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BACKSCATTERING OF ELECTROMAGNETIC \>lAVE 

FROM UNDERDENSE TURBULENT PLASMA 

Yu-Yun Kuo 

Lawrence Berkeley Laboratory 
University of California 

Berkeley, California 94'i'20 

September 23, 1971 

ABSTRACT 

~ 

Backscattering of elec~romagnetic waves from a homo-

geneous underdense turbulent slab plasma was studied in a trans-

port approximation of the multiple scattering regime. The 

general f<'ature of the multiple scattered signal is quite differ-

ent from that predicted by the Born approximation. There are two 

parameters which characterize the properties of the scattered 

signal. One is Ls' the ratio of the slab thickness to the 

scattering mean free path. The other is ~' the ratio of the 

scattering loss to the collisional absorption. When Ls << 1, 

the cross section of the parallel polarization oil obtained in 

the multiple scattering regime remains the same as that gained 

from Born approximation. But in the region of Ls ;=:: 1, the _ 

cross section o
11 

in multiple scattering will level off while 

that in the Born approximation goes up as a linear function of 

Ls. The cross_section of the cross polarization -~ of a back-

ward scattered signal has the same feature as o1 , , whereas oJ.. 
,I 

in the Born approximation is zero. The absolute magnitude of 

oi! , and the relative ratio between 

the parameter S• 

and oJL all depend on 

• .. 
-2-

The calculation was applied to the ionospheric auroral 

phenomena. It was also found that the_criteria for applyin11; the 

Born approximation up to the critical density does not depend 

upon the electron density in the medium, but upon the parameter 

L • s 
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l • INTRODUCTION 

In the literature, the problem of bistatic scattering'and 

backscattering of electromagnetic waves from plasmas is usually 

dealt with by means of the first Born approximation, 1 which 

assumes (l) the incident wave at each point of the scattering 

medium is the same, and (2) only single scattering needs to be 

considered. The interference effect of the waves scattered from 

different point sources is taken care of by the two-particle 

correlation function 

on o as 
g 

a(k) a: 

a that the total cross sectio~ o depends 
g 

where k is the wave-vector difference between the incident wave 

and the scattered wave, and p is the density of the scattering 

source. It is quite obvious that when there is attenuation in 

the medium due to,. for instance, collision loss, or when the 

scattering mean free path is small compared with the size of the 

medium, the first Born approximation is not applicable. 

Ruffine and de Wol~ discussed the problem in the second 

Born approximation and estimated the cross-polarized scattered 

power for cylindrical and spherical underdense plasmas. 

tions of higher orders are quite difficult. 

Calcula-

The other traditional approach is the phenomenological 

transport equation.) The scalar transport equation has been 

4 solved by the iteration method to the second order. The cross-

polarization scattering cross section found in this way needs to 

be justified. 

• 
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K. M. Watson5-7 bridged the two approaches by starting 

from individual electron scattering to arrive at a vector trans-

port equation in the collective multiple-scattering scheme. The 

two polarizations of each wave were represented by a Stokes column 

8 
vector. When the transport equation is solved, the scattering 

power of the parallel polarization, and that of the cross • 

polarization were found automatically. 

In this work we will state Watson's ap1>roach and the 

important assumption in the model very briefly in the first 

chapter. The correlation function, which is the relevant part 

in the transport equation, will be encountered in Chapter 2. The 

next chapter explains the method which we have used to solve the 

vector transport equation. Application of multiple scattering 

to slab geometry and the problem of the ionospheric aurora are 

dealt with in Chapters 5 and C. Finally, we will discuss the 

question raised recently about the validity of Born approximations 

near the critical density. 
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2. TRANSPORT EQUATION9 

In the multiple scattering regime, the electric field 

at a point ~a will be the sum of the incident field plus the 

field of the waves scattered from all the electrons. 

write this fundamental relation as the following: 

N 

E(cx) 
""' 

~ 1 (cx) + 2._ 
[)(fcx)=l 

2 

I ~CXI3 (j) ECXI3 (cx,j) 

j=l 

We can 

(1) 

where .!JJ,r(cx) ;(1) E0 Exp( i..ifi.n ·Zt) is the incident field with 

polarization e(l). The unit vectors eCX[3(1) and eCX[3(2) are 

defined by choosing z in the z-direction so that 

~_Q(2) o:,., 

where 

Z_ - Z 
-·"10: "'!@ 

I zcx - ZA I 
~ "'"'\-' 

(2) 

The quantity Ecx
13

(cx,j) represents the component along ~a[3(j) 

of the electric field of that wave scattered from an electron at 

to the point ~a. It satisfies the following relation 

-h-

N 2 
\ \ 0 

fij(cx[3,[3cr) E130 ([3,j) + I Ga[3 L. t__ 

cr(#)=l j=l 
(3) 

where 

0 e 
ikinRCX[3 

Ga[3 
RCX[3 

with RCX[3 lz - z I 
"~a -~~r,· 

and 

( ~ ) 

with 

In the above, fij(cx[3,[3o) is the Thomson scattering amplitude 

of electrons scattering a wave from direction 

Finally, 

is the scattering of the incident wave by the electron at 
~13· 

If we sequentially substitute the right-hand side into the left-

hand side of Eq. (4), we obtain the series 

E(cx) 
·""/ 

2 

+ \' !.... 
j=l 

~CX[3(j) 
N 

L 
cr(-113 )=1 

fji (cx[3,13cr) 

"'' i 
+ •• 0 \ 

i 



The first term represents the incident wave, the second term the 

once-scattered wave, the third term the twice-scattered wave, 

etc. 

What we actually want to calculate is the average power 

of the field. The average of any quantity A(l,2,···N) of N 

particles is defined by 

(A) 

where PN is the N-particle distribution function. Convention-

ally, 

(5) 

where g(l2) is the two-particle correlation function. And 

all can be written in similar form. In our problem, 

it is convenient to separate the averaging process according to 

the statistical correlation between the electrons into a coherent 

part and an incoherent part. The coherent wave E = (E) 
I"'C "'' 

~c(a.) =Jii(a.) + fo L J Pl(~) Gaeo !II(f3) d3z~ 
f3 

where we have denoted the average electron density by 

p~) = N P
1 
(~,), which is justified when N » 1. 

•.. 

is 

+ ••• 

(6) 

• 
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In order to simplify the problem, we assume (1) 

Jl - nJ << l, where n is the refractive index; the plasma is 

underdense, (2) the size of the plasma r 
s 

is much greater than 

the wavelength of the incident field, i.e., kinrs >> 1, so that 

the coherent scattering of waves only occurs in the forward 

direction, (3) k. >> \'i7 £n nl, the eikonal approximation of 
lU .w, 

wave prop~gation may be used. The coherent wave then satisfies 

the following equation 

0 

2 
n (z) 

I'll\ [
fO p(Z) + p2 (z) r d3R g(Z,R) 

::;..{ ,¥-\ .J "'' 

where 

is the 

inside 

2 

exp[n
1

(z)(k. - k. p)·R]/R ) 
""' 1>'!1n 1n 1¥'1 L... 

j=l 

l 

[fjl (kin'p)]i? I 
J 

"' 1 - _lL 
2 

w 

2 first-order approximation of n (Z), p is a dummy 
IWi 

the correlation cell, and n'C.(Z) is independent of 
(J/1, 

The solution of the coherent wave is 

f, I~ 
l 

E (a.) "" exp k. n ~j ·Er<_~) tl"lC 1n 

L kin 

vector 

p. 

where r means the integral along the path parallel to the 
Jk. 

1n 
A 

incident direction kin" 
I 

• 

0 



.. 
-9-

After we have the coherent part solved, let us go back 

to Eq. (1). The total field can now be written as the following 

N 2 

.l(a) E (n) 
'\' \-

~at)(j) E~i3(j) + L . ,.'!C '---
t:~(#x)=l j=l 

The average power of the field is 

or 

p (o:,~) + ) 
c L 

t:\l' t:\2 

.X 

'* E (i) E' (j) ) 
apl ap2 . 

n 
(8) 

where 

In other words, 

(

z 
·"10: \ 

c ? ' 7'. " ·~.) 
= g;;IE0 [ ~ •xp f.. '.1 2{Im n) k1nd}s; G·e(l))~ 

l.n 

where 
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2 k. Im(n) 
l.n 

X (9) 

We usually call [. the scattering mean free path. The second 

term in Eq. (8) corresponds to the incoherent part. It was 

manipulated under the assumption of Rc << {, where Rc is the 

correlation length between the electrons, giving us the follovring 

approximation 

n(x) ds 
.. ~ .. '1<: 

(10) 

when ~~o:' - ,,~al ""0 (Rc) and t~o: - ~13 ! = Raf' "'0 (i) • 

Equation (10) means we may consider that the electric field of 

a wave remains the same within each group of electrons of size 

Rc. And the successive scattering occurs at the wave zone of each 

of these groups. A more explicit expression for Rc << f may be 

ob.tained from Eq. (9): 

R 
c 

i. 
<< l . 

We found the incoherent part of the power to be 

2 

Pincoh 
) 
!~ 

(ll) 

(L') 
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with 

(13) 

where (·••) is the average over all the particles except 
CXI\f3~ 

ex, f31 , and p2 • 

We introduce the Stokes parameters for a wave I 

Propagated in direction pA (we cha g ·~R t t A n e" u."' e c. o p, 

.. x-

\ pll\\ 
'\ I Ep(l) Ep(l) 

•. Ill\ 

./ \ 

' ... \ I 
E (2) E (2) l 

f 
\ p p i 1 I(p) l ""' \ E\1) E (2) 

c 
I 

p p I 

I * E (2) E (1) // p p 

we obtain from Eqs. (8), (12), and (13) 

_J ~s 
k. .< ln A 

I(X,p) 
·'" I"\ 

I 0 e 
'~ 

M(p,p' ,z) I(z,;·) .• 
...... ..... '""''• ···t 

where . I 0 = (( I 0 ) .. "'; ..... , lJ 

matrix defined by 

r 
' 
f 
) A 

- -p 

. p22 \ I22 
\ 

! . l t 
' I 

pl2 l \ 112 I 
f i 

// \ / 
\~.~. p21/./ \I22/ 

l 

ds(Z) 
;t-~1 

/ 1~ ds) exp\ A Z T 
p.w, 

(14) 

! • ,. 

with 

in1 (~)k(p-p' )·.~ e .. 

The equivalent differential form of Eq. (li~) is 

oi(;,x) I(p,x) f . 
_ ____;_"'~" + __ ,._, = M(p·p· ,X) I(p' ,X) 

OS L(X) ~- "'· "' ""· 
1/tl . 

This is the familiar transport equation. 

We want to point out here that Watson's derivation of 

the transport equation (stated above) gives us definite informa-

tion about the dependence of the scattering mean free path 

on the properties of the scattering medium through ''g· in 

contrast to the ''guessing" required in the ordinary phenomenolog-

ical derivation. 
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3· CORRELATION FUNCTION FOR TURBULENT MEDIUM 

The two-particle correlation, which is the most relevant 

part in the transport equation, depends totally on the charac-

teristics of the medium. It thus serves two purposes. One is to 

predict· the power or polarization of the scattered wave for a 

~ medium whose properties are known. The other one is to find out 

the characteristic properties of a medium by looking at the 

experimental data of the waves scattered from this medium. 

An underdense turbulent plasma is one for which the plasma 

frequency of the medium is much smaller than the incident wave 

frequency. If the collisionallfrequencies between the ions 

and the neutrals are high enough so that 1 (dv )/(dt) 1 n 

where vn is the medium velocity of the neutrals, the ions will 

follow the neutrals. But electrons are usually following the 

ions; so the correlation between the electrons in the medium is 

just the same as that of the neutrals, which should obey the 

ordinary turbulent fluid theory. Let us start from the diffusion 

equation in fluid dynamics 

0 ' 

p is the number density of particles, ~ is the velocity of the 

medium, and lJ is the arobipolar diffusion coefficient for 

electrons and ions that are moving together in the medium. The 

third term (/} ~p) in Eq. (16) represents the flow of the 

electrons caused by diffusion through the neutrals, while the 

second term ~~)) is the flow caused by medium motion. If we 

set p p (x), o' = •.. (x' ) , then from Eq. (16) we may obtain 
tY'j .-~<1 

-14-

(1 

We have simplified the problem by assuming a homogeneous medium 

such that (pp') and 

only, and S is a constant. Then the Kolmogoroff's11 

dimensional analysis argument can be followed exactly, except 

that the velocity variable is replaced by a conservative, 

. dd't' t't d •t 12 passlve, a l lVe quan l y-- ensl y. In the following, we 

1" will derive the results claimed by Tatarski --' in 19(1. 

If we Fourier transform Eq. (17) into k-space, letting 

S(k) 
,~.) 

r(k) 
/'""'! 

we get 

1 r 
) 

(pr' )(R) .-.r, 

r 
1 r ·; [( ·> 

3/2. I \ \R' Upp -c 21!) .J I \, .. ,, 
... 

ik·B 
(\.!'p'p)l(R);, e ",, d3R 
.,.'\-~ ·"'l l 

.) 

(18) 

It is easily proved that Jr(.k) d3h = 0.14 That is to say, 
IV•) 

r\~)--the coupling between p and ~~-transfers the (p~·. )-stuff 

between different k-spaces, but the total (pp' )-stuff is 

conserved. So there is a region in k-space, when k0 << k << kd' 

where S(k) should be isotropic and depends only on two 
""') 

parameters. One is X. = /} if(pp' ) , which corresponds to the 
1' • .'\. ~ 

dissipation of (pp' )-stuff by diffusion. The other one is the 

rate of dissipation of the turbulent energy E,, which is 

directly related to the velocity of the turbulent medium 
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which in turn affects the transfer of the \pp' )-stuff. The 

upper and lower limits for the isotropic region are usually 

defined by 

1 
r 

s 

1 
r 

0: 

where rs is the size of the largest eddy in the medium, 

generally the same order of magnitude as the size of the plasma, 

and 

Dimension-wise, letting .L be length and t be time, 

we have 

[S(k)] 

[ x.l 

Thus .• 

[ s (k) J 

Since S(k) only depends on X and e, there should be no 

explicit dependence on ~~ ; we obtain 

~ c.• 
-1(:-

0: 
11 

-3 

Thus 

11 

S(k) a:: k 3 when ko <-< k << kd (19) 

Looking at the last term of Eq. (18), we .. recall that the dissipa-

tion effects due to diffusion heavily dominate in the large-k 

region because of the k2 dependence. Batchelor1
;:> found that 

S(k) a:: exp( -k?jconstartt) when k >> kd 

i.e., the eddies at large k diminish very fast. 

.. 

•· 
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lt. SOLUTION OF VECTOR TRANSPORT EQ.UATION 

4.1. Discrete Coordinate Method 

The general way to solve the scalar transport equation is 

either by spherical harmonic expansion or by the Gaussian 

discrete-coordinate method. 
1'' 

It was proved :J that the two methods 

are equivalent for plane geometry. In other geometries, such 

as cylindrical or srherical geometry, there will be a differential 

term M present in the transport equation, where ;t is the 

angle variable cos 8. Since numerical differentiation is rather 

inaccurate generally, the discrete coordinate method is unlikely 

to be superior to the spherical-harmonic method. 

For the vector transport equation, the case of constant 

scattering function has been tried. 16 Our problem involves not 

only a matrix concerning the polarization effect, but also a 

scattering function (.1 • 
g 

Both of them depend on the direction 

angles of the incoming direction p and the scattering direction 

P·. It is too cumbersome to write every matrix element multi-

plied by (1 
g 

into an expansion of spherical harmonics. Not only 

so, the multiplication of the matrix by the Stokes column vector 

will complicate the calculation even more. It seemed to be 

reasonable to go to the much simpler discrete-coordinates method, 

which would give the same accuracy in the ~th-order approxima

tion as would the nth-order spherical-harmonic expansion15 for 

plane geometry. 

The scattering matrix M' in the transport equation 

-, 
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is defined by 

In our problem, for the sake of convenience, we changed the basis 

* 

1 
r,El,2 -, El El 

! 
E; E2 I /E /

2 
2 

I' 
-)(' l ~·J 

El E2 I /E1 //E2 /exp(io) 
I 

' I/E2//E1/ exp( -i6) . * E2 El 
_; :_ _! 

to 

(?1) 

( 
0 I 

j 

where 5 is the phase difference between E 
;•'fl 

and 
... ~2' 

I A·I' 
'"'l 

where 

r: 0 0 ol 
1 0 0 

A 1 i I 0 
0 2 2 

1 i I o 0 ? -2 
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The corresponding change in the matrix M is 

the elements in· M are listed in Table I. The angles (9,¢), 

(9' ,¢') are the .direction angles for p and. p', respectively. 

For a plane homogeneous plasma, we have 

depending only on (p- p'). We transformed.it into a Fourier 

series 

) ocA. cosG(¢' - ¢)) + osA. sin<;(¢' - ¢)). 

A. 

We also separated the matrix elements in r:! into five 4 X 4 

submatrices according to the sine and cosine function of angle 

(¢' - ¢); thus 

X [ !:'o(9,9') ' ~cl (9,9') oo,(¢' - ¢) ' '!sl (9,9') 'in(¢' - ¢) 

+ r:!c2 (9,9') cos~(¢' - ¢)) + r:!s 2 (9,Q') sin~(¢' - ¢))1 

c 2r~) 

·where ~O is that part of the matrix that has no dependence on 

(¢"- ¢). Let the wave vector I(p) be written as a summation 
"""' 

of the coherent wave and an incoherent wave 

I + <t·C£) 
.>'\C ~~"i c 

+ ~(p) 0 
(23) 
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Substituting into the transport equation, vie get 

M(p,K. )·Io 
~ l.n "'! 

(?4) 

We expand the column vector. cJ>,(p) into a Fourier series 
,if', 

(2;) 

Replace every term in Eq. (24) by it~ Fourier series and integrate 

over ¢' • We obtain for each integer m the follo•:~ing equation 

' / d \ 

0 Jj OS + 

,-
rp 9 l I 

i ""lcm ( ) i 
j ; I 

l i 
' ' i Q (9) I 

L ·\.~sm -~ 

£rr 
+ 2 

-£ ds 
T ,-

sin(m¢k) I !I 
k. \,...,o .e l.n 'Yj( 9' Qk) • i 2 e 

li cos(m¢k) 
'i'tO 

. ( ;>:';) 

where (9k,¢k) are the direction angles of the incident direction 

k. and l.n 

1

-M (9,9") 
.·~cern 

I 
!M (9,9 1

) 
L~scm 

M (Q, Q' )-~· 
~csm 

M (99')1 
~ssm ' I 

·-' 
is a 8 X 8 matrix with 



.. 

M (9,9') 
~scm 

and 

M (9,9') 
--ssm 
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2 a M0 (9,9') sm ~ 

~ l 
+ ra -n 'M (9,9')1 '- c(m-J) c(m+JY ~sJ j 

' 
M (9,9') 
-cern -

2 o M0(e,e·) em ~ 

2 ,
~\ i" 

+ 1 1(a ,____ l -c(m-J) 
+ a ( )\ M J(G,G') c m+J ,) ~c 

J=l 

+fa ) -a ( J.'\M J(G,9') 
's(m+J s m- Y-s 

Denoting 

and 

r ~0 sin m¢kl 

~(e,ek) \' I 
~O cos m¢kl 

by- H (G), 
,.,m 

we obtain from Eq. (2") the modified transport equation 

!:. (1 ds)H (9) 
2 exp~ £ ,..,m 

kin "' 

( 

+ :L'n 1 'YI~(Q,Q') •1: (Q') d(cos Q') • 
-J : "' . :'~m 

(2:) 

) 

So far, we have separated the equation from the dependence on ¢ 

and are left with 9 only. Now we are in the position to apply 

the discrete-coordinates method in 1-;hich the integral may be 

changed to a summation 

N 

"" )-·A./ryl(ll,i'·)·:; (p.) 
L. J ,, · J m J 
j=l 

where 11 =cos G, and f-!j's and Aj"s are the divisions and 

l'i' weights of the quadrature summation formula. · Among the various 

methods, the values of the Gaussian formula are given in Table II. 

Equation (2'!) is transformed into a system of linear differential 

equations 

+ £.n 
2 

.£ ([d) -
2 

exp - ~ H (~.) 
\ ~ <- -""~m 1 

_ -~ kin 

(?8) 

To solve the equati~ns, let the inhomogeneous solution be 

kr 
and the homogeneous solution be ,~(lli) e , where 



.. 
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r l
·z 

-oo 

dz 
fTZ) (29) 

under the assumption that the particle density depends only on 

the z coordinate and that t = £(z).· The z-axis is taken to 

be perpendicular to the slab. We then obtain 

.vhere k . 
A. s are the eigenvalues of the matrix 

N 
in \' A. 2 / J 

"!Yi(J.l. ,,,.) - (k + ~) 5 .. 1 
~·- ]. J ' h l.J ~ 

0 . ( .'\0) 

j=l 

The 1 is the identity matrix; the C 's 
1\. 

are constants which 

need to be determined by boundary conditions. 

· After we have solved the differential equations for each 

integer m, the total intensity of the wave scattered in 

direction (rti'\ili) is then 

I(~t. ,C/J.) 
..... v; l l 

'\'co (~t.) cos(m¢.) + '~ (p.) sin(m¢.)1 L .. Y<·lcm l. l. .vt,sm ]. J. 

m 

/f exp( ~ .. " 
""' k. J.n 

ds\ 
£ I 

) 

We may substitute the intensity I calculated above from the 
r...,"-, 

differential transport Eq. (15) back into the integral transport 

If I is the exact solution of (1'.), the two results 
-~1 

should be identicaL This is one way to check the accuracy ,of 

our approximation. 

1;. ;>, Boundary Conditions 

In the above calculation, we have separated the wave 

into a coherent and an incoherent part [see Eq. (23):1. At the 

surface exposed to the incident wave, it is equivalent to 

separate the wave into a part that comes from outside directly 

and a part which has undergone at least one scattering in the 

medium. As far as the scattering wave is concerned, we may 

consider this surfac~, as well as any other surfaces bounding 

the plasma, as a free surface. So both Mark'sHl and Marshak's 

boundary conditions can be applied. 

For a free surface at x = 0 such that the medium 

occupies the space x < 0, the ·boundary conditions are 

0 for fl. > 0. 

This constitutes an infinite number of conditions, which cannot 

all be exactly satisfied in an approximation of finite order. In 

the Nth-order approximation, if we take N odd, we can only 

satisfy ~(N + 1) conditions. (The rest have to go with the 

angles that 11 < 0.) Mark's boundary conditions specify choosing 

a set of definite such that 

0 [j 

One of his choices is to take pj's from the roots of the 

Legendre polynomials PN+l such that 



\' 

' .. 

Or 

Marshak's boundary conditions specify choosing the set of 

orthogonal Legendre polynomials P2j_1 (p) so that we have 

(1 
I :::(o,p) P.). 1 (~,) dp 
I ·-J-

0 [j 1 ;> • • ·~(N + 1)] • 
'. ' r") c 

JO 

This includes the condition of conservation of the numbers of 

photons 

0 

the total flux of photons entering the system is zero. 

Although Marshak's boundary conditions are better in the 

lower-order approximation, in the discrete-ccordinate method the 

integral involves in his condition has to be replaced by a 

summation. And the confusion in making the ~(N + 1) choices of 

angles ~j in Mark's condition no longer exists in the discrete

coordinate approximation. Thus we set the boundary conditions 

---f0r--Rlane geometry.by following Mark's rules. That is, at the 

incident surface r = 0 

0 ' 0 .::::pi s 1; 

at the other boundary surface of the slab r D 

Q (~!.) 
m 1 

This will give us 

0 and 0 > ~J. > -1 
- 1-

8N boundary conditions which will determine 

the 8N constants, c"A.' s. 

BACKSCATTERING FROM SLAB GEOMETRY 

j.l. Modification of Transport Equation 

When the transport equation 

r ~ " 
/M(p,p' )•I{p') d.1 

.) ...... n•A p 

is solved, we in principle should get the intensity in all 

directions p. But for backscattering there are some difficul-

ties. From the definitions in Eqs. (2) and (4), we have 

(jl) 

That is to say, for a given path in multiple scattering, if we 

reverse the direction along the path, the scattering amplitude 

of each scattering will have the interesting change given by 

Eq. (31). The total interference effect of the two directions 

along this path was shown in Ref. ~· If the wave solution from 

the transport equation r
1
(-k. ) is ... ., 1n 

and we let the true backscattered pmver' I ( -k. ) 
,. ... :\ lll 

be 

and define a matrix ~ as 

M( -k. ,k. ) ·I0 (k. ) exp f, =21 J ~s~ ds 
·~ 1n 1n ·:.\ 1n · .f, , 

\ t /'. / 
' ' k. / 1n · 



then for 

T 
~ 

we have 

(ij ffJI st) 
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-. 

B +M - "" 

(l.j IT I •• ) + ~f -1)
1
"" (•j lilT IJ.t) 

- + (-l)j+t (itlmlsj)} , (32) 

which after being transformed into our representation [Eq. (21)] 

are listed in Table III. 

The medium we. are considering is an underdense turbulent 

plasma. Because collision frequencies between electrons and 

neutrals are usually much higher than those between electrons 

and ions, we may neglect the effect of ion-electron collision, 

and consider only the absorption due to electron-neutral 

collisions, plus the scattering loss. When the average collision 

frequency vc is small compared with the frequency w of the· 

incident wave, we IDalf approximate w by w + ivc in our 

scattering theory. As a result, there are a few changes in the 

expressions of our defined parameters, the most obvious ones 

being the Thomson scattering amplitude 

2 
-e 

2 vc 0 2) 
me l + w2 

and the .real part of the square of. the refractive index 

2 w 
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The imaginary part of the refractive index, w_!lich in turn 

defines the scattering mean free path £, now has an extra term 

added to the original one related to the spectral function 

[see Eq. (9)]. Let us denote the scattering part from now on by 

£t; the total scattering mean free path £ then satisfies the 

following relation. 

where 

and 

1 

£t 

2 2 
(w + vc )c 

5.2. Representation of Correlation Function 

In order to make a reasonable choice of the correlation 

function. g(R), we realize that it has to satisfy a few 

requirements:19 

(I) g(R) --+ 0 as R--+ oo, 

d2g(R) (2) dR2 preferab:Lynegative and finite to give a decreas-

ing function. 

In addition, from Chapter 3 we know that the Fourier transformed 

:fUnction" crg(k) also has to satisfy the following conditions: 



(l) 

(2) 

(3) 

where 

,, (k.) ex: 
g 

ll 
-.; 

k.-

e 

0 (k.) finite g 

k.o 
l 

kd ' (.-
r s 

as k -7 0 ' 

1 

(12)4. and kl is constant. The most 
£ 

common choice of correlation functions is the exponential 

r 

function e a and the Gaussian function 
2 '" -(r /a"-) 

E • The Fourier 
I') I') ") 

transformed functions are 1/(a"- + k~)'- and 

tively. Neither of them satisfy the k-ll/3 

-a2k2 
e respec-

t k
.20 law. Ta ars l. 

suggested a model for the correlation function in terms of the 

Hankel function Jt of imaginary arguments that would satisfy 

the requirements of g(R); but unfortunately the Fourier trans-

formed spectral function does not have an exponential range for 

large k. Later Shkarofsky1 9 proposed a.n improved correlation 

function 

g(R) 

The corresponding " (k) g is 

(33) 

j{ l[koro] 
. ' E.:::. 

~? 

a (k.) 
g 

-30-

Both of them satisfy all the requirements listed above. The 

general feature of <)" (k) 
g 

is to be peaked at When 

!
0

(=kd) > k > k0 , it goes like ~-(~+2 ); so by t~king 
k 

-ll/3 - const. k ->k , when k > kd' it decreases as e 

In our work we adopted Shkarofsky's expression and 

chose '...lin = 8."i)·lo
8 

rad/sec and 

The parameter r 0 was taken as 10 em, which gave 

(in scattering k will range from 0 to 2 k. ) • The other 

parameter k0 should be ---r s 
-l 

l.n 

But in general the size of the 

plasma is much greater than the wavelength -l 
k ' so usually 

k >> k0 • This will cause 0 (k) to have a sharp peak at ko. g 

In our problem we need to Fourier analyze () (k); the sharp peak g 

thus induces the convergence problem. To solve the difficulty, 

we recall that in the transport equation the scattering matrix 

M may be divided into M = ~s + ~c according to the k-space, 

which is either small or comparable to the incident w~e_vector 

k .• 
l.n 

The smaller k-space part corresponds to forward scattering. 

The larger k-space, which is comparable to kin' corresponds to 

::>1 large angle and backscattering._ It was pointed out by Watson--

that if we define 
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I(p) ( 
r") 
-j,-

s 
I tis(p' ,P)•I(p) 

·' 

then 

We may say that the small k-space contributes nothing to the 

transport phenomena. Thus we can approximately set 

in our o (k) function. In this appro~imation, the k-vector, 
g 

which. lies between 

law, just as 

k
0 

= ~ k 
2 in 

l 
r 

s 

and kd = !_, still obeys the ro 

except that there is a constant 

factor of difference. Since the strength of the turbulence is a 

parameter that we have to set in front of og(~), we can easily 

approximation by multiplying the function by adopt the 

a constant correct. ion factor. 

it turned out that the 

a few percent. 

The solution I was checked, and 
.-W\ 

approximation was accurate to 

).3. General Feature of the Scattered Signal 

Now let us come to the general feature of the back-

scattering wave in slab geometry. In a homogeneous medium, the 

scattering mean free path is constant. The essential parameters 

that will change the characteristics of the scattered signal are 

Ls and s, which are defined as follows: 

L 
D (35) s j, 

l 

~ 
.et 

( 3h) 1 
£c 
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Where D is the slab thickness. We can recognize the signifi-

cance of the two parameters through the integral representation 

of the transport equation 

I e 
"'10 

-L. 
ln 

ds 
T 

f /1··x '"' I ·''·' d ; ' 5 + ds(Z)expi- ~' t "" '""" \ 1·:; kin'P -p Z \ 
"'.,.,! 

If we iterate the equation once, it becomes 

' I 

r ds 
- I 
Jk_ t 

ln 

,.. 
I 
I + I 

i " .r -p 

_,/ ; 

( I 
\ -J A 

'\. kin 

X M(p,k. )_·Io e:xP 
~ 1n ,_, 

ds" 

which is called the Distorted Wave Born Approximation (DWBA). 

) 

Noitce that only the coherent wave has been considered. Moreover, 

when £ -> oo_, there is effectively no loss in the incident beam; 

the Born Approximation (BA) then is valid. We will have for 

a slab of thickness D 

D " " +- M(p k. )·I 
" ~ - 1n "~o ... p ' 

(38) 
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The factor 
1 in the above equation takes care of the oblique 
l-ip 

propagation of the wave in the slab, in which case the pathway 

in the p direction is D 

l-ip 
The general feature of the cross section of the parallel 

polarization for multiple scattering (MS), DWBA, and BA 

are plotted in Figs. 1 and 2 as a fUnction of 1 . Figure 1 is s 

for backscattering, i.e., Q = n - g" and ¢ = n (set 
k. J.n 

o). Figure 2 is for bistatic scattering, J\ - g 
k. J.n 

and ¢ = o. In the region of 1 << 1 (equivalent to the case 
s 

of .e -'> 00 for D fi,ni te), the three curves coincide. But in 

the region of 1s ;:: 1, both DWBA and MS level off while BA goes 

up as a straight line. The upper limit of 1 for which BA s 

is valid may be obtained by the following argument. 

A necessary condition for,BA to be valid is that the 

angular deviation of the beam across the whole slab be much 

smaller than the angle difference a between the incident beam 

and the surface of the slab. 22 The deviation of angle per unit 

length can be defined as 

Recalling that 

1 
1 

and because in our problem cr ( Q) 
g 

is a smooth fUnction of 9, 

we may say that the a~gular deviation is one radian when the 

beam goes through the distance The condition a 2 >> g
2 is 

equivalent to 

1 2 R 
a » 1 D s 

sin a (39) (sin a).e 

so in order to have BA valid, 

In our calculation we have a~ 20°; thus 1s << 4 X 10-
2

, which 

is verified and can be seen in Figs. 3 and 4. 

Neglect of the scattering of the incoherent wave in both 

BA and DWBA causes changes in crll as well as in the cross 

section of cross-polarization l in MS. It is quite obvious 

that the magnitude of the changes will depend on the parameter 

~ because s is the ratio of the loss due to scattering to 

that due to collision. When ~ << 1, the collision loss is 

dominant and the contribution from the scattering of incoherent 

wave is relatively small; thus the difference between MS and 

DWBA will not be significant. But as ~ increases, the differ

ence will increase also. This particular phenomena can be seen 

even more clearly with ~· 

DWBA have cr..l. = 0 for all 

For backscattering, both BA and 

and all 1 • But in MS, s 

depends strongly on s, as we see by comparing Figs. 3 and 4. 

Notice that we have also plotted the curve for ¢ o t · = • I l.S 

interesting to see that ']_ in BA and DWBA are also zero in 

this case. And the slope of 

from that of 

~¢ = o) on 1 s is different 
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The absolute variation of and oj_ with E are 

plotted in Fig. '.'. They are drawn according to four different 

slab thicknesses D. The s was varied by changing the collision 

frequency v c but keeping the strength of the turbulence 

(op ) 
p 

path 

constant. Thus when varies, the scattering mean free 

also varies. In the lowest curve, where 1 << 1 
s 

for 

all ~' crl! remains the same for all ;, which is expected 

because BA is valid here. So even though i changes, it does 

not affect the results at all. However, a_l varies a great deal 

as 5 increases. This is because the cross polarization comes 

from the scattering of incoherent waves; so it increases very 

fast when the scattering effect becomes significant compared 

with the collision loss. When D increases upward, it gradually 

passes the region where BA is valid; we can see the variation of 

both cJ 
II 

and cr. when 
i. 

varies. When we read the top two 

sets of curves, for the case of s ~ 10:--3, 1s is already ::::1; 

so both' ~ and o I i keep the. same magnitude, as we have 

pointed out before. 

We also varied the incident angle a of the beam with 

respect to the surface of the slab (a = ~ - 9). The relative 

variation for and. '}_ at both_.¢ 'C' 0 and ¢ = n. are 

plotted in Fig. r; as a function of ~~ .sin a. The next three 

figures are drawn .for different values of 1 ,., When s ' 
-7 

1s_--~- 10 , 

MS and BA coincides for parallel polarization cross sec_tion . o I!·' 
The variation of o

11 
(¢ = n) should be as CE og(2kin) ~ , which 

is a hyperbolic function of ~· But for 

bistatic scattering, and should vary as 

crll(¢ = 0), it is a ,, 
· 2 l D 

0 [ 2k . ( 1 - IL ) 2 ] -
g ln ~ 

The angle dependence of the spectral function a 
g 

is quite 

obviously shown by the curves. When 1s reaches 10-1 , the 

difference between MS and BA can be seen; when 1s gets to ~1, 

the distinction between the two is rather striking. 

Before we conclude this chapter, we want to emphasize 

one point--that the correlation function we have used is just 

one example that fits some peculiar properties of a turbulent 

fluid plasma--so that we may compare our approximation with some 

experiments. The general feature of the backscattering power 

from the slab geometry actually is independent of whatever the 

correlation function 
J 

a is, because they only depend on the g 

two parameters 1s and s, and not on 'J • 
g 

··,.·; 
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G. APPLICATION TO IONOSPHERIC AURORA 

The ionospheric polar aurora occurs at about 70° latitude 

at a height around 110 km north hemisphere. It has been found 

that the backscattered radar signal is much enhanced,when the 

aurora occurs. Farley23 in 19(,3 claimed that the aurora was 

caused by ion-acoustic instability. Later, the experiments
24 

showed that during the aurora, the disturbance seemed to transfer 

from one k-vector to other k-vectors. There is possibly turbu-

lence in the medium. 

When we look into possible causes of the turbulence, we 

must remember that there are particles precipitating from outer 

space into the ionosphere, that there are winds blowing the medium 

around, and that there also are electric and magnetic fields 

present. We also remember that in theE-region the density25 

of neutrals is 1011 to 1013 per cm3, while the density of 

the electrons and ions is to per cm3 . 

frequency between electrons and neutrals is 10
4 

while that between electrons and ions is 102 to 

The collisional 

to 105/sec, 

103/sec. The 

collisions between the electrons and neutrals are apparently 

very important. On the other hand, the surrounding magnetic and 

electric fields cannot be neglected either. Our transport 

equation now serves the purpose of finding out by which mechanism 

the radar signal is scattered, by comparing the experimental 

results with the theoretical calculation of some particular 

models we assumed. 

In order to find out whether the electrons will follow 

the neutrals or not, we consider that the electrons usually 

follow the ions, while the equation of motion for the ions in 

• 
-38-

quasi-equilibrium is 

,. v ., 
q. ( E + ,.,i) B 

l ,,......, c ,.,...~ 
(40) 

where E and B are the external electric and magnetic fields; 
_...,..;, !"'1 

qi' vi' m. are the charge, mean velocity, and mass of the l 

ions; v is the mean velocity of the neutrals; and v. is n ln 

the collision frequency between ions and neutrals, 

with as the density of the neutrals. If the ions will 

follow the neutrals, we should have 

or 

I I 
v - v rd r"!n I 
L~nl. 

<< 1 

_2:. E + -u~l ,, 

l
q.( v. ) I 
mi "'! c !· ,,~ I << 

During the aurora, 
-4 2'; 

E " 10 volt/em; · and assuming 

vi ~ vn << c, we may neglect the contribution from the 

(42) 

B field 
·' 

on the left-hand side of (42). Substituting Eq. (41) into (4:~), 

taking p ~ 

n 

v 
n 

2 

1013 , we obtain 

>> 10 2 
10 (em-sec) (43) 

So if the velocity of the neutrals is high enough that condition 

(43) can be satisfied, the electrons will follow the neutrals. 

2'7 
It was claimed 1 recently that it might be possible to 

have turbulent fluid motion for the neutrals in the E-region. 
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In that case, some of our calculations done in the previous 

chapters for the turbulent plasma are applicable, except that 

in the presence of magnetic field the scattering matrix for a 

sing~e electron becomes 

r 1 
-~ 

l i A 
0 i ~ ---2 

l - A 1 - A 
I 

2 

1-i o I f -e A. 1 
2 ~ ---,) 

I 
me 

l 
1 - A. 1 - A.L 

0 0 lj 

' where 
n e 

A = vc ll 
e is the cyclotron frequ~ncy for the electron, 

and w is the incident wave frequency. In the backscattered 

radar experiments, the radio frequencies are,higher than 8 10 Hz, 

and 
(_; .... 

lie ~ 10 -10' Hz. So A. << 1 and ! ·· f 0 ~' just as we had 

before. Thus we may use the transport equation derived earlier 

practically without any change. However, we have to notice 

that the isotropic correlation function used previously is not 

applicable anymore because the magnetic field will bind the 

electrons around it by cyclotron resonance so that the diffusion 

coefficient of electrons perpendicular to the field,will be much 

smaller than that parallel to the field. Before we solve the 

transport equation, let us check if the Born approximation is 

applicable in this problem. If it is applicable, the wave is 

scattered only once. Whether the spectral function is isotropic 

or nonisotropic does not matter; after all, only 

to be considered. 

a (2k. ) 
g ln needs 
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In order to find out whether the Born approximation is 

valid or not, we need to know the scattering mean free path £, 

so that we may make comparisons'with the slab thickness of the 

E-region. In the calculation of i, we derived the value for the 

h h t t l 
28 

strength of turbulence from t e measurments by C esnu e a • 

at Homer, Alaska, in 1967. They used a 20-m parabolic antenna 

to detect the backscattered power of the radio signal that was 

sent up to the E-region during the aurora. Six frequencies 

ranging from 70 MHz to 3000 MHz could be operated at the same 

time in the Homer radar. Three sets of data taken for four 

frequencies 139 MHz, 398 MHz, 8)0 MHz, and 1210 MHz during 

different auroras are drawn in Fig. 10. For each aurora, we fix 

the strength of turbulence by fitting the data of one particular 

frequency. It was found that the collisional loss is the main 

absorption. When we took e ~ .ec, it turned out that among the 

four frequencies, only the larger two are in the region where BA 

is valid. We took the slab thickness to be 60 Km and 

10 29 ro = em. The comparison between the experimental cross 

section and the theoretical calculation in BA is shown in 

Fig. 10. 

The fitting for the larger two frequencies looks pretty 

good. But for the smaller two, there is quite a discrepancy. 

On one hand, it is sort of expected, because multiple scattering 

causes levelling off of the cross section when BA is not 

applicable. On the other hand, it is doubtful whether the multi-

ple scattering will lower the cross section to· ""lOdB from the 

BA calculation because the Ls for the smaller two frequencies. 

although it does not satisfy the 1 « a.2 sin a.( ~4 X 10-;.>) 
s 
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requirement., is of the order of 10 <!. From our experience in 

calculation, there is some bending of MS from BA, but the dif-

ference between the two is quite small for 1 
s 

-2 
-~ 10 • However, 

there may be striking differences between the results of the 

isotropic spectral function and the anistotropic one, even though 

the collisional loss dominates. First of all, we no longer can 

employ the Fourier analysis method to separate the ¢-angle 

dependence from the g-angle dependence in our transport equation. 

Solving the whole transport equation of the anisotropic spectral 

function was not easy at al-l. We thus will reserve our comments 

on the cross section for the two smaller frequencies until 

further investigation is made. 

If the turbulent fluid model is true--at least for the 

frequencies 8')0 MHz and 1210 MHz it works fine--we need to explain 

another important experimental result, which is described in the 

following. In the experiments, 28 it was found that during the 

aurora the radar beam has to be almost perpendicular to the 

magnetic field lines. If the beam direction is 3° to 5° away 

from the perpendicular, the signal power drops down 10 to 20 dB. 

This striking phenomenon is usually called the aspect sensitivity. 

When we take the magnetic field into account, not only are 

the diffusion coefficients :n 
ol.~ and el, different, but also 

the velocity components of the electrons ~ and VII are not 

the same. It was found29 that 

2 2 -
( v + n ) 2 

c e 

~ . 
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where ( v n )i I and ( v n l are the velocity components for neutral 

Particles. In the E-region, vc ·• lo'J sec -1 and ·) 10'( sec - 1 
''e 

so 

-2 
( v ) ·10 

n:.L_ 

In the ionosphere, the neutrals are isotropic, so the magnitude 

of vn is always the same. But for electrons moving at angle f?· 

with respect to the B line, its magntidue will be 
'"'· 

v(r:,) 

vn " 4 2 )_ 
100 (sinL !=' + 10 cos r:.V 

The parameter ro in 0 (k) 
g 

is practically the characteristic 

size of the smallest eddy beyond which Kolmogoroff's law is not 

applicable. Let T be the characteristic time such that 

VT • 

We have found that r 0 , 10 cm29 when i3 90,; then 

when i3 = 85°, r 0 turned out to be ~70 em. Substituting these 

values into the expression for a , we obtain 
g 



thus providing one possible explanation for the aspect 

sensitivity. 

After going through the model of fluid turbulence, we 

may very well assume that the interaction between charged 

particles and the effect of outside fields overrule the 

collisional effect. If it is so, then the disturbance here is 

plasma turbulence. That is to say, it is due to the nonlinear 

effects between the particles and waves. We need to establish 

the energy spectrum of the system first, which may give us some 

information about the distribution of the electric field. Then 

we could find out the correlation of particles through Maxwell's 

equations. But the whole field of nonlinear effects in plasma 

is still in the pioneer stage. We hopefully will solve the 

problem in the near future to see if the plasma turbulence model 

holds true in the aurora or not. 

-, 

7· BORN APPROXIMATION CONTROVERSY NEAR CRITICAL DENSITY 

)0 Recently, several works- on backscattering from turbu-

lent plasma. have been done. Whether or not the Born apr;roxima-

tion is valid near the critical density becomes a point of much 

interest. (Here we are talking about :::II of course; -· i in 

BA is not valid for any density.) From our previous analysis, 

we have seen that the features of the scattered signal depend on 

the two parameters Ls and s_, Although our results were gained 

from slab geometry, we would expect the same features in 

cylindrical or rectangular geometry, which are the closest to 

that used in the experiments mentioned above. Our argument is 

that whether BA is valid or not does not depend on whether the 

density is near the critical value or not, but depends on whe.ther 

under that circumstance the L s 
is larger or smaller than the 

BA limit 
2 

ex sin Ct. We plotted in Fig. 11 a few curves at 
') 

different slab thicknesses. When D ·~ 10-- em, the Ls. for . 

4 -3 
p = 10 em to p = 108 cm-3 are all less than ci sin <1 

~ 2 X 108 em-3). Thus the Born approximation 

should be valid. From our calculations, when ,-, approaches 
" 

10
8 _, 

em ./ the curve 
' 

of MS coincides with BA. As D becomes 

105 
'I 

_, 
10

8 cm- 3 
r.; X em, the L for p - 10' em -' to ~ .: = 
./ s 

approach 1; thus the bending of MS is shown quite clearly as 

compared with BA. 

It is quite possible that in the measurements by 

Granatstein et al.,3° in an experiment of contained flow-

discharge, even though is only -~0.03. the 

size of the plasma is about the same as the scatterfng mean free 

path £ in that situation; so they found bending of near 
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the critical density. While in the experimental measurements by 

. 30 Guthart et al. and Shkarofsky et al. --the former performed on 

a potassium seeded oxyacetylene flame and the latter obtained 

by a homodyne detection system--even though ~="-crit is approached, 

the relative strengths of the turbulence and the collision 

frequency in the medium have caused the size of the plasma to 

be small compared with their £; so the Born approximation is 

still valid . 

• 
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TABLE I. The Matric Elements of M TABLE U. The Gaussian Divisions and Gaussian Weights. 

M11 = og[sin e sin e• + cos e cos e• cos(~' - ~)]2 

{ m = 1 
2 2 

- ~)J 
~±l = ±0.5773503 al = a_l = . 1 

M12 = og[cos e sin (~' N = 2 

M13 = -og cos 9 sin(~'- ~)[sin e sin 9' + cos 9 cos e' cos(~'-~)] 

{ 
- ··- -· 

m = 2 ~±l = ±0.3399810 al a_l 0.6521452 

2 sin2 (~' - ~)] 
> 

~1 = og[cos 9' N = 4 ~±2 = ±0.8611363 a2 a_2 0.3478548 

M22 = og[cos2 (~' - ~)] 

M23 = og(cos 9' sin[2(~' - ~)]]/2 

{ 
~:!-l = ±0.2386192 al a_l 0.4679139 

m = 3 

~1 = 2 og cos e• sin(~'- ~)[sine sin e• ~±2 = ±0.6612094 a2 a_2 0.3607616 
N = 6 

+ cos e cos e• cos (~· - ~)] ~±3 = ±0.9324695 a3 a_3 0.1713245 

~2 = - og cos 9 sin [2(~' - ~)] 

~3 = og[cos e cos e• cos(2(~' - ~)) + sin'9 sin 9' cos(~' - ~)] ~:!-l = ±0.1834346 al a_l 0.3626838 

M44 = og[cos 9 cos 9' + sin 9 sin 9' cos(¢' - ~)] 
m = 4 ~±2 = ±0.5255324 a2 a_2 0.3137066 

N = 8 ~±3 = ±0.7966665 a3 a_3 0.2223810 

1\4 ~4 M34 M41 M42 M43 o. 

~±4 = ±0.9602899 a4 a_4 0.1012285 

,.. 

.. 
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TABLE III. The Backscatter Transfer Matrix ~ 

::::\ 
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FIGURE CAPTIONS 

Fig. l. The parallel polarization cross section 'oil calculated 

from the Born Approximation (BA), the Distorted 'itl.ave 

Born Approximation (DWBA), and the Multiple Scattering 

regime (MS) for backscattered signal at 

and ¢ n (¢A 0). Ls is the ratio of the slab 
k. 
ln 

thickness to the scattering mean free path. 

Fig. 2. Parallel polarization cross section oil for bistatic 

scattered signal at 9 ~ n - 9 and C/J c 0. 
. k. 

ln 

Fig. 3· Parallel polarization and cross polarization Jj_ 

for both backscattered signal (¢ = n) and bistatic 

scattered signal (¢ = 0) VS L s 
We have as the 

scattering loss constant, Ic the collisional absorption 

constant, p the electron density and C·. - -:) F the 

strength of the turbulence in the medium. 

Fig. 4. The ratio of the scattering loss to the collisional 

absorption was set at 2.3X 10-3 to compare the cross 

sections with those shown i:n Fig. 3· The dotted lines 

are from the Born approximation, the solid lines are 

from the multiple scattering model. 

Fig. 5. variation of the cross sections of the backscatterd 

signal vs F,, the ratio of the .scattering loss to the 

collisional absorption. 

Fig. 6. Illustrate the dependence of the cross sections on the 

incident angle a of the beam relative to the surface 



Fig. 7· 

Fig. 8. 

Fig. 9. 

• 
-'/)-

of the slab. The coordinates ~~ is sin a, and 

L ~ 10~2 . 
s 

Similar to Fig. G except that Ls ~· 10 -(. The Born 

approximation fits· well for all ~~· s. 

Comparing with Fig. 7, the difference between the Born 

approximation and the multiple scattering starts to 

sho1v when 
-1 

L ·~ 10 . s 

The general feature of the curves are different from 

thos shown in the previous three figures. For L 
s 

only the multiple scattering model is valid. 

1.4, 

·Fig. 10. Comparison between the experimental measurements and 

the theoretical calculations for ionospherical aurora 

at frequencies 139 MHz, 398 MHz, 8)0 MHz, and 1210 MHz. 

Fig. 11. To illustrate how the validity of the Born approximation 

near the critical density does not de,pend on the 

density ~' but depends on Ls. 
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r-----------------LEGALNOTICE------------------~ 

This report was prepared as an account of work sponsored by the 
United States Government. Neither the United States nor the United 
States Atomic Energy Commission, nor any of their employees, nor 
any of their contractors, subcontractors, or their employees, makes 
any warranty, express or implied, or assumes any legal liability or 
responsibility for the accuracy, completeness or usefulness of any 
information, apparatus, product or process disclosed, or represents 
that its use would not infringe privately owned rights. 
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