimental data from Booth et al., 1964; lines, 

calculation using PHSC equation-of-state parameters: K12 = 0, A12 = -0.016. 

Figure 6. VLE for chloroform+poly(vinyl acetate) solutions. Two binary parameters 

evaluated from VLE at 60 oc cannot predict VLE at 45 oc because of hydrogen 

bonding. Polymer molecular weight, 0.19x106; points, experimental data from Gupta 

and Prausnitz, 1995a; lines, calculation using PHSC equation-of-state parameters: K12 

= -0.043, A.12 = 0.0112. 

Figure 7. VLE for chloroform+poly(vinyl acetate) solutions. Two hydrogen-bonding 

parameters obtained at 60 °C predict good VLE at 45 °C. Polymer molecular weight, 

0.19x106; points, experimental data from Gupta and Prausnitz, 1995a; lines, 

calculation using PHSC equation-of-state parameters: KI2 = 0, A.12 = 0; E0 12/R = 

-1705 K, S0 12/R = -4.64. 

Figure 8. VLE for chloroform+poly(ethylene oxide) solutions. At 60 °C, polymer 

molecular weight, 5x106; experimental data from Gupta and Prausnitz, 1995a; at 5.53 

°C, polymer molecular weight, 308, experimental data from Malcolm et al., 1969; 

lines, calculation using PHSC equation-of-state parameters: KI2 = 0, Al2 = 0, E0 12/R 

= -1303 K, S0 12/R = -2.78. 
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