LBL-38403
UC-414

Lawrence Berkeley Laboratory
UNIVERSITY OF CALIFORNIA

Physics Division

Submitted to Zeitschrift fiir Physik C

Geometry of the Quantum Complex
Projective Space CP;(N)

C.-S. Chu, P.-M. Ho, and B. Zumino

November 1995

l
l
l

31Bnouyy
ION saoq
AdOJ 3ON3Y343y

l
|
I

KJEJC”,'] a5 .Bplg

T Adojy
€Eav8e-1a7

Prepared for the U.S. Department of Energy under Contract Number DE-AC03-76SF00098




DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California.



LBL-38403
UC+414

Geometry of the Quantum Complex Projective Space CP4(N)

Chong-Sun Chu, Pei-Ming Ho, and Bruno Zumino

Department of Physics
University of California, Berkeley

and

Theoretical Physics Group
Emest Orlando Lawrence Berkeley National Laboratory
University of California
Berkeley, California 94720

November 1995

This work was supported by the Director, Office of Energy Research, Office of High Energy and Nuclear
Physics, Division of High Energy Physics, of the U.S. Department of Energy under Contract No. DE-ACO03-
76SF00098, and by the National Science Foundation under Grants PHY-90-21139 and PHY-94-07194.2



October 16, 95 LBL-38403
UCB-PTH-95/38

NSF-ITP-95-137

g-alg/9510021

'Geometry of the Quantum Complex Projective Space
CP(N) |

Chong-Sun Chu, Pei-Ming Ho* and Bruno Zumino

Department of Physics
University of California
and
Theoretical Physics Group
Lawrence Berkeley Laboratory
University of California
Berkeley, CA 94720

Abstract

The quantum deformation CPy(N) of complex projective space
is discussed. Many of the features present in the case of the quan-
‘tum sphere can be extended. The differential and integral calculus
is studied and CP(N) appears as a quantum K&hler manifold. The
braiding of several copies of C P,(N) is introduced and the anharmonic
ratios of four collinear points are shown to be invariant under quan-
tum projective transformations. They provide the building blocks of
all projective invariants. The Poisson limit is also described.
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1 Introduction

In a recent paper [1] the quantum sphere was described as a complex quan-
tum manifold. Then, in [2], the braiding of several copies of the quantum
sphere was introduced and quantum anharmonic ratios (cross ratios) of four
points on the sphere were defined which are invariant under the fractional
transformation which describes the coaction of the quantum group SU,(2)
on the complex coordinates z, Z on the quantum sphere. In the present paper
we extend the results of [1] and [2] to higher dimensions. In Secs. 2 and 3
we define the quantum projective space CFP,(N) in terms of both homoge-
neous and inhomogeneous complex coordinates and we study the differential
calculus on it. CP,(N) is shown to be the quantum deformation of a Kahler
manifold with the Fubini-Study metric. In Sec. 4 we consider the Poisson
limit. In Sec. 5 we study the integration of functions on C P,(N) and give
explicit formulas for the integrals. Then, in Sec. 6 we introduce the braiding
of several copies of CP,(N) and in Sec. 7 we study the anharmonic ratio of
four collinear points in CF(N). Just as in the classical case these anhar-
monic ratios can be shown to be the building blocks of all invariants under
quantum projective transformations. For this reason we have given Sec. 7
the title “Quantum Projective Geometry”.

All formulas and derivations of [1] and [2] can be easily modified, with
a few changes of signs, to describe the quantum unit disk and the coac-
tion of quantum SU,(1,1) on it, as well as the corresponding invariant
anharmonic ratios. This proi/ides a quantum deformation of the Bolyai-
Lobachevskii non-Euclidean geometry and of the differential calculus on the
Bolyai-Lobachevskil plane. We shall not write here the modified equations
appropriate for this case, which can be guessed very easily, but we would like
to mention that the commutation relations between the variables z and z
for the unit disk are appropriate for a representation of z and z as bounded
operators in a Hilbert space. This is to be contrasted with the case of the

quantum sphere where z and Z must be unbounded operators. In a perfectly



analogous way all formulas and derivations of the present paper can be easily
modified, with a few changes of sign, to describe a quantum deformation of
various higher dimensional non-Euclidean geometries. Again we shall not do
this explicitly here and leave it as an exercise for the reader.

A different deformed algebra of functions on the Bolyai-Lobachevskii
plane has been considered in [3]. The algebra of functions on complex pro-
jective space has been considered by a number of authors, see for example
[4], [5] and [6]. What we have shown here is that a rich construction of dif-
ferential geometry and projective geometry can be carried out on this space.
It is not hard to extend most of the results of the present paper to the case

of quantum Grassmannian manifolds.

2 CPF,(N) as a Complex Manifold

2.1 Complex Quantum Space Covariant Under SU, ( N + 1)

For completeness, we list here the formulas we shall need to construct the
complex projective space. Remember that the SU,(N + 1) symmetry can
be represented [7] on the complex quantum space Cév *1 with coordinates
z;, %1 =0,1,..., N which satisfy the relations

T;T; = q_lfzf]{xkxz, (1)
z'e; = g(R™)jer, (2)
'3 = ¢ 'R zFE. (3)

Here ¢ is a real number, Rfjl is the GL,(N + 1) R-matrix [8] with indices

running from 0 to N, and z* = z} is the *-conjugate of z;. The Hermitian

length '
L= SL','II_}i (4:)

1s real and central.



Derivatives D', D; can be introduced (the usual symbols 8%,3, are re-

served below for the derivatives on CPy(N) ) which satisfy

Diz; =68 + qR‘,a:kD’ - D'# = g(RV)E* D',
Dizi =8 + Q_I(R— 23Dy, Diz; =q l@glkaDz
and
DD’ = ¢ 'R, D* D',
D'D; = ¢7'®fi D, D',
Di.DJ‘ = q'lRf;Dle.
Here we have defined |
¥y = R’ = Ryt
which satisfies ~
SR = (R = 68t
and (sum over the index k)
&%} = 5ig™*,

é/}; — 5;: qz(N—i)+1_

Using
ng™) = (1’2‘1 e

and
Rkl

179
one can show that there is a symmetry of this algebra:
q—q7
z; — kq—2251,
‘ ii - Z.’L‘,‘,

Dz’ N k—lqziDi

3

(5)
(6)

(12)

(13)
9

(15)
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and

D; — l_lDi, (20)
where k and [ are arbitrary constants. Exchanging the barred and unbarred
quantities in (16) - (20), we get another symmetry which is related to the

inverse of this one.
Using the fact that L commutes with z;, 7', a *-involution can be defined

for D*
(DY = ¢~ ¥ L"D; L™, (21)

where _
i'=N-i+1 (22)

for any real number n. The *-involutions corresponding to different n’s are

related to one another by the symmetry of conjugation by L
a— L™al™, (23)

where a can be any function or derivative and m is the difference in the n’s.
The differentials & = dz;, & = (£)* satisfy:

2it; = aite,a, (24)
7' = q(R)56 (25)
and

&L= —qRl 6, (26)
£t = —q(R)he&d. (27)

All the above relations are covariant under the transformation
z; — II:J‘CZ;J., f)i - (T_l)j'.'ij, (28)
Di — (T7Y)iD?, D;— D;jg*Tiqg™™, (29)
& 6T, 8- (T8, (30)

where T} € SU,(N +1).



The exterior derivatives § = ¢'D;,6 = €D, on the holomorphic and
antiholomorphic functions satisfy the undeformed Leibniz rule, §2 = 62 = 0

and 5:1:]- = a:jg etc.

2.2 Projective Space C'F,(N)

Define fora =1,...,N, !

2o = o3l7,, 7° =3%(3°)7L. (31)
Since
_ 0 _ -0
ToT, = qT.To, ZToI = I To (32)
and .
: xo:E“ = q_lifa'iL‘o, (33)

it follows from (1) and (2) that

2a2p = q—leizthe, (34)
22 = ¢ (R )22 = M1, (35)
~ where RZ¢ is the GLy(N) R-matrix with indices running from 1 to N and
Since
dzo = 25 (ba — boza), d2° = (€8 —2°€°)(2°)7" (36)
and

zobo = ¢*6ozo, ol =z, (37)
it follows from (24) and (25) that |

zodzy = qR%dz 2, (38)

TThe letters a,b, ¢, e etc. run from 1 to N, while 7, ,k,! run from 0 to N.

S



#°dz, = ¢ (R7V)idz.2°, (39)
dzodzy = —qR%dz.dz, , (40)

and
dz°dz, = —¢~Y(R™1)®dz.dz°. (41)

The derivatives 8%,0, are defined by requiring § = dz,0° and é = dz°0,
to be exterior differentiations. It follows from (38) and (39) that
0%z = 6 + qR3C2.0°, (42)
aazb — q—l(R—l)zggcae’
Buzp = ¢ 2.0,
8,7 = 62 + ¢"H(R)2 0.,
abaa — q—IR::aeac

and
8°0, = ¢9%6.6°, (47)

where the ® matrix is defined by
% = Riga¥e = Rigg™e-). (48)

Similarly as in the case of quantum spaces the algebra of the differential

calculus on C'F(N) has the symmetry:

q—q7, | (49)
z, — TqT2%Z°, (50)
Z% — S8z, (51)
9% — r1¢20, (52)
and
0, — s710°, (53)



where rs = ¢®. Again we also have another symmetry by exchanging the
barred and unbarred quantities in the above.

Also the *-involutions

z, = 2% (54)
dzr = dz°® (55)
and
aaf — __q2n—2a’pn _ap—n, (56)
where .
ad=N-a+1 (57)
and
N
p= 1 + Z Zafa, (58)
a=1

can be defined for any n. Corresponding to different n’s they are related with
one another by the symmetry of conjugation by p to some powers followed
by a rescaling by appropriate powers of g.

In particular, the choice n = N + 1 gives the *-involution which has the
correct classical limit of Hermitian conjugation with the standard measure
p~(N+1) of CP(N). '

The transformation (28) induces a transformation on CP,(N)

2o = (To + 2T0) H(T7 + 2.T5). (39)
One can then calculate how the differentials transform
dze — dzyM?,  dz® — (M1)2dZ°, (60)

where M? is a matrix of functions in z, with coefficients in SU,(N + 1) and
(M1)¢ = (M?)*. Since §,6 are invariant, it follows the transformation on the
derivatives :
0" — (M71);0°,  (0°)" — (&) (M) ™), (61)
The covariance of the C'P,(N) relations under the transformation (59), (60)

and (61) follows directly from the covariance in CN+1.

7



3 AN ote on the Differential Calculus

In [1], we showed that there exists a one form representation of the dif-
ferential. The construction there can be generalized. Let A be a *— in-
volutive algebra with coordinates z;,z; and differentials dz;,dz; such that
zZ; = 25,dz; = _(dz,-)"‘. If there exists a real element ¢ € A and real unequal

nonvanishing constants r, s such that

az; = rz;a, adz; = sdz;a, Vi, (62)
then, as easily seen,
A6f = [, flar 7= ——baa™ (63)
=77+ U—l_s/r aa -,
\Bf = [, flar 7= —>—Gaa™ (64)
=77+, 77""]__,,‘/'3 aa :
and
Mf =2, fle, ZE=n+7, (65)

where =+ applies for odd/even forms f. Notice that (63) and (64), and there-
fore (62), imply that

rada = séaa, rbaa = sada. (66)

It can be proved that 5* = —7 and so =* = —=. It holds that n? =72 = 0.
However =2 = 5ij + fin = A67 = Aén will generally be nonzero. Note that

A= = =,2]4 = 2=2, (67)
Define :
K =6f=26p (68)
then )
K = §dE (69)



It follows that dK = 0 and K* = K. Thus in the case K # 0, we will call
it a Kahler form and K™ * will be non-zero and define a real volume element
for an integral (invariant integral if K™ is invariant). K also has the very

nice propefty of commuting with everything

Kz, = 2K, Kdz, = dzK. (70)

L

In the case of 52, K is just the area element.
Such a one-form representation for the calculus exists on both Cév +1 and

CPy(N). For CN+, we have
Lz;=z;L, L& =q*6L (71)
and so by taking a = L, we have
no=—q 6LL7}, o= qSLL‘l.‘ (72)

In this case, K is not the Kahler form one usually assigns to C;V +1. Rather,
it gives Cév *1 the geometry of C'P,(/N) written in homogeneous coordinates.
Similar relations hold for C P,(N) in inhomogeneous coordinates. It is

p2a = q 2z,p, pdz, = dz,p (73)
and therefore

n=—q"t6pp™", 7=qbpp". (74)

One can then compute
K = & | (75)
= dz,g®d3, (76)

where the metric g% is
g% = g7 p 7 (pbus — ¢°Z°2) (77)

tn = complex dimension of the algebra. We consider only deformations such that the

Poincaré series of the deformed algebra and its classical counterpart match.

9



with inverse g;,

959 = 9%z = bay - (78)
given by _

G5 = 9p(8bc + 2°2.): (79)
This metricis the quantum deformation of the standard Fubini-Study metric
for CP(N).

Notice that under the transformation (59)
n—n+qf6f, f=T5+al; (80)

and so K is invariant. From (60) and (76), it follows that

g® — (M7)g (M1, (81)
950 = (M")592.M;. ~ (82)
One can show that the following form dv, in C;V +1

dv, = L& L7HILL(L7%) (83)
= p MV ey day - E(20) M (zo) M (84)

is invariant. Using this, one can prove that
dv, = p~NHGEN .. 430z, - day (85)

is invariant also and is in fact equal to K"V (up to a numerical factor). The
factor p~(N+1) justifies the choice n = N + 1 for the involution (56).

Having a quantum Kahler metric one can define connections, curvature,
a Ricci tensor and a Hodge star operation. We shall not do it here because
there seems to be no unique way to define these constructs. Still; once certian
choices are made, the full differential geometry can be developed. See [9] for

a discussion of the quantum Riemannian case.

10



4 Poisson Structures on CP(N)

The commutation relations in the previous sections give us, in the limit
g — 1, a Poisson structure on CP(N). As usual, the Poisson Brackets
(P.B.s) are obtained as the limit

(f,9) =limp_o LB, g=€"=1+h+[h7) (86)

It is straightforward to find

(24, 28) = 2a2p, a < b, (87)
b ' b
(z,2%) = 2207 _arh (88)
20+, 229, a=b
zodzy + 22pdz,, a < b |
(2a,d2p) = ¢ 22z,dz,, a="b, - (89)
Z.dzy, a>b
—z%d b .
(2%,dz) = - o0 a7 (90)
—2% 012z, a=1b
and those following from the *-involution, which satisfies
(f,9)"=(g" 1) (91)

The P.B. of two differential forms f and g of degrees m and n respectively

satisfies

(f.9) = (=1)™*(g, f). (92)

The exterior derivatives 6,8, d act on the P.B.s distributively, for example

d(f,9) = (df,9) £ (£, dg), (93)

where the plus (minus) sign applies for even (odd) f. Notice that we have
extended the concept of Poisson Bracket to include differential forms.

11



- In the classical limit (63), (64) and (65) become

26f = (n, f), (94)
26f = (7, f) (95)
and
2df = (5, f)- (96)
Equations (68), (69) and (73) to (85) are still valid, with ¢ = 1, but now
=2 =0. : (97)
The Fubini-Study Kahler form »
K = dz,g**dz® (98)

has vanishing Poisson bracket with all functions and forms and, naturally, it
is closed. We find the validity of (94), (95) and (96) very remarkable, since
the one-forms 7, 7 and = do not have to be adjoined to the space of one-forms

but already belong there naturally.

5 Integration

We now turn to the discussion of integration on CP,(N). We shall use the
notation < f(z,Z) > for the right-invariant integral of a function f(z, z) over

CP,(N). It is defined, up to a normalization factor, by requiring
< O0f(2,z) >=0 (99)

for any left-invariant vector fields O of SU,(N + 1). In [1], the integral was
computed for CP,(1) = 5? by considering explicitly how the vector field act
on functions. We shall follow a different and simpler approach here. First

we notice that the identification
/LM =TV, /LY =(T"Yy, i=0,1,..,N (100)

12



reproduces (1)-(4). Thus if we define
< f(z_,Z) >=L f(Z,5)Iza_.:(ToN)-lTév,ga=(T—1)g7/(T—1)% > SU4(N+1)» (101)

where < - >sp,(nv+1) is the Haar measure {11} on SU;(N + 1), then it follows
immediately that (99) is satisfied.  Next we claim that

C < (2)(Z) - (2n) M (ZNYY >=0 unless iy = i,y i = gn. (102)

This is because the integral is invariant under the finite transformation (59).

For the particular choice T} = iay, with Jeu| = 1, I gy = 1, this gives
2o — (@a/00)2a (103)

and so (102) follows.
In [11], Woronowicz proved the following interesting property for the Haar

measure
< f(T)9(T) >sv,(v+1)=< 9(T) f(DT D) >su,(n+1), (104)
where
(DTD); = D,T:DT (105)
and ' ‘
i _ —N+2igi
Di=gq +2 8 (106)
is the D matrix for SU,(N + 1). It follows from (104) that
< f(2,2)9(2,2) >=< g(2,2)f(Dz,D7'2) >, (107)
where
D8 = 62¢%, a,b=1,2,..,N. (108)
Introducing
pr=14+3"_,2.2% (109)

A similar startegy of using the “angular” measure to define an integration has been
employed by H. Steinacker [10] in constructing integration over quantum Euclidean space.

13



one finds from (34) and (35) that

aflr <
Pria = { z Z T ) (110)
q °Zapr T2 0
PrPs = PsPr (111)
and \
2%% = q 2Py — Pa-1 (no sum). (112)

Because of (102), it is sufficient to determine integrals of the form

<prTH T > (113)

The values of the integers i, for (113) to make sense will be determined later.
Consider -
—-2aza

< Eapl“’1 '--pN_’.Nza > = < pl_il ---pN'iNza(q z%) >

— q—2a < pl"il .. .pN_iN(pa - pa—l) >7 (1]‘4)

where (107) is used. Applying (110)

LS. = glet=Hn) < p = pyTiNzey, >

21, —iN za

= ¢l <pTH NN E 2, >, (115)

where we have denoted
' ILo=tdg+ - +in. (116)

Using (112) we get the recursion formula

< pl_i1 e Pa.—l—ia—l-Hpa—ia T pN—iN > [Ia + a]

=< 17 pmy TRemtp Tt T S [ +a - 1], (117)
where o, )
_9 -
o= (118)

14



It is obvious then that

, — - —igmy =i a
<P p T > =g T gy T “>[I[ia]- (119)

By repeated use of the recursion formula, < p; ™ - - - py~*¥ > reduces finally

to < py~7%2 7 > and
1

_T :
< ! >= <1>. 120
o I+ 1] (120)
Therefore
—il e —iN — 1 HN— [a] . 12
<p PN >=<1> a=1 [Ia + a] ( 1)

For this to be positive definite, ¢, should be restricted such that I, +a > 0
fora=1,---,N. ‘

6 Braided CP,(N)

The braiding of the C)'*! quantum planes induces a braiding on the CPy(N)’s.
Let the first copy of quantum plane be denoted by z;,/Z’ and the second by

! =n
L.

A consistent and covariant choice of commutation relations between them

z

1s

:cix;- = szfjx;xl, (122)
Tiz! = y(R™)%zl 3! (123)

and their *-involutions for arbitrary numbers 7, v. If we choose 7 = v~! then
the Hermitian length L will remain central, Lf' = f'L, for any function f’
of z’,%'. However, L’ does not commute with z, Z.

Assuming that the exterior derivatives of the two copies satisfy the Leibniz

rule
§'f=xf8, &f ==£f8, (124)
§f' = xf'6, &f = £f8, (125)

15



where the plus (minus) signs apply for even (odd) f and f’, and

66' = —§'6, 686" = ~8'6, (126)
66 = —§'6, 88 = &', (127)

we obtain the commutation relations between functions and forms of different
copies by letting 6,8,6" and &’ act on (122) and (123). As usual, the com-
mutation relations between derivatives and functions of different copies can
also be derived from the commutation relations between differential forms
and functions using the Leibniz rule of the exterior derivatives and the iden-
tifications 6§ = dz;D*, 8 = dz*D; for both copies.

From the above we derive the braiding relations of two braided copies of
CP,(N) in terms of the inhomogeneous coordinates. They are independent

of the particular choice of 7 and v. We have
22 = qRS(2) — ¢ A2 ) 2, " (128)

o2 = ¢ Y R)E2E — ¢TI (129)

and their *-involutions as well as the commutation relations between func-
tions and forms of different copies following the assumption that their exterior

derivatives anticommute.

7 Quantum Projective Geometry

We will show in the following that many concepts of projective geometry have
an analogue in the deformed case, in particular we shall study the deformed

anharmonic ratios (cross ratios).

7.1 Collinearity Condition

Classically the collinearity conditions for m distinct points can be given in

terms of the inhomogeneous coordinates {z4|4 =1,2,---,m;a=1,2,---,N}

16



(2 = 2)(ef = 20)7 = (5! = ))& - )7 (130)

where A#B,C#D=1,---,mand a,b=1,---,N.
In the deformed case, the coordinates {2} of m points must be braided

for the commutation relations to be covariant, namely,

2828 = qR%(2P — ¢70z2)24, A< B, (131)

as an extension of (128). Equation (129) can also be generalized in the
same way, but we shall not need it in this section. This braiding has the
interesting property that the algebra of C P,(N) is self-braided, that is, (131)
allows the choice A = B. This property makes it possible to talk about the
coincidence of points. Actually, the whole differential calculus for braided
C P,(N) described in Sec.6 has this property.

Another interesting fact about this braiding is that for a fixed index a
the commutation relation is identical to that for braided S? ¥:
A28 = 2B — ga2822, A<B. (132)

2 a~a?

Since there is no algebraic way to say that two “points” are distinct in
the deformed case, the collinearity conditions should avoid using expressions

like (224 — 2P2)~1, which are ill defined. Denoting

[AB], := 24 - 2B, (133)
the collinearity conditions in the deformed case can be formulated as:

[AB).[CD), = ¢*|CD).[AB};, Va,b, (134)

and A < B < C < D. By (131) this equation is formally equivalent to the
quantum counterpart of (130):
[ABL[CD]." = [ABL[CD];, (135)

9This formula differs from the corresponding one in [2] because in the present paper

we have used different ordering conventions.

17



where the ordering of A, B,C, D is arbitrary. The advantage of this formu-
lation is that (134) is a quadratic polynomial condition and polynomials are
well defined in the braided algebra.

Therefore the algebra @ of functions of m collinear points is the quo-
tient of the algebra A of m braided copies of CP,(N) over the ideal I :=
{fag|Vf,g € A;Va € CC}, generated by o which stands for the collinearity
conditions (134), i.e., @« € CC := {[AB],[CD)s — ¢*[CD).JAB}JA < B <
C < D}.

Two requirements have to be checked for this definition @ := A/I to
make sense. The first one is that for any f € A and aeCC ,

fOl = Zaif,-,‘v’f € A, (136)

for some f; € A and o; € CC. This condition ensures that the ideal |
generated by the collinearity conditions is not “larger” than what we want,
as compared with the classical case.

Note that not all the collinearity conditions are independent. In fact, it
is sufficient (for formal manipulations, at least) to consider only B = C =
m — 1,D = m in either (134) or (135). That is, we need only two points to
fix a line. ‘

We now check that (136) is satisfied. Obviously we only have to consider
the cases f = 2F, for arbitrary E and ¢. Let a(AB)a = [ABl.JCD]s —
q*[CD].[AB]s, for C = m — 1 and D = m. Using (131) one finds, after
considerable algebra, for B< A< C < D,

22a(AC)se = Rl RIS0(AC)us2?. (137)
For A < B < C < D, one finds similarly
220(AC)se = *RERIN(a(AC)ns2P + ¢ A AB) s [AB),). (138)
Hence (136) is proven for B < C. Using
(CDlea(ACY = (RSB 2a(ACYCDY,  (139)

18



for B = D and
[BD)oc AC)se = ¢ *(R™)he(R™") 2 AC) s [BDY,, (140)

for B > D, together with the above two equations we immediately see that
(136) is satisfied for f = 22 also for B > D. Therefore the first requirement

is satisfied.
The second requirement is the invariance of I under the fractional trans-

formations (59). While this can be directly checked for (134), it is equivalent

but simpler to consider another expression of the collinearity conditions:
[AB];'[AB], = [CD];'[C D}, (141)

where the ordering of A, B,C, D is érbitrary. Again we only have to consider
the independent cases: B< A=C =m —1, D = m. It can be shown that

the fractional transformation has

[AB], - U(B)*[ABth(A)V(A)'% (142)
where U(B) = T? + zBT¢, V(A) = T¢ + ¢zAT{ and
MY(A) = (TVTQ — ¢ TVTO) + qzA(TTE — ¢ TXTS). (143)
So
[AB);'[AB],

V(A)([ABIM;) ™ ([ABlM;)V(A)™

= V(A)([AB]{ACI[ACL.M;) " ([ABLIACIHAC] M)V (A) ™
= V(A)([ACLMZ) " ([ABl,[AC)") H([ABLL[AC) ) (ACTM;)V (A) ™
= V(A)([ACLM) T ([ACLME)V(A) T, (144)
(where we used (135) for the second equality) which equals the transformation

of [AC]7[AC]s. This means that the relation [AB];[AB],—[AC];[AC), =

0 is preserved by the transformation.
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7.2 Anharmonic Ratios

Classically the anharmonic ratio of four collinear points is an invariant of
the projective mappings, which are the linear transformations of the homo-
geneous coordinates. In the deformed case, the homogeneous coordinates
are the coordinates z; of the GL,(N + 1)-covariant quantum space, and the
linear transformations are the GL,(N + 1) transformations which induce the
fractional transformations (59) on the coordinates z, of the projective space
CP,(N). |

We consider the following anharmonic ratio-of C P,(NN) for four collinear
points {z4|A =1,2,3,4}

[A1].[A4]7}(B4L[B1];,  (145)

where A, B = 2,3. We wish to show that it is invariant. Using (142) and
denoting 7(A) := [1A].[14];!, which is independent of the index a according

to the collinearity condition, we get
[ABla — U(B)™}(7(A) = 7(B)) P(A)V(A) 7, (146)

where P,(A) := —[14]yM}(A). Then the anharmonic ratio (145) transforms

as

[A1].[A4];1[B4].[B1];* — U1)'r(A)(1 —(A)7 (1 - =(B)r(B)'U(1)
= 7(A)1-7(4))" (1 -7(B)r(B),
= [Al][A4);'[B4].[B1];Y, (147)

where we have used 217(A) = 7(A)z} for any A, which is true because we can
represent 7(A) as [LA],[14];? with the same index a and then use z[AB], =
q*[AB),z}.

Because of the nice property (132), we can use the results about the
anharmonic ratios of S? ( which is a special case of CP,(N) with N =1 but
no collinearity condition is needed there) in [1]. Note that all the invariants
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as functions of 22 for a fixed a in CP,(N) are also invariants as functions of
z# = 22 in §?. The reason is the following. Consider the matrix Ty defined

by

TS =a, T® =4, . (148)
T¢ =+, To=34, (149)

where «,3,7,8 are components of an SU,(2) matrix, and TP = 1 for all
b # a, both > 0, with all other components vanishing. It is a GL,(N + 1)
matrix, but the transformation (59) of z2 by this matrix is the fractional
transformation on S 2 with coordinate z# = z4.

Therefore, by simply dropping the subscript a, the anharmonic rat1o (145)
becomes an anharmonic ratio of SZ. On the other hand, since all other an-
harmonic ratios of Sf are functions of only one of them, their corresponding
anharmonic ratios of CFP,(N) (by putting in the subsript a) would be func-
tions of (145) and hence are invariant. Therefore we have established the
fact that all invariant anharmonic ratios of C' P;(N) are functions of only one
of them. ‘

The anharmonic ratios are important because they are the building blocks
of invariants in projective geometry. For example, in the n-dimensional clas-

sical case for given 2(n + 1) points with homogeneous coordinates {z#},

inhomogeneous coordinates {z2} where A =1,---,2(n+1),:=0,1,---,n
and a = 1,---,n, we can construct an invariant
[ det(1,2,---,n,n+1)det(n + 2,n +3,---,2(n + 1)) (156)
" det(1,2,---,n,n +2)det(n +1,n + 3, ,2(n +1))’
where det( Ao, - -, An) is the determinant of the matrix
1 .- 1
AO e A"
B (151)
ZT‘?O .o s Z,;?n
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It is invariant because det(Ao, .-+, A,) equals the determinant of the matrix

M’ = :1:1 , 4,7 =0,---,n, divided by the factor zZ° - .- z&", which cancels
between the numerator and denominator of I. It can be shown that this

invariant I is in fact the anharmonic ratio of four points z,2’,2"*1 z"*+2,

where z (2') is the intersection of the line fixed by 2™*1, z2"*2 with the (n—1)-
dimensional subspace fixed by z!,---,z" (27*3,... 22(*+1)),

It is remarkable that all this can also be done in the quantum case. We
can construct an invariant I, using the quantum determinant and we can also
formulate the condition for (n + 1) points to share an (n — 1)-dimensional
subspace. Furthermore, we know how to describe the intersection between
subspaces of arbitrary dimension spanned by given points. It can be shown
that the invariant I, is indeed an anharmonic ratio in the same way as the

classical case.
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