LBL-37690
UC-405
Preprint

E Lawrence Berkeley Laboratory

UNIVERSITY OF CALIFORNIA
Physics Division

Mathematics Department

To be submitted for publication

Stable and Efficient Algorithms for
Structured Systems of Linear Equations

M. Gu

September 1995

| AdOD 3ON3¥343Y |

2318 NdUL)
JON sa0q

“Raeaqly g5 -6pla

1 Ado)
269.L€-197

Prepared for the U.S. Department of Energy under Contract Number DE-A C03-76SF00098




DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California.



LBL-37690

Stable and Efficient Algorithms for

Structured Systems of Linear Equations !

Ming Gu ,
Department of Mathematics and Lawrence Berkeley Laboratory

University of California
Berkeley, CA 94720

September 1995

ISupported by the Applied Mathematical Sciences Subprogram of the Office of Energy
Research, U.S. Department of Energy under Contract DE-AC03-765SF00098.



Stable and Efficient Algorithms for
Structured Systems of Linear Equations

Ming Gu*

Abstract

Recently Heinig shows that structured matrices such as the Toeplitz and
Hankel matrices can be transformed into a new class of structured matrices
called Cauchy-like matrices using the FFT or other trigonometric transforms,
and partial pivoting can be performed on the Cauchy-like matrices. Gohberg,
Kailath and Olshevsky show that a fast variation of Gaussian elimination with
partial pivoting (GEPP) can be performed on the Cauchy-like matrices, and
demonstrate numerically that this variation is numerically stable. Sweet and
Brent show that the error growth in this variation could be much larger than
would be encountered with straightforward GEPP in certain cases. In this pa-
per, we present a modified algorithm that avoids such extra error growth and
can perform a fast variation of Gaussian Elimination with Complete Pivoting
(GECP). Our analysis shows that it is both efficient and numerically stable,
provided that the element growth in the computed factorization is not large.
We also present a more efficient variation of this algorithm and discuss imple-
mentation techniques that further reduce the execution time. Our numerical
experiments show that this variation is highly efficient and numerically stable.

Keywords: displacement rank, error analysis,. fast algorithms, generators,
Hankel matrices, iterative refinement, pivoting, structured matrices, Toeplitz
matrices.

1 Introduction

Let matrlces 1 and A € R™*" be glven The Sylvester type displacement equation
for a matrix M € R**" is
Q-M—-M-A=G ' (1.1)
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where G = A - B, with A € R™* and B € R**". The matrix pair (A, B) (or the
matrix G) is the generator of M with respect to Q and A; a < n is the displacement
rank with respect to 2 and A if G has rank «; and M is considered to possess
a displacement structure with respect to 2 and A if « < n. Such displacement
equations first appeared in [17]; and the concept of displacement structure was first
introduced in [19]. The most general form of displacement structure, which includes
equation (1.1) as a special case, was introduced in [20].

1.1 Fast Algorithms for Structured Matrices

The coefficient matrices in many linear systems of equations arising from signal
processing, control theory and interpolation applications often have such displace-
ment structures. For example, the Cauchy-like matrix is a matrix of the following
form(see [10, 15]):

T ..
C = (&——l—) (a,',bj € Ra) ,
: 1<i,5<n

w,'—/\j

here we assume that w; # A; for 1 < ¢, < n. Equivalently, we can define a Cauchy-
like matrix to be the unique solution to the displacement equation

Q- C—C-A=A-B

with
af
Q= diag(w1,- -+ ,wn) , A =diag(As,---, ;) and A= | : , B=(b,---,bn) .
T
. a,

In particular, C is a Cauchy matrix if a7 - b; = 1 for all : and 5. We note that while
the rank of C' can be as large as n, its displacement rank is at most a.

Other classes of structured matrices include the Toeplitz matrices and the Hankel
matrices. A Toeplitz matrix T is a matrix whose entries are constant along every diag-
onal (T = (ti—;)1<i,j<n); and a Hankel matrix H is a matrix whose entries are constant
along every anti-diagonal (H = (hiyj-2)1<ij<n). These two classes of matrices are
included in the larger class of Toeplitz-plus-Hankel matrices. A Toeplitz-plus-Hankel
matrix is the sum of a Toeplitz and a Hankel matrix.

There are many fast algorithms that solve the Toeplitz (or Hankel, or Toeplitz-
plus-Hankel) system of linear equations in O(n?) floating point operations, as opposed
to O(n®) floating point operations normally required for a general dense matrix; there
are also super-fast algorithms that require only O(nlogZ n) floating point operations.
However, all these fast and super-fast algorithms are in general numerically unstable
for indefinite systems. For discussions of some of these methods, see [3, 8, 22] and
the references therein. Attempts to overcome this numerical instability result in



algorithms that could require (n®) floating point operations in the worst case [4, 14,
22].

Recently, Heinig [15] shows that certain displacement equations the Toeplitz ma-
trix satisfies allow transforming it via fast Fourier or trigonometric transforms into
Cauchy-like matrices, which can in turn be inverted in O(n?) floating point operations;
Heinig further shows that partial pivoting can be incorporated in the process of inver-
sion. However, experiments show that the resulting algorithm can still be numerically
unstable for ill-conditioned Toeplitz matrices. Gohberg, Kailath, and Olshevsky [10]
further show that a Cauchy-like matrix can be rapidly triangular-factorized using
Gaussian Elimination with Partial Pivoting (GEPP) in O(n?) floating point opera-
tions; and demonstrate numerically that the resulting algorithm for solving Toeplitz
systems is numerically stable. They also show that Hankel matrix, and the Toeplitz-
plus-Hankel matrix can also be transformed via fast trigonometric transforms into
Cauchy-like matrices.

Sweet and Brent [23] have done an error analysis for the algorithms of [10]. They
show that the error propagation of Algorithm GKO, the algorithm of choice in [10] for
factorizing the Toeplitz matrix, depends not only on the magnitudes of the triangular .
factors L and U in the LU factorization of the corresponding Cauchy-like matrix, but
also on the generator for this Cauchy-like matrix. They show that in some cases the
generator can suffer large internal element growth and cause a corresponding growth
in the backward and forward error; their results imply that Algorithm GKO is less
numerically stable than the straightforward GEPP on the Cauchy-like matrix.

1.2 Main Results

In this paper, we show how to avoid such internal element growth in the generator
when factorizing the Cauchy-like matrix; we demonstrate how to triangular-factorize
this Cauchy-like matrix using a variation of Gaussian Elimination with Complete
Pivoting (GECP) in O(n?) floating point operations (see §2). We compare a different
choice of displacement equation for the Toeplitz and Toeplitz-plus-Hankel matrices
with those in {10, 15] in terms of efficiency and numerical accuracy in factorizing
the resulting Cauchy-like matrix; and based on our analysis and with this choice,
we provide a new algorithm for factorizing a Toeplitz or Toeplitz-plus-Hankel ma-
trix (see §3) that performs about 50% less floating point operations than Algorithm
GKO of [10]. We perform an error analysis for fast Cauchy-like matrix factorization
algorithms and show that this new algorithm is numerically stable, provided that the
magnitude of the triangular factor U in the LU factorization is not large (see §4). We
report numerical experiments to support these results (see §5).

We also discuss some implementation techniques that significantly reduce the
amount of memory traffic during the execution of this new algorithm. Our numerical
experiments indicate that they make the new algorithm up to a factor of 2 faster (see

£5).



1.3 Overview

In §2 we review the fast algorithm of [10] for Cauchy-like matrices; we present a fast
algorithm, Algorithm 2, that performs a variation of GECP on such matrices and
avoids internal element growth in the generator; and we provide a variation of Al-
gorithm 2 that is more efficient. In §3 we compare different choices of displacement
equation for the Toeplitz and Toeplitz-plus-Hankel matrices in terms of efficiency and
numerical accuracy in factorizing the resulting Cauchy-like matrix; based on Algo-
rithm 2 and a new choice of displacement equation, we provide a new algorithm,
Algorithm 4, for solving the Toeplitz and Toeplitz-plus-Hankel system of linear equa-
tions. In §4 we perform an error analysis for Algorithms 2 and 4. In §5 we present
numerical experiments with Algorithm 4 and compare this algorithm with some other
available algorithms. And in §6 we discuss some extensions, draw conclusions, and
ask some open problems.

1.4 Notation and Conventions

For a matrix A, |A| is the matrix of moduli of the {a;;}; Ap.q sk is a submatrix of A
that selects rows p to ¢ of columns s to k; A. ..x and A,.. select st* through k™ rows
and columns, respectively; and when s = k, we replace s : k by s. Without loss of
generality we assume A to be real unless it is specified to be complex. Our discussion
for real matrices generally carries over to the complex case.

We will use the maz norm, the co-norm, the 2-norm, and the Frobenius norm:

HNM#=Q?MMLWﬂw=m%§H%AMNh=ﬁfﬂMMhth= [> lail? .
s B ulla= i
For a matrix A € R™™, the following inequalities hold:

< [ Allmas < lAll - and

IAlle < - l"‘fi <Al < v -l (12)

. n -

!

P is a permutation matrix; and P(j, k) denotes the permutation that interchanges
the j** and k** rows of a matrix.

€ is the machine precision, and n is the order of the matrix to be factorized.

A flop is a floating-point operation z oy, where = and y are floating-point numbers
and o is one of +, —, x, and +. Taking the absolute value or comparing two floating-
point numbers is also counted as a flop.

In our error analysis, we take the usual model of arithmetic:!

fifzoy) =(zoy)(1+n), (1.3)

}This model excludes some CRAY machines that do not have a guard digit. Our error analysis
still holds for such machines with a few easy modifications.




where fl(zoy) is the floating point result of the operation o; and |n| < €. For simplicity,
we ignore the possibility of overflow and underflow.

Let A= A—a-bT, where A is a matrix and a and b are vectors, fl(A) is the result
of computing A in finite precision.

2 Gaussian Elimination with Pivoting for Cauchy-
like Matrices

Given a matrix C € R™ ", the first step of Gaussian elimination is to zero-out the
first column of C below the diagonal entry:

ul 10 u”
Cz(? éz) (11) (701 cm)’ (24)
where v, is the pivot; [ = r/y;; and C® = €, — I - uT is the Schur complement of

. Gaussian elimination then recursively applies this step to C(?). At the end of this
procedure C is factored into C = L - U, where L is a lower trlangular matrix and U
i1s an upper triangular matrix.

The following theorem shows that if C is a Cauchy like matrix with displacement
rank «, so is C?). The algorithms of Gohberg, Kailath, and Olshevsky [10] are based
on this theorem. More general forms of it appear in [10, 11, 12, 20}, and a variation
of it appears in [15].

Theorem 1 Let matriz C in (2.4) satisfy the displacement equation

Q. C-C-A=A-B (2.5)
aT

with Q = diag(wy, Q2) and A = diag(A1, Az) € R™™" diagonal; A = < ;11 ) € R™*e;
2

and B = (bl 32) € R**™. Assume thaty, # 0. Then C?) satisfies the displacement
equation ' '

Q- CAO_CcP.p, =A@ . p® (2.6)
with A® = Ay — - aT € R-Dx« gpnd B@ = B, — by - uT /v, € Rex(»-1),

Hence one step of Gaussian elimination on the matrix C in Theorem 1 involves com-
puting the first row and column 7;, r, and u of C from equation (2.5) and computing
the vector I. To recursively apply this procedure to C®), its generator (A(?), B?)) is
then computed from equation (2.6). '



2.1 Partial Pivoting

Partial pivoting is a strategy to reduce the element growth in the LU factorization.
To perform partial pivoting on the first column of C, one finds its largest magnitude
entry (kmax, 1), permute it to the (1,1) entry to get P(1, kmax) - C, and then applies
one elimination step to P(1l,kyax) - C. Let C be a Cauchy-like matrix satisfying
equation (2.5). Then for every k,

where (P(1,k)-Q - P(1,k)) is again a diagonal matrix. In particular, this implies
that P(1, kmax) - C is a Cauchy-like matrix. Algorithm 1 below performs fast GEPP
for a Cauchy-like matrix C. It is suggested by Gohberg, Kailath, and Olshevsky [10].
The recursions for computing A and B (without explicitly computing L and U) and
the partial pivoting idea are from [15].

Algorithm 1 Fast GEPP for a Cauchy-like matrix.
L:=0;U:=0; P:=1;
for k=1ton do
Ling = (Qenien — MeI)™ - At - Bugs
Fmax := argmax;c;cn |Ljkl;
if kmax > k then
P := P P(k, kmay); Q := P(k, kuax) - @ P(k, kmax);
A = P(k, kmax) - A; Loyk = P(k, Fmax) - L 143
Uk = Lig; Urprrn = Ar. - Bopprn - (Wed — Miprmkprm)
Lir =15 Liging = Lit1:n i/ Uk k; |
Ak+l:n,: = Ak+1:'n,: - Lk+1:n,k : Ak,:; B:,k+1:n = B;,k+1:n - B:,k+1 : Uk,k+l:n/Uk,k-
endfor :

Remark 1: If the input data A, B, Q and A are real, Algorithm 1 costs about
(4a+2.5)n? flops; there is also potentially about n?/2 swaps of memory locations. For
a matrix transformed into a Cauchy-like matrix from a Toeplitz-plus-Hankel matrix
(see §1 and §3), the displacement rank « is at most 4. In this case, Algorithm 1 costs
about 18.5n2 flops.

Remark 2: If the input data are complex, Algorithm 1 costs about (16a +
12)n? flops?; there is also potentially about n? swaps of memory locations. For a
matrix transformed into a Cauchy-like matrix from a Toeplitz matrix (see §3), the
displacement rank « is at most 2. In this case, Algorithm 1 costs about 44n? flops.

2We count a complex addition or subtraction as 2 flops; a complex multiplication as 6 flops; a
complex division as 10 flops; and the total cost of taking absolute value and performing comparison
as 4 flops.
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We observe that Algorithm 1 produces the same LU factorization as that of
straightforward GEPP on C. Hence, one potential problem with Algorithm 1 is
the element growth in the LU factorization. Let U be the upper triangular matrix in
the LU factorization, and let gpp = ||U||max/]|C|lmax be the element growth factor.
It is well-known that gpp < 277! for GEPP, and although very rare, this bound is
attainable for certain dense matrices [13, pages 115-116]. It is not clear whether this
bound is attainable for Cauchy-like matrices with low displacement rank. When large
element growth does occur, the computed LU factorizations can be very inaccurate.

2.2 Complete Pivqting

Complete pivoting may in general further reduce the element growth in the LU
factorization. To perform complete pivoting on C, one finds its largest magni-
tude entry (kmax,Jmax) In the entire matrix, permute it to the (1,1) entry to get
P(1,kmax)* C - P(1,jmax), and then applies the elimination step to this permuted
matrix. Let C be a Cauchy-like matrix satisfying equation (2.5). Then for every
1<k,5<n, '

(P(1,k) - Q- P(1,k)) - (P(1,k) - C- P(L,5))
— (P(LK)-C-P(1,5))- (P(1,5) - A- P(1,5)) = (P(1,k) - A) - (B - P(1,7)) .

In particular, this equation implies that P ., -M- P, j,., is still a Cauchy-like matrix.
However, finding the largest magnitude entry (kmax, Jmax) of C costs O(n?) flops
in general. If this is done on every step of Gaussian elimination, then the total cost
will be' O(n?), which is too expensive.
On the other hand, it is not absolutely necessary to use the largest magnitude
entry as pivot in order to reduce element growth. Any entry sufficiently large in

magnitude should do.
Define

. émax
bmax = X [w; = N[, Gin = m0i_ |w; — 4], and p= == (2.7)
The following lemma tells us where to look for such an entry.

Lemma 2.1 Let C be a Cauchy-like matriz satisfying equation (2.5), and let the kI
column be the largest 2-norm column of A- B. Then

”C”max S \/;L_. p- ”C:ykmax”m and “C”F S n-p:- Ilszkmaxlloo °
Proof. Let |Gig knux| = |G- kmaslloo, Where G = A - B. Then for any 1 < s,k < n,

max
Gosl . UGt _ [Gukell

st—/\kl B st _)\kl - st ")\kl

ICs,kl =




\/ﬁ ) lGinkmaxI —_ \/E ) leG - Akmax I . |C k l
RN s = Xl o
V7 roax

é . ' || :ykmax”m °
min :

Hence the first assertion of the lemma follows immediately.
For the second assertion, we have

<

IGskI Zsk:IC:Skl2
I} = SIC = g Bkl
S.Zk ’ Z st /\kl2 1211in
< n- Zs IGsykmax |2 < n: z |CS kinax |2 max
- 12nm h xznin
< ”C JKinax ” ’ max

2
min -~

To finish the proof, we take square roots on both sides. [

To find the column k. in Lemma 2.1, we QR-factorize A to get A = A- R,
where 4 € R™*“ is column orthogonal, and R is upper-triangular. We then compute
B = R- B. It follows that ‘

A-B=A-B. (2.8)

Since A is column orthogonal, the j** columns of A- B and B have the same 2-norm,
for 1 < j < n. Hence we obtain kyax by looking for the largest 2-norm column of B.
This allows us to perform a variation of GECP in Algorithm 2 below, which assumes
that the matrix A is column orthogonal on input.

Algorithm 2 Fast GECP for a.Cauchy-like matrix.
L:=0,U:=0; P:=1,Q:=1;
for k=1tondo
Jmax 1= argmaX<i<n ”B:,j”23
if jmax > k then
Q := P(k, jmax) - @; A := P(k, jmax) - A - P(k, jmax);
B:=B- P(k ]max) Ulk = Ulk P(k?jlnax);
Ling = (Qempen — M) ™"+ Agen. - Bug;
Fwmax 1= argmax,c;<, [L;kl;
if kmax > k then :
P := P P(k,kmax); Q:= P(k, kmax) - Q P(k, kax);
A= P(k,kmax) - A; L.1:k := Prgppay - Lipe;
Uk = Lig; Urprrn = Ak - Biggrm - (@rd = Apprnprin)
Liy :=1; Lisaimk = Ligrnk/Usk;
Ak+1:n,: = Ak+1:n,: - Lk+1:n,k ’ Ak,:; B:,k+1:n = B:,k+1:n - B:,k+1 : Uk,k+l:n/Uk,k§



Akt 1= A- R (QR factorization of Axi1:0,:); B := R B, ky1:n;
A’C+1I‘n,1 = Aa B:,k+1:n = B.
endfor

For the rest of §2.2, we derive an upper bound on the element growth factor for
Algorithm 2, using techniques similar to those used by Wilkinson [25] to bound the
growth factor for the straightforward GECP. In §2.3 we will discuss Algorithm 2 in
more detail; and in §4.5 we will show that Algorithm 2 is numerically stable provided
that the U matrix is not large in norm.

Let
A 1/2
k) = (k 1‘[31/<s-1>) = O (ki+ilnh),
s=2
which is Wilkinson’s upper bound on the growth factor for GECP on a k x £ matrix.
Although W(k) is not a polynomial in k, it does not grow very fast either [25].
We will need the following well-known result.

Lemma 2.2 (Householder [18, page 15]) For any C € R™*", we have

| det C| < (”\C;EF)

Theorem 2 Let C be a Cauchy-like matriz satisfying (2.5), andlet C = P-L-U-Q be
the LU factorization generated by Algorithm 2 in ezact arithmetic. Then the element
growth factor gcp = ||Ul|max/||C||max satisfies
245071 1/k
gop<vn-p T W(n). (2.9)
Proof. Without loss of generality we assume that pivoting has been done before

hand, so that Algorithm 2 does not perform any pivoting.
For 1 < k < n, let C*) ¢ R(r—*+1)x(n=k+1) he the Cauchy-like matrix to be

factored at the k** step in Algorithm 2, with ~, being the pivot (the (1,1) entry of
C(*)). We note that C(!) = C in this notation.

Since Algorithm 2 performs partial pivoting, we have |y, | = ||C:(,If)||°°; since the first
column of the generator for C*) has the largest column 2-norm, we have ||[C®||r <
(n—k+1)-p-|v| according to Lemma 2.1. It follows from Lemma 2.2 that

(00 = (1COe ) _ (0o ) )
AR T \vn—-k+1 - vn—k+1

' n—k+1

= (Va—F+1-p-lml)" .

On the other hand,
|det (C®)| = Iwel -+ bl -
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Comparing these two relations, we have

n—k+1
bl < (p- VA=K +1-lwl)”, 1<k<n. (2.10)

Since
5 1 L1
Z(n—k)(n—k+1) n n-s’
taking the product of the (n — k)(fn — k + 1)** root of (2.10) w1th k=1,2,. -1

and the n®* root of (2.10) with k£ = 1, we have

nI_Il |y, [/ =) -y, < <1:[1 (ovn =k +1 7k)1/(””°)) (o)

s=1 k=1
L 1Y rT 1/ (nek) n—1 /2 n_
=5 k=1 . (n ] H(n —k+ 1)1/(n—k)) (H I'Ykll/(n k)) . |71| ,
k=1
which simplifies to
1+ 1k n N\ 2 1+ 0T 1/k
el < bl -p T -(n-Hk‘/““’) =ll-p T W)

Repeating the same argument allows us to conclude that

145 ns) 1/k
sl < ml-p ‘W), 1<s<n.
It now follows from Lemma 2.1 that
roia/k
IO max < V- p- Il < -0 W(n) .

To complete the proof, we observe that the st* row of the upper triangular matrix U
is the first row of C*). Hence

243050 Uk
1Ullmax < Iml - v/n-p “W(n) .

The assertion of the theorem follows immediately from the fact that |y1] < ||C|lmax-
i

Remark 3: The determinant argument in the proof of Theorem 2 ignores the fact
that C is a Cauchy-like matrix; hence the upper bound provided by (2.9) could be
much larger than necessary, especially for Cauchy like matrices with low displacement
rank.

Remark 4: Since i1 1/k =1nn + O(1), the bound (2.9) simplifies to

1
gop < nlnp+z Inn+0(1) .
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Assume that p = O(n®) for a constant 3, then

gop < n*EHRnt00)

If C' is transformed into a Cauchy-like matrix from a Toeplitz matrix (or a Toeplitz-
plus-Hankel matrix) via any of the transforms discussed in §3, then 1 < 8 < 3.
Although this upper bound is much larger than W(n), it is still much smaller than
2n-1,

2.3 Further Considerations on Algorithm 2

In addition to the potential element growth in the LU factorization, Sweet and
Brent [23] show that the generator (A, B) updated as in Algorithm 1 could also
grow so that
1 Akn,:| - |B:enlllz > [[Akin,: - B2
for some k. And if this happens, the backward and forward error could become large.
However, such element growth in the generator can easily be avoided. Since A, .
is kept column orthogonal for all £ in Algorithm 2, it follows that

l”Ak:n,:l . IB:,k:n”|2 S ”lAk:n,:|”2 ¢ I”B:,k:n”l2 S ”Ak:n,:HF ‘ ”B:,k:n”F
S \/& : ”B:,k:n”F S « - “B:,k:nHZ =a- ”Ak:n,: : B:,k:n”2 .

Hence keeping Ay.,,. column orthogonal for all £ also has the additional advantage of
avoiding potential element growth within the generator (A, B). In fact such growth
can be avoided as long as Ak, is well-conditioned.

From a practical point of view, it does not seem necessary to column orthogonalize
Ak, at every step just to keep it well-conditioned; nor does it seem necessary to per-
form pivoting on the columns at every step to reduce element growth. As a practical
modification to Algorithm 2, the following algorithm performs these operations only
once in every K steps, where K is a user provided positive integer. It assumes that
the matrix A is initially column orthogonal.

Algorithm 3 Practical Modification to Algorithm 2.
L:=0,U:=0;P:=1I;Q:=1I,
for k=1tondo
if (mod(k, K) = 1) then
Jmax 1= argmaXicicn | B..; iz
if jimax > k then
Q= P(k’jmax) Q3 A= P(k)jmax) A P(kajmax);
B := B - P(k, jmax); Uk, = Uk, - P(k, Jmax);
Ling = (Qknen — MeD) ™"+ Agin: - Bogs
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kmax 1= argmaxXg<i<n |Z5kl;
if kpax > k£ then
P := P Pk, kmax); Q := P(k, kmax) - @ - P(k, kiax);
A= P(k,kmax) - A; L1k := Prpne - Liik;
Ukyk = Lk,k; Uk,k+1:n (= Ak’; . B;,k+1;n : (wkI - Ak+1:n,k+l-‘n)_1;.
Lix :=1; Litrnk = Lig1:nk/ Uk k;
Ak+1:n,: o Ak+l:n,: — Lk+1:n,k . Ak,;; B;,k+1:n = B:,k+1:n - B:,k+1 : Uk,k+1:n/Uk,k;
if (mod(k, K) = 0) then
Aps1m,. = A- R (QR factorization of Axy1:.); B:= R- B, jt1:0;
Ak+1:n,: = A, B:,k+1:n = B.
endfor

Remark 5: The cost for recomputing Ag41:n,: and B. g41., through QR factoriza-
tions is about 5/2a?n? flops in real arithmetic and 10a?n? flops in complex arithmetic.
However, if « is large and if QR factorization is performed at every step, these costs
can be brought down to O(an?) by using QR updating techniques (see [13, §12]). Our
main interest in this paper is to use Algorithm 3 to factorize the Cauchy-like matrix
that is transformed from a Toeplitz-plus-Hankel matrix (cf. §1 and §3). For such
matrices a is at most 4. In our implementation, we recompute the QR factorization
every K = 10 steps. '

3 Factorizing Toeplitz-plus-Hankel-like Matrices

3.1 Factorizing Toeplitz-plus-Hankel-like Matrices

Define
§ 1 0 -~ 0
1 0 1 :
Yoso=|10 1 . . 0|, (3.11)
o 01
0 --- 0 1 &

and = Yy; and A = Y; ;. It is easy to verify that every Toeplitz-plus-Hankel
matrix satisfies the displacement equation (1.1) with G having non-zero entries only
in 1its first and last rows and columns, thus a matrix of rank at most 4. Hence the
displacement rank of a Toeplitz-plus-Hankel matrix is at most 4 (cf. [10, 16]). In
particular, these results are true for every Toeplitz or Hankel matrix.

Lemma 3.1 Let M € R™" be a matriz satisfying the displacement equation

Yi, M-M-Yi_,=A-B, (3.12)
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where A € R and B € R***. Then Q{l - M - Q1 is a Cauchy-like matriz:

Dia-(QF, M- Qi) = (1, M- Q1) Dia=(QF, - A) - (B- Q1) , (3.13)

where

2 2k—-1)(7 =1
Q11 = \/: ((IJ‘ cos ( ) )W> .
" 277. . 1<k,7<n
and
k— -
Q1= ( 2 ‘ (cos (2 12 l)ﬁ))
n 4n
1<k,j<n
are orthogonal matrices with G == and q] =1 for 2<j <n;and
Dy = 2-diag (1 cos— S___(n— 0L ) :
n
D)1 = 2-diag <cos ,cos =, ... cos (2n2— 1)7"> .
n

Proof. It can be checked that
Yia= Qi1 Dra-QFy, Yioi=Qii-Diy- 07,

The lemma follows immediately by substituting the above equation into equation (3.12),
and multiplying by QlT,l from the left and by @, _; from the right. 1

We call a matrix M Toeplitz-plus- Hankel-like if it satisfies the displacement equa-
tion (3.12) with a < n (cf. [10]). To solve a Toeplitz-plus-Hankel-like linear system
of equations : '

M- -z==z,

one can transform M into a Cauchy-like matrix using Lemma 3.1; factorize this matrix
by using any of the methods discussed in §2 to obtain a factorization of the form

M=QT,-P-L.U-Q-Q_,; (3.14)

and compute the solution to the linear system using this factorization. The idea
of transforming a Toeplitz matrix into a Cauchy-like matrix was first proposed by
Heinig [15]; and the idea of transforming a Toeplitz-plus-Hankel matrix into a Cauchy-
like matrix was first proposed by Gohberg, Kailath, and Olshevsky [10].

We summarize the above into Algorithm 4 that follows, assuming that M satlsﬁes
equation (3.12) with A column orthogonal.

Algorithm 4 Solving M -z = 2.
1. Set Q:=Dy;; A :=D; _;; and compute A := Q{l -A; B:=B-Q; .
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2. Compute the factorization (3.14) by applying one of Algorithms 1, 2, and 3 with
Q, A, A and B.

3. Computez = Q; ;- QT - U L' PT.Q,,- 2.

Both ©,; and Q; _; are fast trigonometric transform matrices, hence the cost
of Step 1 is about O(a nlog, n) flops via 2a such transforms; similarly the cost of
Step 3 is about 2n? flops via 2 fast trigonometric transforms, two permutations, and
forward and backward-substitution. The bulk of the cost is in Step 2, factorizing the
Cauchy-like matrix in (3.13).

For a real Toeplitz-plus-Hankel matrix, the displacement rank « is at most 4
in equation (3.13). When Algorithm 3 is used in Step 2, the cost for Step 2 is
about 18.5n? + O(n?/K) flops for a user specified integer K (see Remark 5). Hence
Algorithm 4 takes about 20.5n% + O(n?/K) flops to solve a Toeplitz-plus-Hankel
system of equations. This is also true for a Toeplitz or a Hankel system of equations.

3.2 Comparison with Previous Methods

The Toeplitz-plus-Hankel matrix satisfies other displacement equations, too. It is
known that {16, 10] for = Y50 and A = Y1, every Toeplitz-plus-Hankel matrix
satisfies the displacement equation (1.1) with G having non-zero entries only in its
first and last rows and eolumns. It is known that matrix Y5 can be diagonalized
using fast trigonometric transform matrices (see for example [2]):

Yoo = Qoo Doo- Qo
where Qoo = ——f_T . (sin :1'7;)1<k <n’ and Dog = 2 - diag (cos Ty €OS —ﬁ) Go-
hberg, Kailath, and Olshevsky [10] suggest that to solve a Toeplitz-plus-Hankel system
of linear equations, one transforms the coefficient matrix to a Cauchy-like matrix C

that satisfies
DO,O'C_C'DI,—l‘:A'By . (315)

with rank(A),rank(B) < 4; and one then applies Algorithm 1 to C. The resulting
algorithm is named Algorithm TpH.

However, Algorithm TpH has some dlsadvantages over Algorlthrn 4. Tt can be
shown that the parameter p defined in (2.7) is O(n®) for equation (3.15) and O(n?)
for (3.13). Our upper bound on gcp in §2.2 and error analysis in §4 suggest that the
smaller p 1s, the smaller the potential element growth and backward error. Hence
Algorithm TpH could be potentially less accurate than Algorithm 4. Another dis-
advantage for Algorithm TpH is that in order for the fast trigonometric transforms
with Qg and Q;, to be very efficient, both n and n + 1 must be products of small
prime numbers; whereas for Algorithm 4, it is sufficient that n be a product of small
prime numbers.



If one wants to solve a Toeplitz system of linear equations, then other displacement
structures may be used. Define

0 0 0 ¢
Z5= 0 1 ’
o .- 0 1 0

and let Q = Z; and A = Z_;. Kailath, Kung, Morf [19] show that every Toeplitz
matrix satisfies the displacement equation (1.1) with G having non-zero entries only
in its first row and last column, a matrix of rank at most 2. Hence the displacement
rank of a Toeplitz matrix is at most 2 with respect to Z; and Z_.;. The following
result can be found in [15].

Proposition 1 Let M € R™" ™ be a matriz satisfying the displacement equation
Z,-M~M-Z.,=A-B, (3.16)

where A € R*** and B € R**™. Then F-M - D3' - F* is a Cauchy-like matriz:
Dy (F-M-Di'-F*)—(F-M-Di' - F*) Dy =(F-A)-(B-Di- F7) , (3.17)

. 28 (5 1) (i— ) ) ) .
where F = \/g (e w(k=1)( 1))1<k s the normalized Inverse Discrete Fourier
SKx,I5N
Transform matriz,

D, = dlag (1 e'i—,...’ezTﬂ(n—l)) D, = dlag (6" e_%,”',egzn;qm‘) .

Heinig [15] suggests that for a Toeplitz matrix T, one can convert it into the
Cauchy-like matrix in equation (3.17); and Gohberg, Kailath, and Olshevsky [10]
suggest that one can rapidly factorize this Cauchy-like matrix using Algorithm 1.
The resulting algorithm is called Algorithm GKO in [10]. Since the cost of a fast
algorithm for factorizing a Cauchy-like matrix depends linearly on the displacement
rank (see Remarks 1 and 2), this method is more efficient than Algorithm 4 if T is
given to be a complex matrix.

However, the situation is different if T is real (as often happens in practice). The
total cost of complex forward and backward-substitution is about 8n? flops; and the
total cost of factorizing the Cauchy-like matrix in (3.17) is about 44n? flops for Algo-
rithm 1 (see Remark 2). Using the above procedure, a Toeplitz system is thus solved
in about 52n? flops. This is about 2.5 times the cost of Algorithm 4. Furthermore,
operating in complex arithmetic requires twice as much storage, a potentially big
price to pay for large matrices.

On the other hand, Algorithm GKO does have an advantage over Algorlthm 4: it
can be shown that the parameter p defined in (2.7) is O(n) for equation (3.17), thus
Algorithm GKO could be more accurate. We will address this issue in §5.
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4 Error Analysis

In this section, we do a backward error analysis for Algorithms 1 through 3 by estab-
lishing an co-norm upper bound on the matrix H in the equation

L. U=C+H, (4.18)

where C is the Cauchy-like matrix to be factored; LU is the computed LU factor-
ization; and we assume that no pivoting is done. In the following, we first establish
some notation and then analyze error propagation by using induction. At the end of
this section we will briefly discuss error propagation for Algorithm 4.

4.1 Notation

R (NT
At the k? step of elimination in finite arithmetic, let C*¥) = ( 7}’;) (ué ) ) be the
k
Cauchy-like matrix satisfying the displacement equation
Q- CH R A = AR . BK) (4.19)

with @ = diag(wg, Qks1) and Ay = diag(Ae, Aggr) € ROF+HDX(m=F+1) diagonal;

~ (kT
. (T (@) : k) A T
A(k) — ( k ) = s B(k) = (bk Bk+1) - (bk y 7b£|, )> .
A L\ Gy |

For k = 1, we drop the superscripts so that cW = C, A = A, BO = B, etc., and
equation (4.19) reduces to (2.5).
To perform elimination, we write

3 1 0 (u®)T \
(k) — T
¢ _<l(’°) 1) < 0 Cck+v J»
where ¥ = r(®)/y and C*H) = Cpyy — 1B - (W7 satisfies the displacement
equation
Qupy - CEFD _ OO+ AL 4(41) | plE+)
with AGH) = A, — 10 - (a{)T and BHHD = Biyy — b - (u®)T /.

Let the computed v, 7*), and u(® be 44, #(*) and &*); and let l(’f) =Aﬂ(7"(’°)/’yk).
For k =1, we write r = r(V, 4 =« [ = [M); and 7 = 7, 4 = g1, [ = [V,

Let G+ — A(k+1) . Blk+1) with AGK+) = Ak+1 — jR) (&ff))T and B¢*+1) =
Biyr — b - (a®)T /3. The generator at the (k+ 1) step is G+ = Ak+1) . Blk+1),
For Algorithm 1, A*+) = f] (A(k“)) and B¢+ = { (B(k“)); and for Algorithm 3,
AG+1) i the computed Q factor in the QR factorization of fi( A*+1)) and B¢+ is
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the product of the R factor and fI( B*+1)). We further define C*+V to be the matrix
satisfying the displacement equation

Qppr - CUHD QG4 A= QU)o (4.20)
Define
= A(k) _ (k) — % (k) o :
T 2?&); ”G G ”00 sy M '2%11:&5)(7; ”C ”max ’ (421)
and . | :
~ (k)T . I“)(k) maxj<k<n |A(k)| . lB(k)l
yo e BT meage OB
lsksisn l7k| maxlSkSn A(k) R B(k)lmax

T is a measure of the accuracy in computing the generators; i is a measure of element
growth in the LU factorization, since it is easy to show that

I < |||f’| . lﬁmmax + O(f) 3 (423)

¥ 2 1 is of order 1 in general, but it could happen that 3 > 1 if both A®) and B®
are ill-conditioned for some k. We will further discuss these 4 parameters in §4.4 and
§4.5.

Lemma 4.1 Forany1 <k <1,57 <n,

~(k 7 (k

Iag )ITl ; )l Sélnax"”b'/t .
Proof. Let |(a)T - b)| = maXi<h<n |A® . B®)|| 10y Then

~(k 7(k
O 109 < w1 @T B0 < - 10D e - [ws — Am
S émax : 11[) gy

4.2 Error Propagation for One Step of Elimination

Let L® . U@ = C®@ 4 H® be the computed LU factorization of C®. Then the
computed LU factorization of C satisfies

. (1 0 NN

It follows that

A

A AT
~ ')/1 u
_L' = A A A A
U= (1&1 L(2)~U(2)+l-&T)
~u)T

n o’ - o T
r Gy j—r HO 4L (COD-CON4L(CO-Co+1-0T) )~
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T

Since M = ( Z_l ué ), equation (4.18) and the last equation imply
2

For the rest of §4.2, we bound |§1 — 7|, |4 — u], 15 = 7|, |C® —_C_'(z)l, and [C(®) —
C; + 1 -4T|. We obtain an upper bound on H by induction in §4.3.
Displacement equation (4.19) for £ = 1 implies that

Y1 = (wl—/\l)_l-af-bl , = (Ql—/\l.[)—l'/ig‘bl , U= (UJ]I—-Al)_l'Bg'Gl . (425)

For both Algorithm 1 and Algorithm 3, the errors in these quantities and ! can be
bounded as follows, using our model of arithmetic (1.3) and Lemma 4.1:

~ : - | o d) Ifmax
B —ml < emlor = [T fafT - by | < SRR
IF—r < anml—A11|-1.|Az|-|bl|gﬂ7i§@i-e, (4.26)
min

a—ul S amfor — Aof7B]) ] < STEMm

k)
INin

and |l — #/#| < gli|, where? 5 is a small multiple of ¢, and e = (1,---,1)T. These
relations imply that

[ =1l < | =7+ |7 = 7]
N 7 a {Qinax
< 77[71[-|1|+M——-6. (4.27)

- fmin
Since
Q- C®— 0@ . 5, =GP and 0,00 — @ . 5, = GO,
subtract these two equations we have »
0, - (@(2) - @(2)) - (@(2) - @(2)) Ay, =GO _ GO

By definition (4.21), this implies

T

|C® - CO, < (4.28)

Finally, we bound H® = C® —~ &, +1-aT. Write | = (l,---,1,)T and @ =
(fg;-+ - ,4,)T. According to equations (4.19) and (4.20), the (z — 1,7 — 1) entries of

3Throughout §4 we use the same 7 in several similar error bounds; hence 7 is in fact the maximum
of all these different 7’s.
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matrices C®, C, and [- 47 are (aT —I;-aT)- (b; — by -4t /31)/(wi — A;), aT -b; [ (wi — A;),
and ;- 4, for 2 < 2,57 < n. Thus

(af = I;-al) - (b; = by - i1;/%) — aF - b; oA

|H(2lj N ___ ey +1; - 4
_ Lt (w; — N + aT - by /31) = LaT - b — ;- aTby /5
wi—)\j

Equation (4.25) implies that
af-blz(wl—/\l)-'yl , af-bjz(wl—Aj)-uj , and a;fr-b1=(wi—)\1)-r,
Plugging these relations into above and simplifying, we have '

T - (wimM)m=%) _ i;(wl _ Aj)(u]_ _ '&j) - '&j . 1‘0:‘—)\12}“—'1;“‘71!

H(2 - J _h A
I -1,7—- ll w; — /\J

-, >

A N M| —- b N R e Aq - ,_i.*
B - 5] - L=l (7] fuy — ] - e = 4] 4 iy - e aflnin]
- é.min

By relation (4.26) and definition (4.22), we have

lwy — A1l - Jy — A < omla|T - |bi]

- < - S any;
91 %
further by using relation (4.26), we have
wi — M|+ i = 3l . anla]T (b -
o =l I = bl g+ 2 e e
%1 I’hl
Plugging these relations into the last bound on |H; 1 -1/, rewriting the result in

matrix form, and simplifying, we have

o) < ey Lol ] o= a7 o = A+ ][5 + 0 il
- €min

aV+€max77 o " an n
¥'|ZI'|U|T+€—_'|| a7 1Bl + 522 - Jaf”

where we have used relations (4.26). According to Lemma 4.1, the last relation can
be further simplified to

<

’
gmin

B < ﬂ;ﬁmﬁ@ﬁ.|jl.|a|T+ﬁmﬁL§"aj.|Z|.6T+?L".e.|@|T

aT](l/ z '()[) . émax) : (Iil + C) . ([,&I + - C)T . (429)

?

<
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4.3 Error Analysis for Factorizing Cauchy-like Matrices
Let X, € R™™" and Y, € R™™" be lower and upper triangular matrices such that

1 0 0 1 1)
x, = |1 ‘| and v, =9 !
0 : ]
] 11 0 - 0 1

We also define
i 0 0
(k) _ t
AW =3 (o |(j~(s)_(;~(s)|) :

s=k+1

The following theorem gives an upper bound on ||H|jco in (4.18).

Theorem 3 The backward error H in the LU factorization of a Cauchy-like matriz
C in (4.18) satisfies

n-T

| amv + ) fmax ' 2 » ~ .
oo < 228 . )-”(|L|+Xn) 0+ Y)| + 7, @30)
where v, ¢, u, and T are defined in equations ({.21) and (4.22).
Proof. We shall first show that
+ * GInax z ~ A(l)
) < SR k) (154 X, ) (104 00 ) + (4.31)

€min

by using induction on n. We shall then prove the theorem by taking co-norm on both
sides of (4.31).

Relation (4.31) clearly holds for all Cauchy-like matrices of dimension n = 1,2;
and we assume it holds for n — 1 as well. In light of equation (4.24), we have

| < (=l o ja-wf
S\l =l [H®|+100 - COp 4|0 -Gy 4107 )

Plugging relations (4.26) through (4.29) into above, we have
0 0 =l la—f” )
H| < L
< (o oy )+ (B0
n 0 0 4 0 0
0 |CO® - CO) 0 |CO —Cy+1-47)

0 0 a77¢6max M Mo GT ) ( 0 0 >
< 4 T Rmax - a0
- (0 IH(Z)I ) 6mjn (/"'e 0 / 7 I”h’ll 0
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4 0 A 0 +a17(1/+1l)-§max)' 0 A 0
0 |C® —CO) €mmin 0 (lll+e)-(|a]+ p-e)T

0 0 o V+¢ max 2 R .
< (0 gy )+ =g (%) (e Gt or)

0 0
+( 0 |6@ - c0) ) ) | - (4.32)

where we have used the fact that &max > &nin and ¥ > 1. The induction hypothesis

implies that :

|H?| < aﬂ(u—gt/)  €max) ) (|i(2)| +Xn—l) ) (|U(z)l +u- Y——l) +

min

Plugging this relation into (4.32), we have

aﬂ(V + 1/) ) gmax) 0 ~(2)
< . - . .
IHI - {min . |L(2)] + Xn'—l (0 lU I T u Y, —1)
0”7(1/ -+ '(/) . é.max) . 2 . - ~ . N\T
T iige ) (BlFn (alrpe)
A1)
€m.in .
_ an(V'*"lb-éxnax) . :E+1 . 0 ) l’}lll-{—ﬂ A(Ir&|+ue)T
- i+ e 12+ X, 0 |04V
A®) .
€Hﬁn .
+ ¥ - {max 2 A A(l)
= 0177(1/67%5 )-(ILI+Xn)-(IU|+u'Yn)+§. )
Hence relation (4.31) holds for all n. Taking co-norm on both of its sides,
1)
anlv + 1/) ) é.max [ 2~ A o
CZT](I/ + d’ ) émax) 2 - n-T
< T 0 x) (01 e )]

gmjn

1 .
It follows from equation (4.23) that p is an upper bound on the element growth
in the computed LU factorization. Thus Theorem 3 shows that the backward error
in the computed LU factorization is bounded by (an(v 4+ ¥ - €max))/Emin times the
element growth in |L| and |U| plus the error in computing the generators.
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4.4 Error Analysis for Algorithm 1

In this subsection, we assume that partial pivoting has been done before hand, so
that Algorithm 1 does not perform any pivoting.
For Algorithm 1, the generators are computed as

AGH) = f(AR+D) and B = fi(BHHY)

where A+ = A, — [®. (&fck))T and B = By, — i)fck) (@*NT /4. Tt follows
that .
|AG+D) _ JG+)) < (|Ak+l| + iR |fl§ck)|T)
R _ - . R
|BUH) — BE < g (|Brga | + 1B - 19T /13]) -

Hence

|GEFD _ G0y = | A1) g1 J(k41) | Bk, ‘

IA(kH) _ A(k+1)| . |[3(k+1)| + lf‘—l(k+l)| . |B(k+1) — B(k+1)| + O(€)
20 (|Aksa| + 1191017 - (1Besa] + [6F] - [a®T /1) + O(e?)
29 (|Aesr] - 1Brsa| + (Ararl - 151/150) - 1a®T)

+20[I9] - (11T - | Braal + (a1 - 1B01/15) - [29T) + 0(¢) -

ININ

Using definitions (4.21) and (4 22), Lemma 4.1 and the fact that I®] < e+ O(e), we:
have

1G&+D — GO < 20 (1Akst) - 1Bt llmas + wlle - [0 inas)

+27 (Jle - 1681 - [ Brsalllmax + v - lle - 1% max) + O(€?)
277(¢/"§max + vy + ¢/~‘§max + V/‘) + 0(62)

(v + PYmax) + O(€) . (4.33)

AN

According to definition (4.21), this implies that for Algorithm 1
T S 4n77ﬂ(1/ + d)gmax) + 0(62) .

Plugging this into (4.24), and using the fact that ||[|L] + X, |le < 27 4+ O(e), we have

Theorern 4 For Algorithm 1, the backward error H in the LU factorization of C
in (4.18) satisfies

oMy - (a +2)§-'(1/+¢'€1nax) (N0l + n,#) +0(&) .

|Hlleo <
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One expects ¥ to be of the order 1 in general. The fact that Algorithm 1 performs

partial pivoting means that
k k
(i) 57 (a7 - 57
| ——— | ———
WE — /\k w; — )\k

for 1 < k <1 < n. Comparing this with the definition for v in (4.22), one expects
v to be of the order £nax in general. Hence Theorem 4 suggests that in general the
backward error for Algorithm 1 is of the order € - émax/&min - ||U]lco-

- However, if both A® and B® are ill-conditioned for some k, 1t could happen that
P > 1 and v > &nax. If this happens, then the backward error for Algorithm 1 could
be much larger.

On the other hand, if the straightforward GEPP is applied to C, then the backward
error is basically € - ||/]|.. Thus Algorithm 1 appears to be less numerically stable
than straightforward GEPP on C. These conclusions are consistent with those of
Sweet and Brent [23].

x| = >

4.5 Error Analysis for Algorithm 2

In this subsection, we assume that partial pivoting has been done before hand, so
that Algorithm 2 does not perform any pivoting.

For. Algorithm 2, AK+1) 5 the computed Q factor in the QR factorization of
fi( A*+1)) and B*+1) is the product of the R factor and Ai(B*+1)). In finite arithmetic,
let i(A*+)) = AG+) . R 4+ E) be the QR factorization of fi(A*+)), and B*+1) =
R -i(B*+)) 4 E,. It it known that [13] the error matrices satisfy

[Exllz < me-n- |8AV)|l; and||Ballee < moa- [[Rlleo - A(B* )]l ,  (4.34)

where 7; and 7, are small multiples of e. We observe that, after some algebra,
AWk+1) | pk+1) _ ﬂ(,/i (k+1) ) ﬁ(B(k+1)) —E, -i(B k+1)) + Ak+1) E, . (4'35)

In the following, we shall derive an upper bound for 7. To this end, we need to
derive norm bounds for some of the related quantities. Since Algorithm 2 performs
row pivoting and keeps A numerically column orthogonal at every step, we have
19 lmax < 14 OCe),

IB(A® D)l < [ Arsalloo + 1P - (a{7)T||o + O(e) < 2v/a + O(e) (4.36)
and |

1Rlleo = (A®D)T- (Apgr — I - (a57)7) lloo + O(€) < V- (VA+1)+0(e) . (4.37)
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Since A®) is numerically column orthogonal, it follows thaf

N 2 (k s (k
JA® 5PN, 16

gmax fmax

+ O(e) .

1% = M)t A® . 5O, > |

The fact that Algorithm 2 performs row pivoting gives

el = 11 = Med)™ - AB O a + O(e)
1 Ay Ak
2 = I@u -2 - 4D b1l + O(e)
[P (438
Ve T |

With these relations, we get
I Bisalloo + 11 - (58)T [loo/ 1] + OCe)

Va - 1BOy + 1102 - 101leo/ 13| + OCe)
Va - |A® BB, 4187l - |0 lleo/136] + O(e)

IB(B*+)||oq

IA A
R

S \/a ) n”/i(k) : B(k)”max + \/7—7' . émax : ”0”00 + 0(6)
S \/a ‘n- max“é(k)”max + \/7'7 ) &nax ) ”0”00 + 0(6)
S \/C—I T fmax iy + \/ﬁ fmax ) ”U”oo + 0(6) . (439)

To obtain an upper bound on 7, we now take co-norm on both sides of (4.35).
Using relations (4.34) through (4.37) and (4.39), the right hand side of (4.35) is
bounded above by

1Exlloo - IB(B* ) oo + A**V]lco - | Eolles

IE1loo - I(B**) oo + v/ - [| Exloo + O(€")

mon||f(A*D) o - [A(B*D)loo + maa - [ Rlleo - [RBE)]lo0 + O(")

e (m-n- [RA*D) o + 12 Ve | Rl - JA(BH)]eo + O(¢?)

a (2m-n-Vatm o (Va+1) (Van: otV [Tl bna) +O(E)
47+ (@-n)F - (n -+ [0 llo) - s + O(1),

ININ

VAN

IA

where 7] = max{n,m, 1.}, and we have used the fact that o < n. Hence
JAG+1). B+ §( A ABED)| (o, < 47+ (@ 1)7 - (n- g+ [T o) - Eimax + O(€?)
In addition, a derivation similar to that for equation (4.33) gives

JACAC+D) - A(BOH) — AR . BED, < dnnu(y + Pbmas) + O()
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Combining these two relations, we get
[GED _ GU L = AGHD) L B _ Z041) L Bl

< |JA®HD . Bl _ g 4Gy g B
L[ A(AGRDY . gBHY _ A1) | Bl

47 - (a : n)% ) (n CH ”UHOO) “€max + 4np(v + '/)gmax) + O(.ﬁz) -

AN

According to definition (4.21), this implies that for Algorithm 2
<47 (a-n)7-(n-p+ |Ulloo) - €max + 4Tnp(v + Plmax) + O(2) . (4.40)

Theorem 5 For Algorithm 2, the backward error H in the LU factorization of C
in (4.18) satisfies

1Hloo < 8v/aii(a+2) -0 p- ([Tlloo + 7 12) + O, (441)

where p is defined in (2.7).

Proof. We first derive upper bounds for v and %, and then finish the proof by
plugging relation (4.40) and these bounds into (4.30).
Since A is numerically column orthogonal,

A (K 2 (k  (k 2 (k 2
B C R UG B PR U PR L PRGN
Combining this and equation (4.38) to get

NCI
la; " - |b;| < /7 e + O(€) .

A

By definition (4.22), this implies
v < V/n - Gmax + Oe) . (4.42)

On the other hand, ,

< JIA®]- BB < AR - 1Bl

max y

I“A(k)l - |B®)
< NAWNF - 1BO)r = Vel BO|IF + O(e)

and
1
>

max ~ 7

[A® . B®

A . 1 .., '
A® BRI = ~BWp 4+ 0(e)

Consequently,
”I/‘i(k)l - |BW]

” A . B(k)l

maxg\/&.n_‘_o(e).

max
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By definition \(4.22), this implies
P < Ve -n+0(e) . (4.43)

Plugging relations (4.40) through (4.43) into (4.30), we get

an(v + 1 - £max)

I8l < o2 (10l 4 0o ) + =+ O(E)
< 27177(& + 2)§ill/m+ P - fmax) . (IIU”OO +n- ﬂ)
(e + 2V e+ VA b))
- {‘min A -
+i?_nﬁ (I0lleo + 7+ 1) + O(€)

< 8vai-(a+2)-n*p- (Ul +n-u) +0() .

|

Remark 6: More detailed error analysis shows that the O(e?) term in (4.41) is
bounded by p;(n)e times the first term, where p;(n) is a low degree polynomial in n.

Remark 7: Throughout this analysis, we never used the fact that Algorithm 2
performs pivoting on the columns as well. Hence, Theorem 5 still holds if Algorithm 2
1s modified to only perform partial pivoting.

Remark 8: An upper bound similar to (4.41) holds for Algorithm 3 as well,
provided that :
HA®)| - |BO||; ~ |A® - O,

for all k, as is the case in our numerical experiments.

Remark 9: If C is transformed from a Toeplitz-plus-Hankel matrix via equa-
tion (3.13), then p = O(n?). In this case, the upper bound (4.41) is a factor of
O(a? n?) larger than the upper bound for the backward error in straightforward
GEPP and GECP, which is about 5¢ - n? - ||U||o (see [13, page 115]). Our numerical
experiments indicate that for such matrices, Algorithm 2 is sometimes less accurate
than straightforward GEPP, and the lost accuracy can be recovered by one step of
iterative refinement [13, §3.5]. See §5 for more details.

Finally, we perform a brief error analysis for Algorithm 4. Let M be a Toeplitz-
plus-Hankel-like matrix satisfying equation (3.12) with A column orthogonal. In finite
arithmetic, Algorithm 4 factorizes M by performing the following computations.

o Compute = fi(Dy ;) and A = A(D; ;).
o Compute A =fi(QF, - A) and B =1(B- Q1 1).
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e Compute the LU factorization for C, where C is the Cauchy-like matrix that
satisfies the displacement equation

&>

QO-C-C-A=A.

It is easy to show that \
1QT1 - M - Q1-1 = Clico < 3~ pa(n) - | M oo

where 73 is a small multiple of € and p,(n) is a low degree polynomial in n. Thus
the reduction from a Toeplitz-plus-Hankel-like matrix satisfying equation (3.12) to a
Cauchy-like matrix satisfying (3.13) is numerically stable. In other words, Algorithm 4
is numerically stable if and only if the algorithm it uses in Step 2 (Algorithm 1, 2,
or 3) is stable.

5 Numerical Experiments

We have implemented Algorithm 4 in Fortran and have performed a large number of
numerical experiments with it to investigate its behavior in finite arithmetic and to
compare it with other available algorithms. In this section we discuss some implemen-
tation issues and report some of these numerical experiments. We chose Algorithm 3
with K = 10 in Step 2 of Algorithm 4.

5.1 Implementation Issues

A natural way to implement Algorithm 3 is to keep permutations P and @ in vectors
and keep both L and U in a single matrix W by storing L in the strict lower trian-
gular part of W (excluding the diagonal) and U upper triangular part (including the
diagonal).

However, arrays are stored column-wise in Fortran. Note that U is generated
row by row in Algorithm 3. In order to store U, columns of W have to be moved
into and brought out of fast memory for most steps of elimination for large n. This
causes a significant amount of memory traffic between slow and fast memory levels
in the memory hierarchy. For more detailed discussions on memory traffic, see for
example [9, §2.6].

We reduce this memory traffic by storing rows of U column-wise in Algorithm 3.
Let S € R™*" be the matrix that is 1 on the main anti-diagonal and 0 everywhere

else. For n = 2,
01
5-(1 0).

It follows that U = 5 -UT - S is an upper triangular matrix, whose k** column is the
(n — k+ 1)* row of U in the reverse order. The backward substitution procedure



28

for computing U~! - y in Algorithm 3 can be rewritten as a forward substitution as
S- ((ﬁT) - (S - y)) Our numerical experiments indicate that this technique speeds
up both Algorithm 3 and Algorithm 4 by up to a factor of 2 (see Table 1).

Our numerical experiments indicate that Algorithm 2 is slightly less accurate

than straightforward GEPP in many cases. Hence we perform one step of iterative
refinement for Algorithm 4 to get (see [13, §3.5]):

Algorithm 5 Solving M - z = z with iterative refinement.

1. Compute the factorization M = Qf, - P-L-U-Q - Qf_, and the solution
zM) = Qy,-1- QT .-U-'.L'.PT. Q11 - z using Algorithm 4.

2. Compute the residual r) = z — M - z(1),

3. Compute the refined solution ¥ = zW 4+ Q, ;- QT-U-1-L~1-PT.Q,,-r).
4. Compute kmax = argmin, ¢, ||z — M - =¥

5. Return z(*mx) as the computed solution.

The norm in Step 4 can be any operator norm.

Our numerical experiments show that Algorithm 5 is in general more accurate than
Algorithm 4. Since the residual vectors z—M-z¥) can be computed in O(n log, n) flops
using convolution (see [21]), the extra cost for computing z(*=**) involves basically a
forward and a backward substitution, about 2n? flops, an increase of about 10% of

the cost of Algorithm 4 (see §3.1).

5.2_ Numerical Results

The computations were done on an IBM RS6000 workstation in double precision
where the machine precision is € =~ 1.1 x 10716,
We compared the following algorithms:

e GEPP-I: LAPACK [1] subroutines DGETRF+DGETRS for solving a general
dense linear systems of equations using GEPP, with Fortran BLAS and without
iterative refinement; cost: O(n®) flops.

o GEPP-II: LAPACK routines DGETRF+DGETRS for solving a general dense
linear systems of equations using GEPP, with optimized BLAS and one step of
iterative refinement; cost: O(n®) flops.

e LEVIN: The algorithm available on Netlib; cost: O(n?) flops.

e NEW-I: Implementation of Algorithm 4 by storing rows of U row-wise and
with no iterative refinement; cost: O(n?) flops.
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e NEW-II: Implementation of Algorithm 4 by storing rows of U column-wise
and with one step of iterative refinement; cost: O(n?) flops.

We solve Toeplitz linear systems of equations 7 -z = z for random right hand side
vectors z and the following types of Toeplitz matrices T = (tx—;)1<k, j<n:

o Type I: {t;} randomly generatéd from uniform distribution on (0,1). A Type
-1 matrix is usually well-conditioned.

o Type 2 to = 2w and t; = M for k # 0. w € [0,1/2] is a parameter. A Type
2 matrix is also called the Prolate matrix in [10, 24]; it is very ill-conditioned
for small w. In our experiments we took w = 0.25.

o Type $: tp = dF “with0<a<1 A Type 3 matrix is also called the Gauss
matrix in [10]; it is very ill-conditioned for a close to 1. In our experiments we

took a = 0.95.

o Type 4: to is randomly generated from uniform distribution in (0.9,1); tx = —to
for K > 0; tx = 0 for —n/2 < k < 0; and the rest are randomly generated
from uniform distribution in (0,1). The straightforward GEPP produces huge
element growth on a Type 4 matrix.

Our numerical results are summarized in Table 1. NEW-II is faster than NEW-I
by a factor of up to 2 for large n and for all four types of matrices; and is more
accurate than NEW-I for Types 1 and 4 matrices. On the other hand, GEPP-II is as
accurate as GEPP-I, but is up to a factor of 2 faster. For n = 2560, NEW-II is up to
17 times faster than GEPP-I and up to 10 times faster than GEPP-II, respectively; -
whereas LEVIN is only up to 3 times faster than GEPP-I and up to 2 times faster than
GEPP-II, respectively. Both NEW-I and NEW-II solve all linear systems successfully,
whereas GEPP-1, GEPP-II, and LEVIN fail on Type 4 matrices.

6 Extensions and Conclusions

We have presented a fast algorithm for solving Toeplitz or Toeplitz-plus-Hankel sys-
tems of linear equations and shown it to be numerically stable, provided that the
element growth in the computed factorization is not large. We have presented prac-
tical modifications to this algorithm and discussed implementation techniques that
further improve its efficiency. Our numerical experiments show that the resulting algo-
rithm is both stable and efficient; and the cost for performing pivoting for Cauchy-like
matrices can be kept a small fra,ctxon of the total cost.

The algorithms presented in this paper can be modified to solve Mosazc Toeplitz
or Block Toeplitz systems of linear equations (see [7, 10]).

Our techniques to avoid internal element growth in the generators can be easily
extended to the generalized Schur algorithm for factorizing more generally structured



MaTRIX || ORDER ExecuTioN TIME (SECONDS)
TYPE n GEPP-1 | GEPP-II | LEVIN | NEW-T [ NEW-II
160 3x1071 | 3x10-1 [ .I1x10° | .3x10~1 | .3x10°!
320 2x10° 2x10° 4x10° | .9%x1071 | .1x10°
Type 1 640 2% 101 2x10! 2x10' | .5%x10° | .4x10°
1280 2x102 1x102 ax10' | .2x10! .1x10!
2560 1x103 7% 102 3x10% | .1x10% | .6x10!
160 3x10~t | 3x10-! [ .I1x10° | .2x10-! | .3x107!
320 2x10° 1x10° 5x10° | 9x10-1 | .9x10~!
Type 2 640 2%10! 1x10?! 2x10' | .5x10° 4x10°
1280 2% 102 1x102 %10t | .2x10t 1x10t
2560 1x103 7% 102 3x10% | .1x102 6x10!
160 3x10~7 | 3x107T | .1x10° | 3x10-T [ .3x107!
320 2x10° 2x10°¢ 5x10° | .9%x10~! | .9x10~!
Type 3 640 Ax10! Ax10! 2x10t | .5x10Y 3x10°
1280 5x10! Ax10? ax100 | .2x10t 1x10!
2560 3x10? %102 3x10% | .1x102 5x10!
160 %101 | 2x10-1 [ .1x10° | .3x107% | .3x10~!
320 Ax10° Ax100 4x10° | 9%x10~1 [ .1x10°
Type 4 640 1x10%, 1x10! 2x10' | .5%x10° | .3x10°
1280 1x102 8x10! %100 | .2x10! 1x10!
2560 * * * .1x102 6x10!
Tz - b}
MaTRIX || ORpER Ve Q1T Tl + TT) -
TYPE n GEPP-1 | GEPP-1I | LEVIN | NEW-1 | NEW-II
160 8x10~T | 9x10-T [ .4x10 | .1x10% | .9x10~*
320 9x10~! | 8x10-! | .3x10% | .4x10% | .1x10°
Type 1 640 8x107! | .1x10° 1x10% | 4x10% | 5x107?
1280 2x10° 2x10° 2x10% | 7x10% | .2x10°
2560 | .9x10~! | .9x10-! | .3x10% | .2x10% | .9x107!
160 8x10-! 1x10Y 1x10! 5x10Y 5x10¢
320 9x107! | 9x10~' | .1x10' | .4x10° 4x10°
Type 2 640 8x10~1 1x10° Tx10° | 2x10° | .2x10°
1280 | .7x10~! | .9x10~! | .2x10* | .2x10° | .2x10°
2560 | .7x10~' | .7x107Y | .7x10% | .7x10° %100
160 ax10-T | 3x10-T | 8x10-1 | .1x10* 1x10T
320 2x10~! | .2x10-! | .7x107' | .9x10° | .9x10°
Type 3 640 1x107t | 2x107! | .6x10~1 | .1x10! Ax10!
1280 9x1072 | .1x10"! | .5x10"1 | .5x10° 5x10°
2560 %102 | 9x10~2 | 3x107! | .5x10° 5x10¢
160 4x107% | 4x10T | .6x10*3 | .3x10! 1x10°
320 2x10%% | 2x10'° | 4x10}% | 5x10! | .2x107?
Type 4 640 2x10%% | 2x10'% | 2x10%3 | .1x10% | 4x10~?
1280 Ax1015 | .1x10%® | .9x10'3 | .5x10% 1x10°
2560 * * * 4x10' | .2x10°?

Table 1: Execution Times and Relative Residuals
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matrices (see [6, 20,.21]), so is the technique to store the rows of the U matrix
column-wise.

Recently, Chandrasekaran and Sayed [5] propose a new fast algorithm for factor-
izing the Toeplitz matrix based on the QR factorization of a larger structured matrix
and show that it is numerically stable. This algorithm appears to perform more flops
than Algorithm 4, but does not have the potential problem of having large element
growth in the computed factorization.

We end this paper by asking two open questions.

1. The upper bounds for element growth on GEPP and the variation of GECP
243 0o  1/k

in Algorithm 2 on a Cauchy-like matrix are 2"~! and p = W(n), re-

spectively (see § 2). Do sharper bounds exist for Cauchy-like matrices with low

displacement rank?

2. There are supper-fast algorithms for solving Toeplitz or Toeplitz-plus-Hankel
systems of linear equations in O(nlogZn) flops, but they are unstable in gen-
eral(see [3]). Are there numerically stable super-fast algorithms for such prob-
lems? '
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