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1/f NOISE: DIFFUSIVE SYSTEMS AND MUSIC
| Richard Frederick Voss
Inorganic Materials Research Division, Lawrence Berkeley Laboratory '
‘and Department of Physics; University of Ca11f0rn1a
Berkeley, Ca11f0rn1a 94720 .
ABSTRACT
Measurements of the 1/f vo]tage noise in cont1nuous metal films

are reported. At room temperature, samples of pure metals and b1smuth
(with a carrier dens1ty smaller by 105) of s1m11ar.vo1ume had com-
parable ﬁoiéé” The power spectrum, Sv(f) « Vz/QfY; where V is the:
mean vo]tage across the samp]e, Q is the samp]e vo]ume, and
'1 0 <y ST, 4 V( )/V was reduced as the temperature was 1owered
Mangan1n w1th a temperature coefficient of res1stance (B) close’ to
zero, had no.d1scern1b1e noise. These results suggest that the noise
arises .from equilibrium temperature fluctuatione modulating the

-2 2

B k T /CV, where C, is the total heat

resistance to give Sy(f) = v

. capacity of the sample. -The noise was spat1a11y~corre1ated over a

length A(f) ~ (0/F)'/2, where D is the thermal diffusivity, implying

~ that the fluctuations obey a diffusion equation. .The usual theoretical -

e'treatment of‘spatia]1y uncofre]ated fluctuations giveé a spectrum
- that f]attené_at low fkequencies andrhas an f-3/2 high frequency 1imit.
These ca]cu]éted spectra are verified expefimentatly for number

_ f]uctuationsgdf-independent particles undergoing Brownian motion bdt
do notvexp1atn:the j/f spectrum;_'However, the empfrita] inclusion of
an-exp]icit-T/f region ahd‘apbropriete normaliiation lead to

2

sy (F)/ « g2 kg 72 /¢y [3+2 n (z/w)]f where 2 is the'iength and w is.

the w1dth of the film, in excellent aoreement w1th the measured noise.
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If the f]uctﬁétions ére assumed to be spatially corfe]ated, the
diffusion equation can yield an extendéd 1/f régfon'in the power
spectrum. The temperature response of a sample to delta and step

. function poWek inputs is shoWn to have the same Sﬁape as the auto-.
correlation function for uncorrelated and corre]afed'temperature
f]uctuatibns'kespectively. The spectrum obtained from the cosine

: transform of the measured step function response.is in-excellent

agreement with the measured 1/f voltage noise spettrum. Spatially

COrrelgtéd equilibrium temperature fluctuations are not the,dominant'

source of 1/f noise in semiconductors and metal films. However, the
‘_agfeémént between the low frequency spectrum of f]ucfuations in the
ﬁean~sQuare.Johnson noise voltage and the-resistancé f]uctuation.v
spectrum measured in the presence of a_current demdnstrétes that'in'

these systemSjthe 1/f noise is also due to equilibrium resistance

fluctuations. The 1/f spectrum is not Timited to "physical systems".

—

;Loudness fluctuations in music and speech and pitch fluctuations in

music a]So'shOW'the 1/f behavior. 1/f noise sources, consequently,

are demonstrated to be the natural choice for stochastic composition.



v"How is! t w1th me, when every noise appals me?"
: { : W1111am Shakesoeare Macbeth

"One nan s noise is another man s signal."
Sir Edward Bullard
1. INTRODUCTION

1/f nqise has:been shohn to be the dominant form of low frequency
.nofse invaStdphysdcal systems. Although numerods theories have been
ddvanced to.expiain this ubiquitous phenomenon, they have genéra]]y
proven_unsatisfactpry._VWe report here somehpf our.research on the
sdbject of 1/f noise, primarily in continuous meta] films. Our choice
‘of mét51 fiThs as a system to study was dictated'by our belief that the
. s1mp1est system in wh1ch the phys1ca1 processes were well understood
offered the best opportunlty for determ1n1ng the physical or1g1n of
the 1/f noise.

Our ihitia] experiments‘set the direction of our theoretfca]
“ideas, which”in turn guided furtherdexperiments In genera1 we follow
‘here th1s chrono]og1ca1 progress1on and prov1de be]ow a summary of
the 1og1ca1 development.

| Hooge and Hoppenbrouwers] have measured the11/f noise voltage
generated.ingeontjnuous gold films (with physicaT'prOperties close
to bulk va]des)-ih the presence of a steady current They found that
the noise power spectrum Sv(f) for samples at room temperature could be

expressed by the emp1r1ca1 formula

Sy g7

YA ,N f

(1)
) .
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In Eg. (1),"-NC is the number of charge carriers in fhe sample, f is
the frequehcy, and V is the average voltage acroﬁs the sample. This
dependenée'bh V is universally found in resistive éystems. The 1/f
noise 1is, éohsequent{y, often considered as arising from resistance
fluctuations that generate a fluctuating voltage 1ﬁ the presence of
a constant'cukrent.2 Hooge and Hoppenbrouwers]bointed out that the
'inverse volume dependence for samples of the same material implied
o by'Eq. (1.]);was strong evidence for believing that the 1/f noise is
a-bu]k’effeét‘rather than a surface'effect in metal_fi]ms. They
found that the noise was still present when‘the samples were immersed
»dfrect]y in 1iquid nitrogen or liquid helium, and concluded that

Sv(f) had a temperature dependence no stronger fhah;T]/z.

Williams and co-workersB’4

studied very thin metal films which

no longer have bulk broperties, and in which electrical condition -

is probably partially via a hOpping process. Such films exhibit much
“more noise than is predicted by Eq. (1.1). | |

Hooge?'hés examined measurements of 1/f noise in semiconductors,
_rand has found;that, with a few notable exceptions,]sv(f) was again

. quite well expressed by Eq. (1.1). Agreement with.this formula was
a]io found in single-crystal III-V compounds by Véndamme.6 Both
results imply that 1/f noise in semiconductors.is a bulk effect.
Hooge, who‘gtuaied noise in ipnic‘cells,7 and K]@i‘hpennig,8 who
studied noisé,fnvthe thermoelectric emf of intrinsic and extrinsic
'sehicondﬁétorﬁ, both concluded that the noise arisés_from f]uctuatioﬁs
in carrier mobility. However,_thevview that 1/f noise in semiconductors

is a bulk effect arising from mobility fluctuations is not universally



held. MCWhOkterfSQ theoryvsuggests’that 1/f noise arises from
surface t%aps with an appropriate distribution of trapping times
that generaté'nbise by inducing fluctuations in the number of carriers.

This theory has considerable experimental support 10-12 Howéver,

it is poss1b1e that, in genera], the 1/f noise in semiconductors
arises from both bulk and surface effects.
In Section II ‘we report our own measurements on 1/f noise in

“thin films made of a variety of materials. “Initial results were

13

reported earlier. We found gehefa] agreement with Eq. (1.1), with

two‘important exceptions. First, Bi, a semimetaivwith a carrier
nden51ty about 10 sma]]er than go]d exhibited about the same 1/f
noise” for s1m11ar swzed samples. Second, manganin, an alloy w1th
a.temperature coeff1c1ent of resistance close ‘to zero, showed no
observable 1/f noise. The absence of .1/f noise in manganin indicated
that the 1/f{nqise in metal films could be causedéby temperature fluctu- -
-ations that modd]ate the'samp]e resiétaﬁce, R, and generate vo]tage'

~fluctuations in the presence of a steady current, I. Thus, we expect

5,(F) < 12(ar/aT)2<(aT)2) = 7282 ¢(aT)?), where 8 = (1/R) dR/dT, and

<(AT)2) is'fhermean square temperature fluctuation. ‘The similarity
of the 1/f noise in Bi and other metals suggests that's, (£)/7% « 7!
(where Q is the sample volume), not N ], and, consequent]y, that the

'temperature fluctuations may be those of an equ111br1um system. In’

)2 is the heat capaéity‘

therma] equ111br1um,_ (AT = kBTv/Cv;vwhere C

vV
of the sample. . At room temperature, »CV ~ 3NkB,‘where N is the number

of atoms in_the.sample,,and SV( ) =« V282T2/3N
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Energy fTuctuations (AE = CVAT) are expected'to obey addiffusion
equation, and in Sectton III we describe the spectrUm of such fluctua-
tions in a small subvolume of a uniform medium, assuming the fluctuations
to be uncdrrelated in space. This system has been extensively studied

14 The diffusion model was rejected'aé an explanation for

in the past.
1/f noise because, in this system, it fai]s to predict a 1/f power
spectrum over many decades of frequency,]5 and becauee it seriously
underestimates the noise in semiconductors. However, the experimental
COnfigurationjinvo1ving a metal filmon a glass substrate is a poor
approxjmetion of the uniform medium for which the sgectra are calculated.
If an explicit 1/f region is empirically included in the spectrum, and
| the spectrum normalized by setting <(AT)2> = kBTZ/CV = ib ST(f) df, the
calculated noise is.in excellent agreement with the data. . -
The ditfusion theory introduces a frequency-dependent c0rre1att6n .

/2 yhere D is the thermal diffusivity. A(f) s

length A(f) ~ (D/f)
roughly the length over which a fluctuation at frequenty f is correlated.
Frequency—dependent correlation is thus an identifying characteristic
pf fTuctuations'in a diffusive medium. In Section IV, we describe an
'.fexberiment on Bi samples in which the noise acrose two sections becomes
“more eorre]atedkin the predicted manner as the frequency is lowered.

The absence of 1/f noise in manganin, the dependence of Sv(f) on
VZB /N, ‘and the observation of frequency dependent spatial correlation
for the 1/f noise prov1de overwhelm]ng exper1menta1 evidence that

~equilibrium temperature f]uctuatiqns are the physical origin of 1/f
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noise_ih metal fi]ms. Moreover, the ihtkoductibn*of an explicit 1/f
region iﬁifhe'spectrum enables us to make quantitatﬁve predictions
- of the'i/finoiseiin exce]]ent'agreement with experiment. The manner
in Which:thettemperatUre fluctuations produce the 1/f spectrum is,
however, ahf¢pen'question. One possibility is that the non-uniform
nature.of'the'experimental system modifies the Simp]e diffusion thebry
to produce af1/f;spectrum;‘ Indeed, eAxperimen'cs]6 on the 1/f“noise in
Sn fi]ms,at the §uperconductinb tranéition have shown that aIChangé
“in the therma1ﬂcoub1ing between the film and the Sﬁbstraté.can
dramatically-affect the spectrum; Ahother possibﬁ]ity is that the
'btemperature*fluctuations have some spatial correlation. In Section V,
 ':we show that«épatialvcokrelatioh of the temperafuré'fluctuations‘can

'prodhce}a spectrum with an extended 1/f region. | |

F1u§tuation'spectra are calculated on the éésuhption that the

’fluctuatiOné?are on the average governed by the same decay laws (in
this'case,'the'diffusion equation) as r'na’cv‘oscopi'c,perturbatf(jns.]7
In Section-Vi,»we show that the'temperature résponée of a szvo]ume'
of a diffusive‘system to a delta function power jnput uniform over the
subvolume has the same shape as'the.autocorrelatfon function for
-unéorre]atedftémperatufe fluqtuations. On the othér hand, the response
to a step fuhétion in power corresponds to thevaufocorrelation fUnétiOn
~for correiated temperature fluctuations. We then describe an_éxberiment
in which we méasure the tempérdtufé_response.of a small Au film to
delta functiOn and step'fUnctiqn power inputs. The cosine transforms
of the responsés yié]d pOWer‘épéCtka-that are compared with

the measuredundisévpower'spectfum., Thé spectrum obtained
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from the dé1ta-function is similar to that caiéuiated for uncorrelated -
f1uctuatioﬁ§;;f1attening at low frequencies, and is unlike fhe

’ measured'hoigé spectrum. - The 'spectrum obtained from the step function,
howevér, is'nbtvon1y 1/f over many decades, but,'whén appropriately |
normalized, has a maghitude and shape in exce]]ént agreement with the
measured noiﬁé'poﬁer spectrum.

In Secﬁion VII, we briefly summarize measuréments on superconduct-
ing films at the tr‘ansition]6 and Josephson juncti.ons]8 that strongly
suggést that the 1/f noise in these systems is also due to equi1ibf1um
temperature'f10ctuations. However, although equilibrium temperaturé
-vfluctuations'should generate-noise in all syﬁtems (except those for
which 8 = 0), they may not be the dominant noise sbukce. For example,

the 1/f noise in semiconductors and discontinuous metal fj]ms is too
'Targe to be.éxplained by temperaiure fluctuations, and lacks the

- spatial correlation characteristic of a diffusive'process. vHowever, .
we show in Section VIII that the 1/f noise in thé§e systems is due
“to equilibrium resistance functions. The measuréq low frequehcy
‘spectrum (apprdpriate]y normalized) of f]uctuatidns in the mean
square Johnson‘nqise‘vo1tage across these samples is 1/f, and is in
excellent agfeement with the resistance f]uctuation;épectrum obtained
“in the presenée.of a current.

The disaéfeement between Sv(f)/V2 meaéured for metal films and
the caTcu]atéd ST(f)bfor uncorre]ated'temperature'fiUCtuations |
sUggests that'we examine the'speétra from other diffusive systems.

In Séction»IX vie describe a series of light scaftering experiments
which verify the ca]cu]ation§ of Section III for indepehdent pértic]es

undergoing BroWnian motion.
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In Section X'we.show that 1/f noise is not_]fmitedlto "physical
systemS";v Loudness fluctuations in music and speéch.and-pitch
f]uctuationS in music also have the 1/f speCtruh. Moreover, we
describe'tﬁé use of a 1/f noise source in a stochastic algorithm to
géheraté a very égreeabfé form of “1/f music".

Section XI contains our concluding discussion.
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"It is a capital mistake to theor1ze before one has data."
Sir Arthur Conan Doyle,
The Adventures of Sherlock Holmes

I1. MEASUREMENTS OF 1/f NOISE IN MEfAL FILMS

We have measared the spectrum of current-ihduced 1/f voltage
noise in sma11 samples of evaporated or sputtered metal films on
‘ giass substrates. Our films were 2508 to'ZOOOKZthick, and had

resistivities'CIOSe to bu]k.values. Each film was cut with a diamond

knife in'avmicromanipu1ator to produce a small bridge or ﬁecked down
reQipn of typical dimensions 10.umk100.um with 1arge.areas of metal
at either end suitable for contacts. Two'variationsfof the sample
geometry are shown in Figs. 1(a) and 2(a). Four pressed indium
contacts were. p]aced on each sample and the contacts were checked
for excessive res1stance. A current source cons1st1ng of ‘a bank
of batteries and a large . wirewound resistor (which exhibited no 1/f
noise) ofvreststance Ro > R (R is the sample resiStance), was connected
to two of the ‘contacts. The other two contacts were used as voltage
: 1eads. The average vo]tage-across the sample, V;-ranged from 0.2 to
2V. The h1gh resistance current source and the four terminal con-
figuration were necessary to eliminate contact ]/f noise at the current
carry1ng contacts.. The current and vo]tage leads were often reversed
-to further assure the absence of contact no1se Mcrebver the'sample
was replaced by a wirewound res1stor of the same resistance to insure
that no s1gn1f1cant noise arose from the current source.

The sampte; cdrrent supply, and battery—operated preamplifier were

piaced in anvelectricaIIy screened room to reduce.Pickup of external
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noise. IanOme cases, the samp]es.we}e'also plaéed in a vacuum with
no change df:the measured noise spectrum. For tHe;high resistance
'Bi,samp1e§:(Rf~ 1KQ), the voltage leads were acfcdupled directly to
a PAR113 préémp]ifier.; To improve the sample hoise:to preamplifier
'-hoiée ratio for the low resfstance samples (R < 1008) it was ‘necessary
to provide a bettér impedance match. These samhIes were either
transformer'coupled to the PAR113 or ac coupled through a large
capacitor to a Keithley 824 preamplifier. 'Correcfion to the spectrum
~was made for the transformef response or the low frequency amplifier
-foTl#off.' In-some cases, Fhe sample was used'as_bné‘arm of a
Wheatstone5bridge to allow db céuplihg to the preamplifier. Although
such‘an.érrangement is,é threeéferminal’measuremeht'andamore susceptible
to contaét‘hoise,:by4cutting two symmetric drms{from the same cohtinuqus
film, the bridge arhangement could be made insensitive to contact noise.
The yd]tgge noise spectrum was measuréd byﬁan:ihterfaced'PDP-11
' computer."vfhe preamplifier output wa§"fi1teﬁed t6 eliminate unwanted
high frequencﬁés'and was fed to a 1 MHz vb1tage-to-frequency'converter.
‘ The.conveftef,_in turn; drove an internal countervin.the computer.
An externaT_oSci]]ator of frequency fovgenerated éh interrupt in the
cdmputer evefy'r0_= 1/f0.> On the first interrupt, the counter was
‘;tTéared and started. On successive interrupts, tﬁechunter was read,
cleared and ré§tarted. This arrangement providedia'high]y accurate
Sana]og;tbédigftal'converter.(upvto 24 bits).withraufométic averaging
over TO;‘,Succéssivé-COuhts stored in'tﬁe_computerfthus providéd a -
_digitaTvrecofd of the nofse.‘-0ncé,1024-points~had-beén-accumu]atEd,

a Fast-FourierﬁTransform was USed'tOZCalculaté the'512 sine and 512
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-Cosiné trahsforms_of the data. These values were squaked and adaéd

to én accQ@uiating array of 512 frequency points. - The éntire proéesé
was repeatéd.qt least 40 times to prdvide an average:measure of‘the
noise spe;tfuh in the frequehcy range fo/1024 t°ﬁfo/2' By chaﬁging

fo’ the spectrum could be measured over any_desired.range, a]thoughv‘
the digitizfné electronics Snd interrupt de]ayé;gavéran upper frequency
Timit of about 10 kHz.

Thejsﬁéctrum, S(f), was measured wifh an average voltage, V,

across the sample. The background spectrum, S_(f), was then measured

0
with zero average voltage across theISAmple‘andfintluded contributions
from both'extérnal pickup‘and amp]ffier noise. The difference,

| Sv(f), betwéen S(f) and So(f) was thus the current ‘induced voltage
noise in’the sample. These measured spectra for a typical Bi |
sample (R ~:400Q) éoup]ed directly to a PAR113 preamplifier are shown

in Fig. 1. The increasing steepness of'the'spectrum below 1 Hz Was

found in most samples and was probably due to a gradual deterioration
2);

6 Acm~

~of the samb]é caused by the high current densities (~1O
With the FFT method of measuring the_SpectrUm a s]ow monotonicvdrift
_gengrates a -1/f2 spectrum. This effect can be eliminated if the
V‘cosiné transformé‘aione are used.

Figure 2 shows the measured spectra for a Au sample coupled through
avlarge capécitor to a Keithley 824 preamplifier. In this case, it
was.hecessary'tp‘correct fOr the low frequency roTT-off of the
'amplifieriand'cépacifor as We]] as to Subtraét odt‘the background
to obtain Sv(f). In Figs. T and 2, the cofrected spectra show a

behavior c105§“to'1/f.
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~Similar heasuremehts were made on a wide.vafiety of samples of
different hétefia]s. We found Sv(f) = Vz/fY, wheré:l.o Sy <1.4.
By varying_samp1e sfze,lit.wasvpbssible.to show that Sv(f):was réugh]y‘ 
proportiohqlvto.Q; the sémp1e volume. -Otherwisé.identical sampies
often showed noise spectra whose magnitude differed]by up to a factor
of 3. Thié’irreproducibi]ity between dffferenfisampies and. our
inability to Chénge Q over a wide range while sfiT]:observing the
1/f noise made a more accurate determinatibn of thélﬁ dependence -
impossible. A summary of the measured noise spectra for various
samples (typically, 10 umx120 umXIOOOK)'df different materia]s;
including metals and a semimetal (Bi), is Shéwn in Table I. The measured
temperature éoefficient‘of resisfivify, B, is also shown for each of |
the metal films. |

Hoogé'and HOppenbrouWers]’reported no consfétentévariation;of the

1/f noise in their Au Films when immersed directly in liquid N, or
liquid He. ' These measurements, however, may not be indicative of
the temperatuke_dependence ofVSV(f)/Vz."We found that placing the
Zsémples-direct]y in the liquids caused the spectrum to become steeper
than ]/f and to be dominateduby bubbling in-the 11qu1d. Moreover,
at all temperafures,Athé high current densities (up ‘to 106 Acm'z)
" and high levels of power dissipation (up to ].kwcmiz) neéessary
to observe thé 1/f noisé caused the film to operafe much above ambient :
temperéturé; ‘In the case of some "room temperatdré" meta1 films,
the departure of the I-V characteristics from 1ineafity together
‘with the knOWn”va1ue of B:showed that the éamp]e'W§s as much as 40°C

above room temperature. The non-linearity of the I-V characteristic
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Table I.- The measured temperature coefficient of resistance for
several materials and the measured and calculated noise power
at 10 Hz (measured Sv(f)/V differs by 2/m from previous table
in Ref. 13 because of recalibration).

_ Sv(f)/\72 Measured _S_V(f)/\72 Calculated
Measured B at 10 Hz ~ at 10 Hz

Material = (K1) 1070 w7y . o710 W
Cu -~ 0.0038 6.4 16.00
Ag 0.0035 6.4  2.00
Au ' 0.0012 0.6 O 0.76

sn 0.0036 | 7.7 1.7

Bi  -0.0029 13.0 » 9.3

-4 3

Manganin |B8|<10 <7x10° <3.5x10°
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at high cdbrents due t§ heating is shown in_Fig;.3 for the Au film
whose_nofseyﬁbéctrum is shown in Fig,'Z, _Thé.héating causes an increase
in resistan¢é at high currents. The somewhat amorphous nature of our
Bi films caused a negative temperature coefficienf“of resistivity. The
Bi f11m$, §6hséquent1y, exhibited I-V characteristics;which curved
) toward}]owgf fesistance'gt high currents. |
In order to get some indication of the températqre dependence of
. sv(f)/V? itvwas necessary to place the samples in'a vacuum can and to
isolate thémrfrom'temperature fluctuations in the liquid bath by a long
thermal tjmé{constant. We found that Sv(f)/V2 for both Au and Bivsamplés
decreasedjby'about aﬁ order of magnitude in going from room temperature
to a liquid Né'bath; but that Sv(f)/\72 did not change further in going
to a 1iQUid He.bath.~ In all cases, however, the presence of heating
_non-linearities indicated that the sémp]es were much above the,béth‘-'
temperature, In liquid N2 and liquid He baths, we were unable to make
an accurate meééurement of 8 and determine-the actua]vtemperature of
the samples. Although we can say that with careful measurement |
Sv(f)/v2 is foUnd to decrease as the temperature is Towered we can make»
no quantitatfve statement about the temperature dependenée; |

Thé depeﬁdence of Sv(f) 6f Vz_suggests that -the ]/f noise may be
caused by reéistdnce f]uctﬁations: The measurements summarized in
Table I providévimportant clues as to the nature of 1/f noise in
continuous métal films. The absence of detectab]e»]/f noiée iﬁ manganin
with 8 ~ 0 indicates that temperature fluctuations generate the 1/f
noise. The siﬁf]arity of the Sbectra from Bi (B8 < 0) and the metals

o (B > 0) indicates that therma] feedba¢k, in which‘a'resistance fluctuation
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changes the power dissipafed in its neighborhood thereby kaising_or
llowering the local tehperature, do not play a role. The observation
that Bi, witﬁ(a carrier density 165'sm$]1er fhan metals, has roughly
the same relative noise spectrum suggests that the size effect is not
1 ' |

N; » as suggested by Hooge and Hoppenbrbuwers.] HoWever, both our

measurements and those of Hooge and Hoppenbrouwers] on Au are consistent -

"1 In thermal equilibrium a body of total heat

 with sv(f)/vz'« Q
capacity CV = CVQ has a mean square temberatdre f]uctuétion

((AT)Z) = kBTZ/Cv. Thus, the absence of the l/f'noise in manganin,
the scaling of Sv(f)/\72 as 1/, and the fatt that Sv'(f)/\'l2 decreases
with decréaéing temperature are all consistent with the idea that the
I/f hojsé vo]tége in continuous metal films supp]iea‘with a steady.'

current is due ‘to equilibrium temperature fluctuations modh]ating the

resistance. R
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"Facts ‘are stubborn things; whatever may be our wishes, our
inclinations, or the dictates of our pass1ons, they cannot . .
alter the state of facts and evidence.'

John Adams, Defense of the British soldiers
~on trial for the Boston Massacre
I FLUCTUATION SPECTRA FOR DIFFUSIVE SYSTEMS
‘ A temperature f]uctuat1on AT, in a res1stor of res1stance, R,
and temperature coeff1c1ent of res1st1v1ty, B ~_(1/R) IR/3T,. will be
observed as a voltage f]uctuat1on, AV = IRBAT, in the presence of

_a constant_current, I. The voltage fluctuation soectrum Sv(f), is

- then related to the temperature fluctuation spectrum, ST(f), by

Cos(R) =TS, (3.1)

where V.= IR is the average vd]tage across the reStstor. If the tempera-
'ture'f1uctuations are due to equtlibrium exchange of energy between

the resistor and its envirohment, S%(t) «kaTZ/Qv,‘where CV is the -
total heat'eapacity Oflthe resistor. Ih'this eaée:SV(f) « VZBZkBTZ/CV,
which predicts‘the observed behavior of the 1/f ndisehin metal films.
It-ts necessary, however, to determine whether'ortht the idea of
equi1ibrium temperature fluctuations can account;tor'both the
observed magnitude of the 1/f noise and the 1/f épectrum In this
n‘sect1on we sha]] use a Langev1n type approach to calculate ST(f)

for a system character1zed by a s1ng]e correlatlon time, and for.
.un1form d1ffus1ve systems. Although many of the results have been

prev1ously der1ved 14, 15,19- 24

neither the generalized three- '
dimensional spectra nor the frequency-dependent-spatia] correlation

1ength,x(w) oc_(D/w)]/2 ‘have been emphas1zed Our.simple physical
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derivation, which stresses the importance of A(w)7in determinﬁng the
| shape.of>the'3pectra, not on1y“pfovides the basis for our latter expefi;’
ments, bdt é]éo introduces hethods that can easily be extended to the
case of correlated fluctuations discussed in Section V. .
| We begin by considering the system shown in Fig. 4(a). A mass
of total heatvtapacity,,c, is coupled via a thermal conductance, G,
‘to'a heaf‘keéervoir at temperature To‘ MaCroscopiC»deviétions in T
wfll‘obey the decay equation |

-
In the Lahgevin approach25 equilibrium fluctuations are also assumed
to obey Eq. (3.2). The stochastic nature of the fluctuations is
introduced by adding a "random driving term", F(t), to the right-hand
side of Eq. (3.2). F(t) is assumed to have zero avefage and to'be
uncorrelated in time ((F(t) F(t + 1)) = F§6(T)) for the time scales
jn which we are interested. Phyéica11y, F(t) represents the random
exchange of energy between the mass and the reserVoid through the

thermal conductance.  The equi]ibrium temperaturé'fluctuations thus

‘obey the equation:

© dT/dt = (T - T)/T, + F(t)/C | C(3.3)

where Ty C/G is the time constant for decay of a given fluctuation.
We wish to calculate the épectrum“for temperature fluctuations,

Sp(w) = ¢|T(w)[®), where

Tlw) = (2m)7? J‘(T(t) S 1) et gt
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From Eq. (.3'.3'), ‘T'(wv) = F(w)/C[':/'f + luﬂ and S (u)) = S m)/C []/'r P wz].

The Niehe”-Khihtchine relations-
ft) x(t + T)) = J{ Sx(w):COSwTdm _" (3.4a)

-00

]

-v.éx(r)'

and

oD

, 1 ' ‘ :
Sx(w) v j cx(r) coswtdT (3.4b)

"

that connect the autocorrelation function, CX(T), of a fluctuating

quantity, x, with its spectrum, Sx(f); may be used to calculate

SF(w) from (F(t) F(t + T)) F25(T). Since'F(t) is uncorrelated in
time, SF(w) §/2n is "white" (1ndependent of frequency). Thus,
S,(m) = [ /(HC?(T 2)."Fg‘ may be determined from the normalizaiion.
condition (Zy. (3.4a)) that
7 e(0) = <(AT)?) = K, TG = 5o {w) dw
G 7Tk 1

o R R S
Ve find that F~ = 2k, 7°G and

. \ 0 B o

S (m) =k T2/nG{14-m212] | | (3.5)
T B ) ) ’

ST(w) is the usual Lorentzian spectrum characteristic of prccesses

. . S . . 25 . o, .
with a single correlation time, T, 3 This spectrum is obviously not

1/f. In fact, the 1/f spectrum can only arise from physica]_processes

. v e e e . . 26
characterized by the appropriate distribution of corre}at1on times.
One precess with a distribution of correiation times is diffusion,

- which, morecver, represents a betier approximation to the heat flow

in the metal sampies.
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With a simple extension of this single correlation time system,
\ p

ore may épproéth a 1-dirensional diffusion system. Figure 4(b) shows

‘& string of edquai masses of heat capacity C connected by thermal
conductances, G. The temperature of the n h mass obeys the Langevin

equation:.

CdTh/dt = G(Tn+.l + T 2T ) + F +]/2 n-1/2

n-1

Each of the random driving terms Fn+1/2 is independent of the others.

1f we assunie that each of the masses is separated by a distance 20,

we may devine ¢ = C/SL0 as the heat capacity per Unitrlength and
g = G20 as the thermal conductivity. In the 1imit-20 -0, T becomes
@ continuous function of position and time, T = T(x,t), and cbeys

the difthion'equation:

2T/3t = Da°T/0x% + ¢ VoF/ax  , | (3.

where.D = g/c is the thermal diffusivjty:and F(x,t)‘obeys»the
relation (F{x,t) F(x + s,t + t)) = Zanﬁ(s)é(x). fThe quantity of
interest is now the spatial average of the temperature, T(t), over
the length ZRAffom‘x = -f to x = &: |

1 L

(3.6)

7)

T(t) = -——f T(x,t) dx . o | (3.8)

-£

T{x,t) way be defined in terms of 1ts space and time Fourier transfori:

: T(x t) = J dkf we ' KX “"tr(k,,u) o (3.9)



CoOvud3081 95

-19-
From Eq. (3.7) we find
T(Kaw) = ikF(kow)/c[DKE - dw] . | (3.10)
Since from £q. (3.8),
' 2 .
T(w) = %Ep[ T(x,w) dx s
-2 '
using Eq. (3.9) we have
F(w) ='(21r)'”2f IR T(w) dk L (3.01)

. : .
The frequercy Sspectrum is definad by ST(w) = (T(w) T (w)?>. The
uncorrelated'néture of F in space and time implies_that it haé a

white specteun in « space and k space. We thus set

(F(k,w) F*(k';m)) = Fﬁd(k - k')/2w so that ST(m) reduces to
| | 2 .= -
F .2 2 o
- _ 0 sin k& k-dk -
Splo) = —— 22 2,4, 2 (3.12)
: {(27)°¢ k"2~ D7k +tuw

N -
Once again FO may be determined from the normalization condition

co

‘ u v((AT)Z) = kBTZ/ZRC =.i. ST(m) dw

We find Fg = ZkBng. ST(w) may ncw be exp]icit]yjintégratedlto give

2,1/2 .
( )-. kBT D -[ B | '
St(w) = ——5——555 [1 - e " (sin0 + cose)] , (3.13)
L _4/?£2an3/2 . , . . :

. where 9. F (m/mo)]/‘, and = D/2£2 is the natural. frequency detined

by the_pkdb1ém. -ST(m) %.kBTZ/Z/fﬁDI/ﬁw]/Zc for w < Wy and



ST(w) > kBTZD!ZZ/A/Eﬁlzcw3/2 for w » mo.dO’Z]

As a check on the formalism one may obtain from Eq. (3.10) the
space-tima correlation function, cT(s,r) = AT(x + 5,t + 1) AT(x,t)?,

cyls,1) ='{kBT2/c(4nDr)1/2] exb(-s?/abr) L (3.14)

27

which is the familiar result for 1-dimensional diffusior brocesses.
The physical Tnsight into the connection between diffusion and the
1/f-1ike spéttrUm, however, comes from a calculation of the frequency-
dependent correlation functicn, cT(s,m) = <T(x + s,m) T*(X,w)). For

the 1-dimensional case we obtain from Eq. (3.10)

. kgTcos[(1/4) +[s|/2]
Cis,u) = 172 172

Slsin (s

: 2ned =
where A(Q) = (ZD/m)]/2 is the w-dependent correlation length and is
a measure of thé average spatial extent of a fluctuatien at frequency
w. Aloww f]uctdation effectively samples F(x;t) over & larce coherent
volume giving a large amplitude.

When w.<_w0, Mw) > 22 and the fluctustions bécOme correlated
across the entfreflength. In this case ST(m) can.a}so be exprcssed'

as

o e 74 | |
s w) --L 2£f 2eilxy - xmw) (3.16)
. -2 ) | | -

Sinc@'cT(s,w) is independent Of_s'as w-> 0, ST(m)I+ cT(O,w) as w » 0

. leading to the same Tow 1imit”as that obtained from Eq. (3.13).
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In the high = region (w > w ) M) < 2L Althoush 26

may be-divided

into many corre]ated reg1on< each of ]ength A on]y the two end regions can

fluctuate 1ndependent1y of the others. Energy exchange between any of the

interna]

in terms of 1 d1men<1ona] cne“g/ f]ow across the boundarxes

fiow, J(x, t), obeys the qua11on, J —v-gaT/Bx - F(x,t). From Eq.

ie gth cannot change T( t). The behavidr:fs then best understood
The energy

(3.10),

jlk,w) = 1wF(k,w)/[D« - iw]. If E(t) represents the total energy on one

side of the boundary at x = £ and we consider'On]y flow across this.

signal boundary, then dE(t)/dt = j(e,t), and
Elw) = -i"(zu:-)“‘/zm"]f exp(ike) (k) dk
Thus,

20 = - 2
c [ dk kT

for energy Tiuctuations due to flow across a sihg]e boundary.

w >-wo the flows across the: two ends are 1ndnpendeny, and, since

AT = BE/20c, S (w) = 2¢E(w) 27482 = « T 247582032

- This formq1ism may readily be extended to m dimensions.

T(k,t)vobeys-the Langevin diffusion equation

a1 2 )
5}‘— DVT ‘5‘\ f‘/C ‘e

Wy

where (F(x + 5.t + 1)3EGHt)) = (20)"F28(x) 8(v). - If T(t) is the

spatially aV?fqged temperatuve of & box of volune 9 = émil
m-dimensions, then

: 'Fg U m sjh?k.ﬁiv
(‘”} —(; ‘)'h]ﬁ_ 2 ' 5’571*'__—"27 II T
_ k' : :

(2")2 j‘n 2. 4 w? | 23/201/2"w3/2

as before.

(3.17)

(3.18)
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The requirement that ((AT)25_='f ST(w) dw gives‘Fg = ZkBng. “Although
we have been unable to determine a gener61 analytic expression for |
S%Cu), we'can'determine its limiting forms from the behavior of the
' abpropriate m—dependent correlatioh fuhction, which retains its
dependence>on”exp(-]s|/A) iﬁ all dimensions. ThUs,.in 2 dimensions

crlgow) =(kBT2/2ch) ker(VZlsl/A) -, | (3.20)

where cT(é,m):+ (kBT2/2nch) In(v2)/|s|) for |s] <X and
cT(g,w) +-[§l']/2 exp(-/?l@l/x) for |s! » A. In 3 dimensions

kT2

cplg) = —— cos(lgln) eI
. 4nDcs R :

For‘a-régu1ar 3 dimensional volume of lengths 21 > Lo > 23
the three natural frequenéies, wi = D/22§, separaté the spectrum into
four regions. In the frequency region w > wl’wé thé lengths £1 and 22
may be considered infinite and the spectrum becomes 1-dimensional
with temperature fluctuations only due to energy flow in the X3
" direction. Thus as calculated above ST(m) « m'3/2,fof w > ws and
ST(w) o« uf]/z’for wy, € w < m3. If w > w;, the spectrum looks 2-dimensional
with témperafure fluctuations only due to energy flow in the Xo and
x, directions. The low frequency Tihit of the ZAdimensional spectrum

3
may be ca]cU]éted from Eq. (3.20) and the observation that

. A
spw) = Q_»2£ dx. L dgcqly - xtw) (3.22)
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From the 1imitingaf0rm of Eq. (3.20) as w > O it can be seen that
T(w)locv[c'ons't + In(1/w)] for W, <@ < w2;24 For o < wy T(w) is

determ1ned from the low. frequency limit of the 3 dimensional

cT(s,w) (E ._(3,21)) and Eq. (3.22). Thus, for w < w], ST(m)'m'cc’)nst.]4

The behaVidrfof.ST(m) for the four regions of the.spectrum of a

-regular 3-dimensional volume are shown in Fig. S(a); The w32

behavipr'at hich w for all dimensionalities is .characteristic of

23 When A is < any length

diffusive“fTow across a sharp boundary.
22;'0n1y the outer shell of an arbitrary vo]ume, Q, can fluctuate
. independeht]y of the remainder and then only by'TQcaT 1-dimensional .

flow across the boundary. A genera]ization of Eq;s(3.17) gives

sple) > kT2 2l s w s e (3.23)
‘where A is the tdta]*sufface area of Q. If, on the other hand; the
boundary is not shdarp but has a finite width, w, ST(w) varies as w_
for w > D/w 3 _ |

As d1scussed in Sect1on IX these ca]cu]ated spectra for d1ffus1ve
systems have been ver1f1ed exper1menta11y by a d1rect measurement of
the spectra. However, unlike thefmeasured_SV(f) for metal films
shown in Figs. 1 and 2, Fig. 5(a) does not show an extended region
df_]/f behavior. Figure 5(a) was calculated for'tempefature
fluctuations in a regular subvolume of a-Uniform médium On the
other hand, the exper1menta] system of metal f11m on glass substrate
does not present a uniform medium for heat conduct1on We expect

diffusive flow along the film to-dom1nate the heat conduction creating

primafi1y"a 2}dimens1ona1 system; but with some effects due to coupling
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to‘the sdbsfrate. The importance of coupling to the substrate on
the»spectrUm has, in fact, been demnnstratéd for{supérconducting
films at‘Tc.]6 It is also pnssible that path éWitching effects,
in Whichna temperature configuration that does nOt'change T(t) does
change R; (AV # VBAT) may play a nole:. However,:at the frequencies
measured A isilarge enough that tempefature fluctuations are expected
to be correinted across the cross section of thé strip, hence
MV = VAT, |

If we assume that the temperature f1UCtuatf0ns in the metal
~ films obey a qfffusion equation, but that the complex nature of tne
system introdnces an explicit 1/f region into thenspectrum at inter-
mediate'fkequéncies, we may;form a model spectrum that wii] ailow
quantitative comparison df the measufed‘noise wiih that predicfed_
from temperature fluctuations. Since the thermal conductivity of
the film is so much higher than the substrate, we'expect the high
frequency behavior to be 2-dimensional while at 1nw enough frequencies
the spectrum must become 3—dimensioné] and independent of frequency.
This §imp1e model spectrum fs illustrated in Fig. 5(b). The limifs'
of the 1/f region are defined by the natural frequencies of the
fiTm, D/wzz»and D/Trw2 where £ and w are the léngtn and width of the 3
film. The hign and low frequency 1imit§ are takgnnto be diffusion-like:
(1) « 02 (, ’

for f > D/mw® and S.(f) « const for f < D/me%. The

_ T.(
normalization condition
,1f((Af)2> =k T2/C = ) S.(f) df
: B v T
' o
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then detefmines the magnitdde'cf'the spectrum. In the 1Af region

s (/TP = gPTYC I3+ 2 In(e)] (3.24)
1ndependent_0f D. The term In(%/w) makes Eq. (3;24)'extreme1y
fnéensitive tb'changes in the limits of the 1/f region. For metals

at room témperature CV ~ 3NkB where N is'the total number of atoms

in the sample, and

5,(f) = V2T%/3N[3 + 2 In(a/w)] £ . (3.25)

For the samples of Hooge and Hoppenbrouwers,? Eq. (3.25) predicts
Sv‘(f)/V2 ~ 3.6*10-3/Nf which is within a factor of;tWO of their
experimental results (Eq. (1.1)) if we replace Nc'by N. The Tast o
~column of Table I shows the calculated values of ST(f) from Eq. (3.25)
for our samples. The‘agreemént is excellent. o

A]thoUgh the calculated ST(w) for simple uﬁiform‘diffusivé media-
do not haye‘an:exp]icit 1/f region, the assumption of such a 1/f
region in S%(f) for .the. complex experimenta] systems allows a
quantitave prediction of the 1/f noise in exce]lent-agreement with

“experiment.
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"But the main thing fs, does it hold good measure?"
' : Robert Browning
.IV.' MEASUREMENT OF SPATIAL CORRELATION OF 1/f NOISE
The usual djffusion'theory does not providé'an explanation for
the l/f spectrum, it does; however, suggest an imbortant experimenta]
test of the correctness'of a diffusion mechanism. Fluctuations in
a diffusive‘medium are characterized by the frequency—depéndent |

correlation length, A(f) =.(D/ﬂf)]/2-‘

Thus, the temperature fluctuations
of two regions separated by a 1ength_1 should be:independent if - |
L > A(f), and correlated if & < A(f). The extent of the correlation
depends on ‘the dimensionality of the diffusion process and the exact
geometry ofthe two regions!

Figufe 6(a) shows the experimenta]'configuratjbn for an experiment
designed to méésure the ffequency dependence of the corre]atibn 6f fhe.
1/f noise from two regions of a single Bi film. A Bi film of
thickness']QbOK waé»cut to form two strips each of length £ and
width 12 um. .Separaté batteries and 1arge resistgnces R0 were used
to supply a cdhstant currenf to each strip and pfevent_any correlation
via a common power supply. The two noise vo]téges V](t) and V2(t) were
separately amp]ified with PAR113 preamplifiers and_the spectrum of
their sum or difference measured with the PDP-11 aé described in
Section‘II.»ﬁIf'S+(f) is the spectrum of [V](t) + V2(;)] and S_(f)
is the épectrum,of [V](t) - V2(t)], the fractional correlation

between the 'strips, C(f), is given by

) = [5,(6) - SLOVIS,N +5.(D] . (a.1)

1
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When Vi(t)iandﬂvz(t) are independent, s,(f} = S_(f) and C(f) = 0.
When the two Stkips are completely correlated Y](t) = Vz(t),

S_(f) = 0, and C(f) = 1. For temperature_f]uctuatiqns at high
f, A(F) <& aﬁd C(f) - 0, while at low f, A(f) %(2 and C(f) - const.
The changebfrom correlated to uncorrelated behavfor-occurs when
A(F) = 2.  Experimental results for two different va]ueé of & ére
shown'in'Fig;lﬁ(b). The condition X(f) =1 corﬁéSponds to 5 = 0.13 Hz
for & = 7.5 mn, and f = 1.2 Hz for %= 2.5 mm (with D~ 0.2 cnésec),
in Qood agreement with the frequencies at which.C(f) changes rapidly.’
As & is incféased, the low frequency ]im{t-of Ckf) decreases because
a f]uctuatfcn‘in ona strip has an increasing probability of decayihg ’

_wjthou? fnfiuencing the cther strip. For £ much'gréater than 7.5 m, -
it became ih¢reasihg]y difficult to observe any:cdrre]ation. Since
we could not measure S+(f) and»S_(f).simyltaneou51y,'we often observed
errors due to slow changes with fime of S(f). Depending upon whether
we measured_s+(f) or S_(f) first, a slow change'woﬁld.appear_either
as a positfvé or negative dfﬁset to C(f), as in theyi = 2.5 mn case
in Fig. 6(b).

Thcse'meésurements of phe_frequency-dépendent spatial corvelation
of the 1/f noise in metal. films and the observatioﬁ that the change
from uncqrréiaied to correlated behavfor occurs at & frequency
predicted by“fhe.thermal diffusivity provide strong experimental

evidence that'ﬁhe i/f noise arises from a thermg]_diff&sioh,mechanism.

i
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"A th1ng may look ev11 in theory, and yet be in practice excellent.”
v Edmund Burke
V. SPATIALLY CORRELATED FLUCTUATIONS

The absence of 1/f noise in mangan1n, the scaling of S (f)/Vz'as
1/9, the genera] decrease of Sv(f) with temperature, the observed
frequencyedependent spatial correlation, and the{abi]ity of temperature
f]uctuétiene to correctly predict the absolute magnitude of Sv(f)

(with an assumed 1/f spectrum fOr ST(f)) provide overwhelming evidence
that the 1/f noise in metal films is due to equilibrium temperature
f]uctuations,hodu1ating the film resistance. Yet, the.ihability of
the usual diffusion ﬁheory as outlined above to yield a 1/f spectrum
suggests a reexamination of the theory.

In Sectien III we presented a physica]]y simplevderivation of the
spectrum of temperature fluctuations in infinite, uniform, diffusive
media. Tﬁe'results have been Verified experimehta]iyvfor independenf
part1c1es undergo1ng Brownian mot1on As mentidﬁed in Section III,
it is poss1b]e that the non-uniform nature of a metal film on a glass
substrate is respons1b1e for the 1/f spectrum. However, more
. sophiSticated mode]s of the experimental configuration (for example,

a diffusive medium coupled to a constant temperature substrate, or

 two coupled diffusive media) were unsuccessful in generating a
l/f'spectrUmt In most cases the increasing compiexﬁty of the mode1s 
only brought ih more 1ow-freqUehcy flattening. The measured epectra
vcorfesﬁdhd to”the frequency range f <‘f3 in Fig. S(a) and, consequently,

-1/2

would be expected to vary as $f° Any coupling to a substrate could

only be expeeted to cause a temperature fluctuation to decay more
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rapidly ahd:erther.flatten the spectrum. The measdred spectra;
on thé ofheffhand, have a 1/f behavior down.to freauencies as low as
/1000, |

The‘éalgulated diffusioh spectra of Section III assume that the
f]uctuatfoné”are spatially anorre]ated:
(AT(x, +.5,t) AT(x,t)) = ¢ (s) o« 6(3). A spatial correlation of the

temperature’ f]uctuatlons, C (&) # 6( ), could drastically alter the

Y
shape of'ST(f); and; as suggested by Lundstrom, McQueen and’K]aSon,28 in
certain cases give an explicit 1/f region. Such spatial correlation
would occur if the free energy of a given temperature configuration

2

is non-local and contains higher order terms such as (VT)". A familiar

eXamp]e}of thié effect is the large corré]ation Tength of density
fiuctuations at a critical point.29 Thé presence of a term such as
(VT)2 implies thét configurations with slow spatial variations require
a Smaller frée ehergy and, cdnsequent]y, have a ggeater'probability of
occurring than‘configurations'W1th.rapid Spatia1:§ékiations.

More explicitly, ifbf(t) is the spatially aQéraged temperéture

over some arbitrary volume 2, then

Cre) = [ Tt o = [ BN Tt & (5.1)

sl e fow e don e
- where ‘ _ ,

i.B(g) = (2m)" 12 Jf SRS 0 s

Thus, the éﬁtotOrrelation.function'cT(r) = <f(t),f(t + 1)) has the form

Jﬁls T(k t) T*(ﬁ,t £1)) d3k . (5.3)
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Because the temperature fluctuations obey a diffusion equation,

o2
IZ) e"Dk T

. ,
T(kst) T (k.t + 7)) = (T(k)

“where <|T k)l > is the mean square amplitude of temperature fluctuations

of wavevector 5. By Eq. (3 4b) the spectrum then has the form

k)% a3

) 1B(k) |2 Dk ¢|T( (
Selw) = = . : 5.4)
T 1 02kd 4 2 |

(IT(5)|2> is related to co(g) by the spatial Wiener-Khintchine relation

= v
' - <|T(k)| = 2n)'3 Jﬁ (s) eTV ¥ d

For uncorre]ated temperature fluctuations, co( 5) « §(s) and

qT(k)| 2y . cqst. Moreover,,for a regular volume of sides 28

w

B(k) = IT sin(k&,)/k, ;
=N , i=1 i i

‘and Eq; (5.4)_repf0duces Eq. (3.19) for ST(w).
If, however, the (VT)2 term dominates the free energy we find
(|T(k)| ) « 1/k s €4 (s) = 1/|gl, and

CSqlw) = ) 5 . - 5.5
- 7T Dzk4 + w2
We now show that it is possible to treat these spatially correlated

fluctuatidns'in the Langevin fofma]ism by replacing the V-F term in

Eq. (3.18) by a random source, F(&,t), to.give

3T/t = DVAT + F(x.t)/c ‘L o ~ (5.6)
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F(é,t) 1s‘essumed to be uncorrelated in space andjfime,
(F(x + §» f ; r) F(x t)&I; (27r)m 2 ( s)e(r). F(x,t) is a random source
which adds or substracts energy from the d1ffus1ve system. The\y15 |
term (Eq (3 ]8)), on the other hand, represents a “random f]ow of
energy ylghig_the diffusive system. ,

As with Eq. (3.]8) we may determine the spectrum of the spatially

PR : m ' . . .
averaged temperature of a box of volume Q@ = 2 2] . e Qm in m-dimensions.

Thus :
 Tkw) - F(“Igﬁ,w)/lC[Dkz'y_ w . C(5.7)
and / |
Fg f ey m 2k g, o
ol = i SR 1'131' k2 ? (©-8)

—te
—l

A compakison of Egs. (5.4) and (5.8) shows that thevintroduction of

|2 -2

F(x,t) is eqUiVa]ent to (|T(k)|"> « k “. The normalization condition,

' ((AT)Z) = f ST(m) dw

cannot be app11ed unless m 3 since for one and two d1mens1ons j% ) dw
d1verges. _ | |

' The geﬁera] behavior of the ‘spectrum can be determined from the
three dimenSioﬁal’frequenty depéndentieorﬁelétioe function, |

2 ‘ . .
o F* cos[(n/4) + |s|/A] oy
eplgow) = —— 25372, 172 g lsim

(5.9)
16 D :
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where, as before, A(w) = (20/w)'/2. In the Timit w - 0

(A (w) >~|$|)? cT(&,w) o w-1/2‘ Because F(&;t) is an external

source, each correlated region may be consideréd asvf]uctuating
independentiy‘of the other corre]ated’volumeé with é spectrum
5 () = w'VZ' from Eq. (5.9). | o

If Q, the volume df interest, consists of N’indépendent .
¢orre1ated volumes, ST(w) o« Sc(w)/N. Thus, when w > wys AMw) < 23

and @ is composed of N = Q/A3(m) independent volumes:

2

Splw) = s (0) Aw)/e « (0> uy) (5.10a)

When w, < w <zw3,»22 > Mw) > %35 qnd Q is composed of N Z]QZ/AZ

independent -volumes:

e 2 ‘ -3
Sp(w) = S_(w) A (w)/2 L, = w2 (0, <w<w;) (5.10b)
when w]ﬁ<v@ < Wy s 2] > AMw) > 22, and @ is composed of N = 2]/A(w)
independent volumes: -
o 5pe) = S (0) M)/t <o (o <w<wy)  (5.100)
and, for o < m1 all of Q is correlated:
.ST(w) « Sc(w)lc w-]/z . (e < w]) : (5.10d)

The shabe-of ST(f) for this type of spatially correlated temperature
f]ucfuatioﬁ is shown in Fig. 7. Not only does ST(f)-contain ah 
exp]icit 1/f region, but -this region corresponds td the low frequency
'1imit of a two dimensional system énd matches the frequency range

over which thé metal films are obServéd to have the 1/f spectrum. In

2

fact, if we assume that (aT)%) = T2/3N, we find
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sy(f) 212 o
> = WN[G - dfw * 2 In(WTF - (5
7 o

where d is:thekfi1m thickness. This result differs from our earlier
model sbéctrUm, Eq.‘(3.25), on]y‘by a factor close to unity.

Aithougﬁithe introductioﬁ of.spat1a11y correiéted fluctuations
pro?ides a'megns of achieving the 1/f spectrum fbr simp]e.diffusive
systems, thé theoretical jusfification of the spatial correlation
in the case of equilibrium temperature f]uctuatiéns.poses new problems: -
notably the physita] origin of the corre]ationé; andbthe prbper‘
norma]izétion of the‘spectrum. Moreover, it remains to be demonstrated
that the-cokré]ated.temperature fluctuations can produce the 1/f
spectrum for ﬁhé therma]]y_fnhomogeneous exberimentaT systems;. |

It is,interesting to note that when treated:by the Langevin method
(the aséocfatiOn of an uncorréiafed randbm‘sourCe; F(t),“with eaéh
thermal conductance), a’diffusive system Cdﬁpled'fova substrate at
constant temperature, TO’ viaya thermal conductaﬂée, G, may be treated
by an F](éﬁt) térm‘representing exchange of energy_with the substrate.
In this case, |

2

caT/dt = gV°T +§of - G(T - T)) + F](%,t), . (5.02)

It can be shdwn,'however, that- the frequency regioh.in-which F](éﬁt)
dominates £;§°COrresponds7to the region in which the -GT decay term

dominates gV2T and the spectrum never achieves a 1/f behavior.
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"The energies of our system will decay, .
S v : Arthur James Balfour,
The Foundations of Belief

. by a gentle decay."

Walter Pope, The 01d Man's Wish’

VI. AUTOCORRELATION FUNCTIONS FROM DECAY' MEASUREMENTS
The theoretjca1 calculations of Sections III and V, as all such

theoretical'calculatiéns, are based on the assumption that the
spontaneohsjy occurring fluctuations in equilibrium on the average
obey the same decay law as small non—equi]ibrium macroscopic perturbations
of the system.]7 The autocorrelation function f0r température
f]uctuations,:ﬁT(T), thus reflects the average mannek in which a
temperature fldctuation decays in time. By perturﬁfhg the temperature
of the experimental system and measuring its respohse, we are able to .
measure cT(t). The cosine transform (Eq. (3.4b)) of cT(r) gives
_ST(w). | |

This procedure will bé illustrated for the simple system shown
in Fig. 4(a), and described by Eq. (3.2). If the temperature at
t=0is réjSed AT above To the decay for t-> 0 will proceed

according to -

T(t) =T +aTe O (p>0) L (6.1)

: ;T/T : :
. Thus,,cT(r) «e 2 for t>0. Since cT(r) is symmetric about t = O,

«the_ﬁofma]ization condition cT(O) = ((AT)ZS = kBTz/C implies

eplo) - (kyT4/C) exp(-Itl/t,) . (6.2)
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which giVes:the same ST(w) as Eq. (3.9). Thus; the response of the
system to-a temperature'perturbation determines'théIShape of the

2), determines

spectrum while the}porma]izatiOn conditioh, cT(Q) = ((AT)
the magnitude§ ' |

This procedure is not so straightforward f0r~éXtended media
described By‘a'diffusion equation. In this case, We are interested

in the spatially averaged témperature of some vo]umé Q,

T = [ 1000 e (6.3)

2
It is ObViousvthat a given pertufbation AT in T(t) cbu]d occur for an
infinite Variety of perturbation distributions,’AT(é,t), each of which
might havé ardifferent decay in fime. We must détérmine which
perturbafionvdistribution’corresponds to the desired spectrum. In

the simplest dfstribution, the temperatUre of Q js un1form1y raised

a height AT above the surroundings at t = 0. Tﬁis is accomplished

by dissipéting:the power, R(t) = cATS(t), uniformiy throughout 2.

The decay equation then becomes

WV

9T/at = DVZT + ATS(t) B(x) 5 (6.4)
where B(x) = 1.f x is in ©-and B(x) = O otherwise. Introducing

\

(2n)"/2fr(3~<,t) e KX 3,

- Tk, t)
we find
ATB(K) e * - (t>0) o, - (6.5)

—
——
~
-
cr
S
il
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where

B(K) = (271)-_1/2]8(&) oikex d3*

‘Now, since

%) fs(ﬁ) T(x.t) dx =fs*(‘gv) T(k,t) a’ (6.6)

we find from Eq. (6.5) that
o 2 oK% 3, -
T(t) = aT le(h)l e dk  (t>0) . (6.7)

The cosine transform of Eq. (6.7) determinés the shape of the spectrum:

pk?[B(k) |2 d*k

FST(w) ar.[ T(t) coswtdt « AT.[ 57 > (6.8)

o0

Dk +w
)

For a regular Q of sides 221, 222, 223,
3

~ 8%« I sin
i=] .

e
k ~and we see thét Eq. (6.8) predicts the same shape for the spectrum as
Eq. (3.19) for uncorrelated f]uctuafions. This is not surprising..
For uncorrelated fluctuations the average manner in which a fluctuation
AT in T(t)_o¢cprs is by a uniform distribution of temperature over Q.
“The importanqe.of this resuTt} however, is that it'gives an experimental
method 6f detérmihing the shape of'ST(w) for uncorrelated temperature
f]uctuatidns ih én arbitrary volume with arbitrafy\coup]ihg.

Another important result comes from a consideration of the

temperature response of Q to a step function input of dissipated power,
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P(t) = (t) d( ), vhere 8(t) = 0 fcf t <0 and'e(t) =1 for t > O.
In this case_' | o 7

aT/ot = DVOT + p 0(t) B(x)/c | (6.9)
and

T(k t) = (1 -Dkzt) ' B("()/Dk2 | | | 6.10

ki.t) = - e PoBlk)/DK"c . - (6. )v
Thus, we find that
SV DK | .
fe) =2 [ o2 0 - e K hdod . (6.11)

The cosine transform of Eq. (6.11) shows that

P, ‘ |B(Hl . -
Sylw) " 'D'z‘lzﬁ‘;;’z T - (€.12)
which has th¢:$ameishap¢ as S;(f) for cbrre]atedifemperature.”'
fiuctuatiohé given by Eq. (5.5).' The'respohse of an arbitrary.vo1ume’
to a Qfep'functioﬁ input of‘power thus determines the shape of the
spectfum for’tdrre]ated témpérature fluCtuations...

F1gures 8 and 9 hoﬁ the résponse of the same Au sémp]e'ﬁsed in
Figs. z and 3 to deita funutlon and step funct1on powe * inputs. The
sanple was one arm of a wheatstone br]dge ~ The other three arms
cons1sted of w1“ehound r;s1stors m1th a zero. temperature cdeff1c1ent
of resis t1v1tv At t = 0 a 1 PH7 ac. current was app]1pd to the
Brfdge HS the Au f*]m bocame hot, the bridge became h"balanced
The PDP 11 was used s a d101ta1 1ock n uetector to meaourc the voltiage
' responso‘ f *hL br1dge as a funct1on of t1mc In th1s way, the decay

of the Jnmp1c_temperature masgoetermtned. Lagh decay was averaged
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over many repetitiohs. Thé ac current provided the'heating-as well as
the bias fof measuring the temperature respohse,j fhis method had the
advaﬁtage'that the necked-down areas of the fi]m; which contributed
the mostvh05§e, also were weighted the most hea?ijy.in the temperature
response. The delta function response was determined from the
derivative Qf the step function résponse; Direct de]ta function
(very narrow pulse) response measurements gave similar results.
Figure 8 shows the temperature response T(t) to a delta functién
power input.on three different time scales. The decay is essentially
compiete by a few hundredths of a second. Figure 9, on the other hand, '
shows T(t) for a step fuﬁction input of power. The decay is much |
slower and apﬁéars to have appreciable contributions on all time
scales. Figuhe 10 shows the cosine transform of these decays over
many decades of frequency. The decay was aSSumed'tovgive the shape
of CT(T) And-w§s normalized to T(0) ='<(AT)2>= 82T2/3N to allow

comparison with S(f) = SV(f)/VZ.

The dotted line shows the expected
S(f) for uncorrelated temperature fluctuations.  As'predicted
theoreticé]ly;'s(f) is 1/f-1ike for higher frequencfes, buf flattens
rapidly for Tow frequencies. In this case, the low frequench cutoff;
f]'= D/nﬂz'é 80 Hz, a]éo corresponds to the measured change in behévior.
The solid line, however, shows the exbected S(f).for'corré1ated
f]uctuations, “This spectrum shows the 1/f behavibf down to the

10West freduehéies méésured. THe sQuékeé in Fig. 10 show the measured
relative hoféé spectrunm for thebéaﬁe éample. The norma]fzed cosine

transform of thé-measured step function response, which contains no

fitted pérameters, provides an excellent reprdduction of the measured
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noiée spectrum both in shape and magnitude. The observation that the
. cosine tréﬁsform of the step function response retains its 1/f

2 Hz implies that even on these long time scales

behavior down to 10°
the heat cdhduction is preferentially two dimensidna]. Similar
experiments Qh Bi_fi]ms (B<QO) also show that'the“cOSine-transform
of fhe stép.function response matches the measured noise spectrum,
indicating,vin addition, that feedback effects are not important in
’meaéufing the decay. | |

We have shown experimentally that correlated femperature
f]uctuationsbin_the complex experimental systemslof'metal films on
glass substrates can, in fact, produce the measuredﬁ]/f spectrum.
Moreover, we have shown that the‘usual assumptidn of uncorrelated
f]uctUations does not produce the measured 1/f Speétrum for these
samples. The assumption of correlated equi]ibnium_temperatUre
'f]uctuatibnéfana diffusi?e medium together with the normalization
<|AT{2> = kBTz/Cv are, thus, sufficient to predict:éll the measured

characteristics of 1/f noise in continuous metal films.-
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"Then, farewell, heat and welcome, frost!" "

- William Shakespeare,The Merchant of Venice

| .:VII. THERMAL FLUCTUATIONS IN'OTHER SYSTEMS
It wasfnot'possible to test in detail the dependence of SV/VZ.
(Eq. (3.24)) on 2, B, and T using the metal films. - However, Clark
~and Hsianglabmeésured the 1/f noise in Sn fi]msjat_the superéonducting
transition,_where B 1is 1argef than ét foém temperature.by a factor
of about fOS. In the first series of experiments,vthe Sn waé evaporated
directly onto‘a glass substréte.' The main conclusions were:
(i) SV/\72 oc'1/Q (for a factor of 30 variation in Q);
(ii) Svﬁm 82 (for a féctor of 30 variatidhfih 82);'
(111) 5, = V° (for a factor of 500 variation in ¥2);
(iv)'the'noise showed the expected spatiaT cdrreﬂation;

(v) thelmagnitude of the noise was wel]'represented by
Eq. (3.24), thus verifying the dependence of Sy on T.

Equation (3;24)-thus correct]y'predicts the measqfed_T/f noise in Sn
both at 4K and 300K, - In the subsequent experiménts the Sn evaporation
was preceded by a thin underiay-of Al, that great1y_énhénced the
thermal coup]ing of the film to the substrate. Not only did the

- observed spé;trum flatten at low frequencies to become white, but the
dégree of spatia] correlation of the 1/f noise was appreciab]y reduced.
As the coup]ing_to the subsfrate increased a given‘temperature
fluctuation in one section of the fiim cou]d'decay more rapidly by
heat flow intb the substrate and, consequently, was less likely to
inf]uenée the;ﬁeighboring sectioﬁs. These results add strong support

to the diffusion theory.



C1afke'$hd Hawkinslg'measured the 1/f noise in-Joéephson tunnel
junétions thatzwere resiétfve]y shunfed to é]imihate hysteresis 1n‘the
currénf-yd]tége characteristic. The noise was measured by péssing a
constant cuﬁﬁent; I, grgater than.the critical Curreﬁt,vlc, through
the‘junctionﬁénd measurihg the vo]tageif]uctuatfonS'with a super-
conducting yp]tméter; If the noise is assumed ﬁo;be\due to
équilibkiuﬁbtémperature f1uctuatiqﬁs modu]é%ing It, a suitable modifi-
cation of qu (3.24) leads to the following result %or the noise

power spectrum:

‘ 2 2 2 -
. (3V/al1 )7(al /aT)"k,T . : . v

Cv.isvthéﬁheat capacity of a“volume given by the:broduct of’the”jdnction
area-and a sdpérconducting coherence»length; The ‘dependence of
Sv(f) on (BV/éic)I’and (BIC/BT) was experimenté11y verified. In
addition, the magnitude of the noise was acCuraté]y'predicted by
fq. (7.1). | o |
weiSSman.énd Feher30 have sfudied the Tow fréduency nQiSe in
| electrolytes in the presence of a current. Their §ystem éonsisted_
of a capi]liary tube.connecting two 1§rge'reservoifs; SV/V2 Qﬁs
proportfonéT'tQ BZ and was quantitati?e}y predfcféd by the 3-dimen$iona1
‘diffusion’modé1 (Eq. (3.19)). Presumably the thérmai_copductivities
of the soTUtioh_and the glass capi]]iaky weré’comparab]e and the
bbundary‘reéiéténce between then not.too large, so that the system

was reésonab1y thermally homogeneOUSQ
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Thus, there are several different systems ithhich strong
evidence exists for a thermal diffusion model of 1/f noise. However,
in a series of experiments on sémiconductors, we.fouhd no evidence
for this mode]ﬁ In evaporated films of InSb we found that the.noise
was typically three okders of magnitude larger thén that predicted
by Eq. (3.25), and that there was no spatial cokrelation of the ﬁbise
on a scale of a few mm at frequenéiés down to 1053 Hz. We also féund
that the T/f hoise in very thin (~100R) discontinuous metal Films3>
was much larger than predicted by Eq. (3.25). In these systéms, the
noise‘due fo'therma] diffusion.presumab1y exists;-but fs_comp]etely
dqminated by another mechanism. The lack of spatial correlation
indicates that, if diffusive in nafure, this additiona] mechanism

must bevcharacterized'by D < 1072 emsec”!,

However, we were éb]e_
to show that the 1/f noise in semiconductors and very thin metal films

is also an equilibrium process.
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"This humour of passive resistance ...
Sir Walter Scott, Ivanhoe

VIIT. EQUILIBRIUM MEASUREMENTS OF 1/f NOISE FROM
- RESISTANCE FLUCTUATIONS

We hé&e observed a I/f—like‘ﬁowér spectrum for low frequency

%fluCtuatfons of the mean square Johnson noise voltage aéross a very

émall éample of semiconductor or discontinuous metailfilm in thermal

equi]ibri&h. The 1/f spectrum is shown to be due to résistance

f]uc;uationswjn the.sample, and closely matches the resistance

fluctuation spectrum obtained by passing a current through the sample.
Consider a resistance, R, of total heatlcapacity, CV’ shunted

by a capacitance, ¢, and in thermal contact with reservoir at temperature

_To. The voltage aéross the capacitor, V(t), represents a single

degree of freedom that can exchange energy with the resistor via

the charge carriers in the resistor. The exchange'takes place on -

#

time scales of order T RC. In thermal equilibrium the average

energy of the capacitor, <EC) = %-C(VZ) = %—kBTo. These voltage
fluctuations (Johnson noise) are limited to a band@idth of 1/4t, and
con;éguenf]y‘have a spectrum of the form Sv(f) = 4kBToR/[1 + 4ﬂ2f2T2 .
If the resistor is assumed to exchange energy with the reservoir on a
time scale of order To that is much greatér ;han'f,‘the capacitor |
is able to reach equilibrium with the‘interna]vdegreés of freedom of
the resistorvbefore the interna]'eneréy pf_the resistor can change.
The temperature of the capacitor is then the sahe as the temperature
of the resistor. vvz(t), ]ike_V(t); is a rapidly fluctuating quantity

in time due to this exchange of energy betweeh the resistor and

capacitor. However, the average ovaZ(t) over a time, 6, such that
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1<€60 <1 ,(Vz(t)> = kBT/C (T is now the instantaneous temperature

R? 0
of the resistor), is sensitive to slow energy or temperature
fluctuations in the resistor on time scales Tp O Tonger.

i Expefimental]y, the Johnson noise voltage, V(f), is passed
through-é filter with a bandpass from fo to f], squared, and averaged

over a time 6 > 1/f0 to give P(t), a slowly varying signal proportional

to the Johnson noise power in the bandwidth fo tO'f]. Thus ,

f L. ) ’ )
P(t) ~ 4k;TR f Var( s anBed) v e (), (8.
f
0

where Po(t) represents the fluctuations in P(t) due to the rapid
exchange of energy between capacitor and resistor. Because this

exchange is so rapid, Po(t) has a spectrum, Sp (f), that is independent
Y v
of f .for the low frequencies in which we are interested. SP may
0 -
width to

be reduced by increasing the bandwidth or by moving the band
higher.frequencies, but in practice Po(t) severely limits the accufacy
of measurements of P(t).

| If the bandwidth in Eq. (8.1) is either totally above or totally
“below the knee at 1/2nt, P(t) is sensitive to slow resistance as well
as temperature f]uctdations. These resistance fluctuations, AR, may be
driven by temperature fluctuations with a spectrum'ST(f) so that

AR = RBAT; or be temperature independent f]uctuations, ARO, with a
spectrum SRo(f) (su;h as number or mobility fluctuations of the charge
carriers). Thus, from Eq. (8.1), AP(t)/P = (1tBTO)AI/T0+AR0/§+PO(t)/ﬁ,

and the relative power spectrum for fluctuations in P(t) is of the

form
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Nalll (1 + gT.)2 *r(f) + SRO(f) + SPO (8.2)
. = + o ) : " . .

where the plus sign corresponds to fo < f1 < ]/an, and the minus sign
correspondé to f, >»fo » 1/2nt. If, however, most of the noise
poWer and the knee frequency, 1/2nt, are included in the bandwidth
(i.e., f, < 1/2it < f,), from Eq. (8.1) we find P(t) ~ kgT/c 4 P_(t)
and S,(f)/P% = S.(£)/T2 + 5, /PP, In this Vimit, P(t) is rot sensitive
- to resistance fluctuations. 0Thus, with an appropriéte choice of -
bandwidth, the low freqUency spectrum.of P(t) is an equilibrium
measurement of ST(f) or Sp (f) provided the temperature or resistance
fluctuations are'large enoﬁgh to dominate SP .
Cur‘fhi;ia] measurements were on e?aporgted InSb films with a
thickness of 1000F and a resistivity of about 1 Sicm. As indicated:
in section VI, we expected to ohserve only the resistance lectuations
ARo(t). 'In"order to make the relative resistance fluctUafion spectfum,
Sg (f)/ﬁz, 1érge enough to dominate S, /52, the samples werc made as
smgl] as possible. The resistance of g strip of»InSb was monitored
while-the strip was cut transversely with a dianond knife until
-only a small bridgb containing typically about 106 at0ms remaincd.
In the presencebof‘a direct current, I, the re]afiyerpower spectrum
of the voltage fluctuations is S(f} = S (F)/¥% =5, (F)/R°. The
solid line in Fig. 11 shows S(f) for a 20 MQ bridgeoof Ith measured

with .2. direct current: The spectrum was remeasured using an-ac

technique in which a square viave current was applied to the sample,
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and the PDP-11 was used as a digital lock-in detector to measure
the spectrum of the amplitude fluctuations of the induced voltage.
The relative spectrum is plotted with open circles in Fig. 11. In
a third technique the current was supplied as a series of pulses
td'redute the power dissipated in the sample. The_relative spectfum
is shown in Fig. 11 as open triangles. All three techniques measure.
the resistance spectrum, SRo(f)/ﬁz. The agreemenﬁ of the three spectra
demonstrates that neither a direct current nor a constant dissipation
_ of ‘power is the cause of the 1/f spectrum. |

For the measurement of P(t), the sample was capacitively coupied.}'
td a preamp]ifier to prevent any leakage curfent'flowing through the
samp]e. The_input capacitance produced a knee ffequency,
1/2nRC = 500 Hz, in the Johnson noise spectrum. . After amplification
the noise was filtered with a 10 kHz to 300 kHz bandpass filter,
squared with an.analog'multiplier, and filtered to remove frequencies
above the digitizing frequency. Since the bandpass is above the knee
frequency the_ca]cu]ated'relative spectrum of this signal is given
by Eq. (8.2) (with the minus sign), while the measured relative
spectrum is shown as the open squares in Fig. 11. The white spectrum
above 1 Hz kepresents Spo/ﬁz. The 1/f spectrum.below 1 Hz closely
matches the current-biased measurements. To insure that the 1/f
spectrum was generated by fluctuations in the sahp]e rather than by
spurious effects from our electronics, the InSb was replaced by a
metal film resistor (which did not exhibit 1/f noise) of the same
resistance.vahis relative spectrum is shown dotted in Fig. 11. The

spectrum is White doWn to the lowest frequency meaSured, and represents

only the term Sp /?2.
_ 0
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‘We have made similar measurements on metal films. The three current-

biased techniques gave ideniicaT-re]ative‘spectra for continuous
ﬁeta] films in which the resistance fluctuations are temperature
induced, confirming that the current serves oniy as a probe of the
equilibrium fluctuations. However, we were unable to make these
films small enough‘for SR(f)Iﬁz'fo dominafe Sp /?2 at frequencies '
dqwn to 10'3 Hz. We therefore used very thin ?<1OOK) films in which
temperature'induced fluctuatfons are not dominant. In Fig. 12, the
continuous cﬁrve is the relative .spectrum of a very thin Hb film

(R ~ 200 k) measured with an ac current bias. The open squares
are a Johnsoh noise measurement with a bandwidthvofbloo kHz to

200 kHz, above the knee frequency of -40 kHz. TheAagreement below

2 Hz is excellent. The dotted spectrum was obtained from the

10°
same sampie using a bandwidth of 5 kHz to 200 kHz, which includes
the knee frequency-and most of the Johnson noisé pover. Although the
low frequency épectrum is substanfia]]y reduced (as expected Qhen
P(t) is no 1onger sensitive to reéiétance f]uctuations); it is still
above the background spectrum of a large metal fi]m resistor. This
residual noice is possibly due to tﬁe temperature fluctuation term
ST(f)/Tg. Indeed, the assumption of a 1/f spectrum for ST(f)'
(Fig. 5(b)) for a sample of 10° atoms yields. '

S (F)/12 ~ wi07/f w2

a value that is consistent with the obsarved spectrum.

It was sometimes necessary to use the digital lockin technique to-

eliminate drifﬁs in the amlog multiplier zero offset. The amplifier

output was grated on and off to provide a muitiplier output consisting
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of équa1 peripas of offset and offset plus squaréd signal. These periods
were digitized.and the offset subtracted within'the computer béfore
ana]yzingbthe spectrum

Our résults strongly Suggest that 1/f noise in semiconductors and
discontinuous‘metal films arises from equi]ibrium resistance

" fluctuations. Current-biased measurements probe -these resistance

Af}uctﬁations; but in no way generate them. This idea is consistent
with several cnrkent theories of 1/f ncise that bropose various |
mechanisms for the resistance fluctuations, for example: the
Mcwhorterg'théary for semicondUctors, carrigr mobility fluctuatibns
in semiconductions and ionic so]utions,7’8 and the temperature
fluctuation modeT. Our resulis are obviously inconsistent with
theories that involve non-equilibrium processes. For examplé:
turbu]énce theories,31 theories that require a long term steady .
current or power,33 and theories involving thermal feedback via ihe

heat generatéd'by an external current.
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"The thlng to do is to supply light and not heat."
Woodrow Wilson, _
Speech in P1ttsburg 1/29/1916
IX, *NUMBER‘FLUCTUATION SPECTRA FROM LIGHf SCATTERING

The ca]cu]ated spectra of Sect1ons IIT and'V apply to any quantity
governed by a d1ffus1on equation. The d1sagreement however, between
the measured S (f)/V for metal films and the expected ST(f)Ifor
uncorrelated temperature f]uctuat1ons (Fig. 5(a )) suggests that we -
examine a d1fferent diffusive system. Perhaps the simplest and most
'extensiveiy etudied diffusive system is that of tndependent partic]es'.
undergoing Brownian motion. The intensity of 1ight_$cattered from a
solution of these parttcles is sensitive to the number of particles
inTthe-iliuminated region. To our knowledge, however, light scattering
(or any other technique) has not been'previOUSTy used to verify the
“theoretical spectrum (Fig. 5(a)) by a direct spectral measorement.
A]thoUghvlfdht scattering is a common'technidne, number f]uctuattons
are genera]]y dom1nated by 1nterference effects.

The 1ntens1ty fluctuations of monochromat1c coherent light
scattered by a suspension of 1ndependent particles undergo1ng Brownian
v mot1on have been used to measure the d1ffus1on constant, D, of the

33 S1m11ar methods have also been used to gain 1nformat1on

particles.
ebout.the mot1on of motile orgamsms.34 Two close}y related experi-
mehta1.techniques have been deve]oped namely heterOdyne and homodyne
Adetection | In the- heterodyne exper1ment f1rst performed by

Cummin; et a]. 35 ]1ght scattered by the part1c1es is mixed with 11ght

of constantiphase from the same source, which acts as a local osc111ator.
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Interfeqenté between the constant:phase componéﬁt.énd the Tight scattered
by each independent particle giyes rise to intEnsity fluctuations.

The heterodyne spectrum is, therefore, proportionél to (N>, the average
number of i]]Qminated particles. In the homodyne experiment, first

' perfdrmed by Ford and Benedek,36 only 1ight scattered from the particles
is detected. The intensity fluctuations arise from interference between
the.lightAséaftered by pairs of particles: as oﬁe'partic]e moves |
relative fo another, the phase difference of their electric fields at
“the detecfdr varies. - The fluctuation spectrum is thus proportional to_ .

the number of pairs'of i]]umihated particles, <N52.

Both of these

interference effects depend on the coherent naturé of the incident Tight.

The héterodyhe and homodyne experiments may be considered as an elastic

scatterihg»of 1ight from wavevector k to 5; by nK, a density fluctuation
' Y

of wavevectorv§ =\5 -\&. The autocorrelation function for“thé intensity

~ then depends on the average manner in which Ny decays in time. For

) vl ) 2
independent particles .undergoing Brownian motion (nK(t)> = <nK('())>'e"DK t

The fluctuations thus are correlated over a time-ré’z 1/DK2. By
measuring rc'or the shape of the spectrum, SI(f) «-TC/{l + (ancf)z],
one is able to determine D.

More recently, Schaefer énd Berne37

studied suspensions of
vpo]ystyrene spheres in water when the average numbef of particles, (N),
inlthe illuminated volume, Qj, was‘veky small. In_fhis 1imit, the
relative fluctuations in the number of particles become significant,
and 1ntroducé'additiona1 intensity fluctuations ih:the scattered

light. Thesé additional fluctuations are not an interference effect

but ariée because the intensityvof-thg_scattered,1ight is sensjtive
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to the humber of particles in Qi‘ Number fluctuatiohs have also been

38

-observed‘by:the'f]uorescence of individual particles. The correlation

time for the’number'fluctuations~is of order 22/0 “where is the
sma]]est d1mens1on of Q » and is usua]]y much greater than l/DK2
Schaefer and Berne showed that the number f]uctuat1ons may be observed
as a s]ow]y vary1ng excess background in the homodyne autocorre]atlpn
fuhction. ‘They were able to subtract out the contrihution of the
number t]uctuations, and thus recover the usual hOmodyne autocorre]atieh
function. 'The number f]uctuatiOns.had a detectab1efeffect for
N> < 102, |

We descrlbe here a series of homodyne experiments in which laser.
11ght was scattered by a suspens1on of po]ystyrene spheres in water.
'The spectra of the intensity fluctuations of the scattered light were

'4'Hz to SX103 Hz. The spectra show c]ear1y both the

-3/2

measured from 5x10
homodyne Lorehtzian.ahd'the f behavidr of Sy(f).  Provided N
is not toocsma11, the two spectra can easily be separated. Spectra
were‘a]solobtajned with a white 1ight sburce; 'invthis case, the
interferencevLdrentzian-was absent, and only SN(f)'was‘observed. The
~observed spectra are in excellent quantitative agreement with the |
theoreticaifpredictions | d |

Light of wavevector k 11]um1nates a small subvolume, Q , of a
cell: of tota] vo]ume Q conta1n1ng a. suspens1on of M part1c1es Each-
'of the 111um1nated part1c1es scatters the light e]ast1ca11y with a
phase that varies-in time due to the part1c1e mot1on We wish to N

:ca]cu]ate the 1ntens1ty f]uctuat1on spectrum for 11ght scattered

with wavevector k 1nto the detector We assume 1n1t1a11y that the
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light is coherent over the area of the detector and that the electric
field is of the form

, -l'u)ot 1!&5\_]
E(t) = E e -+§ZB(£j) e e . (9.1)
J=1
go is the constant phase heterodyne component, ahd?& =k - k is the
scattering wavevector. B(xj) =] if‘xj is in Qi? While B(gj) =0

otherwise. The intensity of the light, I(t) = g(t)fE (t), is given by.

W

o iK-(ps - )

2
0 H W ) COSVIV(va. + B Z B(I ) B(fk) e

g (9.2)

The positive frequency spectrum of the intensity fluctuations is given

hy the cosine transform of the autocorrelation function (Eq. 3.4b),

SI(f) = 4.15 < 1(0) I(t) > cos(2nfT) dt . . (9.3) -
. 0 . 4 S
We assume that the motion of each of the partiéleé is‘independent,'that
Q is large enbugh that we may neglect any effects due to its boundaries,
and that L§|'>f2°] where % is the smallest dimenSfons of @;. This
Tast éssumption is equivalent to setting B(K) = 0, where B(&) is the

. spatial Fourier transform of B(r). In other words,

:VB(ﬂ) = (21’7)']/2 Jﬂ B(x)‘eiﬂﬂx d3r =0 for -lﬂj > g7
(I(O) I(t)» ihvo]ves the average df_the product of two terms similar to
Eq. (9,2);70ne at t = 0 and one at t = 1. Because of our assumption
that B(K) = 0,>§ross'terms of the form <B(r) cosk-r> vanish. Since
each_partic1e js_independent, terhs,containingbmore than one index

factor intovthe product of averages fdr,each index. Thus, for example,



B(x;)
J 7k,

<1(0)

- iKe(r.-r
.+B Z(Br)B ).B(x )B(,':m)emwfv.

where

refer

There are M terms for which j

4(&?!5

where

P(r-O

will be 1in d3r "~ about r oatts=

B(gk)”e'
and (B) =

Wy 4
I(T))‘—on

Qi/Q for

J
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iKer

<B(5j) ‘““J><B(

= k.- (I(0) I(r))\thus simplifies to

Tk

)e

-1K L

)

= 0 for

22 2 |
*+ 28 Eo(N) ta(g fr-o) 2 : B(r;) Blrg) coserjeoskery)

The third term in Eq.

szm
to't =1

2
mo)

r ,T) d3r

is the probability that a particle at r at t =

19

/

3y

in a similar manner.

The indices j and k refer to t =

d3rf d’r B( ) B(vr.:,l) e (fv‘ »rﬂ ) P(E,le‘,rj '_ .

In one 1ndex is d1fferent from the other three

- the average will be zero.

for nonzero averages:

last- term reduces to

the M2

8™ ®Lr(0)] B

- M terms where J =

B

4(

M

2

- M)

= 2(g-£ )% MLF,(§.0) +

M {B[@(O)] B[a(t)] gosﬁgn(o) cos§x5(1)5

0, while £ and m

The last term in Eq.

(9.4) redﬁces

(9.4) is'iero for jt L.

-ro)

= £ so that the third term becomes

F(k,T)]

0.

There are thus on]y four'poss1b111t1es

the M terms where j =

(5(r)1 =

k.

R

stF_(0,7)

)

k and % = m, but J f L for which

®[r;(0) B[, (rn

4( 2

M~

- M)®>

2

m:for which the

(9.4) ¢

(9.5)
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the M - M terms where j=2fand k =mbut j # k fdr which

gt - " ®L5(0)] Bl5(x)] R [r(0) T)] = ghm? - m) Fak,n)

and the M2 - M terms where j = m and k = %, buf'j # k for which
807 - M) @r(0)] Bly(x)] e IEOL(Z L g ) P2k ,n)
Thus, for M > 1
u@yuﬂ)=ﬁ?2¥¥m>+ﬂ&EﬂMU(kﬂ | O (9.6)
v ) 0 0 ‘ ‘vw wQ + w? . .

4, 2

+ F_(K.T)] + 8MF_(0,1) + 8 an? + g*MPLFE(k,T) + FE(K,T)]

It remains to evaluate F_(K,7). In the usual diffusion approximation?7

. . ' 2 : .
P(r.0lx 47) = (4mdr)™3/2 (5 <) /80T (9.7)

By introducing the're1ative'coordinateu§ =;§ -r in Eq. (9.5), we

e N T

-
+
n
(4]
z
i
1]

F,(K,7) =,Q"(4n01)‘3/2¢f d rJf d®sB(r) B(
o Q Q |

In terms of the spatial transform,bB(g),

R (KT ﬂfdw(msm+x>e‘F$T L (9.9)
Since B(gq) = 0, for lal 2 K, we -have

F+(K,f)-;.o s

: 2
F(&) -1mkiquw DKTJQ’
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and
o (3 2 Dt
F.(0,1) =@ | dqlB(g)]" e |

(1(0) I(T)} then takes the form

const + 2(B-EO)Z<N>e'DK Ty " (9.10)
2

2 ey ghan(o) en(e)r

(1(0) 1(t)
+ gtan

where <6N(O)‘6N(r)> = MF_(0,t) is the autocorrelation function for
number fluctuations in Q2 due to‘diffusion of the particles.
F_(0,1) is the probability tnat aiparticle in Qi'af t =0 will also
be inQ,att=r1. 1- F (0,7) is the probabi]ffy after-effect
factor of:Chandrasekhar.27 ' S

Substitution of Eq. (9.10) in Eq. (9.3)_gives'the frequency

spectrum. Apart from zero-frequency components, we find

2., o

- 2 B A .. : ' |
. (B-E ) (NIDK 2,..2..,2
5,(F) = — 4 s+ 284(N) DK 5+ B4SN(f) , (9.11)
DK™ + (2nf)"  4D°K" + (2nf) \
where '
B 223 o
|B(q)|"Dq"d"q v D

Sy(F) = o 24 5 (9.12)

_ Dq" + (2nf) : | |

fs the spectrum'for nunber f]uctuations which has:the same shape as
RS T(f) for uncorrelated temperature f]uctuat1ons (Eq. (3.19)). The
f1rst term in Eq. (9.11), the heterodyne Lorentz1an and the second
term, the homodyne Lorentz1an, depend on the coherent nature of the
11ght in produc1ng 1nterference f]uctuat1ons SN(f), on the other

hand, wh1ch is 1ndependent of K, does not depend on coherence, but
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‘rather on.tﬁe shape of Qi' The general behavioripf SN(f) is the
same as ST(f)'shown in Fig. 5(a) for uncorrelated temperature
f]uétuations. “Renormalizing Eq. (3.23) forrnumber fluctuations,

" we find the'ﬂigh frequency limit of SN(f);

Map /2

CS\(F) > —=S s (F > f
N 2am/ 2¢3/2

3)‘ (9.13)
Although we initially assumed that the'sCattered 1ight was coherent

over the area_of the detector, Adet’ thié assumption is usually not
'valid experimentally. In most cases, the coherence area-at the
detector, Acoh’ is less than Adet' Acoh depends.on the experimental
configuration. Cummins and Swinney] show that Acbh ~ A2R2/A'-where A
is the wavelength of the 1ight, R is the distancé from Qi to the
detector, and A' is the apparent area of Qi'as seen by the detector.
For the interferénce effects each Acdh f]uctuateévindependent1y and
the spectrum.1$ proport1ona] to AdetAcoh" As shpwn.1h Eq. (9.12),
however, thé number fluctuations do not depend on K and the spectrum
. . 2
_1s,‘therefore,vproport1ona1 to Adet’ |

- Interference and number fluctuations are best observed together
in a homodyne experiment, for which Eo + 0. In this case, from.
Egs. (9.11) and (9.12), the relative spectrum for a finite area
. detector

2 L 2. 2.3
CS(f) BDKA G Ager g .[ 1B(q)]|°Dq°d>q

2 2 27| Za T 7

T (9.14)
1 4D°K" + (2nf)" M@ D q + (2nuf)

i



Od U 4308214

_57-
where T = <N>82Ad t is the average 1ntens1ty The position of the
half- w1dth of the Lorentz1an, 172 = DK /m, allows one to determine

the d1ffu510n constant, D. The low frequency 11m1t of the Lorentz1an,
. 2
2Ac0h/AdetDK B ‘
if Adet is known. The Lorentzian is expected‘to:be'on top of a

“background" spectrum due to number f]uctuations For small enough

2Acoh/“f1/2Adet’ then allows one to determine ACoh

»Qi or low enough densities, Ny = M/Q the number f]uctuat1ons may .
dominate the-Lorentzian. The high frequency 11m1t of the relative

number fluctuations from Eq. (9 13)

5, (£)/1% > 0/ 2n/2n 0 n3/2_3/2 . o (9.15)

a110wslone to'determine n, if D and @, are known.

In ourvexperiment, fight from a helium-neon laser (A = 6328R)
nith a beam diameter of 1.7 mm passed through a small aperture of
diameter O. 45‘mm, and was focused by a microscope'objectiVe 1ens
onto a thin closed cell containing a suspen510n of po]ystyrene
spheres in d1st11led water. Light" scattered through an angle - 6
passed through an aperture of area Adet at a_distance R from the cell
and was incident on a photomultip]ier 3 cm behind the aperture.
Stray Tight was minimized to make the heterodyne components negligible.
}The spectrum of the photomu1t1p11er output was measured with the PDP- 11
as descr1bed in Section II. | ' “

Our arrangement of passlng the'laser,ltght through an aperture
and tocusing it onto the sample cell produced an ﬁ]]uminant cylindrical
volume, 2., of 1ength 5= 1.5 mm with sharp bpundaries.and i1lumination .

. - ' »,, ¢
uniform to w1th1n ]0% The diametervof‘the cylinder, d, could be
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varied'byﬁChénging the beam focus. The minimum beam:diameter was

10 £.2 pm;'.Since the partic]és could neither enter hor leave 02,

via the ehdS df the cylinder, we expect the shape: of the number
:fluctuations épectrum; SN(f)? to be as shown in Fig. 5(a) with f] >0,

3/2 for

“and f2 = f3 ~ D/nd2. In other words, We expect SN(f) « f-
f2 D/nd2 with a gradual flattening of the spectrum as f is lowered
below D/ndz} From Eq. (9.15) for a cylindrical Qi the high frequency

limit of the humbér fluctuation contribution is
S ()18 > 80 /2yn¥ 2 oFg $32 (9.16)

where n = M/Q is the particle concentration. Since the kneérfor the
number fluctuations D/ndz, is at. a huch lower frequency than the knee
for the'intérférence'Lorentzian, DKZ/n, the number fluctuations wili
have an f'3/2'behavior in the region in which the Lorentzian is
usually obsérved; | |

Figure 13 shows'SI(f)/TZ'for'a homodyne experiment on spheres

of radius r_ = 630R with 6 = 50°, d = 10 um, R = 4 cm, and n ~ 5x10'" cn”™>,
The Va]ue of né was estimated from information édpp]ied by the manu- I
facturer (Dow Chemical Company) of the po]ystyreﬁe.spheres and our

.known dilution. Because of'settlihgvof the particles and evaporation

of solvent we believe the value to be accurate on]y to within a factor

2

3(a) Ayat » and the spectrum‘1s the usual

of 2. In Fig. 13(a) A, = 0.009 cm |
homodynevLoféntéian. From thevposition of‘the half-width, f]/2 = DKZ/n,
, wé may measgre D; Here K = 4#nsin~%—6'/l, whéré n is the-index of
refraétion:of the solvent, A iS the-vacuum wave]ehgth of the light,

and»e; is the angle through which théj]ight is scattered in the
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suspensjer}.'Using‘SneiT's ]ew‘to correct for refraeffon at the water-
glaes-air interface, we find that 6 = 50‘.> corresppnds to 6' = 37.2°
inside the cell. Using the value of f]/2 = 85 Hz from Fig. ]3(a);

‘we find D = 4.2x107% en®/sec.” This is in good agreement with the

-8

value of D =3.73x10 cmz/sec calcu]ated from the Einstein-Stokes

re]at1on, D = kBT/ﬁnnro, at room temperature.
" In Fig. 13(b) Adetvwas increased by a factor of 77 to 0.7 cm2 and
“the Tow frequency limit of the Lorentzian Waé'redUCed by a factorvOf

65 demonstrating the effect of Aeoh/Adet in determining the absolute

magnitude'ofifhe homodyne. spectrum. From the low frequency limit,

A

oK _— -6 .-1 . .
we find ZACOh/Ad t = h/Adet ]/2-— 1.7X1Q ~ Hz ', and eet]mate
Aéoh = 1.6le cm2’at the aperture. This compares with a value of
cohv=;4 0x10°% cm? ca1cu1ated from the empirical formuTa,
ACoh = XZRZ/A', where A' is the apparent area of Q as seen from

the aperture. X is taken as the wavelength in the so]yent, and

correction wee made to A' for the water~§1aes-éirfinterface. The

number flqctuationvcpntribution is unaffected by the change in»Adetv.
A ahd therefore becohes more apparent at the low frequency endzpf 

: “the Spectrum in F1g 13(b). | |

| ' F1gure 14 shows the effect of chang1ng partlcle concentration

'for.a g1ven exper1menta1 conf1gurat1on with o =_6303, 8 = 50°, |

d =10 um, and A = 0.7 cmz; R was reduced,to:3bcm in order to

det

make the number fluctuations more apparent by decreasing Acoh_and
further éuppreésing the Lorentzian below that in Fig. 13(b). For

‘a given value of Q. we see from Eq. (9.14) that the relative inter-

ference fluctuations are independent.of‘no while the number fluctuations
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11

1 In Fig..l4(b) n, is estimated to be 5x10° " cm

are proportional to n; .

At the lower frequencies, the number fluctuation spectrum varying as

-3/2

f becomes apparent. In Fig. 14(a) the suspension was diluted by

9 3

a factor of 500 to give an estimated no'of 10° cm™°. - The number

fluctuations are observéd to increase by a factor of about 750 to
dominate the.Lorentzian.‘ A shoulder due to the Loréntzian is, however,
still visible above 1 Hz. As in Fig. 5(a), as the fréduency is
Towered, théré is an.evvehtUal flattening of the spéctrum. The

2 2

frequency below which this is expected, D/nd” = 1.3x10° " Hz, is in

excellent agreement with experiment. As noted above, if D is known
(say from the Lorentzian half-width) the absolute magnitude of the
high frequency behaVior of the number fluctuations can be used to

8 cm2/sec and

3

‘measure n_. ‘Using our measured value of D = 4.2x10"
Eq. (19), we find that for Fig. 14(a) S,(f)/1° = 1.0x107% 2" at =

8 3

1.0 Hz, and thus n_ = 6.6x10° cm >, where n, is the measured con-

centration from S (f). In Fig. 14(b) sI(f)/T2 =1.3:107° 1277 at

1.0. Hz, and we find n, = 4;7x]O]] ¢n~3. Both of these values are
within the Iimits of our estimated Ny Tﬁe flattening of the spectra
in'Fig.'14(a);and (b) above 1 kHz is due to shot noise in the photo-
muitiplier,‘_Using our values of n_, we find thatvin Fig. 14(a)
0 = 77, while in Fig. 14(b) @) = 5.5x10%. |

For cohbhrison: Fig. 14(c) showﬁ-thé fe]étiVe }ntensity‘spectrum
for thenlaser‘USed, measured by rep1acing the sample cell by ground
g]ags. The laser Was-not ﬁtabiliéedvahd the fluctuations were due
primarily to a drift in the output intensity, which gives a 1"2 spectrum

with our measurement technique. The laser intensity_f]uétuations Weréj

-3
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orders of magnitude below the number and interference fluctuations.

With an ihfenéity stabilized laser it should beiboSsib]é to see
number fluctuations with N much greater than 10°.
Figuré 15 shows the effect of changing 235 with ro ~ 6303,

2 9 3

e A =0 ° - . -
9~7a5p ’:Adet 0.7 cm™, R =3 cm, and n, estimated to be 10 cm "

'Figure 15(a)‘reproduces Fig. 14(a) with d = 10 um. ‘In Fig. 15(b) the

beam was defocused to give a larger Qi’ In addition to decreasing
the relative number fluctuations and moving the knee to a lower

frequency, the increase in Qi}reduces Acoh and suppresses the

3/2

Lorentzian. In Fig. 15(b) the spectrum is close to f ~'° over five

decades whi]e no definite knee of Lorentzian is'apparéntQ Again,
ihe high fféquency.flattening is due to photomu]tfp]ief shot noise.
A]thoughvwe could not make a diréct measurement, the value of d - |
“in Fig. 15(b) can-be'determined from Eq. (9.16) aha the ratip of the

£73/2 Lagions in Fig. 15(a) and Fig. 15(b). We find d = 120 um

and'preditt;that the knee should occur a‘c"D/1rd2'=.v9><.T0'5 Hz, which is

below the lowest frequency measured. In Fig. 15(b) (N) = 1.1XI04.
_Figuregi6'shows'é similar set df'experiments on largéf spheres,

~with vy = 65008, 6 = 30°, Ay, = 0.7 cn’, and R = 6 cm. In Fig. 16(c)

3

 we estimate n, =vSX108 cm . A large Q. was used and only the

‘interferehte Ldrentzian was observed. As with Fig. 13(a) we use the

‘half-width bffthé Lorentzian, f; , =>2_Hz; to determine

D = 2.5¢10"° em?/sec. This compares with a value of D = 3.62x107° cn?/sec
from the Einstein-Stokes relation. In Fig. 16(b) d was reduced to 10 pm

: aﬁd the nUmber”fiuctuation spéttrum became yisibie’at the low frequency
.end of the Lorehtzian.b From Eq. (9.16) andeI(f)/T?‘= 0.10 Hz'] at

>
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I Fig. 16(a) the suspension was

diluted by a factor of 50 to give an estimatéd-ho =107 em3, and

1072 Hz we find n = .5x10

the number‘f}uctuations increased relative to the Lorentzian. Using

1 3

Sl(f)/'f2 = 3.2 2" at 1072 Hz and Eq. (9.16) we find n_ = 4.7x1077 3.

In Fig. 16(a) and Fig. 16(b) a knee is expected at a frequency of

O/nd® = gx10”%

Hz. Although the lowest few pbintébbf Fig. 16(a) show
‘'some decreése'which may be the start of the knee, the lowest poini; |
‘are unreliable due to a noticeable settling of the larger spheres
over the time;span of the experinent. - -

In thevfonard direction the approximation [&j‘> ]/i breaks down.
“As the main béam is detected by the photomu]tip]iér the heterodyne
’f}uctuations'dominate.fhe spectrum. Figure.17(a)-shoﬁs the spectrum from
an_experiment*in the forward direction in.which the'main'beam is

detected, with r_ = 630R, 6 = 0°, A, = 0.7 cn?, R = 10 cm and ny

det
estimated to be SX]O1]'cm°3."If one assumes that‘& is éxactly'zero

in the forward direction, there is no first o%der_phaSe change when a
par:ic]e-moveﬁ,‘and we see from Eq. (9.12) that the interference terms
have ho finife’frequency contribution. One would then expect to

observe only humber fluctuat%ons and a spectrum like Fig. 14(a). Although
‘the spectrum of'Fig.:17(a),'has a knee at 1072 Hz, it is much_sharper

than the knee in Fig. 14(a), and the behavior between 1072 Hz and 10 Hz

s stecper thanvf'B/z. We conclude thatrthe fluctuatiops are due to

t
heterodyne interference with a distribution of small K values. From

1

the position of the knee at 1072 Kz we estimate that 15] <103 . A

rough estimate of the range of 6'S'inc19ded due to the finite Adot

gives {5] <-4x103.cm'].
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| The nunber fluctuations are not an interference effect. It
\shou]d therefore, be poss1b]e to observe the number f]uctuat1on
spectrum w1th white or incoherent 11ght Figures 17(b), 17(c) and
17(d) show the.spectra obtained from several experiments in which

the 1ight'source was a dc‘powered incandescent bu]bﬁ_ In Fig. 17(b),

8 -3

= 65008, 0 = 45°, A, . = 0.7 en®, n_ is estimated to be 5x10° cm

det
and R = 1 cm. Qi was determined by a slit 130 uix10 pm immeddate]y

in front of the sample cell rather than by a focusedvbeam. Although

the photomultiplier shot noise is more apparent, there-is no.interferenée

-3/2

Lorentz1an and the f number fluctuation spectrum~is quite clear.

;Us1nngq. (9.15) and our measured D = 2.5>’<1.0'9 cmz/sec, we determine
n = 2.3x10° en”> from the magnitide of the £3/% vegion. In Fig. 17(c),
ry = 630k, © = 50°, Aget = 0-7 cmz,'n ~ 2x10"! ém'3, and R =6 cm.

The m1croscope objective lens was used to focus an 1mage of the
bulk f11ament in the ce]], and so produce an Q of 1rregu]ar shape

for wh1ch no.numer1cal-ca]cu1at1ons ‘could be made. However, as:
expected, the spectrum is sti]Trproportional to £3/2 since the

dimensions of Q; were greater thanv(D/f)]/z. In Fig. 17(d),_rO = 630K,

6 = 0°, Adetv- 0.7 cmz, Ny ™ ZX10]] cm 3, and R ~ 1'ch 'Q' was again

determ1ned by a slit of d1mens1ons 2 mmx20 um 1mmed1ate]y in front

=3/2

of the cell. A]though the f behav1or is apparent its magn1tude :

cannot in general be used to determ1ne n, from eq (9 15) as it was
1n Fig. 17(b); Since we are observ1ng the main beam, 1t# (N)B Ad t

It 1s, however, suff1c1ent to adopt a s1mp]e mode] 1n wh1ch

NO/A, where'I is the transm1tted intensity, I 1s‘the»incident

I= I e o
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inténsity,'N is the numbér of particles in the beam, o is the cross
seciion forlécattering outrof the beam, and A is the beam area. In
this casé:Sitf)/Tz = [In(1,/D7°. Here, I./1~2, and we find
n =120t end In Fig. 17(d), ) = 8x10%. The increased
intensity stability of.the bulb over the 1aser'$hd the absehce of
interferen¢e f]uctuations allow one to easily observe the number
fluctuations even when () > 108.

~We have shown that for monochromatic light scattered by a suspension
of independént particles the intensity fluctuation sbectrum contains
SN(f) in addition to the usual homodyne and heterodyne_Lorentzian.
A1l three terms arise in a unified manner from P(r,0|c',t). By
measuring the homodyne fluctuation spectrum for-]fght scattered from
a Suspension_of polystyrene spheres down to frequenbies as low as

4_Hz,‘we_have been able to verify the calculated SN(f) for

5x10”
indepehdeht'hartic]es uhdergoing Brownian motion._‘we have éxpérie

_méntally demonstrated that the effects of varying A&ét, A

fQi; and’D’Qn the re]ativé'magnitudes of the interference and numbef

coh’ "o’
.fTuctuation spectra'afe in excellent agreement with theory. The
position ofxfhe half-width of the Lorentzian allows us to determine
D. The theppyvpredicts a gradual flattening of Sﬁ(f) as f is lTowered
bé]ow D/wdz.u The knee is observed éxberimenta]iy at the predicted
frequentyT Knowing D and Q. we are also able t0 détérmine'nm from
the f'3/2 limit of SN(f). This value of " is in good agreement
_wfth our:estimate based on the manufacturer's data. With an |
“unstabilized ]aSer SN(f) Was'easily discernible, and, conseqUent]y,

"a measurement'of n, was possible, even for (N) aé?high as 5.5x]o4_
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Sﬁ(f) was a]So apparent_with an incandescent bu]b as the light source.
In this caée,,the interference fluctuations were ‘absent and the
increasedgstabi]ity of the bulb over the -laser é]loWed a measurement

of n.. evéh'when N = 8x10°.
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“"There is no music in Nature,. ne1ther melody nor harmony
Music - 1s the creation of man.

Rev. Hugh Reginald, Music and”Morals

"There's music in the sighing of a reed;
There's music in the gushing of a rill;
There's music in all things, if men had ears,
Their earth is but an echo .of the spheres."

Lord'Byron,fDon.Juan

XL 1/f NOISE IN MUSIC: MUSIC FROM 1/f NOISE
Much of ﬁhe~interest’in 1/f noise is due tdnthe presence of the .
1/f behavfof as the‘iow‘frequeney 1imit to the power spectrum of
most measured quantities coup1ed with its absence from'most'theoretiCa]

calculations. Even the voltage fluctuations across nerve membranes39

and long term geological or hydrological recbrds40'exhibit the 1/f
spectrum. Foriexamp]e, Fig. 18 shows the power. spectrum of the flood
levels of the'river Nile. The 1/f behavior extendsvto frequencies

as low as 3*10']]

Hz. In this section we present méasurements on
QUantitfes assdciated with music and speechvand §nOW'that these,
tno; have'tne 1/ epectrUm. To conclude, we destribe how a "1/f
noise" may be used to make "1/f music". |

‘Many f]uctuating quantities, V(t), mey be characterized by a
s1ng]e correlat1on time, TC. In such a case, V(t ) is correlated
_w1th V(t +.r) for |T| < Tes and is 1ndependent of V(t + 1) for
1IT| > T, ‘For this case, Sv(f) is "white" (1ndependent of frequency)
;1n the frequency range corresponding to time sca]es over which V(t)
is uncorre]ated (f-< 1/2nT ), and is a rap1d1y decrea51na function of
frequency, usua]]y 1/f , in the frequency range over which V(t) is
corre]ated3(f,> 1/2nTC). A‘quant1ty w1th al/f ppwer spectrum cannot,_

therefore, be characterized“by;a,single correlation time. In fact,
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the 1/f power spectrum 1mp]1es some . corre]at1on in V( ) over all time-
sca]es correspond1ng to the frequency range for wh1ch Sv(f) is 1/f.

In generalg a negat1ve<s1ope for Sv(f) implies some-degree of correlation
in V(t) over time scales of roughly 1/2nf. A steep slope implies a
higher degree of cbrre]ation than a shallow slope. Thus, a quantity

with a'T/lepower spectrum is high]y correlated; }_ |

Figure 19 shows samples of white, 1/f, and 1/¢2 noise. Each
‘f]uctuatfng-ouantity was sca]ed'to cover the same uertical range.

The wh1te no1se ‘has the most random appearance and shows rap1d
uncorre]ated changes The 1/f noise is the most»corre1ated show{ng
only slow changes. The 1/f noise ‘is Tntermediate; showing structure'
on all time scales It is 1nterest1ng to note that, a]though s1mp1eb
computer algorithms exist for a white or 1/f noise source over
| “arbitrarily 10ng.t1me scales, no ‘such algorjthm exists to produce

' 1[f'noise.‘ This inability'to.produce a‘generatfng'aTgorithm‘fs
.related to our‘incompTete theoretfca1iunderStanofng-of 1/F noise.”h'
Nature, hoWever; has no such prohlem° any’ sem1conductor, for examp]e,
"prov1des a conven1ent source of 1/f noise.

In our measurements on music and speech, he f]uctuating quantity
of . 1nterest was converted to a vo]tage whose pover spectrum was
'measured by the PDP-11 computer The most fam111ar f]uctuat1ng

,quant1ty assoc1ated with music 1s thn aud1o signal, V( ), such as

" the vo]tage used to drive a speaker system F1gure 20(a) shous a
._.11near-11near plot of the power spectrum,.Sv(f), of the ‘audio signal
.',from,J.tS.fBach}s 15% Brandenburg ConCerto.(Angel $B-3787) averaged

~over the entire concerto. The spectrum consists of a series of sharp



peaks in’the frequency range 100 Hz to 2 kHz corresponding'to the

individual notes in the concerto and, of course, is far from 1/f.

A]though fhis spectrum contains much useful 1nformatfon, our primary

interest is in more s]owly’varying quantities.

One sucﬁ quantity is thelloddneSS of the music. The audio

signal, V(tj, was amp!ifiéd and bassed through a:béndpass filter in.

the range 100 Hz to 10 kHz. The fiiter output wés>$quared and the

audfo frequencies filtered off to give a slowly varying signal,

'Vz(t), propdrtfona] to the instantaneous Toudneésléf the music.

The power spectrum of the loudness f]uctuations of the ISt Brandenburg |

Concérto,'s »(f), averaged over the entire concerto s shown in |
—Fig. 20(b).v_0n this linear-linear plot, the ]oudness fluctuations

appear as a-peék close to zero frequency.

| Figure 21 is the log-Tog plot of the same spectra as in Fig.IZO;

In Fig. 21(a), the power spectrum of the aﬁdio sigha], Sv(f),vis

distributed'dver the audio range. In Fig. Ql(b), however, the loudress

f]uctuétioﬁ spectrum, S ,(f), shows the 1/f behavior below 1 Hz. The

neaks between 1 Hz and ¥O'Hz are due. to the rhythmic structure of thé music.

Figufe 22(5).shows the power spectrum;ofﬂloudhess f]uctuations for

a réCording of.Scott Joplin piano rags (ﬁonsuch H571248) averaged |

over the entf%g'recordiﬁg. Aithough fhis'music has a more pronouncéd

metric structure than the Bfandenburg Concerto, ahd; conseqUentIy@

has more structurs in the spectrum between 1 Hz and 10 Hz, the spectrum

below 1 Hz is still 1/7-like.
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In brder to measure S,Z(f) doWn to even 1ower treenenCiés an
auaio signe] of’greater du¥ation than a sing]e.reeord“ie needed,

for example;jthat.from a radio station. The audio signal from'an AM
radto was filtered and quared; S'z(f)‘was aVereged over approximately

-~ 12.hr, and thus included many musiza] selections as well ae announcements
and commercials. Figures 22(b) threugh (d) show the loudness fluctuation
j spectra*fdr'three‘radto‘stations characterized by dtfferent motifs.
‘Figure 4(5) shows 5'2(f) for a classical station, The spectrum exhibits
‘a smooth.t/frdependgnce;A Figure Zé(c) shows S Z(f) for a rqek station.
The spectrum is 1/f-like above 2x1073 Hz, and ¥1attens for lower
’freqUencie§; tndicating that the correlation of the toudness(f1uctu—/
ationS‘dQeS'not extend over time'sca1es lenger than é sing]e selection,

=-rough1y 100 sec. Figure 22(d) shows S'Z(f)'for a news and talk

| o . | v | -
station, and is representative of 'S 2(f)ffor speech.  Once again the

o S Ve - - S
spectrum is 1/f-Tike. In Fig. 22(b) and Fig. 22(d), S 2(f) remains

1/f-Tike down to the lowest frequency measured, $XIO'4 Hz,'implying
correlations over time scales of at least 5 min. 1In the case of |
c1asstca1vmusicvthis.timé‘is ]ese than the average length of each
compos1t1on | |

Another s]ow]y varying: quant1ty in “speech and music is. the
instantaneous putch A conven1ent means of measur1ng the pitch is
by the rate, Z, of zero crossings of the aud1o s1gna1 V(t). Thus
an audio s1gna] of 1ow_p1tch w11] have few zero cr0551ngs per
- second and.eFSmall z, nhile a high pitcheﬂ‘s?gna] wti] hévé a high
Z. For thercase of nusic, Z(t) rough]y follows the p1tch content.

F1gure 23 shows the power spectra of the rate of zero - cross1ngs, .
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'SZ(f), for four radio stations averaged over approximately 12 hr.
Figure 23(a) shows Sz(f) for a classical station;r The power spectrum
is c]osely'i/f above 4><1O;4 Hz. Figures 23(b) and (c) show Sz(f) |
for a jazz and blues station and a rock station., Here the spectrum
is 1/f-Tike down to frequencies corresponding to the average selection
length, and is flat at lower frequencies.- Figure 23(d), however,
’wh1ch shows S. (f) for a news and talk stat1on exh1b1ts a quite
d1fferent-spectrum. The spectrum is that of a quant1ty characterized
by two correiation'fimes: The average length of}an individual speech
sound, roughly 0.1 sec, and the average length of:time for which a
- given announcer talks, about 100 sec. For mostfmusical selections
the pitch contentAhas correlations that extend over a large range of
time scales, and has a 1/f power spectrum. For normal English speech,
on fhe other hahd, the pitches of the individual speech sounds are
unrelated. As a result, the.power spectrum is_ﬁwhite" for frequencies
less than-ebout 3 Hz, and falls as 1/f2 for/f 2 3 Hz. In fact, in
Figs. 23(a)1throughj(c)5 one observes shoulders éf about 3 Hz |
corresponding.to speech averaged in with the music.i fhe prominence
. of this shoulder increases as the vocal content of the music increases,
or as the commercia1 interruptions become more frequent.

~The 1/f spectrum for quant1t1es associated w1th music and
speech 15, perhaps, not so surprising. We speculate that measures
of “jnte]lfgent“'behavior should show a 1/f-1ike power spectrum.
"_whereas:a ouahtity with é white-power Spectrum is uncorrelated with
its past, and a quant1ty with a ]/f power spectrum depends very

strongly on 1ts past, a quant1ty w1th a 1/f power spectrum has an
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intermediaté behavior, with some correlation on qiTTfimecha1es, yet .
not depending édolﬁtronglykon ité»pést.v Human communiCation fs ohe
examp]e‘whére correlations extend ovér-variousvﬁime'séa1e$. In
_music.ﬁuch of ‘the communication is directly by’fhé pitch content »
which}exhibité a 1/f spectrum.. In English speech, on the othéf hand,
The:communiCation is not directly related to the bjféh of the |
individual sbunds., The.ideas coﬁmunicated-may haVevlbng t{mg
Corre]gtidnﬁleven though the pitehes of succeSsivé'50undé afe
‘unrelated. |

The obsérvation of‘l/f poherképéctra for the 1oudne$§ and pitch
f]uctuétﬁons‘in:muéiC-has impliﬁations»for stoéhgstic mUQic com- -
position. ’In.the pasf,'stochastic cgmpositiohs ﬁaQé-bgen based on
a random number geherator (white noisejsou}ce) Which-ié uncoﬁreTatéd
in tiﬁe. 'In:the simplest cdﬁe the white nbise.souréé can be'ﬁsed
to determiné_the pifch and duration (quantized in some Standakd>
manner) of successive notes.- The resulting music.is and sounds
structureless.’ (Figure 24 shows an exahp]e oflthisfﬁwhite>music" which
we have broducéd using a white noise source.) MOstIWdrk on stochastic
Combosition:hés been éoncerned with ways of adding the time étructure
‘that thelrandom ﬁdmber geheratdr could not prdvide; Low 1éve]‘
 Mark6V processes (iﬁ'Which the probabiiity of a givén note dependsl
on itsbjmmédiéte,predecéssbrs) were abie to imposé‘éome local
1sﬁku¢ture'bﬁt lacked ]dng.time'correTations. AttéMpts at incréasing
thé‘ﬁuhbef of.precéeding notesnon>which the inen note depéﬁded.gave
increasing]y-fepetiti;us results.rapher than intereéting long terh

41

stfuCture. By.addingvrejectionfru1es for the random choices
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(a trial the'is rejected if it vid]ates one of the rules), Hiller
“and ISaacédn'were also able to obtafn Tocal strUctufé but no long
term corré]ations.42 J. C. Tenney has,deve]oped an'é1gorithm that
intrOduces ldng term structure by slowly varying the dfstkibutidn of

randdm numbers from which the notes were seTected.43

Thus,‘although
it has beén possibly to impqse_some structure on a-spec{fic time |
scale, thévsfochasticvaSic.has beeh unable to métch the correlations
and structuré found in music over-a wide range of time scales. |

- The natural means of adding this sfruéture'is with the use of a
1/f noise Source rathér‘than by impoSing constraints upon a'White_
noiSe'sourcé}‘ The 1/f noise source itself has the same timé_
corre]atioﬁé as we have measured in various typeé of'music;- To
i]]ustrate‘thislprocess‘at an elementary level, we present short
typical seTections composed by white, 1/f, and 1/f21nbise.

In each Case a physical noise source was used tb produce a
fluctuating voltage of the.desired spectrum. The voltage was sémp]ed
ahd digitized by the PDP-11 computef to produce a series of random
numbers stbfed in the computer whose power spectrum'was the same as
~that of the noise'sourte. The series was then séaledﬁso thatvsUcceésiVe“
numbers détermfned the pitch of succesﬁive notes- over a two octave
range. A high number specified a high pitch and yfce versa. This
process was £hén repeated tovproducé an,independeht series of stored
random numbers whose value corresponded to the ddration bf_succeSSive

notes.
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The PDP ]1 was then used to "perform" the stochast1c compos1t1on'
by control]1ng a s1ng1e amp11tude modu]ated vo]tage controlled |
osc111ator “The computer was also used to put the stochast1c
compos1t1ons-in more convehtiona1'torm. Samples Of these computer
"scores" are shoWn:in Figs; 24 through 26. Aocidentals apply oh]y
to the notes they precede. In Fig. 24 a white noise source was

- used to determine pitch and duration. In Fig..25 a 1/f noise soorce
was'used whiie'ih Fig. 26 a 1/f2vnoise source'Was'used Although
Figs. 24 through 26 are not 1ntended as comp]ete forma] compos1t1ons,
they are . representat1ve of the types of corre]at1on that can be
achieved when the three types of noise sourcesvof F1g. 1 are used to
control\vérious musical parameters.  In each oase thebnoise sources
were FGaussian“'imp]ying that'va1ués near the mean were more Tlikely
than extreme values.

Our 1/f music was Judged by most 11steners to be far more
p]eas1ng thanvelther the white music (which was "too random“) or the
sca]e-]ike;l/fz‘music-(which was "too corre]ated‘). ‘Indeed the surprising
-soohisticatioh_of the 1/f music (which was close to being "just:
~ right") suggests that the 1/f noise source is an excellent method
of adding t1me corre]at1ons

There 15, however more to music than 1/f no1se Although our
simp]e_a1gor1thms were suff1c1ent.to demonstrate;the superiority of
a 1/f noise soorce over alwhite noise source in'stOChastio composition, ,'
the variatioh of oniy tWo.parameters (pitch_and duration of the.notes'
of a single voice) can, at best, produoe on]y_a‘Very simp1e'form of K

music. More structure is needed, hot]a]l;of'Whith,can,be provided by -

—
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]/f_noiSe sonrces. We improved on this e]ementery COmbosition by
using’two Vbices that were either independent or pertial]y correlated
(noteé navingvthe same duration but independent pitches or vice versa);
and by varying the overall Toudness with an additiona] 1/f noise
source. We added more structure to the music by‘introducing either
a simple; constant rhythm, or a'variab]e‘rhythmjdefermined by another
1/f noise snane. The use of 1/f noise sources on various structural
levels (from'fhe characterization of individual notes to that of
entire movements) coupled with external constraints (for example;.

- rhythm on-fhe rejection rules of Hii]er) offers_pronising poseibilities

for stochastic composition.
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"What is that noise?" |
~ William Shakespeare,Macbeth
?He‘WHd loves noise must buy a pig." ,
' ) Spanish Phbverb
XI.. CONCLUSIONS
We have shown that 1/f noise in metal and semiconductor films

is an equiTibrium process. For contfnuous.meta1;films'the absence
of 1/f noise in manganin; the scaling of Sv(f);as 12/ for different
| materia]s;'the general decrease of Sv(f)/V2 wi;hAdecreasing'temperaturé;
the obsérvafionjof frequency;dépendeﬁt spatié]vcorrejatioh for the
~1/f noise; the agreement of ac, dc and pu]sed'cdrfent resistanée_
fTuCtuatidn Spéﬁtra§ and the-ab{1ity'qf;équi]ibf1Uﬁ temperature
fluctuations to accurately prédict the.hagnitude:of the 1/f noise
(with an assuméd']/f spectrum for ST(f)) indicate that equi]ibfiumi
'temperature'f]uCtUations_modulatingvfhé'resistance are the pﬁysical
origin of -the 1/f‘ndise.-'The same mechéniSm é]so‘accounts fbr the
 1/f noise in ﬁéta]'ff]mS'ét"the superconducting tkénsjtion and in
‘Josephson junctions. |

.'ATthqugh femperéture f]uctﬁatidns are expected to obey a diffusion
equatidn,_the‘usua] calculated spéctra'for uniform dfffuéive systems;
in Whiéh the fluctuations qfe spatia]]y;uhcorreiated,.do not give a
j/f spectrUm."These-theqretical spectra have, dee;ér, been>§e?ified
eXberfménta11y'for number fluctuatjons of'indebendéhf particles uﬁdér—
going Brdwnian_motiphﬁ: Aﬁtempt; at moré accurate:models.of the complex
eXperimenta1'cbnfiguration (1ﬁIWhich.the>d1ffusive‘medium is Cogbled

to a sUbStféte).only flatten the spectrum‘fufther'at Tow frequencies.
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Moreover, We,haVe.demonstrated experimentally for»the metal films
(by a measurement for the shape of the'§utocorré1atiqn function from
the temperature response to a delta function power ﬁnpuf) that
uncorre]ated“témpefature fluctuations do not produée the 1/f spectrum.
| On the other hand, we have shown both theoretically and
experimentally (by the temperature response to a step function of
powér) that'sbatia11y correlated temperature fluctuations can, in fact,
account fbr»the 1/f spectrum in the frequency range in which it is
observed. The physicé]_origin of the spatia]]ylcdrre}ated temperature -
‘ f]uctuationsrfemains an unsolved problem. Another:poﬁsible difficulty.
is the proper'ndrmélization of the spectrum for'correlated f1UCtuatiQns;
However, thevuse of <(AT)2> = kBTz/Cv to normalize the spectrum fdf" |
corre]ated;f]uctuations does lead to avresu]t in excellent agreément
with the eXperimentaI heasurements.

.A different physical mechanism for the 1/f nofse dominates in

semiconductors and discontinuous metal films: the observed noise

is much lahgef'thah'predicted by the theory, and HS‘not spatially
‘correlated. The agreehent'of'the low frequency resistance fluctuation
»spectrum obtafhéd from Johnsoﬁ noise measurements with that obtained

~ from current biased measurements shows, however, that even in these
systems the 1/f noise is due to equf]ibrium resistance fluctuations.

The l/f_spectrum is noi 1imited to physical systems. The same
}corre]ations on all time scales that yie]d'the 1/f spectrum for many
physicé] quantities are also found in various»measurés of human behavior.
The 10the55'f1uctuations of mus{c and speech and the pitch fluctuations
in music also have the 1/% behavior; Perhaps.thiéfaccounts for some:

_of~the'fas¢ination of the 1/f nofse'problem.
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FIGURE CAPTIONS
) Samp]e c0nf1gurat1on for Bi film noise measurement

(
(b) Measured spectrum, V = O;9V (®); background spectrum,

).

V' 0.0V (o); and Sv(f), noise-background (-

(a) Samp]e configuration for Au noise measurement

(b) Measured spectrum, V = 0.8]V (e); background spectrum

v =,b.CV (o);'and'SV(f) corrected for amplifier and capacitor

frequency response.

»Non]inearity of 1-V characteristic caused by'heating'of Au

sample of Fig. 2;
(a).Simple'system of heat'capacity,»c, coupled to reservoir
at'temperature T- by thermal conductance, G. '(b) Str1ng of

these simple systems which approx1mate a 1 d1mens1ona1

diffusive system.

(a)nST(f)vfor spatially uncorrelated temperature'fluctuations

of a box zn]xzzzxzzj. f.=w/2m= D/4nz§. (b) Model S_(f)
. , _ o,

for a metal film on glass substrate. f] = D/mL%, where 2 is

the length of the film, and f, = D/mw’, where w is the width

of the film.

(a) Ekperimenta} configuration for correiatfon measurement .

(b) Fractiona] correlation for two sampTes

-‘ST(f) for spat1a11y correlated temperature f]uctuat1ons of a

box 20,%28.%2%

*28px28s. Fy = 0/4”“

. dTemperature response ‘of Au samp]e of Fig. 2 to delta functlon

of app11ed power
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Fig.

Fig.

Fig.

. 10.

1.

13.

. 14.

15.

16.

-g2-

Tempé?ature response of Au sample of Fié; 2 to step'function

of aprlied power.

S(f) from cosine transform of tenperature response to delta
func;1on (oen) and step function (————0 of app11ed povier f“om
Figs; 7 and 8 normalized to T(o) = B T /3N; and measured noise
spectrum S{f) = Sv(f)/VZ.(D). |

InSb bridge: Sv(f)/V2 using dc bias (——"4), ac bias (o),

pulsed current bias (A); Johnson noise measurement, SP(f)/?Z(D).

Backgfound Sp(f)/bd from metal film resistor (---).

. Nb bridge: S, (f)/V% using ac bias (—); Sp(F)/P% (1.

p(f)/P'inc1uding knee frequency‘(--4).

Effect of changing b cn S (f)/T fO“ 11c it ocat+orev from a

det
suspension of poiystvrene spheres with To 630ﬂ B = 50°,
- - \ ~ cu1nl] -3 - A el
d = ]G.pm, R =4 cnand ng - 510" cm = (a) Adet = 0.009 cm";
. ] - 2
(b)'Adet = 0.7 cm”. | | | |
Effect of changing "y on'S (f) "2 w1th o 63OA, = 50°,

Q - .
= 0.7 cm2, and r = 3 cm. (a) ng =~ 07 cm 3 and

det
(N> = 775 (b) n, ™ 5XIO]] cnf3 and (N) = 5;SX104. (c) Laser

d =10 ym, A

intensity fluctuation spectrum.

. ) ' ' © )
Effect of changing Qi on SI(f)/I“ with ro " 630A, & = 50°,
3

AL é.0.7 cmz, R =3 cm, nd'~ 109 cm ~. {a) d =10 um (reproduces

det

Fig. 2{a)); (b) d =~ 120 p.

Measurad SI(f),’T2 for larger spheres withirolr;GSQoﬁ, 9 = 30°

det * 0.7 cmz, R = 6 c. (a) n, =~ 107 gth and d = 10 pm;

(b) hp:E'SX]OS cmf3 and d = 10 y; (c) Ny ~ 5708 cm—3, and

A

d gréaﬁ]y enlarged.
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Fig.

Fig.

17,

19.
20.

21.

22.

23,

(b) ¥ = 65008, 6 = 45°, A

the'filament; '(d)-r‘0 = 6308, 6 = 0°, A

r.% 1 cm, n, =~ 2x10
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(é) (Right-hand sca1e) Measured’SI(f)/T2 for laser light

séattered in the forward direction with'rb_é 6303; 6 = 0°,
' 2 11

Ajet = 0-7 cm®, R = 10 cm, and n_ =~ 5x10' . (b), (c), and (d).

de
(1eft-hand scale) SI(f)/Tziobserved wfth‘a white 1ight ‘source.
" _ 2. 8 -3
o det =~ 07 em, g = 5x107 cm 7,

R,~‘1 cm, Qi-determined by a slit 130 uymx10 um and

N - 3 - o) - ° . - 2 - .
(N = 5x10%; (c) "y 630A, 6 = 50°, Adet 0.7 cm™, r = 6 cm, .

1 ], and Qi determinedvby a focused image of

= 0.7 cmz,'

and~n0 ~ 2x10'"' cm”

: det
, Q; determined by a s1it

20 umx2 mm, and (N) = 8x10°,

11 3

cn”
Powér spectrum of flood levels of the erQrfNile.' (Daté from
Oméf'Toussoun, Mémoires 1'In$titUt Egypte-gllg} (1925)). |
Sémplés-of white, T)f, and 1/f2 noise. . |
Ba?hfs 15t Bfﬁndenburg Concerto (1inear:sca1es)k (a) power
Spéttrum of audio signal, Sv(f) vs f3 (5)'power}spectrum of
loudness fluctuations, S 2(f) vs‘fw.

. v -
Bach's 1$t Brandenburg Concerto (log scales): (a) Sv(f) vs f;

~(b) S:Z(f) vs f.

v

Loudness fluctuation spectra, S 2(?) vs f for: (a) Scott Joplin.
piano. rags; (b) classical radio station; (c) rock station; -

(d) news and talk station.

_Power spectra of pitch fluctuations, Sz(f).VS f, for four radio

stations: (a) c]assical;L(b)vjazz and blues;~(c) rock;

(d) news and talk.
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Fig. 24. Pitch and duration determined by a white noise source.
Fig; 25. Pitch and duration determined by a 1/f'n0ise source.

Fig. 26. Pitch and duration determined by a l/fz'noise source.
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