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Abstract

The main subject of this thesis is the geometry of quantum groups and quantum
spaces. The main tool used is the Faddeev-Reshetikhin-Takhtajan description of
quantum groups. A few content-rich examples of quantum complex spaces with
quantum group symmetry are treated in details. In chapter 1, we review some of
the basic concepts and notions for Hopf algebras and other background materials.
In chapter 2, we study the vector fields of quantum groups. A compact realization
of these vector fields as pseudodifferential operators acting on the linear quantum
spaces is given. In chapter 3, we describe the quantum sphere as a complex quantum
manifold by means of a quantum stereographic projection. A covariant calculus is
introduced. An interesting property of this calculus is the existence of a one-form
realization of the exterior differential operator. The concept of a braided comodule
is introduced and a braided algebra of quantum spheres is constructed. In chapter
4, we consider the more general higher dimensional quantum complex projective
spaces and the quantum Grassman manifolds. Differential calculus, integration and
braiding can be introduced as in the one dimensional case. A ‘sufficient condition
for the existence of a one-form realization of the exterior differential operators 6,8
is given and is applied to the case of complex projective spaces and quantum Grass-
mannians. Finally, in chapter 5, we study the framework of quantum principal
bundle and construct the g-deformed Dirac monopole as a quantum principal bun-
dle with a quantum sphere as the base and a U(1) with non-commutative calculus
as the fiber. The first Chern class can be introduced and integrated to give the
monopole charge. '
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Introduction

Quantum groups were discovered in Leningrad by studying the quantum integrable
141 dimensional systems, using the method of quantum inverse scattering (1, 2]. In
the Hamiltonian approach to the inverse scattering method (2, 3], one introduces
the pair of first order differential operators,

d d
==-U M=2-V, (0.1)

where U(z, M), V(z, ) are matrices with matrix elements being functions of the
basic field variables (e.g. ,9¥* for the nonlinear Schédinger system) and their
spatial derivatives, and ) is a complex parameter. Given the Hamiltonian H and
a Poisson bracket {, }, one requires that the equation of motion (EOM) admits the
Lax representation

EOM & [L,M] =0. (0.2)

The Poisson bracket , written in terms of the matrix U(z, )) is of the form
(U2 8U(y,p)} =[r(A - p), U2, ) @I+ 1@ U(y, p)l6(z ~y),  (0.3)

where

{A¢ BYin = {419 Bp} (04)
and r(A) is the classical r-matrix with spectral parameter ) satisfying the classical
Yang-Baxter equation (CYBE),

fria(A = p), 113(2) + ras(p)] + [r13(A), ras(p)] = 0. (0.5)

In a quantum theory, one often uses a lattice to regularize the theory, therefore it
is preferable to consider the above classical system on a one dimensional spatial
lattice with lattice sites labelled by integer n. Define L,()) by

ezp / ™ d2U(z, A) ~ La(A) + [6]7, (0.6)
then (0.3) becomes

{La(2) @ Lim(#)} = [r(X = p1), Ln(A) ® Lun (41)]60m- (0.7)



This formula has the remarkable property that (0.7) still holds after replacing L, ()
by Lny1{A)L.(X). This suggest that we are dealing with a group comultiplication
(loop group) that is compatible with the Poisson structure. It was this property that
led Drinfeld to the notion of a Poisson-Lie group and thus revealed the mathematical
structure of Poisson-Lie groups behind the theory of solvable lattice models. Upon
quantization, Sklyanin, Takhtajan and Faddeev found that the operators i,.(A);-
satisfy the commutation relations

Ria(A = 0)(Eu(N) @ DI ® La(1)) = (1 ® Ln(1))(En()) ® I Ria(A — 1),  (0.8)

where R(}) is the quantum R-matrix satisfying the quantum Yang-Baxter equation
(QYBE),
Rua(X — p)Ria(A)Ras(p) = Ras(p) Raa(A) Raa(X — 1) (0.9)

and the matrices L,()) have commuting matrix elements for different lattice sites.
(0.8) reduces to (0.7) in the classical limit of A — 0:

HEA Ea(@)] = {LalA)is La(w)), (0.10)
RO = 1) = (). 0.11)

Remarkably, (0.8) also has the property that the matrix product Lnt ( A)[:,‘( A) satis-
fies the same Poisson bracket (0.8) also. This “comultiplication structure” suggests
an underlying structure of bialgebra compatible with the quantum algebra (0.8)
specified by the matrix R()) and eventually led Drinfeld and Jimbo {4, 5, 6, 7] to
identify the relevant algebraic structure as a quasi-triangular Hopf algebra eventu-
ally. As such, quantum groups are deformations of their classical counterparts, the
algebra of functions Fun(G) over a Lie group G respectively its dual, the universal
enveloping algebra U(g) of a Lie algebra g. The standard 1-parameter deforma-
tions of the classical groups and the universal enveloping algebras were given in [8].
The one-parameter deformation of the universal enveloping algebra was also con-
structed by Drinfeld and Jimbo from the point of view of quantization of Co-Poisson
universal enveloping algebra (dual to the algebra of functions on the Poisson-Lie
groups).

From a different point of view, Woronowicz initiated the study of quantum
groups as nontrivial examples of non-commutative geometry. If M is a topological

space, then the algebra Co,(M) of all complex-valued continuous functions over M
which vanish at oo is commutative and is a C*-algebra. The converse statement is
also true: if A is a commutative C*-algebra, then A is isomorphic to Ceo(M) for
some locally compact topological space M. This is the Gelfand-Naimark theorem.
When A is non-commutative, such a M does not exist. However, from the point
of view of category theory, it is convenient to introduce non-commutative spaces as
objects of the category which is dual to the category of C*-algebras. The theory
of group structures on non-commutative spaces is quite old [9, 10, 11). It was
Woronowicz who revived the interest in this subject. He proposed a useful set
of axioms {12] for compact matrix quantum (pseudo) groups and which turn out
to have a very rich structure and representation theory. In [13, 14], Woronowicz
introduced covariant differential calculi on quantum groups. Differential calculi on
linear quantum spaces were later constructed by Wess and Zumino [15). See for
example [16, 17, 18, 19, 20, 21, 22, 23] for many interesting constructions of the
differential geometry on quantum groups and quantum spaces.

Quantum groups as “symmetries” of quantum spaces were first proposed by
Manin {24, 25]). The suggestion of quantizing spacetime is not new, see for example
[26, 27] for early attempts. On the other hand, the idea of a quantum symmetry with
a quantized spacetime as carrier is new. It is very attractive and naturally attracted
a lot of activities from the physics community: extensive work has been carried out
on the g-deformation of the Lorentz (28, 29] and the Poincare {30, 31] group. The
corresponding “Lie algebras” have also been constructed [32, 33). In addition to
the ¢-deformation, there exists also the x-deformation of Poincare algebra [34).
Woronowicz and Zakrzewski made some natural and reasonable requirements on
how a deformation of the Lorentz group SL(2,C) should look like and gave a
complete classification from a Hopf *-algebraic point of view [35]. The classification
of deformed Poincare groups has been worked out recently [36). Wave equations on
Euclidean spaces [37] and on the quantum Minkowski spaces are studied [38]. The
introduction of gauge symmetry was a very important step in physics. The QFT
of strong, weak and electromagnetic interactions are modelled as gauge theories
nowadays. However, it is likely that a new understanding of gauge symmetry is
necessary for the ultimate goal of unification of all forces and a lot of attempts were
made in constructing quantum group gauge theories [39, 40, 41).
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It is commonly believed that our usual description of spacetime using the lan-
guage of a smooth manifold is only a low energy classical approximation and will
very likely be modified at short distances by quantum gravity effects. The use of
a spacetime continuum is a basic and fundamental assumption in Einstein’s geo-
metric theory of gravity. This assumption, however, is tested experimentally only
for distance much larger than the Planck length. It is natural to expect that one
needs some new spacetime structures at small scales for a quantum theory of grav-
ity. This belief is reinforced by the fact that quantum field theory of gravity is
plagued by ultraviolet divergences which is not removable by the usual procedure of
renormalization. Some alternative descriptions have been suggested, notably string
theory [42] and non-commutative geometry {43, 44]. As an example of the frame-
work of non-commutative geometry, the effects of electroweak unification on the
nature of spacetime is studied in [45] by Lott and Connes who proposed a minimal
two-point internal space and thus provided a geometric origin of the Higgs mecha-
nism: the Higgs field appears as the component of the gauge field in the direction
of the internal space. See [46] for a review of the prescription for particle physics
model building in the non-commutative geometric framework, outstanding prob-
lems in this framework and many references. In particular, it is not clear how to
incorporate the physics of quantum gravity using the language of non-commutative
geometry.

Quantum groups and Hopf algebras make their appearance in many different
branches of physics and mathematics. In physics, they occur as symmetries of
lower dimensional theories such as spin chains and solvable lattice models (see for
example [47]), and as hidden symmetry of WZNW models and conformal field theory
[48, 49]. In some two dimensional CFT [50, 51), Mack and Schomerus found the
more general quasi-Hopf algebra symmetry at certain values of the parameter space,
generalizing the usual Hopf algebra symmetry. On the mathematical side, quantum
group have stimulated a lot of interesting topics such as representation theory, knot
theory and non-commutative geometry.

It will be very interesting to understand the role of quantum group symmetry
in higher dimensional physics. The main theme of this thesis is a study of the

geometry of quantum groups and quantum spaces, with the hope that they will be.

useful for the construction of quantum field theory with quantum group symmetry.

xil

" In this context, we study the realization of quantum group symmetries, we construct

the g-deformed Dirac monopole as a quantum principal bundle and we study a few
other content-rich examples of non-commutative geometry. It is hoped that these
simple models of quantum spaces may capture some of the interesting features of
the spacetime at the Planck scale. '
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Chapter 1

Hopf Algebras

We review in this chapter some of the most basic concepts and constructions of
Hopf algebras and quantum groups.

1.1 Basic Definitions

Definition 1.1.1 (Bialgebra)
A bialgebra A over the field k is a unital algebra and a coalgebra. i.e. with also the
two maps, comultiplication A : A - A® A and counit ¢ : A — k such that

(A®id)oAfa) = (id® A) o A(a), (L.1)

(e®id)o A(a) = (id®¢) 0 A(a) = qa, (1.2)
A(ad) = A(a)A(), A(l)=1®]1, (1.3)
e(ab) = e(a)e(h), (1) =1. (1.4)

for anya,bec A.

Definition 1.1.2 (Hopf Algebra)
A Hopf algebra A is a bialgebra together with a map S : A — A such that "

a;5(az) = S(a1)az = le(a), (1.5)

where 1 is the unit of A,

!Here we use the Sweedler’s notation [52) A(a) = ¥ ai1) ® ai(2) = a(3) ® a(g) for simplicity.

1

Definition 1.1.3 (Quasi-triangular Hopf Algebra)
A quasi-triangular Hopf algebra A is a Hopf algebra together with an invertible
element R € A® A satisfying the relations

(A@td)n = Ri3Ras, (16)
(id®A)R = RiRas, (1.7)
(roA)(@) = RA(@@R™, ) (1.8)
where
T:AQA — AQA, -

a®b — bQa (1.9)

is the permutation map and
Ri=ri@r'el (1.10)

etc. if we denote R = r; @', R is called the universal R-matriz of A and satisfies
the quantum Yang-Bazter equation

R12R13R23 = RaaRuzRaz ‘ (1.11)
as a consequence of the definition.

Definition 1.1.4 (x-Hopf Algebra)
A *-Hopf algebra is a Hopf algebra together with an »-involution satisfying

(Ba) = p*a*, VPEK, (1.12)
(ab)* = b*a®, (1.13)
A(a*) = (@ #)A(a), (1.14)
e(a”) = e(a)’, (1.15)
(S(a”))* = §~'(a), (1.16)

where B° is the *-conjugation of § € k.

Definition 1.1.5 (Dual Pairing of Hopf Algebras)
Two Hopf algebras U and A are called dually paired if there ezists a non-degenerate

2



inner product < -,- >: U B A — k such that

<zr,ab> = <z)a><zpa,b>, (1.17)
<zy,a> = <z,a4)><Y,a6() >, (1.18)
<lLyya> = ¢a), (1.19)
<z, li> = ¢2), (1.20)
< S(z),a> = <z,5(a)>, (1.21)

where z,y € U and a,b € A.
IfU and A are x-Hopf algebras, then we require also

< z%,a >=<z,(S(a))" >*. : (1.22)
Let U be a Hopf algebra and
p:U — My(k) (1.23)

be an N x N faithful representation of . We can define a new Hopf algebra A, dual
to U in the following way: A is generated by the N? matrix elements A’ satisfying

p(z) =< z,A} > (1.24)

for £ € U. Since p is faithful, A} is well defined. The multiplication in A is
determined by the coproduct in U through (1.24). As for the other Hopf structures,
it is :

A(4) = A®4],

d(4) = &,

S(A}) = (A™);. (1.25)

1.2 Quasi-triangular & and the Dual Pair (U, A)
When U is quasi-triangular, we have

A'(z) = RA(z)R™), VzelU, (1.26)

where R is the universal R-matrix and one can determine the multiplication in A.
It is convenient to introduce the N? x N? numerical R-matrix for the representation

I3
Rin = (P ®pL)(R) =< R, Al @ A >, (1.27)

then

o
Il

< RA(z) - A'(2)R, AL ® Af >
<R, AL® AL >< A(2), AT @A} > — < Al(z), AL ® AX S< R, AT @ AT >
<z,REATA} — ARALRT" > . (1.28)

it

Since z is arbitrary, we havel8]
R} AT A} = ALALRT", (1.29)

which can be written compactly in tensor product notation as

Ri2A1A; = A2A Ry, (1.30)
where v
Ry = (m1 ® p3)(R), _
A= ABl, Ay=18A, (1.31)
i.e.
(Rua)ii = R, (A} = Al (1.32)
etc.. The QYBE becomes
RuRiaflyy = RyaRyaRyz. (1.33)

It is convenient to introduce the numerical R-matrix,
R=PoR, (1.34)
where P = i8] is the permutation matrix. Explicitly

Ry} = R, (1.35)



And the QYBE becomes
RiaPosfy = RaaRa R, (1.36)

The numerical R-matrix for g-deformation of classical groups is given in (8], for
example, it is

RM =81 651 + (g - 1)6F) + A6k 810(1 > k),  for GL,(N), (1.37)

where 8(1 > k) is equal to 1 if { > k and is zero for | < k.

GL¢(N) R-matrix properties

For ease of reference, we list here also some other useful properties of the GL,(N)
R-matrix. The numerical R-matrix for GLy(N) is

RM = 8 65(1 4 (g~ 1)8F) + A6k 8L0(1 > k), (1.38)

where the indices run from 1 to N. The step function 0(1' > k)isequal to 1 if [ >k
and is zero for | < k. ¢ is any nonzero complex number. ﬁ;g satisfies

RusBasRig = RasRuafas, (1.39)
Ru(e™) = B3} (q), (1.40)
1};", = R,k,', R;:;’,: = R‘,',:, (1.41)
where
i'=N-i+l. (1.42)

The quantum €%~ is given by
e"l‘.f:--"N = (_q)l(v) (143)

when (i)i3...in) is a permutation of (12...N):\ (i;i3...in) = 0(12...N) and is zero
otherwise. Here l(o) is the length of the permutation o. It is

RoN...RozR{nCnmN - qt"'"NIo = RIOR'IO--'RNOCHNN~ (144)
The characteristic equation is
R-R'=2I (1.45)

5

and the spectral representation is

R=qP,-q'P., (1.46)

where ) 1
P, = R+q7'), P.=——(~-R+ql). 1.47
+ q+q_,( +q7') q+q_,( +ql) (1.47)

One can introduce the inverse of (fi"‘)f," with respect to the indices ¢, 7,
o} = Rjg’t = Rig*-9, (1.48)
which satisfies

VRN = (R0 =68, (149)

It satisfies the interesting “trace” properties (sum over the index k),

ik = 5ig¥"!, (1.50)
Or = §igtN-i41, (1.51)
Similarly, one can introduce the inverse of ft{," with respect to the indices i, j,
¥ = (RN = ()i (1.52)
which satisfies

ViR = Rrivit = o8t (1.53)

and the “trace” properties (sum over the index k),
Vit = figm2 N0, (1.54)
Wk = glgm2i+L, ' ' (1.55)

Generators for Y
It is convenient to introduce the N x N matrices L* with entries in & by

L+
L-

<R,id® A >,
<RLAQid>. (1.56)

6



The commutation relations(8] follow immediately from the QYBE,

RuLiLt = L¥L} Ry,
R”L;Ll‘ = L;L;Rn,
RuL:LI- = L;L;Rn (157)

For example,

0 = <RuRisRas—RyRisRyzid® A @ A; >
RuLiL¥ — L¥L} Ry,

Il

The Hopf structures follow from the properties of R also,
A(LY) = L* @ L*,
c(L*) I, _
S(L*) = (L¥), (1.58)

where the notation (M @ N); = M{® N¥ is used.

1.2.1 Example: U,(su(2)) and SU,(2)
A typical example of a nontrivial #-dual pair is U = U,(su(2)) and A = SU,(2).

The Hopf Algebra U,(su(2))

The quantum enveloping algebra U,(su(2)) of su(2) is the associative unital algebra
generated by the Drinfeld-Jimbo genemtors H, X,, and X_ modulo the commuta-
tion relations

[H,Xe) = 42X, (X4, X_] = —q—_‘—}T- (1.59)
where ¢ is a nonzero real number. The Hopf structures are given by
AH)=H®1+10H, A(X:)=X:0¢" +¢7"® Xy,
¢(H)=0, €(X:)=0,
S(H)=-H, S(Xs)=-q*'Xy, (1.60)

and the *-structure is

_ H*'=H, Xi=2X;. , (1.61)
The universal R-matrix for U is given by
H@H/z (1-¢- ) H[2 ~H[2 n ’ A
R= Z ("X, @q" M X_) (1.62)
n=0 [n] /V
with
(2], := 22 ~ T T any complex number (1.63)
and n
[n)et := [ Iml, _ (1.64)
m=1

for integer n.

The Dual Hopf algebra SU,(2)

A faithful 2 x 2 representation for U,(su(2)) is given by

-1 0 00 0 -1
H=(0 1),x+=(_10),x_=(0 0). (1.65)

The numerical R-matrix in this representation is a 4 x 4 matrix,

R=gq 2 (1.66)

[— B — ]
L — I — ]

oo o
[ e

where ) 1= g—¢~'. GL,(2) is the algebra generated by the matrix elements a, 8,7, 6

of the quantum matrix
A= (“ f ) (1.67)
y 6

off = qBa, oy =gqya, ob=ba+(q—q")By, (1.68)
By=1B, BE=4qbB, ~6=qby.

Eqn.(1.30) then give
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The comultiplication is given by

o(32) = ;900 ¥
' _ (a®~a+ﬁ®7 a®ﬂ+ﬂ®6)
T \18a+6®7 180+6®6

and antipode by

a f af 8 -4¢7'8
S ) = (det,T)™" ( , 1.70
where det,T := ab — ¢fy is central in the algebra and is group-like
A(det,T) = det, T @ det,T. (1.71)

It is called the quantum determinant.
It is consistent to set det,T" = 1 and the antipode becomes

(e« B 6 —q¢'p )
s(24)=( 172
(7 6 -7« (172)
and we get SL,(2).
One can introduce an involution * to SL,(2),
a*=8 f=-q¢1, *=-¢"8, &F=a (1.73)

and get SU,(2). Note that as ¢ — 1, R becomes the identity matrix and every-
thing commute. Thus the “classical limit” is given by ¢ = 1. For ¢ # 1, we get
Fun(SU,(2)), or SU,(2) for short. For ¢ = 1,* is nothing but complex conjugation
and these relations is the familiar condition Tt = T! of SU(2).

The L* Generators

The 2 x 2 matrices L* are related to the Drinfeld-Jimbo generators as

. -H/2 _ —1/2,\X - H/2 0
+_1 9 q. + - _ q
b= ( 0 ¢ ) b= ( QX q P ) - am

And the eqns. (1.89), (1.58) reproduce (1.59), (1.60). The *-structure (1.61) is
(L)'= Ly, (1.75)

where the matrix L¥ is given by (1.74) and th is given by the same matrix but
with ¢ changed to 1/q.

1.3 The Smash Prod‘uct

1.3.1 Action and Coaction

Definition 1.3.1 (Left A-Module and Module Algebra)
Let A be an algebra, we say that a vector space V is a left A-module if there is a
map

b: AQV 2 V: zQ@uzp v, (1.76)

such that
(zy)bv=1zo(yov), lov=v. (1.77)

The map o is called the left action of Aon V.
If V is an algebra, then we can require @ Hopf algebra A to act on it so as to
respect its algebraic structure. Thus, if in addition to (1.77), also

z b (uv) = (zy o u)(Tzov), zol=le(z), (1.78)
then we say that V is a left A-module algebra.
Right .A-module and right A-module algebra can be defined similarly.

Definition 1.3.2 (Left A-Comodule and Comodule Algebra)
Let A be a coalgebra, we say that a vector space V is a left A-comodule if there 'is
amapAL:V = A®V such that

(A®id)AL = (1d® AL)AL, (chd)AL = id. (1.79)

The map Apis called the left coaction of A on 'V,
If V is an algebra, then we can require a Hopf algebra A to coact on it so as to
respect its algebraic structure. Thus, if in addition to (1.79), also

Ag(uv) = Ag(u)A(v), A(lv)=1481v, (1.80)
i.e. Ay is an algebra map also, then we say that V is a left A-comodule algebra.

Right A-comodule and right A-comodule algebra can be defined similarly.

10



1.3.2 Smash Product

Let U and A be two dually paired Hopf algebras. We want to construct a new asso-
ciative algebra, their smash product AxY. The smash product A% is isomorphic
to the tensor product A®U as a vector space, and is equipped with the “twisted”
multiplication. First, instead of the usual multiplication in tensor product space

(t®@z)(a®y) = ba@zy, ‘ (1.81)

where b,a € A, z,y € U, one can also introduced a twisted multiplication on AQU
as v
(1®z)(a®1) =< zq1),6(2) > aq) @ z(2) (1.82)

for z € U,a € A, where
Auz = Z(1) ® T(a), Asa = an) @ a() (1.83)

are the coproducts on A and U respectively. This multiplication is associative and
is induced from the action of & on A

zoa=am) < T,a) > . (1.84)
For simplicity, we will drop tixe tensor product sign @ and write
a®z = az, (1.85)
the above relation (1.82) becomes

za = aq)Z(z) < Z(1),G(3) > - (1.86)

1.3.3 Example: Quantum Group

Now consider the case that U is quasi-triangular and (A,i) be a dual pair defined
by a faithful representation )
p:U — Mn(k). T (1.87)

The relations

Ri3Ai1A; = AjARag (1.88)
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and
RUL'," L'l" = L?‘L'{ Rya,
RylLiLly = Ly L Ry,
RnL; L,- = L;L;Rn (1.89)

have been obtained.
Using (1.86), one obtains, for example -

L*; A}

"

A< LA A > LT
= ARMLYT.
In tensor notation, the full set of mixed relations are
LtA; = ARul},
LT A; AR;IL;. (1.90)

Bicovariant Generators
It will be convenient to introduce the matrix Y}
Y =LYL)! (1.91)
and instead of (1.89),(1.90), we have[53, 54, 55, 56]
RV RugYs = VaRiaYa Ria, (1.92)
Y1A; = ARy Ya . (1.93)

One reason for introducing these generators is that the relations (1.92),(1.93) have
the remarkable property that they are covariant under the transformation(53]

A= A'A Y Y, (1.94)
or
A— AA, Y o ATYYA, (1.95)

where A’ is a second copy of the quantum group satisfying (1.30) but is inert to A
and Y, i.e. the matrix elements of A’ commute with those of A as well as those of
Y. The commutation relations (1.92),(1.93) are said to be “bicovariant” and the
matrix elements of Y are bicovariant vector fields on the quantum group A.

12



1.4 Differential Calculus on an Algebra

In this section, we want to introduce the notion of a differentia! calculus on an

algebra.

1.4.1 First Order Differential Calculus on an Algebra

Classically, to introduce a differential calculus, one first has to know what is one-
form. Then one can proceed to construct completely antisymmetrized tensor prod-
uct of one-form and get the exterior algebra, with the wedge product. So the first
thing we need to know is the properties of first order differential form in the classical
case. Remember that we have the Leibniz rule

d(ab) = adb+ (da)b, a,b€ Fun(M) (1.96)

and any one-form p can be written in the form p = ¥, axdbx, ax, b € Fun(M).
Classically, one also knows that forms and functions commute i.e. 5(da) = (da)b. In
the deformed case, even the “functions” themselves don’t commute, so one shouldn’t
expect this latter condition to be true. (Still, to be a useful calculus, it is required
to give some sort of commutations. We will see how to do that later.) Therefore we
will keep the first two properties in our definition of first order differential calculus

on an algebra.

Definition 1.4.1 (First Order Differential Calculus)
Let A be an albegra with unity, T be a bimodule 2 over A andd: A — T be a linear
map. We say that (T',d) is a first order differential calculus over A if

L. Ya,be A, d(ab) = adb + (da)b,

2. Any element p € T can be written in the form p = ¥, ardby, ar, b € A.

1.4.2 Universal Calculus and General Calculus

We have the definition. But it is not good for anything until we can actually
construct “useful” calculus. This can be done in two steps. First, we construct

2A bimodule T of A is a vector space in which the algebra acts on it (or is represented) from
both left and right.

13

a universal calculus over A, and then we get a non-universal one called general
calculus (the useful one).

Universal Calc‘ulus
The universal calculus (.4%,d) on A can be constructed as follows. Introduce
A =ker- C A® A, (1.97)
where - : A® A — A is the multiplication map in A and d: A — A? defined by
da=1®a—-a®l. (1.98)

A? can be given an A bimodule structure given by

c(}k: ar @ by) = ;(mk)®bk ' ’ (1.99)
(Zk: ax®by)c= Zk:ak ®(bkc) (1.100)

for any ¥°x ax @ by € A%, ¢ € A. Then d clearly obeys the Leibniz rule since,
d(ab) =1@ab—ab®1, (1.101)

adb=a®b—~ab®1, (da)b=1Q®ab—a®b. (1.102)

Furthermore, it is easy to see that every element of A% can be represented in the
‘orm 3 axdby. In this way (A?,d) is indeed a first order differential calculus over
A as stated. Note that the construction of universal calculus is canonical and it is
:onstructed precisely to observe the Leibniz rule.

Seneral Calculus

We still don’t know the relations between adb and (db)a. Why then do we construct
wuch an object? It is because every first order differential calculus on A can be
»btained as a quotient of it. The way is to mode out a submodule in A? to restrict
he universal calculus to a general calculus. Taking the quotient is equivalent to
mposing the commutation relations. More precisely,

14



Proposition 1.4.1 Let N be a submodule of A?, define I' = A*/N, n be the canon-
ical epimorphism A* = T and & = r od. Then (T',d') is a first order differential
calculus on A. '

For example, if we take N =< adb —.(db)a,a,b € Fun(M) >, then we obtain the
classical calculus.

Covariant Properties of Calculus

When A is a Hopf algebra, the notion of calculus is more fruitful. Introduce the
coaction on A? by

Ap: A* - AQ A : adb - ap)b) ® agyydby), (1.103)
Ap: A = A*® A: adb - apydb) @ ag)bea).- (1.104)
The first order differential calculus is said to be
1. left covariant if 3p axdbe = 0 = Ag(T, ardbi) =0,
2. right covariant if _, axdbe = 0 = Ap(T, ardby) = 0,
3. bi-covariant if both. |

Classically, the calculus on a Lie group is bicovariant in the sense that a zero dif-
ferential form remains zero under a left or right group action.

For Hopf algebras, Woronowicz {14) gave a way to choose N so that the resulting
general calculus enjoy some desired properties that must be there in the classical
limit:

1. The prescription is to pick a right ideal M of A contained in kere, then -

N = k(A ® M) give a left comimt calculus.

2. If M is Adg invariant also, i.e. AdgM C M ® A, then the calculus is bico-

variant.
Here the maps « and Adp are,
K:A®A— AQA, x(a®d')=) aSaj,@aj,, (1.105)
Adp: A— A® A, Adgp(a)= Za(2)®5a(|)a(3,. (1.106)
Note that Adg is just T — T'-'TT' in the classical.
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1.4.3 3-D Calculus on SU,(2)
For SU(2), the 3-D ° calculus are defined (13] by picking the right ideal M € S U, (2)
which is generated by six elements,
6+q2a_ (l +q2)| 721 ﬁ7o
B (a-1)y, (a-1)8.

We choose the basis of the space of the left-invariant 1-forms on P as

W' = 8df - g~ pds,

w! dda — g7 Bd~, (1.107)
w?

]

]

yda — ¢ tady.

We have the following commutation relations between w*, i = 0,1,2 and the gener-
ators of SU,(2)

Wa = ¢'aw’, B =ghu”
wa = ¢law!, w'f=¢*hu!, (1.108)
wla = g7law?, Ww?g = qfuw.

The remaining relations can be obtained by the replacement o — v, § — §. The
relation between exterior differential d and basic one-forms w' is given by

da = aw' — gfuw?, df =aw® - ¢puw! (1.109) »

and similarly with « replaced by v and 8 replaced by §.
The higher order calculus is also determined

W =0 W = —ghdu?,
Wwo'=0 , W= —ghuW, (1.110)
2 2

2 2
ww' =0 , w! = —glw'e’.

31t is called 3-D calculus because the dimension of the space of one-forms is 3 in this calculus,
One can construct another calculus called the 4-D calculus on SU(2) which is bicovariant. That
one has a dimension of four for the space of one-forms,one too many!
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We also have the Maurer-Cartan equations

dwo = q2(l + qz)wowx,

dw! = qwowz,

dw? = ¢*(1 + ¢*)w'w?.

17

(1.111)

Chapter 2

Pseudodifferential Operators
Realization of Vector Fields

In this chapter, we consider the realization of the vector fields of the quantum Lie
algebra of the quantum groups GL,(N), SL,(N) and SO,(N) as pseudodifferential
operators on the linear quantum spaces covariant under the corfesponding quantum
groups. Their expressions are simple and compact. These vector fields satisfy
certain characteristic polynomial identities. The real forms SU,(N) and SO,(N, R)
are also discussed.

2.1 Vector Fields for Quahtum‘Groups

As seen in Chapter 1, 2 quantum group can be described in terms of N x N matrices
A with noncommuting elements satisfying the equation

RiyAiA; = AtAsRaa, (2.1)

with the R matrix appropriate to the particular quantum group. The matrix ele-
ments generate the algebra of functions on the group. We also derived the vector
fields on the quantum group. It can be described by the matrix elements of a matrix
Y satisfying the commutation relation

RuYaRisYs = YaRaYs R, (2.2)
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which corresponds to the Lie algebra relations in the classical case. The action of
the vector fields on the group is then given by the commutation relation

YiA;s = ARy Ya Ry (2.3)

The quantum group matrices can coact on a quantum space, for instance by
right multiplication. A point of coordinates zo; is transformed into z; = z:o,-Af or,
more compactly,

z = zoA. (2.4)

Keeping the original point zo fixed, the action of a vector field on the quantum
group induces an action on the quantum space

T3 = 1‘21‘3121’21%11, (2-5)
i.e.
Yiow = zm R Y R (2.6)

We shall consider the case when a differential calculus covariant with respect
to the coaction of the quantum group exists on the quantum space. In this case it
is natural to ask whether it is possible to realize the vector fields Y as pseudodif-
ferential operators satisfying (2.2) and (2.5). ‘We shall show that this can be done
for the quantum groups GL,(N),SL,(N) and SO,(N). Their real forms are also
considered.

2.2 g¢-Determinant for FRT Type Algebra

For the sake of completeness, we construct and discuss the properties of the ¢-
determinant for FRT type algebras. The discussion is self-contained. By assuming
the top form of the associated exterior quantum plane to be unique, we construct
the completely antisymmetric tensor ¢ and the ¢-determinant for FRT type algebras.
Contrary to [57), we don’t need to assume the existence of a metric.

First we recall the definition of the FRT algebra A and the associated quantum
exterior algebra. FRT algebra is an associative algebra generated by 1 and t'}', 1,j =
1,..., N which obey the RTT equation (2.1). Projectors can be introduced by
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looking at the spectral decomposition of the R matrix. In particular, the g-exterior
algebra is defined by the g-symmetrizer Ps: '

dzydza(Ps)? = 0. (2.7

Consider the top forms dz;,dz;,...dz;,. Assuming that it is unique, then one can
define an N—dimensional tensor ¢ by, ’

dz dz;,...dz;, = €;,i;...ipdv (2.8)

Like in the classical, our ¢ is completely antisymmetric:

Ciria.cjrirgsoin Ps::nj::: =0
{from the definition of the exterior algebra.
Now, we can prove an important property for ¢,

Proposition 2.2.1
5""“""‘?1_ ‘3‘;’5 = CJ':J':-.-J'ND (2~9)
Jor some D € A.

Proof Consider dz; dz;,...dz;, = €,i,..iydv, multiply both side by t;’, t;t;:, we
get

dzi, dziy...dziy @ tR2.AN = do @ €iyiy..int2 2. N (2.10)
But the left side is equal to

Au(dz;dzy,...dzjy), (1))
where A 4 is the left coaction of A on the quantum plane .
Dazi=z; @, Aadz;=dz; @1, (2.12)

Since
Du(dzj dzj,..dzjy) = €y i D a(dV) = €;,5,..55dv ® D, (2.13)

YThe ¢ tensor introduced here has lower indices while the one in Chapter 1 and Chapter 4 has
upper indices. The reason is because we have used coordinates z; with lower indices here. The
two ate however identical. '
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where we have used the fact that the top form is unique and so A 4(dv) =dv® D
for some D € A. Comparing the coeficient of dv in (2.10) and (2.13), we obtain

T UYL I L 2P
€iirin it by = €550 D O

We call this D the g-determinant. Notice that equation (2.9) can be written

compactly as
€12. N1 T2-.Tn = Deya . (2.14)

D has the following properties,
Proposition 2.2.2 ¢(D) =1 and A(D)= D ® D.
Proof The first equation is trivial. For the second one, apply A to (2.9)

o
€ain (D) = €igipintiy it @ 1877400

Depyby. iy @ thel2t3Y
= D@ De;,j..in-

o

Proposition 2.2.3 D is central in the algebra A.

Proof First, notice that the FRT algebra admits the representations

p+(Ti)o = Rio, p-(Th)o = Ry} (2.15)
Thus we have?
ez~ R Ry 3_,--3611' = p-(D)era..n 1o, (2.18)
3For example, it is .
€12. . NRon...Roy = cc1a..nlo = ¢|z,‘.NRsz.o-~RNo. (2.16)

where ¢ = ¢ and 1 for GL,(N) and SO,(N), respectively. In terms of the compact notation to be
introduced in the next subsection, this can be written as

a2.~Ro12..3) = caz. .nlo = aa..NRaa. nyo (217)
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where I, denotes the identity matrix in the zeroth vector space. We also have the
inverse relation

€12..NRon...Ro = p-(D) ' era..nlo. (2.19)

Now, consider
€2.8ToD = e N T3..Tn

= ea.nRy Ry RoNTi Ta.. TnToRow... Ron

= p-(D)era. NT1T3-. TNToRoN... Ror

= p-(D)DToerz.nRon-..Rn

= p-(D)p-(D)' DToers..v

= DTyes..N. (2.20)

Hence t;-D = Dt;'-. o

2.2.1 g-Determinant for Bicovariant Vector Fields Y

Recall that the bicovariant vector field matrix Yj‘ is defined by

Yj‘ =< Ral'R,_,, A; ®id > (221)
and satisfy

RuYiR1Y; = YaRyYiRas, (2.22)
or equivalently, '

RuYyRYs = YaRuYa R (2.23)

Following [56), it will be convenient to introduce an associative e-product by

VieYye---oY, <RaRizy ArAs--+ Ae®@id >

= (RiJRy - Rj}YiRu - Rua)-

(R,;,‘R;} --~R;,,‘Y;R;k---R23)-~
LU ARY:ARYY) (2.24)

then (2.22) can be rewritten in the FRT form
RpYyeY; =Y, 0 ViR, (2.25)
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And so0 one can define the g-determinant
ea.nheYye .- oYy = Det;Yes n, (2.26)

which is central and group-like. Remember that in chapter 1, we introduced the
numerical R-matrix that gives the commutation relations between two quantum
matrices in the fundamental representation

R} =< R, AL @Ak > . (2.27)
For higher tensor product representations: A;A;, AjAz43, ...,A142A43- - Ap, one
can introduce the corresponding numerical R-matrix [56),

Ry = <R,AIQAp >

= Rym - Rl'(m-l) “eenr Ry
*Rym - Rymty ... - Ran
. Rﬂlm . Rn'(m—l) T eee * Rﬂll

where
Ar = Apgrew) = ApAg - Ay, Aps A(u...,,.) =A1A - AL (2.28)

satisfy
RinA1An = AnAR (2.29)

and Ry satisfies the QYBE
RinRimRam = Rp,uRmRin. (2.30)
Eq. (2.26) can be rewritten compactly as
az2-NYpainy = Det,Y e, (2.31)
where we have introduced the notation
Yoo.my=YieYse ..oy (2.32)

in the same way as in (2.28). For simplicity, we will sometimes write Det,Y as
DetY. For arbitrary I = (1'2'---n'), Il =(12..-m), we have

Yre Yy = RyyYiRinYu. (2.33)
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2.3 GL,(N),SLy(N) and SU,(N)

2.3.1 GL,(N)

The calculus for the quantum plane covariant under GL,(N) is well known|58). The
coordinates z; in the plane satisfy the commutation relations

o132 = ¢ w2 fhg (2.34)
and the derivatives &' satisfy
d'z; = 6; + qﬁ;fzka' (2.35)
and
00, = ¢ R120,0,. (2.36)

All indices run from 1 to N and R is the GL(N) matrix, which satisfies the char-
acteristic equation

R=14)R, A=q-qL. (2.37)
Using (2.37) and the above commutation relations, it is easy to verify that

Construction 2.3.1 (Realization for GL,(N))
The differential operator
Y] = q7%} + ¢7'A0'z; (2.38)

satisfies (2.5),
&Y = RiaYaRnad, (2.39)

and (2.2).

Characteristic Equation

Let u be the rescaling operator in the plane

i g =1+ qrz;0', (2.40)
which satisfies
uzi = ¢*zip, &pu = Puéd'’. (2.41)
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It is obvious that 4 commutes with the elementsof Y.
It is very easy to verify that the matrix given by (2.38) satisfies the identity

(Y -p)Y -gY) =0, (2.42)

where matrix multiplication is implied. This is a special example of polynomial
characteristic equations satisfied by quantum vector fields[59). In general these
equations are of higher order but for the realization (2.38) we see that the polynomial
is quadratic in Y.

The invariant quantum trace of the k-th power of the matrix Y is defined as

t,=TrD'Y*, (2.43)

where D is the diagonal matrix (1,4%,...,¢*¥-1). The t’s commute with the matrix
elements of Y. In general only the first r of them (k = 1,2,...,r) are independent
and they generate the center of the Y algebra (2.2), where r is the rank of the
- group|8). For Y given by (2.38) all t, are simply functions of g. For instance,
tr=[Nl=1+p=q~q N 44,

tr=q7 —pgN + 47,

ts = ¢ — pqg N 4 4%, (2.44)

etc., where
INl=14q24¢ 4. 4¢g2N-1, (2.45)

GL,(2) characteristic equation

For GL4(2), denote

Y = ( :‘_ z: ) , (2.46)

then (2.2) gives explicitly,

ViYs — Yt + A7y = 0,
VY- —y-%1 — Mg yay. =0,
v2y+ = ¢*¥aya,
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Yay- = ¢y y,,
Yiy2 = Yayr,
Ya¥- — Y=Y+ A7 (1 — y2) = 0. : (2.47)

Using these, it was discovered by Professor B. Zumino [54] that a characteristic
identity exists for this algebra,

Y —pY —p, =0, (2.48)
where
pr=TrD7'Y =y + ¢ %y,
p2 = gi(ta = ) = y4y- — ¢ *p1ya = —¢ " DetY. (2.49)
Using (2.44), (2.48) reduces to (2.42) if
DetY =p (2.50)
holds for our realization (2.38). This is in fact true, first we have\ the lemma

Lemma 2.3.1
DetYz = ¢*zDetY, DetYd = q~*dDetY. (2.51)

Proof First we need

Yizo = zoRorY1Rro (2.52)
for any I = (12-.-m). This is true for ] = (1). Assume it is true for I and II, then

Yo Yuzo

= RiyYiRiuYuzo

= RiyYiRiuzoRouYuRno

= zoRyyRotY1RioR1,nRonYuRuo

= zoR;}RotRonYiReuR1oYuRu o

= zoRouRor R ;Y1 R1.YnR1oRuo

= zoRo1myYinRymyo- (2.53)

Yiuzo
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_ Hence

Dety.'tofn...lv = 611...NY(12...N)30

en...N.‘toRo,(n...N) Y(12-~-N) R(l'z--.N),o
quoDetYCu...N. (254)

We have used the fact (2.16)
(n...NR(n...N)_o = qIQCn....N = 612...NRO_(12...N). R (255)

The proof for DetYd = q~2@DetY is similar. O

Proposition 2.3.1 For the particular representation (2.98) of the Y malriz, it is
DetY = p. (2.56)

Proof Remember that DetY is central in the Y algebra. Now, since the quantum
traces lx, k = 1,2, -, r generate the center of the Y algebra and t; is a polynomial
of p of degree k, we have

N .

DetY =Y a.p", ' (2.57)

n=0
where the numerical coeficients a, are functions of ¢ and N. Due to lemma 2.3.1,
DetY/p commutes with z and 3, we have

DetY =ap = a+ Maz - 3, (2.58)

where a is a constant. We claim that a = 1. First recall the definition of DetY

isain DetY = €igein(Yazm) 5 0 (2.59)
where
Yoz.n) = (R R - RiyYiRan -+ Rua)-
( ";R’;‘l ces R;’IV},!RZN ses Rzg) s (R;-vl_] NYN—IRN—I N)YN (260)
Using
Y’," = q'zé;: + q”lAa'.xj = 6; + /\R;-’;Ikal, (2.61)
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one can easily extract the constant term in (2.60)

Yorm)i5h = 85 (262)
where - - is a polynomial of z and @ with at least one z and one @ in each term.

Substituting into (2.59),
€irigiyDetY = Y€ igipy + - (2.63)

Comparing with (2.58) shows thata=1. O

2.3.2  SL,(N)

The quantum subgroup SL,(N) can be obtained from GLy(N) as follows[55]. For
the quantum matrices one uses the standard quantum determinant det,A and de-
fines a new matrix

T = (det,A)"""N A (2.64)

having quantum determinant equal to one. For the vector fields, one uses the
determinant DetY and defines a new matrix of vector fields[55, 56)

Z = (DetY)"\WNy (2.65)

having determinant one. The number of independent elements of the matrix Z is
N? —1, as in the classical case. V

Construction 2.3.2 (Realization for SL,(N))

Z =yu Wy (2.66)

realizes the SLy(N) vector fields as pseudodifferential operators in the quantum
plane.

2.3.3 Real Forms Uy,(N) and SU,(N)

If |g| = 1 the calculus given by {2.34-2.36) for the quantum plane can be given a
reality structure[58, 60] by requiring z; to be real ‘

2’ =z o (2.67)
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and by defining conjugate derivatives as
" = —¢*'d', (2.68)

where we have introduced the notation
‘=N+1-4i, i=12.,N. (2.69)

Here we consider instead the case when ¢ is real and the complex conjugates
of z; and of &' are new independent variables. The complex conjugation * is an
involution which inverts the order of factors in a product. It will be convenient to

give them new names, i.e. we set
2" =& (2.70)

and

& = -4 (2.71)

The commutation relations of these new variables can be obtained immediately from
(2.34-2.36) by complex conjugation. Using the symmetry property

R = RY, (2.72)
we see that
281 = ¢  Riaay, (2.73)
10, = -8 + qRILBZ* (2.74)
and
810, = ¢, 8, s (2.75)
Eq.(2.74) can be written in a form more analogous to (2.35) if one introduces the
matrix
Wi = (RTV)%7) = (RY)igP6-9, (2.76)
which satisfies o
RV, = Wi RY, = 86}, (2.77)
Wyl = fygAN-n (2.78)
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and
Wi, = §7gm2-1-, (2.79)
It takes the form
&&= 8iq™" + ' W2, (2.80)
where ' is given by (2.69).

To complete the algebra of the complex calculus, we must now give commutation
relations between the variables z;,8" and their conjugates ¢, 8;. A consistent set is

given by
Hz; = g(R") ks, A (2.81)
83 = g(RM)iiz*d', (2.82)
bix; = ¢ R¥z\, (2.83)
and .
8'9; = g Ri6,8'. (2.84)

Consistency can be checked by verifying that all these relations braid correctly with
each other.

Having the complex calculus we can now ask how the vector field realization of
(2.38) acts on the conjugate variables. It is not hard to verify that

&1 = RuYaRi} e, (2.85)
and

Y0, = & RnYa Ry} : (2.86)
On the other hand, by complex conjugation, (2.5),(2.39), (2.85) and (2.86) give

£2Y{ = RV R, ! (2.87)

Y6, = & R0Y; Rus, (2.88)

Yizs = 2R} Vi o (2.89)
and

&Y = R}V R, (2.90)
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where Yt is the hermitian conjugate of the matrix Y
(Y1) =Y = ¢7%] - ¢7'2&%5;, (2.91)
which satisfies the equation conjugate to (2.2) ‘
RiaY Ry = ViR, R, (2.92)
as well as the commutation relation with Y’
Ruafily) = Y hnnRy. (2.93)

Until now, we have considered two GL,(N) grou’ps complex conjugate of each
other, i.e. a truly complex GL,(N)[61, 62, 63]. The quantum group can be restricted
to U,(N) by imposing on its matrices the unitarity condition

At=4"? (2.94)

and to SU,(N) by further normalizing the matrices as in (2.64) so that they have
quantum determinant equal to one.

The vector fields of the U,(N) subgroup can be defined as the elements of the
Hermitian matrix

U=YYt, (2.95)

Indeed, it is very easy to check that U commutes with the Hermitian length
L=z% = ziz" (2.96)

(Y and Y! separately do not), i.e. the U vector fields leave £ invariant. U is a
perfectly good matrix of vector fields and satisfies equations similar to (2.2) and
(2.5)

RialafiaUs = Uz RaUs R, (2.97)
Ul:cg = IanUan (298)
and
ZaUy = RyaUs Rag s, (2.99)
as a consequence of the equations for Y and Y given above. Notice that
q*U} = g 26} + ¢7'\'z; — ¢ AE'G; ~ NO'LD;, " (2.100)
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which will be useful to us later.
Finally we observe that, if we want to reduce the vector fields to the number

"appropriate to SU;(N), we must normalize U, i.e., take the matrix

22" = U/(DetU)"V. (2.101)
Lemma 2.3.2 [t is
DetU = pp*. (2.102)
Proof By use of the same techniques as in lemma 2.3.1, one can verify that with
U=vyyt (2.103)
then
Ur=1Yy} (2.104)

for any I = (12---m). Hence

Cn...NDetU 612...NU(|7...N)

= Cn.--NYm--.N)Y('u...N)
= €z.nDetY Det(Y?!)

= ﬂ[l.clg...N. (2105)

In addition to commuting with Y,-", the rescaling operator ¢ in (2.40) commutes
with &, 8; and therefore with (Y')f,- and

Bt =1-qAdi'. (2.106)
On the other hand y* commutes with (Y1)i,2;,8', Y} and satisfies
ptdt =g, Ot = q"p‘é.-.v (2.107)

Clearly uu* commutes with L, therefore so does ZZ!. Z and Z! satisfy equations
analogous to (2.2),(2.92),(2.93). Using this fact one can show that

DetZ2 = (DetZ)(Det2') = 1. (2.108)

Notice that the vector field matrix ZZ! is Hermitian, which is the natural reality
condition for SU,(N).
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Construction 2.3.3 (Realization for SU,(N))

- 22" = Uf(up )V (2.109)

provides the pseudodifferential operator realization for the SU,(N) vector fields.

2.4 SO,(N) and SO,(N,R)
We shall call T the quantum matrix of SO,(N), instead of A. In addition to
R\ Ty = Ty TR, (2.110)
they satisfy the orthogonality relations [8] |
T'4T =g, Tg 'T'=g7!, (2.111)

where the numerical quantum metric matrices g = g;; and g~ = ¢' can be chosen
to be equal g;; = ¢'. The SO,(N) R matrix satisfies also orthogonality conditions

(R = g™ Ringm = gim Rini g™, (2.112)
as well as the usual symmetry relations
R = RY. (2.113)
The SO,(N) vector field matrix, which we shall call Z, satisfies

RuZafinZs = ZaRaZakn, (2.114)
4Ty = TyRiaZa Ry, (2.115)

as well as an orthogonality constraint in one of the two equivalent forms{54, 56)
9i(ZaRnaZa)y = ¢V gw, (2.116)
(Z2R12Z0)iig" = ¢'Ng". (2117)

Eq.(2.116) or (2.117) reduces the number of independent vector fields from N? to
N(N —1)/2 as in the classical case.
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The projector decomposition of the R matrix for SO,(N) is
R=qP*—q'P~ 4 ¢V p°, (2.118)

Here P+ is the traceless part of the symmetrizer, P~ is the antisymmetrizer and
PP is the trace operator. It is related to the metric by

_ A
(V-1 N +¢7Y)

The coordinates z; of.the quantum Euclidean space satisfy the commutation rela-

(P = vgign, v (2.119)

tions
nm(P)H =0, (2.120)
or in one of the two equivalent forms®
zkzliig = qTiT; — ALgi;, (2.121)
zizy(R! f,’ = q;'x;zj + 2N 2Lg,;, (2.122)

where the length L is defined as

L=oaz- z, (2.123)

z -z = opzg™ = ziz* and
1

a= WE. (2124)

As a consequence of (2.121), the length L commutes with all the coordinates,
L:t.' = :l','L. (2.125)
Since gi; # g;i, we need a convention to raise and lower the indices, we adopt

m; = gym?, m'=gm;. (2.126)

3Due to the SO, (N) characteristic equation for the numerical R matrix,
R~ (R = Mele] - g am)

and )
Rifgt =g MY,
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A calculus on quantum Euclidean space can be obtained by introducing deriva-
tives 0' which satisfy

8'z; = & + qRikz,d' (2.127)
and
(P)id'a* = 0. (2.128)
Explicitly, the latter is
6,,6,}?.*} = q0,0; — AAgij, (2.129)
or equivalently '
AR MY = ¢719:0; - MV "Agi;, (2.130)
where the Laplacian
A=ad 0=add (2.131)
commutes with all derivatives, o
Ad = 8'A. (2.132)
One can define a rescaling operator
A=1%q\z;0 +q"NLA, o (2.133)
which satisfies _
Az; = g*z;A, OA = ¢°AD'. (2.134)
A useful relation is
8L =¢'Ld +¢*Nd'. (2.135)

The action of the vector fields Z on SO,(N) induces in the standard way an
action on Euclidean space analogous to (2.5)

Zizy = z A" 2P RY,. (2.136)

For ¢ real, the quantum Euclidean space can be endowed with a reality structure
as follows. For the coordinates one imposes the reality condition

7" = g'z; = 7', (2.137)
Let us now define derivatives 5; in terms of the conjugate derivatives by
3 = g6 = —¢"3". (2.138)
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The complex conjugate of (2.127) can be transformed to the form

5‘:; = 6;: + q"(fl");'-',‘zka" (2.139)
and that of (2.129) to
ékél(fi")f} = q—léiéj + z\Ag.',', (2.140)
where
A=agh?. 4. ' (2.141)

The relation between the derivatives & and their complex conjugates or the 8; can
be written[64] in the nonlinear form

& = A7V (8 + ¢V ras'9;) P, (2.142)
which can be shown to satisfy (2.139). Using (2.142), one can show that
8% = qiiia*d'. : (2.143)

We wish to find a realization for the vector fields Z. of SO,(N,R) as pseu-
dodifferential operators on Euclidean space. It must satisfy (2.136), (2.114), the
orthogonality relations (2.116, 2.117) and the reality condition for SO,(N, R)

72t =12 (2.144)

One way to find the appropriate expression is to proceed in analogy with (2.100)
by writing similar terms but adjusting the coeficients so that all relations required
of Z are satisfied. It turns out that the correct formula is

Z; = q"26;- + q")@‘z,- - q"N/\ziéj - A’La"é,-. (2.145)

In fact, using the relations given above for the calculus on Euclidean space, one
can verify that Z; satisfies (2.136) as well as

82 = RLZrRno" (2.146)
and
8'z] = RE ZrRindr. (2.147)
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Combining (2.136), (2.146) and (2.147), one finds that Z satisfies also (2.114).
It is very easy to see that Z, as given by (2.145) satisfies the reality condition
(2.144) if one observes that (2.145) can be written in the more symmetric form

9’2} = 8} + )0'z; + 2’0" + ag" N0 ziz, 0 (2.148)

by using (2.135).
Finally, the orthogonality condition is

9525 Rz} = ¢ N gu. (2-149)

Using (2.145), it is easy to get

9525 Rin = ¢ Vo 2, (2.150)
where the quantity 2] ‘
In = g6, ~ QA0 2 + ¢V A28, — N L0 0, (2.151)

is obtained from Z[ by exchanging

zi=z, 00, (2.152)

geq!, ReR?, geog (2.153)

Note that this operation exchanges (2.127) with (2.139), (2.129) with (2.140) and
leaves (2.143) invariant and is therefore a symmetry of the quantum Euclidean
space. We claim

Lemma 2.4.1
Z'im =6, " (2.154)

Proof It can be easily checked by direct computations and making use of the
following useful equalities

Mnz™ = (¢ = 1)(¢"N +¢7V) 4 MgV, 0™, (2.155)
Bn = g7 18, + Ag¥-3A-Az,,, (2.156)
L=q"3L, (2.157)
A = g?N-4A-1A, (2.158)
A=At . (2.159)
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Combining all these, we have

Construction 2.4.1 (Realization for SO (N, R))

Zi = q76} + ¢7'A0'z; — ¢~V A2f; - N2 Lo'D; (2.160)
realizes the SO4(N, R) vector fields as pseudodifferential operators in the quantum
Euclidean space.

It is remarkable that Z as given by (2.160) satisfies even the orthogonality re-
lations (2.116) and (2.117), without need for any further normalization as was nec-
essary in (2.66) and (2.101). This is due, apparently, to the fact that the SO,(N)
R matrix already satisfies orthogonality relations.

On the other hand, if one does not impose (2.137) and doesn’t identify J;, as
given in (2.142), with the complex conjugate derivative 8° by (2.138), then (2.144)

" will not be true. However, (2.160) would still give a realization of vector fields for

the complex quantum group SO, (N) on Euclidean space.

2.5 A Few Remarks

1. In the differential calculus on a quantum space, one naturally introduces the
differentials of the coordinates

& = dz;. (2.161)

For quantum Euclidean space, they satisfy the commutation relations

&&(PH) =0, &&(PO)Y =0, (2.162)
zij = gAY (2.163)
86 =g (R)j16d (2.164)

According to (2.137) it is natural to introduce variables §; related to £ by
& =996 = €. (2.165)
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The complex conjugate of (2.163) can be written as
bizj = qmib Y. (2.166)

It was shown[64] that the £i can be related to & by a (nonlinear) transforma-
tion which was given explicitly there. It turns out that that transformation
can be written very compactly as -

& = oq" A&, 2, (2.167)

where A is given by (2.133). In this form one can easily verify that { satisfies
all desired relations. For instance (2.166) follows immediately from (2.134),
(2.136) and (2.163). The requirement that complex conjugation be an invo-
lution restricts o to be a phase, |o| = 1. Vice versa, if one knows the correct
expression for f.-, one can infer from it the formula for Z*.

. All of the above equations are “covariant”. This means that they go into
themselves by coaction transformations. For instance, for all equations for
GLy(N) from Eq.(2.1) to (2.39), it is easy to see that the transformation

A~ AB, z—zB, 60— B9, (2.168)

Y - B'YB, z8 -z (2.169)

leaves them invariant. Here the matrix elements of B are taken to commute
with everything (which is the reason for using the word coaction) but B is
itself a quantum matrix, satisfying the analogue of Eq.(2.1). It holds similarly
for the complex conjugate sector of GL,(N),

At - BYAY, i B'3, 8- 4(B")", (2.170)

vyt o BiYY(BY!, 63 — b (2.171)

(the relation (BY)~! = (B~")t is used). Analogous transformation laws leave

invariant the SLy(N), SO, (N) equations as well as their respective real forms.

. The realization of vector fields for GLy(N) and SL¢(N) given above is equiv-
alent to that given earlier[65). The formulas given here are simpler because
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of a more convenient choice of notations and definitions. For instances, we
use a right coaction and a corresponding more convenient lower index for
the coordinates z; and upper index for the derivatives 3'. The same applies
to a comparison between the formulas written above for SO,(N) and earlier
ones[64]. The reader should have no diffculty in establishing the correspon-
dence between the conventions of these different references.

. A realization of vector fields for the orthogonal group in terms of pseudodif-

ferential operators on quantum Euclidean space has been given by Gaetano
Fiore[66]). He uses the explicit description of the quantum Lie algebra by
Drinfeld and Jimbo, instead of (2.114), (2.116) and (2.117) and gives explicit
realizations for the vector fields in that basis. Ours is an alternative solution of
the same problem which has perhaps the advantage of being more symmetric
and also covariant, as explained above.
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Chapter 3

Quantum Complex Sphere Sg

In this chapter, we introduce complex coordinate to the two dim=nsional quantum
sphere of Podles (67, 68, 69, 70} by means a stereographic projection. The coaction of
SU,(2) on the sphere is given by fractional transformations on the complex variable
in the plane, analogous to the classical ones. Left covariant differential calculus is
introduced. To cover the whole sphere, we need at least one more coordinate patch.
The quantum sphere appears then as the quantum deformation of the classical two-
sphere described as a complex manifold. We also discuss a very interesting property
* of the calculus: the admission of a one-form realization of the exterior differential
operator.

3.1 The Algebra S? and the Patch C*

A family of quantum 2-spheres was introduced in [67). There, the algebra of func-
tions over the sphere is generated by 3 coordinates, subjected to a condition that
reduces the number of independent generators to 2. The case of ¢ = 0 is of special
interest[71]. In this case, the algebra over the sphere S} is the C*-algebra gener-
ated by the elements b, = 76,b_ = af, by = ab, (where a, §,7,6 € SU,(2)) with
commutations

(1 = ba)bo = ¢™2_(1 — by),
(1 = b3)by = g2by(1 — b3),
g7%-by = gbyb — Abs — 1), (3.1)
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where A = ¢ — ¢™! and constraint
b3 = by + ¢~ 'b_by. (3.2)

The *-algebra structure is b3 = —g¥'bg, b3 = bs. ¢ is a real number.
One can construct a stereographic projection to rewrite this algebra in terms of
coordinates of the complex plane z, 2. Define

z= —qb-(l - b3)_l = CX‘Y-l,
£ = by (1 - by)t = ~61, (33)

which is the projection from the north pole of the sphere to the plane with coordi-
nates z, 2. It is easy to derive the commutation relation

2Z=q 24972 -1 (3.4)

and the +-structure
=z (3.5)
We will denote the *-algebra generated by z and Z subjected to the commutation
relation (3.4) and #-structure (3.5) by C*. Note that the relation (3.4) for the patch
C* differs from the usual quantum plane (see for example [58]) by an additional
inhomogeneous constant term.
The inverse relations to (3.3) can also be obtained easily. It is

b+ = I’_li’
b. = —qu—l) '
1—by =g, (36)
where p is defined as
p=1+3%2 ' (3.7)
and satisfies
pz = ¢’zp,
pz = q %zp. (3.8)
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One can check directly that Eq.(3.4) is covariant under the fractional transfor-

3) € SU,(2),

. . a
mation, with (
c

z = (az 4 b)(cz+d)!, 7-— —(c—dz)(a—b3)", (3.9)

which is induced from the SUy(2) coproduct, interpreted as a left transformation.
Here a,b,c and d commute with z and z.

3.2 Differential Calculus

In Refs.[68, 69, 70], differential structures on S? are studied and classified. In
this section, we give a differential calculus on the sphere in terms of the complex
coordinates z and Z of the patch. Just as the algebras of functions on C* can be
inferred from those of SUy(2), so can be the differential calculus.

For SU,(2) there are several well-known calculi{13, 14]: the 3D left- and right-
covariant differential calculi, and the 4D,,4D_ bi-covariant calculi. The 4D bi-
covariant calculi have one extra dimension in their space of one-forms compared
with the classical case. The right-covariant calculus will not give a projection on
C* in a closed form in terms of 2, Z, which are defined to transform from the left.
Therefore we shall choose the left-covariant differential calculus.

It is straightforward to obtain the following relations from those for SU,(2):

2dz = q"%dzz, idz = ¢'dzz, ©(3.10)
2di = q7%dzz, idi = ¢*dz3, (3.11)
(dz)? = (d2)* = 0, (3.12)
and v
dzdz = —q~%dzdz. (3.13)

We can also define derivatives 8, & such that on functions,

d = dz0d + dzd. (3.14)

43

From the requirement d? = 0 and the undeformed Leibniz rule for d together with
Eqgs. (3.10) to (3.12) it follows that: ’

8z=1+¢220, 97 = ¢*20, (3.15)
O0z=q7%28, b&:=1+¢%06, (3.16)

and
88 = q~20. (3.17)

It can be checked explicitly that these commutation relations are covariant under
the transformation (3.9) and

dz — dz(¢7'cz + d)~*(cz + d)™!, (3.18)
0 — (cz +d)(q ez + d)d, (3.19)

which follow from (3.9) and the fact that d is invariant.
The #-structure also follows from that of SU,(2):

(dz)* = dz, (3.20)
9 =—¢04+(1+¢zp7, (3.21)
0" ==+ (1+¢*)p 'z, (3.22)

where the x-involution inverts the order of factors in & product.

The inhomogeneous pieces on the RHS of the Eqs.(3.21) and (3.22) reflect the
fact that the sphere has curvature. Incidentally all the commutation relations in
this section admit another possible involution:

(dz)* = dz, (3.23)
8" = —¢*9, (3.24)
& = -¢7%. (3.25)

This involution is not covariant under the fractional transformations and cannot be
used for the sphere. However, it can be used when we have a quantum plane defined
by the same algebra of functions and calculus. We shall take Eqs. (3.10) to (3.22)
as the definition of the differential calculus on the patch C*.
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Symmetries

It is interesting to note that there exist two different types of symmetries in the
calculus. The first symmetry is that if we put a bar on all unbarred variables (z,
dz, 3), take away the bar from any barred ones and at the same time replace q by
1/q in any statement about the calculus, the statement is still true.

The second symmetry is the consecutive operation of the two *-involutions
above, so that

80— —g*0" = ¢*d - (1 + ¢*)p7'5, (3.26)
0= ~q7%0" = ¢4 - ¢ (14 ¢)zp™", (3.21)

with 2, %,dz,dz unchanged. This replacement can be iterated n times and gives a
symmetry which resembles that of a gauge transformation on a line bundle:

- 8™ = ¢~ ¢ 2n)p 'z (3.28)
. = q‘"p’"ap‘z”, (3.29)
d—=8M = g3 - ¢ 2n)y2p" (3.30)
= q-lnpznap-ﬂn’ (3.31)

where [n], = 9;;:—,‘. For example, we have
Mz =14q¢220M. (3.32)

Making a particular choice of 9, is like fixing a gauge.

Many of the features of a calculus on a classical complex manifold are preserved.
Define § = dzd and § = dz8 as the exterior derivatives on the holomorphic and
antiholomorphic functions on C* respectively. We have:

[6,2) =dz, [6,2]=0, (3.33)
[6.2) =0, [3.7] =dz, (3.34)
d=6+34. (3.35)

The action of § and & can be extended consistently on forms as follows
bdz=dz6 =0, &di=dzb=0, (3.36)
{6,dz} =0, {8,dz}=0, (3.37)
§1 =5 =0, (3.38)
{6,6} =0, (3.39)
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where {-,-}, [,] are the anticommutator and commutator respectively.

3.2.1 One-form Realization of the Exterior Differential Op-
erator d

The calculus described in the previous section has a very interesting property. There
exists a one-form = having the property that

Ef F fE=Mdf, (3-40)

where, as usual, the minus sign applies for functions or even forms and the plus sign
for odd forms. Indeed, it is very easy to check that

E=f-¢ (3.41)
¢ =gqdzp7'z ' (3.42)
satisfies Eq.(3.40) and '
= =-E (3.43)
It is also easy to check that
d= = 2qdzp~%dz (3.44)
and
= = g)dzp 2. - (3.45)

Suitably normalized, d= is the natural area element on the quantum sphere. Notice
that Z? commutes with all functions and forms, as required for consistency with the
relation

& =0. : _ (3.46)

The existence of the form Z within the algebra of z, 7, dz, dZ is especially inter-
esting because no such form exists for the 3-D calculus on SU,(2), from which we
have derived the calculus on the quantum sphere (a one-form analogous to = does
exist for the two bicovariant calculi on SU,(2), but we have explained before why we
didn't choose either of them). It is also interesting that d= and =2 do not vanish (as
the corresponding expressions do in the bicovariant calculi on the quantum groups
or in the calculus on quantum Euclidean space).
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The one-form Z is regular everywhere on the sphere, except at the point z = 2 =
00, which classically corresponds to the north pole. This is discussed in [72] where
we argue that the pole singularity at that point can be included by allowing forms
with distribution valued coefScients. The area element d= is regular everywhere on
the sphere.

3.3 Patching Two Quantum Planes

The variables z and # cover the sphere with the exception of the north pole. In
analogy with the classical case, we can introduce new variables w = z~! and » =
#~! which describe the sphere without the south pole. These variables satisfy the
commutation relation

w = ¢ Yow + (¢7 - Dwww (3.47)

and the *-structure
w* = 0. (3.48)

It is clear that (3.47) is covariant under the transformation
w— (dw+c)(bw+a)?, & — —(aw—b)(cw —d)~". (3.49)

Notice that the commutation relation (3.47) is different from that satisfied by z and
Z; our way of quantizing the sphere is inherently asymmetric between the north and
the south pole. ,

The calculus in z and Z induces a calculus in w and . It is not hard to derive
the commutation relations for this w, ¥ calculus as well as the mixed commutation
relations. For example, we have

wdw = ¢*dww, (3.50)
Oyw =1 + g*wd, (3.51)
and
dzw = ¢ wdz. (3.52)
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Denote by C~ the x-algebra generated by the variables w and w, subjecting to
(3.47) and (3.48). The coordinates w, 1 are related to the coordination by, b; by

by = wp;,lv
b = —qgp;'®,
bs = p3t, (3.53)
where p,, is defined as
pw =1+ Dw. (3.54)

The relations (3.6) (respectively (3.53)) defines a #-algebra homomorphism be-
tween the algebra S? and C* (respectively C~) and the sphere S? is covered by the
two patches C* with the transition relation

wz=zw=1. (3.55)

Singularity

Since w and w are functions of z and 2, Eq.(3.40) is valid for functions and forms
in w and w, with the same Z. In terms of w and w the one-forms { and {* are given
by

¢ = ~wldw(l + dw)™, ¢ = —(1+ ow) 'dow". (3.56)
Clearly they are singular at the north pole w = & = 0. This polar singularity
is an intrinsic feature of our asymmetric quantization and of our calculus. This
asymmetry is also apparent when we go to the classical limit of the Poisson sphere
{73] and it seems to be unavoidable in our approach [72]. A different description
of Podles spheres was given in an interesting paper by Stovicek[74]. He shows that
the sphere can be understood as the patching of two complex quantum planes. His
choice of variable is symmetric between the two plaues, but the coaction of SU,(2)
is very complicated in terms of his variable. Also, $lovitek does not consider the
non-commutative calculus on the sphere. :

We believe that the singularity can be controlled by allowing distributions, rather
than just functions as the elements of our algebra and as coeficients of differential
forms. This point of view is explained in [72] for the limit of the Poisson sphere
30 as to avoid the need to develop the concept of distribution in the framework of
noncommutative algebra.
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3.4 Right Invariant Vector Fields on S?

In this section we want to define vector fields on S? which generate the fractional

transformation mentioned above. We will see that these vector fields can be inferred
from those on SU,(2).

First let us recall some well-known facts about the vector fields on SU,(2) (see
for example Ref.[53]). The enveloping algebra U of SU,(2) is usually said to be
generated by the left-invariant vector fields Hy,X 4 which are arranged in two
matrices L+ and L~. The action of these vector fields corresponds to infinitesimal
right transformation: T — T7". What we want now -is the infinitesimal version
of the left transformation given by Eq.(3.9), hence we shall use the right-invariant
vector fields Hg,XRps. Since only the right-invariant ones will be used, we will drop
the subscript R hereafter. '

The properties of the right-invariant vector fields are similar to those of the left-
invariant ones. Note that if an SU,(2) matrix T is transformed from the right by
another SU,(2) matrix T", then it is equivalent to say that the SU,/,(2) matrix T~
is transformed from the left by another SUy,(2) matrix T'~'. Therefore one can
simply write down all properties of the left-invariant vector fields and then make the
replacements: ¢ — 1/q, T — T! and left-invariant fields—right-invariant fields.

FRT Basis

Using the matrices:

-H/2 —l/2,\x H2 0
+ _ q9 q + - q
M _(0 Hn ). M —(—q‘“,\X_ q_,,,,), (3.57)

the commutation relations between the vector fields are given by,

RuM} M = M M} Ry, (3.58)
R"M;Ml— = M{-M;Rn,' (359)
RuaM} My = My M} Ry, (3.60)

while the commutation relations between the vector fields-and the elements of the
quantum matrix in the smash product of U/ and SU,(2) are, :

T]M; = M;'RuTh (361)
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TiM; = My R;'Th, (3.62)

where T is a SU,(2) matrix, R = ¢~'/2R and R is the GL,(2) R-matrix. Clearly
M*, and M~ are the right-invariant counterparts of L* and L~. The commutation
relations between the M’s and the T’s tell us how the functions on SU,(2) are
transformed by the vector fields H,X,,X_.

Basis suitable for the Patch

It is convenient to define a different basis for the vector fields,

2y = Xyg"?, (3.63)
Z.=gH1X_ (3.64)

and
M =[H), = L3t (3.65)

They satisfy the commutation relations

HZy - ¢'Z,H = (1 +¢*) 24, (3.66)
ZH-¢*HZ. =(1+¢*)Z. (3.67)

and
q2,2Z_—-q'Z_ 2, =H. : (3.68)

Using the expressions of z, % in terms of a, 8,7, §, one can easily find the action of
these vector fields on the variables z, Z,

Zyz=q*22, +¢'/%23, (3.69)
2y3=q232, + ¢33, (3.70)
Hz = q'2H + (1 + ¢*)z, (3.71)
Hz = ¢ 3H - ¢7*(1 + ¢%)3, {3.72)
Z.z=q22. -/ ’ (3.73)
and .
Z_ 5=q %32 - q3*3, (3.714)
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It is clear that a x-involution can be given:
2y"=2., H=H. (3.75)

Since all the relations listed above are closed in the vector fields and 2, Z (this
would not be the case if we had used the left-invariant fields), we can now take
these equations as the definition of the vector fields that generate the fractional
transformation on S?. We shall take our vector fields to commute with the exterior
differentiation d. This is consistent for right-invariant vector fields in a left-covariant
calculus and allows us to obtain the action of our vector fields on the differentials
dz and dz, as well as on the derivatives 8 and 8. For instance (3.69) gives

Zydz = ¢*dzZ2, + q‘/z(dzz + zdz) (3.76)
and
02, = ¢* 2,84 ¢¥*(1 + ¢%)20. (3.77)

It is interesting to see how = and d= transform under the action of the right
invariant vector fields or under the coaction of the fractional transformations (3.9).
Using (3.69) to (3.74) one finds

2, 2=Z2,+q "2 (3.78)
and
H= = ZH. (3.79)
These equations are consistent with (3.40). For instance, '
Z,(Mdz ~Zz2+ 25) = ¢*(Mz - Z2 4+ 25) 2, (3.80)
+¢(0dz? = Z2% + 2%2) — ¢~ Y¥(dzz — ¢%2d2). (3.81)

Eqs. (3.78) and (3.79) imply that d= commutes with Zy and M, as expected for
the invariant area element.
For the fractional transformation (3.9) one finds £ — £ where

¢ — ¢ = —q(dz)ed™' (1 + ed™'2)"! _ (3.82)

and a similar formula for £*. The right hand side of (3.82) is a closed one-form,
since (dz)? = 0, so one could write

¢ - & = —qd[log,(1 + cd"‘z)]. T (3.83)
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with a suitably defined quantum function log,. At any rate

de' = d¢ (3.84)

so that the area element two-form is invariant under finite transformations as well.

Pseudo-differential Operators Realization

It is natural to ask whether one can realize the vector fields 24, Z.., H as pseudo-
differential operators acting on C*. The answer is yes. Introduce the differential

operators,
C=1-A¢g'20, (3.85)
D =1+ Xqzd (3.86)
and
B =1-Ag"'20 + Aqzd - A2¢™%p00. (3.87)

One finds the following realizations of Z,, Z_., H as pseudo-differential operators,
which satisfy Eqs. (3.66) to (3.75):

¢**Z, =(z%0 + ¢*6B-1)C!, (3.88)
—¢**Z_ = (4?70 + 8B~")D! (3.89)
and | B
H=T—0 (3.90)
Equivalently,

¢7'pP0 = (2224 - ¢* 2422 + ¢"*(1 + ¢*)2,)B (3.91)

and .
¢ 00 =(q'2,32_ — 2_32, — ¢"/*(1+ ¢*)2_)B. (3.92)

3.5 Braided Quantum Sphere

We first review the general formulation {75) for obtaining the braiding of quantum
spaces in terms of the universal R-matrix of the quantum group which coacts on
the quantum space.
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3.5.1 Braiding for Quantum Group Comodules

Let A be the algebra of functions on a quantum group and V an algebra on which
A coacts on the left:

AL:Y = ARV

v v(l')®v(7)'

where we have used the Sweedler-like notation for Az(v).
Let W be another left A-comodule algebra,

AL:W = AW

w - w@uw®,

It is known(75] that one can put ¥ and W into a single left A-comodule algebra
with the multiplication between elements of V and W given by

vw = R(w), v w@y®), (3.93)

Here R € U @ U is the universal R-matrix for the quantum enveloping algebra U
dual to A (with respect to the pairing < -, >) and

R(a,b) =< R,a®b> .

It satisfies:
R(fay 9) @90 = 9y foyR{fay 9y) (3.94)
R(fg) h) = R(f! h(l))R(g’ h(?)): (395)
R(f,gk) = R{(fay, IR(f2y, 9)s (3.96)
R(L, f) = R(f,1) = €(f)- (3.97)

Take 3 elements v, ¥ € V, w € W, notice that if the multiplication on V is given
by »
v = cR(HM), o) 5P, (3.98)

where ¢ is a proportional constant, then
(vd)w = cR(HM), v By
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= R(EM, N R(w, o®)52)y 2y

= cR(HM, o) R(wM), @) R(w®), 5310,

= R, T NR(w™), s1NR(HE, o)y @),
(due to Yang-Baxter equation) -

= R(w", 50 R(w?), p1)yRly 5

= R(w™, 51

= y(dw).
Similarly, for elementsv € V, w,w € W, if
wib = ¢R(BM), w1 )i Pw®, (3.99)

then v(ww) = (vw)ib. In many cases of interest, one consider algebras with multi-
plication given by (3.98) and in these cases, the multiplication (3.93) is associative.
One can check that (3.93) is left covariant

Ar(vw) = Ar(v)AL(w). (3.100)

11t is becaﬁse .
As(vw) = R(w),oN)BEIG1) @, B,

= R(w™ gy, 08 1) 0 o @ WP

(since (id®AL)o AL =(A®id)o AL )
= o ™ R gy, 01 ) @ w B

'If on the other hand, one start with two right A-comodule algebras,
AR H 7 ®A
v = i@ v(")‘
Ap:W —- WRA
w o~ weu®), (3.101)
Then the multiplication )
vw = wR(K(?), w?7) (3.102)

is associative (under the corresponding assumption), right covariant under Ap and makes ¥ and
W together as a right A-comodule algebra. ; '
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(due to property (3.94) of R)
IR (W), yI1) @ 4,221, 2)2)
= oWy @y @Dy

Ap(v)AL(w).

For A = SU,(2), it is
R(T,TH) = /R,
where R is the GLy(2) R-matrix. For example,

R(a,T)-_—(q;n qg/z)’ ‘R,(b,T):(g g),

~1/2 0 0 A -1/2
R(d,T) = (q 0 qllz) y R(e,T)= (0 qo ) ’

where A = ¢—g¢~*.
The braiding formula (3.93) can be used for any number of ordered A-comodules
{Va}_, so that it holds for v € Vi and w € V, if m < n.

3.5.2 The Braided Sphere

Since we know how z,2’ and ' transform, we can use (3.93) to derive the braided
commutation relations[76]. We will not repeat the derivation here but will only give
the results

z2=q72z—\¢", (3.103)
27 = @'’z — Ag2", (3.104)
23 = q7%'2 - A¢7). " (3.105)

For consistency with the x-involution of the braided algebra the braiding order of
z,7,2' and 7' has to be z < 2 < # <  after we have fixed z < 2’ and z < %
as assumed in {72]. It is crucial that we braid separately A = ({1,z}) with A’
and A, and A = ({1,%}) with A’ and A’ instead of simply braiding the whole
algebra ({1, z, 2}) with ({1, 2’,2'}). Otherwise we will not be able to have the usual
properties of the *-involution (e.g. (f(2)g(2'))* = g(z')* f(2)") for the braiding
relations.
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Anharmonic Ratio

Let z;, ¢ = 1,2,3,4 be four braided spheres with commutation relations

~

zizj = qzzjzl' - qu}, <7, (3106)

one can verify that the anharmonic ratio {12]{24][34]{13]-*, [12){23])"{34]{14] ", as
well as a number of others are invariant under the projective transformation

z; — (az; + b)(cz; + d)™. (3.107)

It is natural to ask whether these invariants are independent of each other. A
detailed analysis has been carried out in [72] and the answer is that all the invariants
are related and can be written as a function of any one of them. There is only one
independent anharmonic ratios, exactly the same as in the undeformed case.

This interesting quantum projective invariant in the algebra of four braided
spheres was first discovered by Pei-Ming Ho. Its existence was later explained by
Professor Zumino. They have also worked out the similar projective invariants for
the higher projective space CPy(N) {77, 78].

Extending to the Differential Algebra

The differential calculus can also be defined on the braided spheres by imposing the
Leibniz rule on the exterior derivatives d and d' so that d’ acts on 2’ and #’ in the
same way d acts on z and 2, and

d2' =2'd, d¥' = 3d,

dr=2d, d2=:zd

together with
dd = —-d'd.

Then (3.104),(3.105) and their #-involution will imply commutation relations be-
tween functions and forms of different copies of the sphere. As a consequence, the
area element of the second copy K' = dz'dZ'(1 + #'z')~% is central in the whole
braided algebra, while K = dzdZ(1 + £z)~? is only central in the original copy
(2,2).
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3.6 Integration

We want to determine the invariant integral < f > of a function f(z,Z) over the

sphere.

" Using the Definition

A left-invariant integral can be defined, up to a normalization constant, by requiring
invariance under the action of the right-invariant vector fields

< xf(z,%) >=0, (3.108)

for x = 24,2, H.
Using H and Eqgs.(3.71) and (3.72) one finds that

< 2*7'g(22) >=10, unless k = 1. (3.109)

(Here g is a convergence function such that z*z'g(22) belongs to the sphere.) There-
fore we can restrict ourselves to integrals of the form < f(2z) >.
Eqs.(3.69) and (3.70) imply

Zip=pZs+ 972 (3.110)
and
Zop~ = p7' 2y - ¢ Pl)yyg2p (3.111)

From < Z,(zp~') >=0, | > 1, one finds easily the recursion formula
L+l <pi>=llg<p™ >, 121, (3.112)

which gives

<1>, 120 (3.113)

< "‘>—__1__
PTETE, =

Similarly
< Zz >= 1 _ 1
(+z2) 77, U+,
We leave it to the reader to find the expression for

(22)*
7 > k. 11
sy > 1>k (3.115)

y<i>, 121 (3.114)
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As an application of the stereographic projection, we can define an integration
on the complex quantum plane C, by inserting an appropriate measure factor p?. C,
has the same algebra (3.4) and differential calculus (3.10) to (3.17), but a different
+-structure (3.23) to (3.25). Classically, it holds [, dzdZ/27if(z,%) = [ p*f(2, 2)
Motivated by this, we define an integration over the quantum plane as,

/C f(z,2) =<0’ f(2,2) > . (3.116)

We need to check that this integration is translationally invariant, namely,
f8f = [Of = 0. It follows immediately from (3.91), (3.92) and the definition
(3.116). Formally, we have

/c6f=<p’3f>=<z+--->—<z_~-> (3.117)
Q¢
and

[ 3r=<pof>=<z >-<2> (G118

]

which are both zero since the integral on the sphere is defined by < Of >= 0 for
O = Z4,H. So the integral defined by (3.116) is translational invariant.
Using the Braiding

We can also compute the left-invariant integral by requiring its consistency with
the braiding relations.

Since 2’ and #’ are always on the same side of the variables of their braided copy,
z and 2, in the braiding order (z < 2’ < ' < 3), the integration on 2/,Z', has the
following property: v

if

S F)g(2,2) = 3 gilz, D)fil 2, 2),
t

then
<IN > enD = LoD <A > @19)

where < - > is the invariant integral on S7. However,

J(#,7) < 9(2,2) ># 3 < gi(2,5) > [l 7).
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The above property {3.119) can be used to derive explicit integral rules. For
example, consider the case of f(2',2') = z'p'™", where p' = 1 + 'z’ and g¢(2,%) = z.
Since

lel—nz = qzzi’p"" + ql-vﬁn,\([n + llv _ [n]qPI)PI—"y n .>_ 0'

where [n], = 955"_'—,', using (3.119) and < #'p'~" >= 0 we get the recursion relation:
R+1)g<p™>=lnl<p™V> n>l (3.120)

This agree with the first method.

Notice that one can also compute the same integral by using the “cyclic prop- -

erty” of the quantum integral

< f(2,5)g(z,2) >=< g(2,2)f(¢7%2,¢°2) > . (3.121)

2Similar cyclic properties have been found by H. Steinacker[79) for integrals over higher dimen-
sional quantum spheres in quantum Euclidean space.
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Chapter 4

Quantum Complex Projective

Space

In this chapter, we define the quantum projective space CP;(N) in terms of both
homogeneous and inhomogeneous complex coordinates and we study the differential
calculuson it. CPy(N) is shown to be the quantum deformation of 2 Kahler manifold
with the Fubini-Study metric.

4.1 CPFy(N) as a Complex Manifold

4.1.1 SUy(N —1) Covariant Quantum Space CN+!

First, let us define the complex quantum space C:’ +! from which the projective
space can be obtained. C:’ +1 is the algebra spanned by the coordinates z; and its
complex conjugate z',i = 0,1, ..., N which satisfy the relations

ziz; = ¢~ Rijzaa, (4.1)
#'z; = (R j-',‘z,,:i‘l, T (4.2)
3 = ¢ VRiizts!. ' (4.3)

The indices run from 0 to N, instead of from 1 to N 41 because in the next section,
we wjll introduce the inhomogeneous coordinates z, for CP(/V) and we want the
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indices a of z, to run from 1 to N, instead of from 2 to N + 1. The later is not
suitable for a compact R-matrix description.

q is a real number and fif‘} is the GL,(N +1) R-matrix [8) with indices running
from 0 to N. The complex conjugate coordinate ' is related to the coordinate z;
by a *-involution

=3, (4.4)

L = z;# | (4.5)

is real and central
Lz; = z;L. (4.6)

Differential Calculus

As usual, the differential calculus can be introduced by imposing commutation re-
lations between the functions and forms. We propose the differentials ¢; = dz;, £ =
(&)* to satisfy '

z; = eRi6z, (4.7)
¢ = o(R7)ped! (4.8)
and
&k = —qRYak, (4.9)
§¢ = —q(R)6E. (4.10)

We will discuss the possibilities of oiher choices later.

To introduce derivatives D', D; acting on the “functions”, ! we require the ex-
terior derivatives § = £'D;,8 = £ D; 6n the holomorphic and antiholomorphic func-
tions satisfy the undeformed Leibniz rule, §2 = §* = 0 and éz; = z,;6 etc. These
imply

Diz; =6 +qRkz, D',  D'# = o(R)iz*D,  (411)
Diz' = 6 + ¢ ' (R-)jz*Dy, Dizj = ¢7'd%aiDy (4.12)

YThe usual symbols 8, 8, are reserved below for the derivatives on CPy(N).
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and
D'Di = ¢ 'Ri{D*D', (4.13)
D'D; =q ¢} DD, (4.14)
D;D,' ='q"fi?}DkD,. (4.15)
The matrix ) is defined as
8} = Rjig"™Y = Rig*, (4.16)
which satisfies
SR = (R0 = 66} (4.17).
and (sum over the index k) '
Ok = 6ig", By = SN, (4.18)

Because we have chosen to run the indices from 0 to N +1, (4.18) is slightly different
from the formulas in chapter 1.

Symmetry and *-involution

Using
Rie™) = (R (4.19)
and
Ry = RY, : (4.20)

one can show that if we do the following replacement

qg—-q7t, (4.21)
z; = kq™¥E, 7 o Iz, (4.22)
& — kg B8, E g - (4.23)
and -
D' = k~'¢¥D;, D;— I7'D', (4.24)

_ where k and ! are arbitrary constants, then all the commutation relations just go

back to themselves and the replacement (4.21) - (4.24) is hence a symmetry of the
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algebra. Exchanging the barred and unbarred quantities in (4.21) - (4.24), we get
another symmetry which is related to the inverse of this one.
Since L commutes with z;, 3%, a *-involution can be defined for D' ~

(DY) = ¢~ L "DiL™", (4.25)

where o
f=N—-i+1 (4.26)

for any real number n. The *-involutions corresponding to different n’s are related
to one another by the symmetry of conjugation by L

a— L™al™™, (4.27)

where a can be any function or derivative and m is the difference in the n’'s.
Finally, all the above relations are covariant under the transformation

7 -z Ti, & - (T7)i#, (4.28)
D'~ (T-)iDi, D;— Dig"Tiq™™, (4.29)
&—&TH B (T, (4.30)
where T} € SU(N +1).
One can check that
L& = g%, (4.31)

which will be useful to us later.

4.1.2 Complex Projective Space CF,(N)

Define for a = 1,..., N, the inhomogeheous coordinates ?
7, = 25z, 2° = 3*(39)7L (4.32)
As a consequence of (4.1, 4.2), we have

Za2p = q-lknzczu - (4.33)

2The letters a,b,¢, e etc. run from 1 to N, while §, 5, &,/ run from 0 to N.
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2 = g7 (RT3 — Mg7'85, (4.34)

where RZ¢ is the GL,(N) fi-r_na.trix with indices running from 1 to N and A = ¢—1/q.
The formulas

ToTo = qToTo, Zoi® = 2%z (4.35)

and
201° = ¢ 2%z (4.36)

are very useful to obtaining (4.33) and (4.34).

Diﬁ'erential Calculus

The commutation relations for the calculus can be induced from that of C:" HOTt
is obvious that

dz, = 251 (€ — €02s), d2° = (€° — 2°£°)(2%)! (4.37)
and
zofo = ¢*6ozo, Zol® = Ez0. (4-38)

Using these and (4.7) and (4.8), we have

2,dzy = ql}:‘bdz,:z,, (4.39)
2°dzy, = ¢~ (R™)dz 20, (4.40)
dzgdzy = -—qfiﬁ‘bdzcdz, (4.41)
" and
dz*dz = —q 7' (R™')dz.dz°. ‘ (4.42)

One can introduce derivatives 8°,8, by requiring § = dz,8° and § = dz°4, to
be erterior differentiations, i.e. §? = &* = 0 and satisfy the Leibniz rule. It follows
from (4.39) and (4.40) that

3z = 8 + R0, (4.43)
3z = ¢ V(R )escor, (4.44)
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Dazy = q®2.D., (4.45)

3,2 = 8 + ¢ (B2 5., (4.46)
80 = g\ R 9o (4.47)

and .
0°0y = q%26,0°, (4.48)

where the ® matrix is defined by

&% = ResqHeY) = Racgld-a), (4.49)

Symmetry and *-involution

The algebra of the differential calculus on CP,(N) has the symmetry:

qg—q7t, (4.50)
2 = rg705%, 2° - sz, (4.51)
dz, = rqg=%dz®, d3° — sdz, ' (4.52)
and
—r'gd,, 8- 878", (4.53)

where rs = g%, And also another symmetry by exchanging the barred and unbarred
quantities in the above.
One can define a *-involution

=3 (4.54)
dz; = dz° (4.55)
and :
8% = —g? %' G o7, (4.56)
where
d=N-a+l (4.57)
and
N
p=1+) 2z (4.58)

for any n. The different choice of involution for different n’s are related to one an-
other by the symmetry of conjugation by p to some powers followed by a rescaling by
appropriate powers of q. In particular, the correct classical limit of Hermitian conju-
gation with the standard measure p~(N+1) of C P(N) is reproduced by -involution
with the choiceof n =N +1.

Covariance

The tra_nsforma,tion for z, is induced from (4.28) on CN*1, it is

7o = (T3 + 2T0) " (T7 + 2.T%). (4.59)
The differentials transform as

dz, = dupM?, dz® — (M')3dz, (4.60)

where M? is a matrix of functions in z, with coeficients in SU(N +1). It is
computable from (4.59) but we don’t need to know their explicit from. It is (M) =
(M?)*. The transformation on the derivatives are

0= (MTIRD, (87 - (@Y (M) (4.61)

It follows from the fact that 6,6 are invariant. The covariance of the CP,(N)
relations under the transformation (4.59), (4.60) and (4.61) follows directly from
the covariance in CN*+!, :

4.1.3 Other Choices for the Defining Relations for C}+!

One may ask why do we choose to define the C,N +1 algebra and calculus as in section
4.1.1. Keeping the other relations the same, one can use the alternative

iz = q"R:-f::k:E', (4.62)

and
zi; = ¢ (R™)er (4.63)

instead of (4.2) and (4.7). We have 4 different choices:
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Type: Defining relations Braiding order

Type 1A: (4.2) and (4.7) di<f<z<dz
Type IB: (4.62) and (4.7) I<di<dr<cz
Type 11A: (4.62) and (4.63) dz<z<i<di
Type 11B: (4.2) and (4.63) z<dz<di<i

We have also listed the corresponding order that will yield the commutation re-
lations. Since Type II is essentially the same as Type I (with a replacement
z — %,dz — dE, one goes from [A to IIA, IB to IIB), we will only discuss the
other choice IB here. It is easy to check that in IB, we still have z;L = Lz;. But
instead of (4.31), we have

&L = L& + Mqzib6L (4.64)
or equivalently

z;6L = q"*6Lz;. (4.65)

This doesn’t fit with the construction for the one-form realization that we are going
to introduce in the next section. Interestingly enough, with the same definitions
(4.32) and (4.37) for z;, 7, dz;, d*, we get exactly the same relations for the CP,(N)
as in section 4.1.2. In particular we have the same one-form realization (see next
section)

PZa = ¢ 224p, pdzs = dz,p (4.66)

and .
n=—¢"'6pp™", 71=qbpp". - (4.67)
We choose to work with Type I because the corresponding relations for CV+!

. have nicer property. But there is really no difference at the level of projective space

CP,(N).
J
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4.2 One-Form Realization of Exterior Differen-
tial Operators

Let us first recall that in Connes’ non-commutative geometry[44], the calculus is
quantized using the following operator representation for the differentials,

dw = Fw — (=1)*F (4.68)

where w i3 a k-form and F is an operator such that F* = F and F? =1, ? In
the bicovariant calculus of Quantum Groups[14], there exists a one-form 5 with the
properties 9° = —3, 7> = 0 and

df =[n, fla (4.69)

where [a, b}y = ab i ba is the graded commutator with plus sign only when both a
and b are odd. * It is interesting to ask when will such a realization of differentials
exist? And what will be the properties of this special one-form? Instead of studying
the operator aspect, we will first consider these questions in the simpler algebraic
sense.

4.2.1 A Special One-Form

Let us first look at an example.

Example 4.2.1 (SO,(N) quantum space) (8, 6{]
The quantum matrices T of SO,(N) satisfy in addition to

RuTiTy = TRy, (4.70)
also the orthogonality relations[8]

T'yT =g, Tg 'T'=g"", (4.71)

3The appropriate setting is a Fredholm module (M, F) where all these relations take place in
the Hilbert space H.

“For the 3D left or right covariant calculus of SU,(2)[13), such a one-form doesn't exist and
has to be introduced as an additional one-form.
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where the numerical quantum metric matrices g = gi; and g~' = g" can be chosen
to be equal g;; = g". The coordinates x; of the quantum Euclidean space satisfy the
commutalion relations

zkxlﬁg = griz; — Aa(z - 2)gy, (4.72)

where L=z -1 = naig” = opx* and a = m‘w:;. The differentials of the coordi-

nates §; = dx; salisfy the commulation relations

zié; = gtz Ry, (4.73)
It can be verified that )
Lz; = 2;L, Ldz; = q’dz;L. (4.74)
Hence n = ~¢~'dLL™" satisfies ®
Adf = [n, fls. (4.75)

Generalizing the idea, we have the following construction:

Construction 4.2.1 (Suffcient condition)
Let A be an algebra generated by coordinates z;. (§(A),d) be a differential
calculus ® over A. If there exists an element a € A, constants r,s such that

az; = rz;a, adz; = sdz,a, Vi, (4.76)
then
Adf = [n, fl+ (4.17)
with A
— -1
n=1T s/rdaa . (4.78)

The normalization constant X is introduced such that A/(1 — s/r) is well defined as

r.s—1,

5The existence and construction of this one-form is first discovered and pointed out to the
author by Professor B. Zumino.

By this we mean an A bimodule £1(A) generated by 2;,dz; with commutation relations spec-
ified such that (d1) = 0, graded Leibniz rule and d? = 0.
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Proof
adz; = sdz;a = dadz; = —sdz;da
= [daa™?,dz;]y = 0.
az; = rzia = daz;+ adr; = rdz,a + rzda
=
=

rdaa~'z; + sdz; = rdz; + rz;daa”!
[(1 - s/r)"'daa™}, 2] = dz;.
D .
It is not hard to prove that 5? = dy = 0. We give a few examples.

Example 4.2.2 (SU,(N + 1) covariant quantum spaces C¥*!') (8]
The SU,(N + 1) symmetry is represented in the complez quantum space CN*' with
coordinates z;, %' and differentials £;,&,i =0,1,..., N. They satisfy the relations:

ziT; = q"zkzlﬁf‘;, - (4.79)
Fz; = q(R7)jjzad!, (4.80)
zil; = qRY 61, (4.81)
2 = (B! (4.82)
where R is the GLy(N + 1)R matriz. The Hermitian length
L=z% ’ (4.83)
satisfies
Lx; = z;L, Ldz; = ¢*dz;L. (4.84)
Hence
n=—q\dLL™. (4.85)

Example 4.2.3 (GL,(N) quantum group) (8, 55/
The algebra is generated by the elements of the quantum matriz T = (T;).-,j=,__,,N
and the differentials dT; The quantum determinant L = det,T satisfics

LT;' = T;L, LdT,-‘ = q’dT;'L (4.86)
and
= —¢q~'dLL™'. ' (4.87)
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4.2.2 One-form Realization of the Exterior Differential for
a x-Algebra

In the same manner as in the construction in section 4.2.1, we have the following:

Construction 4.2.2 (*-Algebra)

Let A be @ x-involutive algebra with coordinates z;, z; and differentials dz; = 62;,dz; =
6%; such that 3; = 27,d% = (dz)". If there ezists a real element a € A and real
unequal nonvanishing constants r,s such that

az; =rz;a, adz; =sdza, Vi, (4.88)

then, as easily seen,

Af=[nfley =7 _'\3 /r6aa", (4.89)
Aof =i fles 7= ﬁﬁaa" " (4.90)

and
Af =[E,fls, E=n+4, (a.91)

where £ applies for odd/even forms f.
Notice that (4.89) and (4.90), and therefore (4.88), imply that

rada = séaa, rdaa = sada. (4.92)

Kahler Form

It can be proved that n* = —ij and 80 Z* = —Z. It holds that #? = 7> = 0. However

Z? = i} + fin = A6ij = A8 will generally be nonzero. Note that

ME = [E,5]4 = 282 (4.93)
Define
K =67 =8y (4.94)
then 1
K= 5ars. (4.95)
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It follows that dK = 0 and K* = K. Thus in the case K # 0, we will call it a
Kahler form and K™ 7 will be non-zero and define a real volume element for an
integral (invariant integral if K™ is invariant). K also has the very nice property of
commuting with everything

Kza=2,K, Kdza = dzK. (4.96)
We see here an example of Connes’ calculus {44] of the type F2 # 0 rather than
F? =0
Quantum Sphere S}

In the case of Sq’, The element p = 1 4 2z is introduced which satisfies
pz = ¢*2p, pdz = dzp. o (497)

Therefore, we get

n=qdzp~'z, §=—qdzp 'z (4.98)

and K is just the area element

K = by
= —¢*dzdzp=?. (4.99)

One can introduce the Kahler potential V defined by

K = 88V, (4.100)

It is o e
V=Y (~1)t et (4.101)

k=1 [qu ’ !
and where the quantum number [z}, is defined as
2z
g1

[.’L‘]q = qz -1 (4.102)

"n = complex dimension of the algebra. We consider only deformations such that the Poincaré

series of the deformed algebra and its classical counterpart match.
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Complex Projective Space

Such a one-form representation for the calculus exists on both CqN *1 and CPy(N).
For CN+1, we saw in the above that

Lzi=z,L, L& =q’6L (4.103)
and
no=—q'6LL, fio=qSLL™". (4.104)

In this case, K is not the Kahler form one usually assigns to CV*+!. Rather, it gives
CN+1 the geometry of CPy(N) written in homogeneous coordinates.
Similar relations hold for C P,(N) in inhomogeneous coordinates. It is

PZa =q 22p, pdz, =dz,p (4.105)
and therefore
n=—q"6pp™, ii=qdpp~". (4.106)
One can then compute
K = & (4.107)
= dz,g°td3®, (4.108)
where the metric g“5 is
9% = 707 (pbas — 4*5°2s) (4.109)
with inverse g,
959 = 9% 95 = bas (4.110)
given by
5e = ¢p(bsc + 2°2c). (4.111)

Tﬁis metric is the quantum deformation of the standard Fubini-Study metric for
CP(N). It is K = §8V, where the Kéhler potential V is

2k-1
q

(] > ZayZayoy *** Zag B <o BRI B0, (4.112)
9 1<a1,03, 0 SN

V = f:(__l)k—l
k=1
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Notice that under the transformation (4.59)
non+qfl6f, f=T3+al; (4.113)
and so K is invariant. From (4.60) and (4.108), it follows that
g = (M-1)eg (M), (4.114)

95 = (MMhga M. (4.115)

One can show that the following form dv, in Cq” + \

dv, Y@L (L) (4.116)

= pWHIGEN 3y, - dzy - £0(2°) N (20) Mo (4.117)
is invariant. Using this, one can prove that
do, = p NN .. d3'dz, - day (4.118)

is invariant also and is in fact equal to KV (up to a numerical factor). The factor
p~WN+1) jugtifies the choice n = N + 1 for the involution (4.56).

Having a quantum Kahler metric one can define connections, curvature, a Ricci
tensor and a Hodge star operation. We shall not do it here because there seems to
be no unique way to define these constructs. Still, once certian choices are made,
the full differential geometry can be developed. See [80] for a very nice discussion
of the quantum Riemannian case.

4.3 Integration

We now turn to the discussion of integration on CP,(N). We shall use the notation
< f(z,%) > for the right-invariant integral of a function f(z,z) over CFP,(N). 1t is
defined, up to a normalization factor, by requiring '

< Of(z,2) >=0 (4.119)

for any left-invariant vector field O of SU (N + 1). We can work out the integral
by looking at the explicit action of the vector fields on functions. This approach
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has been worked out for the case of the sphere but it get quite complicated for
the higher dimensional projective spaces. We shall follow a different and simpler
approach here. First we notice that the identification

/LM =TV, /LM =(TY,, i=0,1,..,N (4.120)
reproduces (4.1)-(4.5). Thus if we define
< f(2,2) >=< f(2, )| sa ()1 T¥ go=(T-1)5 (TN, > SULN 1) (4.121)

where < - >syn41) is the Haar measure {12} on SU,(N + 1), then it follows
immediately that (4.119) is satisfied. ® Next we claim that

< (2) (B -+ (zn)M (ZV)N >=0 unless i; = jy,...,in = jN. (4.122)

This is because the integral is invariant under the finite transformation (4.59). For
the particular choice T} = 6ia;, with Jai} = 1,140 = 1, this gives

2o — (aafa0)2s (4.123)

and so (4.122) follows.
In [12], Woronowicz proved the following interesting property for the Haar mea-
sure

< f(T)9(T) >svyv+1=< 9(T)f(DT D) >syyn+1)s (4.124)
where
(DTD); = DT DT (4.125)
and '
D = ¢~N+%s; (4.126)

is the D matrix for SU,(N + 1). It follows from (4.124) that
< f(2,%)g(z,2) >=< 9(z,2){(Dz,D7'5) >, (4.127)

where
D2 =8¢, e,b=1,2,..,N. (4.128)

8 A similar strategy of using the “angular” measure to define an integration has been employed
by H. Steinacker [81) in constructing integration over quantum Euclidean space.
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5 Introducing

pr=14 Y0, 2%, (4.129)

one finds from (4.33) and (4.34) that

y <
prza = { o T (4.130)
q zpr T2

PrPs = PsPr (4.131)
and
%24 = ¢ 2py — pa-1 (DO sum). (4.132)

Because of (4.122), it is suficient to determine integrals of the form
<ph oyt > (4.133)

The values of the integers i, for (4.133) to make sense will be determined later.
Consider

<EpTH NNz > = < pTH e oy, (g7005%) >
= q—2¢ < pl-l] .. 'PN._‘"(PG - Pacl) >, (4134)

where (4.127) is used. Applying (4.130)

LS. = qMiet=¥in) ¢ py=it . py=iNZ02, >
= ¢l <pT TN R, >, (4.135)

where we have denoted
Lo=ts+  +in. (4.136)

Using (4.132) we get the recursion formula

< eI g ey > (1, 4 a
=< Py e pay it pg it L oy =N S (I 4 a — 1. (4.137)

It is obvious then that

- - - migyei lalq
L) R ‘s - 0,.. fawl~ta
<m pa't >=< py Pa-1 > _[Ia o (4.138)
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By repeated use of the recursion formula, < py™" -+ py~*¥ > reduces finally to
< py~i-ie=in 5 and

1
_[‘
>z < 1>, 4.139
<p [ll Y l]q ( )
Therefore la]

<p™ oy s=< 1> TN . (4.140)

o=t {la + a],'
For this to be positive definite, i, should be restricted such that I, + a > 0 for
a=1,---,N.

4.4 Braided CPy(N)

As described in [76] and also in section 3.5.1, it is suffcient to know the transforma-
tion property of the algebra to derive the braiding . But as demonstrated in [76],
it is already quite complicated in the case of one dimensional algebra. Therefore
although we can derive the braiding for the CFP,(N) using the general framework
of 3.5.1, we will follow a different easier path: first introduce the braiding for C:’ +
quantum planes and then use it to induce a braiding on the CP,(N)'s.

Braided CM*!

Let the first copy of quantum plane be denoted by r;, %' and the second by z!, "
and let their commutation relations be:

Tiz) = Tf%f‘}zﬁ:n, (4.141)

Fz) = v(R)hzi3 (4.142)

‘and their *-involutions for arbitrary pumbers r,v. These are consistent and covari-
ant, as one can easily check. One can choose T = v~! and the Hermitian length
L will be central, Lf’ = f'L, for any function f’ of z/,z'.- However, L’ does not
commute with z,%. In the following, we don’t need to assume that r = v~!.

By assuming that the exterior derivatives of the two copies satisfy the Leibniz

rule
§f=%f8, §f==%fF, (4.143)
S§f =+f'6 8f =/, (4.144)
o

where the plus (minus) signs apply for even (odd) f and f', and

66' = —-8'6, 68 = —-8'6, (4.145)
58 = —6'8, 88 = —8'8, (4.146)
One can derive the commutation relations between functions and forms. Identify
§ = dz; D', 8 = dz' D; for both copies, one can detive also the commutation relations

between derivatives and functions of different copies. We will not bother to write
them down here. )

Braided CF,(N)

Using (4.141, 4.142), one can derive the braiding relations of two braided copies of
CP,(N) in terms of the inhomogeneous coordinates

2e7} = qRZ (2, — g7 Aze)ze, (4.147)
792y = ¢"YRV)Ez 3" — ¢TI AR (4.148)

and their »-involutions. Notice that these are independent of the particular choice of
7 and v. Similarly, one can work out the commutation relations between functions
and forms of different copies following the assumption that their exterior derivatives
anticommute. We will not list them here.

See [77, 78] for a detailed discussion on the anharmonic ratios for braided copies
of CP,(N).

4.5 Quantum Grassmannians G}V

4.5.1 The Algebra

Let Ci,i=1,2,---,M,a=1,2,---,M+ N be an M x (M + N) rectangular matrix
satisfying the commutation relations

Rictcl=ciciks, : (4.149)

where R}J is a GL,(M) R-matrix, with indices i, j, k, 1 etc. going from 1 to M and
Rt is a GL(M + N) R-matrix, with indices a,b,¢,d etc. going from 1 to M + N.
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In compact notation, it is

R,CiC, = C,CaRy, (4.150)
and (4.150) is covariant under the transformation
C - CT, (4.151)
where T¢ is a GLy(M + N) quantum matrix and also under the transformation
C - SC, (4.152)
where S is a GLy(M) quantum matrix. Writing
Ci=(A},B}). o (4.153)
with a =1,2,---, N, we have

RamAr = MAR,,
R.B\B, = B,BRl,,
AB; = RuBA, (4.154)

where IA{:‘;” is a GLy(N) R-matrix, with indices a, 8,7, § etc. going from 1 to N.
Define the coordinates Z! for the quantum Grassmannians

Z=A"'B. (4.155)

Z is invariant under the transformation (4.152), while under (4.151), it transforms

as
Z - (a+ Zv) (B + 26), (4.156)
where a, 8,7, 6 are the sub-matrices of T
T= (" "). (4.157)
v 6 ~
It follows from (4.154) that Z satisfies
Ry 2,2, = 2,2, R, (4.158)
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*—sgtructure

We consider ¢ to be a real number. One can introduce the *x—conjugate variables
(C:)* and impose the commutation relation

CIRG'C = CiR;)Cl, (4.159)

(ARR(A™ ) = (A7 hRi(a™)],
BlA;' = A7'BIR3,
BIR3'B, = B,Ry7'B} - AL(AA"),, (4.160)

It

where (I(AA");)3i = 85(AA)i. These implies
ZIR 2y = Z,R!7' 2} — AL, .(4.161)
Explicitly,
(2R Z) = Z3(R)52(21)E - A636:. (4.162)
4.5.2 Calculus
One can introduce the following commutation relation for functions and one-forms

| Ri3'C1dCy = dC\Ca Ry, (4.163)

R3'AdA; = dA AR,

R3'BidB, = dB,B,R,,
dA,B;, = R’,;‘B,dA.,
A]ng = l{)‘(deA|+/\dAzBlplz), (4164)

.where (Py;)}} = §{6. Since 2} = (A™')i B%, it is easy to derive

dZ = A~\(dB - dAZ) (4.165)
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and
ZdA; = dAR;'Z,,
dZ2\A, = AR3'dZ,,
Z1dB, = (dBy2, ~ AZ\(dAZ),Py,)RY,. (4.166)
It follows
R3'2:d2, = 42,2, RY,. (4.167)

To introduce a *—structure for the calculus, it is consistent to take (dZi) =
d(Z¥*), this implies

an

ZIR, dZ, = dZ, R Z}. (4.168)

4.5.3 One-Form Realization

Introduce the matrix

E; = Ci(Ch:. (4.169)
It is
E'=E (4.170)
and
R ERGE = ERGER. (4.171)
Since
R3'(9) = Riu(e™), (4.172)
one can rewrite (4.171) as
R4 ERyy(q7)Es = BaRy(¢7) B2 Riy(q™Y). (4.173)

This shows that the commutation for the E matrix is like the bi-covariant vector
fields Y (c.f. (2.23)), but with ™! as its parameter. Similarly one also has

CiE = R3'¢7")EaRiy(g7)Co,
dCEy = Riy(¢™")E2Ry(q~")dC. (4.174).
One can show that
R} ERj}Ey = E\RT}ESR;} (4.175)
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or equivalently,
Ry E1e Ej=Eje E1R) ,, (4.176)

where the bullet product is defined inductively by
Eje E; = E{R}EIR), (4.177)

for any I = (12.--m), J = (12---n). Hence one can introduce the quantum
determinant [56] for the generators E,

DetEe™™M = Epyp.pne'® ™M, (4.178)
where
E(u...M) = E| [ ] Ez L KREX ] EM (4179)
and €'*“M is the same e tensor (1.43) for GL,(M).
Using
Rz o™ ™ = g M, (4.180)

one can show that DetE commutes with Ei:

12-M

c“"'MDetEEo E(u...M)Eoc
= E(n---M)szgl...u),oEocn"'M
= qRG..myoFoRolizmyEia-mBo az.mye'™ ™

EoDetEe'* ™M,

Denote
L = DetE. _ (4.181)
It follows from (4.174) that
CL = LC, _
dCL = ¢72LdC. (4.182)

Using the general procedure stated in section 4.2 , we obtain the one-form realization |
on the algebra generated by Ci,dC! and their *—conjugates,

n=—qL™6L. " (4.183)
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To find the one-form realization for the exterior differential operating on the
complex Grassmannians Z,dZ, we introduce

Xt = (ATNEJA™Y

= &+ 2ZX2ty. (4.184)
It is not hard to check that
AT RpERy = EAT,
X\Ry A7t = RyLAYX, (4.185)
and hence
R'nX?R'nXZ = X,ﬁ",X,R',,. (4.186)

Since X commutes like the vector field Y, the quantum determinant

DetX
Xaz.-M el3M 4.187)
( )

P

is central in the algebra of X. Here, the o-product for X is
X1 e Xy = Rj3 XiRy; Xy, (4.188)

as for the vector field Y. Using the techniques as in ([56)), one can show that for
any I = (12.--m),
X1 = A7 Ef(AY Yy, (4.189)

where

Ar=AAy-Any A7V = AZY-- ATUADL (4.190)
Introducing the quantum determinant det(A~!), det(A'-!) -

det( A M = AR APATETM)
det(AtN)e? M = (AN (AT Y, (AT et M (4.191)

for the “RTT”-like A~! matrix and A'~! matrix

Ra(@AT'A? = AT Ri(e7), ‘
R (A (A1), = (AT (AT) R, (4.192)

I

83

it is straightforward to obtain
DetX = det(A™") DetE det(A!™"). (4.193)

It is trivial to check that

Bdet(A™') = qdet(A™")B,
Bdet(A'™") = gqdet(A'"")B (4.194)
and noticing that
p = det(A™") Ldet(A!™), o (4.195)
we have
Zp=q¢*p2. {4.196)

Using (4.166), one can check that

dZdet(A™') = qdet(A™")dZ,
dZdet(At!) = qdet(A'1)dZ. (4.197)
Together with
dZL = qLdZ, _ (4.198)
we have . V .
dZp = pdZ. {(4.199)

As a result, we have the one-form realization
n=—q"p%p : (4.200)

for the exterior operator acting on the algebra generated by Z:,dZ’ and their *-
conjugate. The Kahler form
K =4y (4.201)

is central as usual.
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4.5.4 Braided Gg"'"

Let Z, Z' be two copies of the quantum Grassmannians GMV defined by
Z=A"'B, Z’=A"'P, (4.202)

where Ci = (A}, Bi), CJ = (A}, Bj) both satisfy the relations (4.150). Let the
mixed commutation relations be

QuCiCj = CiCahy,, (4.203)

where Q is a numerical matrix. For (4.203) to be consistent with (4.150), we can
take Q to be f*!. For either of these two choice, (4.203) is covariant under

C—CT, C'-CT, (4.204)
where T is a GL,(M + N) quantum matrix and also under the transformation
C—-8C, C'—-SC, (4.205)

where S} is a GLy(M) quantum matrix. We will pick @ = R in the following

R,C1C = CiCa Ry, ' (4.206)
Explicitly, it is
RInAlA{z = A’zAlR’m
R;;BiB; = ByB\Ry,
BiA, =. R3'A.B,,
A\By =. R3'B\Ai + AB, A} Pys. (4.207)
Since
Z=A"'B, Z'=A"'B, (4.208)
it follows that?®
2123 = R\yZ,2\ Ry, = A3 2, Ry, (4.209)

9If we had chosen the other choice @ = R'~! in the above, the relations (4.207) would be
different, but (4.209) would remain the same.
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One can introduce a #-structure to this braided algebra, the relation
CIR;'C! = iRy} (4.210)
is consistent and is covariant under »
C—-CT, C'-CT, (4.211)
and also under the transformation
C—8C, C'-SsC (4.212)
with the same T, S quantum matrix as explained above. It follows immediately
2R, 2, = 7R 2 - M. (4.213)

One can also show that the Kahler forin K of the original copy (4.201) commutes
also with the 2’, 2't,dZ’,d2"". '

This concludes our discussion for the quantum Grassmannians, with the case of
complex projective spaces CPy(N) = G}V as a special case.'®

Strictly speaking, we have given in this chapter only a local description of the
complex projective spaces and the quantum Grassmannians, i.e. in a certain coor-
dinate patch. Presumably, there is no diffculty to introduce other patches in the
picture and this has been illustrated in details in Chapter 3 for the simplest case of
the sphere.

1%Notice that for M = 1, the numerical R-matrix becomes a number: R, = q.
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Chapter 5
q-Deformed Dirac Monopole

A major step towards a ¢g-deformed gauge theory is to find a suitable concept of
“quantum” fiber bundles. Recently some versions of quantum bundles have been
proposed [71, 82, 83, 84], where both the base space and the fiber are quantum
spaces. In [71], a detailed formulation for quantum principal fiber bundle is proposed
and as examples, the g-deformed Dirac monopole for charge 1 and 2 are constructed.
Essentially, their construction is based on the isomorphisms

S} = SU,(2)/U(1) (5.1)

and
‘ S = 504(3)/U(1). (5.2)

However, in the case of charge 1, their trivalizations involve square root of algebra
elements and are formal. In this chapter, we will construct the deformed Dirac
monopole on the quantum sphere S: for arbitrary charge n and show that it is a
quantum principal bundle in the sense of [71]. We also get the monopole charge by
integrating the curvature over the base S7.

5.1 Quantum Principal Bundle

The definition of a quantum principal bundle follows the motto of non-commutative
geometry, dualize everything and then introduce deformation. We first review the
definitions of [71]. ‘
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5.1.1 Universal Calculus

Definition 5.1.1 [71, bej §.1] P = P(B, A) is a quantum principal bundle (short:
QPB) with universal differential calculus, structure quantum group A and base B if

1. A is a Hopf algebra
2. (P,AR) is a right A -comodule algebra; write An(p) = PP EPRA
3 B=P*={ueP:Apu=u®l}
{. ((®id)(id® AR): PQP — PQ® A is a surjection(freeness condition)
5. ker™ = s,y (ezactness condition for the differential envelope)
where horizontal forms T'y,, are defined by
Ther = P(Tp)PCTp (5.3)
and satisfy ~“(Caor) = 0 identically. The left P- module map ~ is defined as
“=(-®id)o(id® ARg)lps : I'p - P ® kere. (5.4)
In the dual picture, it generates the fundamental (vertical) vector fields on the
bundle. We will use the same symbol ~ for the extended map in condition 4.
Trivialization

Classically, the trivialization
$:P -G, : (5.5)
is given by
$(u)a = ¢(u - a). (5.6)
In the deformed case, let A be a Hopf algebra and P an A-comodule algebra with

invariant subalgebra B. Suppose that there exists a convolution invertible map
®: A P such that

Apo® =(d@id)od,  ®(l4)=1p (5.7)

(so ® is an intertwiner for the right coaction). It is proved in [71]" that P is a
quantum principal bundle. We call P(B,A,®) a trivial bundle with trivialization
b,
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Connection

The topological aspects of bundles is embodied in the set of transition functions.
The notion of a connection plays the same essential role in the differential geometry
of bundles. A connection defines a covariant derivatives which contains a gauge
field and specifies how to parallel transport a vector in P along a curve lying in the
base B. Therefore we have to first be able to define what is a horizontal vector in
the principal bundle P. A connection Il on P is just a prescription to separate the
tangent space T, P into the vertical subspace V, P and the horizontal subspace H,P
such that

1. ,P=V,P®HP
2. H., = R H,PVYue P,ge G

This definition is geometric but not practical in computation. To acheive this, it is
common to introduce a Lie-algebra valued 1-form w € g ® T* P called the connection
1-form which satisfies

L w@)=¢forany f € g |
2. (Ra)'w = ad(a~)w, i.e. w((Ra)eX) = ad(a=")w(X)
for any a € g and any vector field X.
The relation between the 2 definitions is giveg by
H,P = {X € TP : w(X) = 0) (5.8)

In the dual formulation, one define a connection Il on a quantum principal
bundle P as an assignment of a left P-submodule I'yer C I'p such that:

1. l-‘Pv = l-‘hor 5] rverv
2. projection Il : T'p — [, is right invariant i.e.

ARll = (1 @ id)AR. (5.9)
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A connection in P is characterized by a right-invariant left P-module map o :
P @ kere — I'p splitting the exact sequence

0 — Tror — T'p — P @ kere — 0, (5.10)
~00 = id. (5.11)

The connection form w : A — I'p is given by
w(a) = o(1 ® (a — ¢(a))). (5.12)

Conversely, o(p® a) = pw(a) for p®a € P @kere.

Gauge Field

Classically, a gauge field is a Lie algebra valued 1-form living on the base. It is the
pull back of the connection one form by some section o;. Conversely, given a gauge
field A over an open set U of the base B, let ¢ : x~}(U) — G be a trivialization,
then

w=¢ " n"Ad+ ¢~1d¢ (5.13)

give a connection 1-form.
In the dual we have Let §: A — I'p be a linear map such that §(1) = 0. Then
the map ! )
w=0"l+j0fsD+ 0 xdd (5.18)

'Here f, ¢ f3 is the convolution product of two maps. Given

fi:A—B, =12, (5.14)
where A is a coalgebra and B is a algebra, we define f; « f; as 8 map from A to. B by
(/1 * f2)(a) = fi(ay) fa(agay)- (5.15)

Similarly, if V is a left A~comodule and f; : A — B, f3 : V — B, then f; * f; is defined as the
map from V to B by .

(f1 * £3)(v) = L) (o), (5.16)
where

Ar(v) = vi-Vev®@ € A@V (5.17)

i the left coactionof Aon V.
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is a connection 1-form in the trivial principal bundle P(B, A, ®) with trivialization
9. f is called a gauge field. .
5.1.2 General Calculus

Let M, be a right ideal of A2 and Np be a sub-bimodule of P?. Introduce a
first-order differential calculus on A and P by

Ta = A* [Ny, (5.19)
where
=k(AQ M,) (5.20)
and
Ip= Pz/Np, (5.21)

where the map x : A@ A =+ A® A is given by
k(a®@d’) =) aSd'y) ®d'y. (5.22)

Definition 5.1.2 [71, Def 4.1] We say that P = P(B, A,Np, M,) is a quantum
principal bundle with structure quantum group A and base B and quantum differ-
ential calculi defined by Np, M, if:

1. A is a Hopf algebra.

2. (P,AR) is a right A-comodule algebra.

3. B=P"={u€P:ARu=u;’®l}.

4. (®id)(id®AR): P®P — P'® A is a surjection (freeness condition).
5. ArNp C Np @ A (right covariance of differential structure).

6. “(Np) C P ® M, (fundamental vector fields compatibility condition)

7. ker™n, = Thor (ezactness condition).
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The map ~n, is induced by ~

“Np(p) = (id®@m4) 0 "(pv) _ (5.23)
where
Ny P2 Tp

and
74 s kere — kere/My

are the canonical epimorphisms and py € w;,},(p) is any representative of p. (5.23)
is well defined because of condition 6. of the definition.

Connection

A connection on a QPB with general calculus is again determined by a splitting o
of the sequence

0 — Thor = Tp X P@kere/p, — 0. (5.24)

The connection form is given by
w(a) = o(1 ® x4(a — ¢(a))). (5.25)

An element a € Ty, is called a vertical form. If there exists a connection in P
then any one-form a € I'p can be uniquely written as a sum of a horizontal and a
vertical forms.

Notice that one can replace the Point (6) of the definition of QPB by the slightly
stronger condition [71]

6." ~(Np)= P ® My, which we will adopt in our construction.

5.2 Monopole Bundle: Global

The monepole bundle that we are going to construct is characterized by an integer
n and we will refer to it as the charge of the bundle. Let the algebras P, A, B be

P = SU,(2), (5.26)
A = k< 2V 27 5= U(1), (5.27)
B = <1,b.,by,by>, (5.28)
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where b_ = aff, by = 76, b3 = aé. For charge n, define the following subalgebras,

P < {p € SU,(2),deg(p) = nk,k € Z} >, (5.29)
AN = kM Z s, (5.30)

where the degree for a monomial in SUy(2) is defined as
deg(a®f*y6) =a+c—b-d (5.31)

irrespective of ordering. Introduce the right coaction Ag: P — P ® A defined by

a ﬂ a®Z‘“ ﬂ@z-l/z
A“(», 6)—(7®Z'/’ 6®Z"/’)' (5:32)

It is easy to see that

B = (P, (5.33)

As for the calculus on P(™) and A("), take the right ideal Mp) is generated by
the six elements

5+ qza -1+ qz)’ 72| B, ﬂzr (a -7, (e~ l)ﬂ (5‘34)

and
My = ®(Mpy) =< {27V + @2V - (1 + ¢*)} > . (5.35)

The projection # : P — A (dual of U(1) C SU(2) ) is an algebra map

Zl/2
x(:g)=(o (;_m). CED

For charge n, take Npmy = Npy N:(P™)?, M) generated by Z-"/2 + ¢ Z%/2 —
(14 ¢*), i.e. ZM2dZM? = gdZ™?Z"/? or equivalently Ny = Ny N (AM)2,
We have

Proposition 5.2.1 P"(B, A Npw), M) is @ QPB.
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Proof Condition 1-3 of the definition 5.1.2 are obviously satisified. To show
condition 4, consider the monomial p® 2™/ € PN @A™ c P @ AV fork € Z.
Since P(") is a QPB, there exists 3 pi, ® pi, € PM® P such that “(Tpi, @ pi,) =
p® Z™/%. Now, (L pi, ®pi) = L piupi, ® 2Pl Therefore, deg(pi,) = nk,

. and p;, € P™ for all i;. Also, deg(pi,pi,) = deg(p) and p € P™, 50 deg(p;,) € nZ.

Hence, pi;, € P™ for all i;. Surjectivity is proved. Condition 5 is obvious because of
our simple definition of Ag. For condition 6, notice that PM(B, A1), Npiy, M)
is a QPB, so

ker™n ,, = (ker"n ;) NTpmy = T, NTE? A TEY) = 17 (5.37)

since deg(B)=0. For the same reason, we know that “Npy C PN @ M4u). There-
fore, "Npm C P ® My, But “(pydps) = pipi’ @piY — pipa ®1 € P @ A,
for all py,p. € P®, so

“Nptm) € P™ @ M y(m). (5.38)

Hence we see that P(")(B, A("),Np(..),MA(..)) is a QPB. Also, note that the 3D -
calculus respects the *-structure [14]. O

A possible connection one-form on P ig given by

W(Z*7%) = S((o*)a)d(e*)a) = K(18(a"™ ~ 1)), (5.39)
(B4 = S(E")w)d(8") e = K(18(6 ~ 1)) (5.40)

for k > 0, where « is defined in [71}. This w is well defined, since S((a*")(y)),.
S((6*)y)s (@*™)a), (6¥*)z) € P™). This connection was found observing that
this is the trivial connection [71] obtained form the trivialization $(2Z"/?) = o,
which is a gauge - transformation of the trivialization (5.54) that we will introduce
later. Note that the above trivialization does not respect the *-structure even for
g = 1, nevertheless it is useful to e.g. find a connection; in the 3D - calculus, it
simplifies to (5.43), and for even n, we would have obtained the same w using (5.54).
Quite generally, gauge transformations tend to spoil the *-structure (and algebra
structure, as pointed out in [71]) of a trivialization.

To prove that w defines a connection, we use Proposition 4.10 in [71]. We have
to show

1. w(1) = 0 and w(M4m) = 0.
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2. "Nyw(a) = 1@ mym(a —¢(a)) forallae A
3. Apow = {w®id)o Adg

2. holds since for & > 0,

1l

~w( an/?) S((a"“/’)(,))(a""/’)g; ®(akul2)g; 101
S((@" (@) ® 2+ — 181

1®(2*/? - 1) (5.41)

and similarly for k¥ < 0 as is easily seen from our coaction. For 3.,

AW(zkn/?) - S((aknﬁ)(l))d(akn/z)(z)®Z-Im/?zkn/‘z
= w(Z") @1 = (w@id)Adr(Z*"/?) (5.42)

and similarly for k < 0. As for 1., this is clear since w(Z~"/? 4 ¢**Z"/? — (1 +¢*")) =
(1®(6" + ¢™a" — (1 + ¢*))) € x(1® Mpm).
Thus, w is a connection form on the bundle P(™ and is given by

o207 = [hnly-s,
w(Z—knh) = —[-—k"]q-""l =_q2knw(zkn/2) (5.43)

if viewed in SU,(2), where [n], = 1;:'}—' This generalizes the result of [71] for

n =1 and 2. Since (w')* = —w', w is a *-map for ¢ = 1 only. We have used

wa = ¢ 2aw!,w'y = ¢!, where w! = éda — g~ Bdy is a left invariant form in

SU(2).

To our knowledge, (5.29) is also a new description of the classical Dirac monopole.

5.3 General Statements on Patching of Trivial
QPBs '

Let us first show how in general nontrivial QPB’s can be obtained by “glueing”
together “local” bundles. To avoid repeating ourselves too much, we will give the
following statements for the case of a general calculus only; the universal calculus
is recovered by putting My = Ny = Np = 0. We first observe that the conditions
4. and 7. in definition 5.1.2 are equivalent to the exactness of the sequence (5.24).
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Lemma 5.3.1 P(B, A, Np, M) satisfying conditions I. to 8.,5. and 6.’ of the
definition 5.1.2 is a QPB with general calculus if and only if the sequence (5.24) is
ezact.

Proof Exactness of (5.24) at I'p is just the condition 7. above. .

Assume first P is a QPB. Then by condition 4. , for any p®a € P®kere/M,
there exists p; ® p2 € P® P with “(p1 ® p2) = p1p} ® 3 = p®a. Applyingid®@e to
this equation we get 0 = pypie(p3) = pips, i-e. ;y ® p3 € ['p, which shows that ~in
(5.24) is surjective, so it is exact.

Conversely, suppose (5.24) is exact. Take any p®a = p®(a—¢(a)) +p®¢(a) €
P® A . Since ~n, is surjective, there exists pydp; € I'p with "N, (p1dp2) = p®(a -
e(a)) + P@M,. Now “(p®e(a)) = p®e(a) and from 6. “(Np) = P® Mj, so
condition 4. is satisfied. O

Assume now we have 3 quantum principal bundles
Po(Bo, A, No, Ma), Pi(By, A, Ny, My) C Poy(Bor, A, Noy, Ma) (5.44)

(Por corresponds to the bundle on the “overlap” By, of By and B;) and we would
like to know if Py and P, can be understood as two patches of a “global” quantum
bundle P(B,A,N,M,) C Py, P, C Py. A natural guess is that P = PobN P, In
this case the coactions Ag, : P; — P; ® A certainly must agree in P. If we want a
connection on P, then we should also have connection forms w; : A — 'p, which
agree on the overlap, i.e. wo{a) = wy(a) in p,.

However, some care must be taken if we want to compare differential forms on
different patches. First of all, the differential structures on P; must be compatible,
i.e. we should have No = NoyNP2, Ny = NayNP? and Np = N = Ny)NP? = NpNN,.
But this is not enough: Suppose we have any 2 differential forms - not necessarily
connections - wp € I'p, and wy € I'p, and find by doing calculations in I'p, that
they are equal. One would certainly like to conclude, as in the classical case, that
they determine a “global” form w in ['p. This is not evident, it is a condition on
the calculus. It motivates the following definition: The above calculi on Py, Py, Py,
are called admissible if

wp = w; + ngy for w; € P}-"‘ (545)
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implies that there exists a w € I'p such that
w=wytng=w +m, n €N (5.46)

In other words, wp = wy determines a w € 'y, NI'p, = 'p, where the intersection is
defined as intersection of the cosets. A calculus which does not satisfy this condition
would be highly unpracticable for global statements. The universal calculus is
certainly admissible since (Py @ Po)N(P; ® P) = P® P impliesI'p,NT'p, = 'p. The
calculus we will consider on the monopole - bundle will be shown to be admissible
too, using a fairly general line of reasoning.

Theorem 5.3.1 In the above situation, P = P, P, = P(B, A, N, M,) is a quan-
tum principal bundle with base B = By N By and connection if we have admissible
differential structures which satisfy “(N) = P ® M, connection forms wp = w; on
Py resp. Py, and Topor N Tipor = Tpor. Conversely, if P = Py N Py is a quantum
principal bundle, then Topor N Tyagy = Thor.

Proof First, Ap(p) € R®ANP,®A=P@®Afor p € Pimplies2. in Def. 5.1.2.
Further, B = PA = (PN P})* = PA N P = By N By. By the above definition of
the differential structures condition 5. is satisfied, since Ag; : P. — P;® A do not
“leave” the bundles.

Assume Conor NTypor = Daor. Since wy(a) = wy(a) and the calculus is admissible,
this defines w(a) € I'p and o(p®a) = pw(a) € I'p for (p®a) € P@kere. From
proposition 4.10 in [71] it follows that w is a connection 1 - form. Now “o(p®a) =
p® a shows that the map ~ in (5.24) is surjective.

It remains to show ker™ = I';,,. Let p;dp; € I'p. Since Py and P, are quantum
bundles, “(pidp;) = 0 implies p,dp§ € Tonor N Tiner = Chor by assumption. Now
Lemma 5.3.1 tells us that P(B, A, N, M) is a quantum principal bundle.

Conversely, assume P = P, n Py is a quantum principal bundle. Let pydp; €
Tonor N Cinor- Then “(pydps) = 0. Since Loaor NTipor CTp, NFp, =Tpand Pisa
QPB, this implies pydp; € [p,r. The other inclusion Lopor N Typor D Thor is trivial.
u]

If there are several “patches” P, then the above theorem generalizes inductively
in an obvious way. One can show that if (Np) = P ® M, then Fopor NTinor = Tor
follows from I'g,,, N Ty, = Iy, (universal calculus). More generally, we have
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Lemma 5.3.2 If P(B, A) is a QPB with universal calculus and we have Np and
M, satisfying conditions 5. and 6°. of definition 5.1.2, then P(B,A,Np,M,) is a
QPB with general calculus. Conversely, if P(B,A,Np,M,) is a QPB and "(n) =0
Jor n € Np implies n € T}y, then P(B, A) is a QPB with universal calculus.

Proof First suppose P(B, A) is a QPB; we have to show that ker~y, C [jor. Let
“Np(¥) = 0. This means~(7) € P@ M, =~(Np) by 6". . So there is a n € Np with
“(n —v) = 0. But P is a QPB with universal calculus, so it follows v € T'};,, + n,
i.e. 7 € Chop- .

The converse statement can be proved similarly. O

It is possible to give a trivalization of our monopole bundle. This will be done
for even “charge” only; for odd charge, the trivializations etc. would only be formal.
We define two trivial QPBs P{*™ and P{*, and then show that P(") = p{*)npi")
is the monopole of charge 2n,

5.4 Monopole Bundle: Patching

We now present the second construction of the Dirac monopoles for general calculus
as an illustration of the general method above. This will be done for even “charge”
only; for odd charge, the trivializations etc. would only be formal.

5.4.1 Universal Calculus

We define two trivial QPBs P{* and P{*™, and then show that P(") = P{*np{*
is the monopole of charge 2n.

Patches

For P‘P"), as motivated by the charge 2 case in [71], we now try to define the base
Bo, fiber A® and trivial bundle P{*") be specified by their generators as:

Bo = <{L,bo,by,bs,(bs+¢™-1)"Y me Z}>, (5.47)
AP = < (2727} >, (5.48)
P8 = < Bou{(6~'a)",(a26)"} >. (5.49)
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The commutation relations between the generators of Py are induced by SU,(2)
through the following expressions [67]):

b_=afl, by =78, by=ad, (5.50)

where a, f, 7, § are generators of SU,(2) with the well-known relations stated before.
The commutation relations involving inverses are obtained by multiplying them
from both sides by inverses of generators. In the classical limit ¢ = 1, B becomes
the algebra of the functions on $?\{south pole}, and by = £(z £ iy), by = z+ 1/2,
where z,y, z are the Cartesian coordinates. Note that ad — By = 1 is equivalent
to 2 + y2 + 2? = (1/2)*. The somewhat complicated definition here (see [85]) will
become clear below. P{*™ as a trivial bundle is generated by the base By and the
fibers, cp. (5.54).
Define a coaction Ap on P{™ such that By = (P{*™)A™";

DR(l) = 181, (5.51)
Ap(h) = 501, i=-,4,3, (5.52)
AR((67'a)®™) = (57'a)*" ® 2. (5.53)
The trivialization ®¢ is defined as
Bo(1) =1, P(Z2%") = (67 a)t" (5.54)

which generalizes the trivialization in [71).
Proposition 5.4.1 P{™(B, A, &) is a trivial QPB.

‘Proof To see that we have a trivial QPB, we first have to show that By is the
invariant subalgebra of Pé’") under the above coaction. This is clear if any po € P{™™
can be written as a sum of terms Bo(6-'a)*". Thus we must be able to commute
By, through (67'a). Writing down the commutation relations explicitely, one can
always obtain relations like aBoa™' € By. Note that for m € Z, ¢"™™a™b3;'a™ =
g ImEmb316™ = (by + ¢>™ — 1)~ (cp. [85)) and so in general,

q_‘"k(a_‘(S)"k(bg +q2m _ 1)“(6-10)"" = (b +q4nk+2m _ 1)—1' ke Z. (5.55)

This shows that By, as defined in (5.47) is the invariant subalgebra, and one can
also see the necessity to include all the generators of B,.
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® is convolution-invertible with ®5'(Z*") = (6~1a)¥", and is also an inter-
twiner: Ag o ®p = ($ @ id) 0 Ay, where Hy(Z") = 2™ @ Z" is the coproduct on
AN, 5o PEM is a trivial QPB. O

The discussion on P{*" is parallel to that on Pg’"), but much easier. Therefore
we just give the relevant equations:

By = < {1,b_,by,by,(b5—1)""} >, (5.56)

PP = < Bu{(87) (Br7)"} >, (5.57)

AR = <27 77 s, (5.58)

Or(b) = 5;®1, i=—,+3, ' (5.59)
AR((187)E") = (v87')*" @ 2, (5.60)
6,(2%") = (-7 (5.61)

and P* is also a trivial QPB. Note again that deg(B;) = 0 and deg(®;(2")) = 2n.

Overlap
The “overlap” Pii™ of P{*™ and P{*" is similarly defined by

Bn = < Byu {(b; - 1)“} >, (5.62)
P = < ByU{(yB7NE, (57')*") > (5.63)

and so on as above. On Pg"’, both trivializations can be used, with the transition

function _
T01(2") = Bo(Z")87"(2") = (-’63 b2 (b5 - 1)™")" € Bo. (5.64)

It should be noted that while these trivial bundles are closed under the *-operation,
the maps ®; respect this +-structure only for ¢ = 1. This appears to be very hard
to avoid in this framework, and we accept it here.

Global Bundle by Patching

Now define the Dirac - monopole bundle with charge 2n by
PO < PP o pPm, (5.65)
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We will now show that for even charges this construction agrees with the one in
section 2. First, we need the following useful equivalent representation for Pé’"),

Lemma 5.4.1
PP = (p €< SUL(2)U{(6a)™, (ab)™"} >: deg(p) = 2kn, k € Z} = P{*™, (5.66)

i.e. the algebra generated by SUy(2) and (§a)!,(ab)~?, with degrees being multiples
of 2n.

Proof To see this, note that P{*™ ¢ P because 6-'a = (ab)~'a? etc. and
b5! = (ab)™!, s0 a~"b5'a" € B™ also. To see the other inclusion, we first show
that By is also the invariant subalgebra (under the coaction of A®") of P*"): we
have just seen By C 155"'), and the same commutation relations as above show
that indeed Bo = (B{*)4“™. But this means that P{*" is a QPB with the same
trivialization ®o as above. Thus we know (from [71] Example 4.2) that P{*™ =
Bodo(A) = P, o

With this, it is easy to see that the P(>") defined in (5.65) agrees with the one
constructed in section 2

Proposition 5.4.2

PCM =< p € SU,(2) : deg(p) = 2nk, k€ Z > . (5.67)

Proof Let po,p € Pé’") resp. Pl(’") and py = p;. Note that 8, 8!, v, v~! can be

commuted through any terms by just picking up powers of ¢. Multiplying o~1,6~!
to the relation af = éa + (¢ — 1)(!'-?—)/97 appropriately from both sides, one gets
relations like §a~! = a™'6+(¢—1){...) and a7'6~! = 67'a~! + (¢ - 1)(...), i.e. one
can order thing in any way up to térms proportional to (q — 1).

Let us define a normal form for p; as follows: bring all 8,4 to the right of all
a,6 and order « to the left of §, picking up terms proportional to (¢ — 1). Then
replace all terms a8 by (1 + ¢8v). Putting 4 to the right of 3, p; finally has the
form either a"8%9¥ + (g — 1)(...) ; 6"8%9¥ + (g — 1)(...) or B%4¥ + (g — 1)(...) with
T,y€ Z,ne W.

Similarly, define a normal form for py as follows: bring all 8,7 to the right of
all a, 6, order 8 to the left of v and replace all terms fy by (aé — 1)/q. Now order
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a to the left of § picking up terms prop. to (¢ — 1). po finally has the form either
a*§¥B 4+ (¢-1)(...), a8V + (g —1)(...) or &V + (g —1)(...) withz,y € Z,n &€ W.
Now consider the equation i

Po = pr- (5.68)

and put terms in p; which do not contain inverses to the left side, in normal form for
po (only for monomials which are not proportional to (¢ — 1), say). Then let ¢ = 1
and consider both sides as classical functions on SU(2). All terms proportional
to (g — 1) vanish, and all remaining monomials are in normal form on both sides
and are easily seen to be independent as functions on SU(2). This implies that
all coeffcients are actually zero, i.e. all terms on both sides are proportional to
(g—1). (or simply: classical functions defined on both patches are defined globally
on SU(2)). We can now cancel the greatest common power of (g — 1), put regular
terms to the left and apply the same argument. This cannot go on forever since the
right side can be ordered completely, so both sides must be zero eventually, proving
that pg = p1 € SU,(2). Using (5.66), this immediately shows that

P =< p € SU,(2) : deg(p) = 2nk,k € Z >, (5.69)
as claimed. O

The essence of the proof is to write things in the form (“class”)+(q —1) (“quan-
tum”) and to apply classical reasoning to(“class”), which should be a fairly general
strategy. Proposition 5.4.2 and (5.66) generalize the result of [71] forn = 1.

5.4.2 General Calculus

We can now introduce the same induced 3-D calculus on the bundles as in section
2, i.e. the calculus on the patches PP is defined by

Noon) = P,-(M)Np(zn)P,-(?"), (5.70)

with the same ideals as in section 2. Using ~ = (id®n)x~! in a Hopf algebra one
can easily see "(N,(;,") = PMY @M 41, and “(Npam) = PC?" @ M ,2a) with a similar
argument as in section 2. So P,-("') are trivial QPB with this calculus by example
(4.11) in [71].
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It was already shown in section 2 that

w(Z*") = S((e™")w)d(a™")g) = k(1 ® (™" - 1)), (5.71)
W(Z7F) = S((8*")n)d(8™")a) = k(1 ® (67" — 1)) (5.72)
for k € W defines a connection one-form. Any monomials of degree 2nk in P,-“")

can be written in the form ®;(Z>"*)B or Bd;(Z?™), and so0 one can put w in the
standard form of a connection one-form in Pég") and P*:

w(a) = ®;'(a)fi(a)®i(a) + &;*(a)ddi(a);i = 0,1;a € A", (5.73)
where g; € T¢" and g;(1) = 0.
Now let us show the following

Proposition 5.4.3 The calculus on P(’“),Pff’"),PP") is admissible.

Proof The reasoning is as in the previous proposition. Assume we have wq,w; in
r pian) TESP. I‘P‘(a..) with wp = wy in [‘Pg..). Since in the 3D - calculus all one - forms

on SU,(2) and thus on P can be written in terms of three left - invariant Maurer
- Cartan forms w°,w?,w? which have simple commutation relations

Oa =

Wla = ¢'aw’, W8 =qhu’
Wa = ¢law, w'f=qihut,
Wa = ¢law?, W8 =qBul ' (5.74)

and similarly with the inverses a~! etc., we can commute the forms to the right and
have wp = fiw*, wy = grw* (summation implied), so

St = guot. - (5.75)

As in proposition 5.4.2 put both fi and g in their respective normal form (“class”)
+ (¢ — 1)(“quant”) and bring all regular terms of gi to the left side. Then putting
g = 1, the “classical” parts are all independent as one - forms since the w; are and
therefore vanish. Cancelling (g — 1) and repeating the argument, it follows that wy
and w; are elements of I'p(1y and in fact in I'pan), since the degree is conserved. O
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Now we can use theorem 5.3.1 Suppose p € T ,(,’,,':,1 N I‘;:’;’,, 50 p € I'pany. We can

expand it as above .
p= foul + frw' + faw?, (5.76)
with f; € P, But w® and w? are horizontal (explicitely: w® = §?db_ + ¢~24*db, —
¢~ (1 + ¢~ Pbdb; and w? = —y2db_ — g~2a?dby + ¢~'(1 + ¢~2)aydb; ), while w' is
not. Therefore f; = 0, and p € I'®™, since all coeficients of dB must have degree
2n. So P() js a QPB with a general differential calculus, with the same connection
form w restricted to elements a € A",

Finally we would like to mention that since the trivializations are not “real”
for ¢ # 1, one might just go ahead and use trivializations such as ®(2'/?) = «
which do not respect the *-structure even for ¢ = 1, at least as computational tools.
Since we know that the “global” bundle with the #-structure does have the correct
classical limit, this may be an acceptable and useful strategy, and deserves further
consideration.

5.5 Two Remarks

5.5.1 A Note on the Gauge Transformations
A gauge transformation is a convolution invertible map y: 4 — B:
Ty =g lay =1, ‘ _ (5.77)

Let us define the "primitive charge” of a monomial in B as (n_ —n,), where ny
are the total powers of by appearing in the monomial or equivalently (power of a—
power of §). This is preserved by the commutation relations, as our previous degree.
Suppose that v = $i.;7® , where each v*) contains only monomials that have
primitive charge k. Hence i and j are the minimum and maximum of the primitive
charges of all monomials in 4. Let the convolution inverse of v be denoted in the
same way: ™! = TIL, 7). So

’ J+i
1=¢2Y) 1=y27""' = P )y (5.78)

keidit
which implies that ¢ + ¢/ = j + j7 = 0. The only possibility that this can be true
is that { = j = —it = —j, which means that all monomials in 4 have the same
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~ primitive charge n. However, this means in theclassical limit that v is proportional
to €®. That is, by admitting only finite sums in a convolution invertible v one
is restricting oneself to a very special, rigid class of gauge transformations. Thus
infinite series cannot be avoided in general.

5.5.2 A Note on the Chern Class

Classically, the monopole charge n is given by an integration over the base of the
first Chern class ) '

, 5 f,, F=n, (5.79)
where F = dA; = dA_. Here Ay, A.. are the connection form on the northern and
southern hemisphere respectively and the global connection form is given in terms
of trivalizations as
(5.80)

A_+ido_,onH_
with e+~ being the local trivalization.
In the deformed case, we have the global connection form w. Suppose it is
written in terms of trivialization as {71)

w = ¢ Bidi + ¢ dhi, (5.81)

then it is not hard to check that

_ {A+ + idp,,onH,

dw = ¢7(dBi + BiBi)¢i = dw + ww, : (5.82)

which is in fact the curvature 2-form on P™ ([86], cp. [71]). Carrying the ¢;
through the dw, we get ‘

dB; + Bifh = g™ dw = g ny-adi! (5.83)
which is again equal for the two patches and explicitely horizontal. It leads us to
define the deformed Chern class as

R

27t

Consider the bage B = §7 =< by, b_, b3 >C SU,(2), with the calculus inherited
from the 3-D calculus on SU,(2). Denote I's = BdB and introduce the set [’} of 2

N 1 . o qﬂn '
F = E;r_z'(dﬁ' + BiBi) = m[n]v"d“’l' ’ (5.84)
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forms on B. Notice that I",}’ contains elements of the form Bdbdb;,i,j = —,+,3.
Since

db,', - ,72w0 - q’62w2,

dh. = a1w0 _ qZBQwZ’

dby = ay® - ¢?B6w. (5.85)

So, F’z‘,’ = Bw%? = Bdw'. Because dw' is a central element in By, under a gauge
transformation U € By we have F — U™'FU = F.

Notice that w%? is manifestly left invariant under the coaction of SU,(2), and
is the unique top 2-form on B. This allow us to introduce a linear functional

/B:FQ’—OC,

/ adw' = 27i < a >sy,(3),Ya € B, (5.86)

A ]
where <>sy,(z) is the invariant “Haar” measure on SU,(2)[12]. This integral is
obviously left- and right- invariant under the coaction of $O,(3) and unique as
such. The normalization is choosen to give the correct classical limit. Classically,
dw' = i[2d00.
Therefore the deformed monople charge is obtained as in the classical case

1 e [ Inlo-sdot = ) (5.87)
riJsa” " 2ty C o '

This is actually gauge - invariant in the sense that it does not depend on the trivi-
alization chosen, but this appears to be the case only for our particular connection.
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