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ABSTRACT
A dispersion relation, including strong turbulence, is derived
for short-wavelength longitudinal self-perturbations of bunched
electron beams. The effects of radiation damping and quantum excita-

tion are included. Assuming that turbulence stabilizes coherent

oscillations allows the derivation of & formula for bunch length

which gives excellent fits to the data from SPEAR. As a special case

of the formalism, an integral equation which describes the longitudinal

self-perturbations of proton beams is derived.

oo

I. INTRODUCTION

Anomalous lengthening of high intensity bunches of stored
electrons and positrons has been observed at Orsay, Frascatil), and
Stanford, both with SPEAR 12) and with SPEAR IIB)‘ In addition,
current-dependent bunch widening has been measured at SPEAR IIB). ’

These observations have stimulated considerable theoretical
effort, and various theories have been proposed to explain them. One
group of theories, the equilibrium theories, assumes thet the bunch
lengthening is due to the modification of the radiofrequency potential
well by the self-fields of the bunch., A general formulation of these
theories in linear approximation has been given by Pellegrini and
Sesslerh). More recently, KeilS) and Germain and Hereward6> have
considered the effect on the bunch length of the nonlinear distortion
of the potential well due to self-fields. Although these theories
provided reasonable fits to the data from Orsay, Frascati, and SPEAR J
they could not fit the data from SPEAR II. In particular, a threshold
in current for the effect has been observed, for which the equilibrium
theories could provide no explanation. In addition, the equilibrium
theories could not explain the bunch widening effect.

Lebedev7) proposed & theory in which it was assumed that the
bunch lengthening effect was due to the excitatlon of coherent
synchrotron oscillations. In response, the energy spread of the bunch
increases until the coherent oscillations are stabilized. Because
the energy spread increases, this theory predicts bunch widening.
Since the coherent oscillations are stable below some critical

current, the theory easily accounts for the threshold effect. The

dependences on beam current and rf voltage which this theory
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predicted were in reasonable agreement with the data. However, in
this theory, the effect has too strong a dependence on beam energy to
it the data.

SesslerB) proposed that the bunch lengthening phenomenon is
due to the onset of strong turbulence when coherent modes are unstable,
As a result, the diffusion coefficient, and thus the energy width,
increases until coherent modes are stable. The stability criterion
was calculated using the strong turbulence theory of Dupree9) and

10-12)

others However, the calculation was done for a uniform, i.e.

unbunched, beam and the results were applied in an ad hoc manner to
bunched beams.

In this paper, we calculate the bunch lengthening effect
using one dimensional strong turbulence theory. We include the effect
of external rf fields, i.e. bunching. For electrons and positrons,
we include damping and quantum excitation due to particle radiationm.
We also include the equilibrium effect, i.e. the distortion of the
rf potential well due to self-fields. As a special case of our
formalism, we derive the integral equation for small longitudinal
perturbations of proton beams.

In Section II we present the basic equation of strong
turbulence theory and discuss its derivation. In Section III, we
derive an integral equation for small longitudinal perturbations. In
Section IV, we derive the integral equation for proton beams. In
Section V, we present the integral equation for electron beams, derive
the short-wavelength dispersion relation, and obtain the formula for
the bunch length. In Section VI, we compare theory to the data from
SPEAR I and from SPEAR II. 1In Section VII, we discuss further

elaborations of the theory.

b

II. BASIC EQUATION
Let © denote the angular distance around the machine of a
particle, measured from the position of the "synchronous" particleli).
Let 4AE denote the energy deviation of a particle from the average

energy, E. Let £ denote the revolution frequency of the bunch.

Define
w = (B/f . (2.1)

For a single particle, the equation of motion for e ‘1315)

a9 _
T = koo (2.2)
where
21tf2
ky = F—a, (2.3)

and «a 1s the usual momentum compaction factor. The equation of

motion for w 1513)
aw W 926
¥ = en R e E(8,t) - — glt) - —. (2.4)

r

(e}

Rm is the radius of the machine, Tr is the radiation damping time,
and { 1s the synchrotron oscillation frequency. The first term in
equation (2.4) includes the effect of electric fields with the
exception of the radiofrequency fields. The second term represents
radiation damping. In the third term, g(t) is a random function
with zero mean which represents the effect of quantum excitation.

The last term in equation (2.L4) gives harmonic synchrotron oscillations
at a frequency Q, where we neglect the anharmonic part. We include
in this last term not only the effect of external rf fields, which

would give a frequency denoted hO’ but also the shift in synchrotron

frequency due to the self-fields of the bunch.
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We let V(6,w,t) be the distribution function of the

particles. We write

Flot) = Eglet) +&et), (2.5)

where ffb(e,t) is the coherent oscillation that we are interested
in, and CfT(G,t) is a background field, assumed to be turbulent. If
the modes which meke up CfT(e,t) are assumed to have random phases,

a Fokker-Flanck type derivation can be usedlh) to show that

3y 3y 3y v oy  dedr v
E + kOW %"' 27 Rme /50(9,1:) 6; - ;: m - q B; - -T—r-
p Fy
R (2.6)
where
D = D, + Dy (2.7)

In equation (2.7), Dy is the usual quantum diffusion coeffictient’)
and DT is the diffusion coefficient due to turbulence., We have

assumed that DT is constent, i.e. that we bave a broad-band

turbulence spectrum. The diffusion coefficient is given9) as an

integral over the spectrum, but, as we will see, we will not have to

calculate it.

1f Dy -0 and E,C(e,t) ~ £(e,t), equation (2.6) becomes

the equation which is usually used to describe electron and positron

13) 14)

beams ”’, If D -0, T - m,

Q r
(2.6) reproduces the first order results of DupreeS) and otherslo-lg)

it can be shown that equation

in this special case.

b
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The accuracy of equation (2.6) depends on the validity of the

random phase approximetion for 7 . (6,t).

-
. . 16)
shown, using a criterion due to Chirikov

In Reference (1b4) it was
, that particles undergoing
transverse betatron oscillations, moving in a nonlinear potential
well, and interacting with very small amplitude longitudinal waves
have stochastic trajectories. Because the particles interact with the
waves, the particle stochasticity causes a random shifting of wave
phases. If we éssume, as seems likely, that mode-mode coupling océurs,
then the randomness in phase will be communicated to all parts of the
spectrum and the random phase approximation seems well justified.

Note that equation (2.6) includes both the effect of tur-

bulence and the effect of distortion of the rf potential well.

III. INTEGRAL EQUATION
In this section we derive an integral equation which describes
small perturbatioms about an equilibrium state.

Equation (2.6) has a steady state solution given by

w2 62
Wo(e,w) = Mexp (- 5 - 5 s (3.1)
2w 2 8
rms ros
J
where M 1s a normelization constant and
2 2
Vs = D /T (3.2)
2 2,22
6., = D TX J£o° (3.3)

Let ¥ = WO + Wl . Keeping only terms linear in Wl , from

equation (2.6) we get



oV, oV 2 o v
1o, oy ot fwxo o o3e\ 11
3t 0" 38 1T k. | v T
\ T o/ r
Fy .. 3,
- f% géi - 2R e £ (6,8) 52 (3.4)

In order to solve equation (3.4) for Wl , we consider the equation

oh o [ w e\ 3 n p &
K w e, Fe -2 .2 2B 55
x T fo' T \Tr * X, LT 2 32 )

In terms of the solution to equation (3.5) with initial condition

n(e,w,t.; 8 ,w.,t.} = 8(6-86.)8(w-w.), (3.6)
0° “0’"0’ 0 0 o :

the solution of equation (3.4) satisfies

v

l(e,W,t) =

h(e,w,t; eo,wo,o) \Lrl(eo,wo,o)dteO av,

" a\vo
- 2ane d= dGO dwoh(e,w,t; QO,WO,T) é;;(wl) S .
0 o Vo ¥
(3.7)
We have written E'C = E‘Cwl) to indicate its dependence on V¥, .

The method of solution that we are using is a generalization of the
method of integration over characteristics of the unperturbed equation.
Note that the solution of eqguation (3.5) that satisfies initial

condition (3.6) is knownl7).
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Since equation (3.5) is homogeneous in time, the solution

satisfies’

h(eywyt:' eO’WO’T) = h(e;w;t“T} QO’WO’O) . (5-8)

Thus, we can laplace transform equation (3.7) in time and use the

convolution theorem for Iaplace transforms to obtain

¥ (8,w,8) = n(8,w,85 8,v,0) ¥ (8,4, 0)a8, aw,
[ o
o~ Y [¢]
- Qanel( 8, dw, h(e,w,s; eowo,o)(ac(\l'l) P ,
’ Qo,wo,s
(3.9)
where (~) denotes the laplace transformed function of s . We have
assumed that o is a linear functiomal of Wl . Let
F(e,w,s) = h(e,w,s; eo,wo,o) u‘rl(eo,wo,o)aeo dw (3.10)
be the initial wvalue term. Let
L(e,w,eo,s) = aw, h(8,w, s; eo,wO,O) > (eo,wo) . (3.11)
Equation (3.9) can now be written as
Wl(e,W,S) = F(G,W,S) - QﬂRme ‘fdeo L(Q,wyeo,s)ac(il)
Oo,s
(3.12)

We now use

- fR ,
’:'c(eo’t) = F(-?},[de' x(e',t)G{R:(e’ - eo)_) , (3.13)
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where Bc 1s the velocity of the bunch and where A(6',t), the

charge density per unit length, 1s given by

re',t) = %[Wl(e',w,t)dw . (3.14)

m

Equation (3.13) is a consequence of the linearity of Maxwell's
equations. In particular, it is exactly the same form used by
Pellegrini and Sessleru). G 1s a Green's function which includes
the effect of beam surroundings.

Using equations (3.13) and (3.14), equation (3.12) becomes

- 2anfe2
vl(e,w,s) = P(e,w,8) - S a8, L(e,w,eo,s)

® ae'c.(am(o' - eoj)f"il(e',w,s)dw . (3.15)

It can be shownlh)
limit Q -+ O,  equation (3.15) gives a dispersion relation which is
8)

identical with that derived by more straightforward meens

Since we are concerned with bunches short compared to the

machine circumference, we extend the angular integrations in equation

(3.15) to the interval [-om, o). The rapid felloff in angle of
\'vo(e,v) makes this an excellent aprroximation.

Let us define

t(6,s) = av ¥, (8,w,s) , (3.16)
o(e,s) = aw F(o,v,s) , (3.17)
K(G,ﬁo,s) = dw L(G,V,QO, 8) . (3.18)

With these definitions, equation (3.15) implies

that in the uniform beam case, 1.e. in the

=10~

2k fe” c
E(eys) = G(Q)S) = T; dGO K(G,QO,S) : de G(Rm(e" e
/

-

O\);)é(e';s)-

(3.19)

Let us Fourier transform from © to p &and denote Fcurler transforms

by a bar;
_ _ anr ref ‘_
t(p,s) = dlps) - 1349, K(p, 05, s) | a8'®(R (8"~ 8, ))t(8",s) .
. (3.20)
Recall that for any function, f,
a8, f(OO) = 2n £(0) . (3.21)

The last term in equation (3.20) is precisely of this form. Since
the integrand of the last term in equation (3.20) is a product, its

Fourier transfoi'm is & convolution; i.e.

~
K(p,85s) | de'c.(nm(e' - 8,)) £(8';5)
pTys8

-~
Y

r .
= jdr i(p,rl-r,s)/ de'o(am(e’ - eo)) £(e',s)

r,s
(3.22)
The convolution theorem is
[ o -
Jde'r‘ Rm(e' - 8y)) g(e',s) ‘ = 2n G(Rme) t(r,s) .
r,s r
(3.23)

Let us note that
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IV. BUNCHED FROTON BEAMS WITHOUT TURBULENCE

AR e)} - _Bc z(-rw.) , (3.24 In this section we consider bunched proton beams in the
m. EHRm 0
Where absence of turbulence. The dispersion relation for proton beams has
e
8 18
been considered previouslyl ’19). Sacherer ), in particular, has
w, = 2nf, (3.25)

given a description of the modes in special cases. Previous treat-
D)
and where Z('r“b) is the usual impedance function . ments have not been able to include Landeu damping in the general

Using equations (3.21) - (3.24), equation (3.20) becomes case. In addltion, previous treatments have considered only simple

impedance functions. In our equations the impedance function enters
E(P,S) - 3(p,s) _ (2n)2 fe2]r ar i(p,-r,s)z(-rdb)g(r,s) . in a relatively simple way. Thus, more general impedance functions
. (5.26) can be assumed. We show how to include landau damping exactly in the
From equations (3.11) and (3.18) we find that the equation for integral equation and present a rough approximation which simplifies
ﬁ(P"r’S) is the dispersion relation considerably and which is adequate for our

a0 .
W
= - - purposes.
K(p,-r,s) = —% at e [ g, ae av av, - '
(2n) A Y ms Since protons don't radiate significantly and since turbulence
. o 5 ] is assumed absent, we take the limit D - O, T, DTr fixed.
w <) ' )
R exp gireo - 1pe - g - 02 ! h(e,w,t; eo’wo’o) s In this limit the solution of equation (3.5) which satisfies the
2w 28
‘ s TS : (3.27) initial condition (3.6) is
where, for bunched beams, n(8,w,t; 8.,w,0) = {6 - A(6 v ,t))6( - B(6 v ,t)),
: o070 A oo \ 0?70 T
(4.1)
N
M = ———————, _ (3.28) where
2n w S
rms rms
A(ao,wo,t) = §,cos Rt + (kowo/n)sin %, (L.2)
where N 1is the pumber of particles in the bunch. Equation (3.26) is
an integral equation for £(p,s) with a term, o(p,s) , from B(eo)wo’t) = wycos &%+ (Qeo/ko)Sin @ (4.3)

initial values. In order to apply equation (3.26), the impedance,

_ Using equations (L4.1) and (4.2) in equation (3.27), we find
Z(-rab) and the function, K(p, -r,s), must be known., Fortunately,

in cases of interest, X(p,-r,s) can be calculated.
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2
= i N ko D g erms(P? + re) 1
K(py-r,8) = ——"— exp/ - ———————o0 !
by Q 2 !
, |
[
2
omg TP COS 1934

®@ at e 5% sin nt exp ge

(Loy)

Now we use the fact that

!

exp éims rp cos f = IO(eims rp) + 2

Je

2
Ik(ermS rpjcos k

r\//

oy
1
H

(k.5)
where Ik is the modified Bessel function of the first kind.

Equation (4.14) then becomes

- iN ky P eims(;? + r2) [
K(p,-r,s) = ———— exp{- ———
lixe 2 j
2 ®
— To(8 s TP) 2 k + 1 k -1
X z 2 7 L (Ot 5 272 2 2 PR
s- + Q g7+ Q7 (k1) 7+ 25 (x-1)

(4.6) /

We note that K(p,-r,s) is large when s =1inQ, n=7*%*1, fTo, .
Thus, coherent oscillations occur at multiples of the synchrotron
frequency, as was to be expected. When s = inQ, we shall keep only

the largest terms. Recalling that

@) -1 (@) = B 1(2), : (b.7)

we get

~1ha
2 2 {2 2 N
N 1Nk n”1_(65  rp) et (2 + ) |
= ~ 0 n' rms rms y
K(pJ'r}s) = 7 > o D exp<" P
2nr 8 (s +n° @)
rms

no

(4.8)

We have not, up to this point, included Landau damping since
we have assumed linear binding forces. ILandau damping results from
the spread in synchrotron frequencies due to nonlinear binding forces.

In order to include it exactly, we need only make the substitutions

in equations (3.27) and (L4.1)

2 2 ] .
- My - Vg & \ @wo(eo,wo) .
5 exp 5 - 5 -, (4.9)
W 2w 28 v
rms s rms
A(Oo,wo,t) - A'(eo,wo,t) s (4.10)

where A'(eo,wo,t) is the solution for ©(t) with the force under
consideration., If we make these substitutions, it is no longer
possible, in general, to do all of the integrals in equatiom (3.27).

It can be shownlu), however, that a falr approximation results if we
make the substitution
s s o+ b, (h.11)
where
P erms (2 Q>rms

5 = . (4.12)
L 2

In equation (4.12), (A.Q)rms is the root mean square synchrotron

frequency spread in the bunch. The substitution (4.11) is probably

not adequate for detailed applications to proton beams, and, if not,
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the substitutions (4.9) and (4.10) must be used in conjunction with
equations (3.26) and (3.27) to obtain the dispersion relation. For
electron beams, diffusion damping dominates and the approximation is

adequate.

If we do use the approximation (4.11), equation (3.26) becomes,

using equation (4.8),

_ _ extel im X, n®
Hepe) - olpe) - & f(s + 8 )2 + n2 92]
rms \ L
r 5 } Gims(r2 + I?) l Z(—rab) _
@j dr In(ermsrp) exp i- 5 ( = E(r,s) .

(%.13)

The singularity at r = 0 1is only apparent, since Z(0) = O. Since

modes are confined to the bunch, 1t 1s probably a good approximatioﬁ
to take

2
pre’_ 2 (2n) . (b.1h)

We can then use the large argument approximation for the Bessel

function

Z
_\;,2__.2_ . (4.15)
T

I, (z) =

Equation (4.13) then becomes
\/En f e2 iN ko n2
I 22]
Qim t(s + BL) +n 92

( . Lo
1 - - { -
o ;-6 (P - T) Z{-ray)

s I T
® lar exp i - ) e Twe) . (ha6)

|

E(p,s) = d(p,s)

S
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For special assumptions about Z(—rub) equation (4.16) is easy to
solve. We will not sttempt to colve equation (4.16) because of the
necessity of a more accurate treatment of Landau damping in the proton

beam case.

V. ELECTRON AND POSITRON BEAMS
In this section we derive the shért-wavelength dispersion
relation for longitudinal perturbations of electron and positron beams.
We then assume that turbulence has sufficlently lengthened the bunch
s0 that coherent oscillations are stable, Thus, we obtain a formula
for bunch length.
In order to derive the dispersion relation, we need to know

the function i(p,-r,s). In Reference (1k4), a formula for K(p,-r,s)

was derived. Let

?\/1- L (5.1)
w = § - — .
i Tr2 92 ’

-1 1

5o " (5.2)
r

X = sin

Then, a long, but straightforward, derivation shows that

_ 1% pk, ‘-62 (p2+r2)}

K(p,-r,s) = . exp = 2
bl
-t/27
2 T
o) { t | O g TPR € COS(CD'C"X)[
X dt exp { -5t - 39— sin at exp { = '
< ¥y 2T | } @
Ty ’
J L
0

Note that in tre limit D~ 0, T, ~ oo, D7, fixed, =quation (5.%)

goes over into =quation (L.4).
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Since Trﬂ >> 1 1n all cases that we are interested in, we
expand to first order in l/ETrﬂ. Then, using the Bessel function

expansion of the exponential, we find

{ 5 l
- iNop ko ) - (p +r°) L
K(p,-r,s) = expg
by Q 2
{
~ g % > -t/E'rr
& dt exp {-st - 2—5 sin @t Io(ems rp e
b {
[o o 2NN 5 ‘t/21r -
+ 2 Z 1,(6 D e )tcos Lt + &x sin L2t
rms
1=1 .
(5.4)

Since we expect resonances near s = inQl , we get, keeping only

the dominant terms

-~ )
. inkO -62 (p2+r2) i
= R rms \
K(p,-r,s) = exp
hn l 2 J
5
-t/27
© dt exp { -st - £, inﬂtg L I (92 pe /
& P 2t 21 | "p-1""rms
o !
. -t/21 ‘ -t/21
2 r X 2
- In+l(9msrp e )l +t5 (n+1) n+l(9msrp e
. /e 1
- (n - l)In_l (erms rp e )! / . (5.5)
-4
;

We expect, once again, that

18-

Qd rp > 1.
rms

Thus, for times t & 6 7., & good approximation is

o -t/QTr et/mr o —t/ETr }\
n(erms tp € ) = T ""‘“2 PONEEE exp erms TP € {
,I v

Y27 O g TP } 5.6

As t - oo, the left-hand side of equation (5.6) goes to zero, while
the right-hand side goes to infinity. A better approximation results

if we expand the exponentional inside the exponential. Thus,

/ t/bt \
-t/27T e
2 Ty 2 t
In(erms rp € ) = — eXP Oy TP @ - 2T, )1

“\/En 2) rp }

Tms }
(5.7)

For times, < 6'rr , equation (5.7) is a good approximation. Also,

as t — oo, both sides of equation (5.7) go to zero. Since

2

Grmsrp/’rr >> l/'rr , we drop all terms in t/"t'r Thus, equation

(5.5) becomes

iNpk 5) ?
= ~ 0 2
K(py-r,8) * —— exp!- (-1 )
by @ i 2 §
v )
@ f D k. rp
& dt exp /- st + In 2t - —5—3 t
; 2f 4
0 t
?. i
‘ i
! -1in X .
= e
: "27; 95 {rp) 5/2 N2norp & :
i rms - - rms
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Note that the diffusion damping term in equation (5.8) is the same as
. 20
that derived by Dupree ) for a megnetized plasma. Thus, our theory

reproduces the first order results of previous strong turbulence

theories.

Performing the integration in equation (5.8), and substituting

E (r - p)j

the result in equation (3.26), we obtain

2
_ _ - e Nf ip k /ﬁ exp
i(PJ S) = U(P, S) '.V%" dr _&‘

Q grms ) \‘rp
 2{eray) E(x,s) |1 in -',
@ 2 i - 2 .
D ko rp t 27 Q rp © J
s - inq + - T rms
2f2 .
(5.9)
For short-wavelength modes, & good approximation is
2
C) 2n
exp ~ . 2 8(p - r) . (5.10)
Y “rms
Using this, equation (5.9) is approximately
_ - ned WE ko 2(-pay) €(p,s)
;(P,S) = O(PJS> - ) )
Q
erms ‘ D ko D
s ~ inig + '—2——5—
2f” @
] in
® - . (5.11)
~ 2 2
27T W P ©
r rms s

Thus, the dispersion relation is

20-
2 2 2 . _ g
. - D kO P ne NFfi1 ko Z(-pwo) { 1 in
= e - -~ -
2 .2 2 2T Q 2.2
o o e Tt i

Stability occurs when Re(s) < 0 .

Let us note several things about equation (5.12). First, both
resistance, Re(Zz) # 0, and inductance, Im(z) # 0, can cause
instability. Previouslle)’lg), only the resistive instability has
been found, because only proton beams have been considered. For
electron and positron beams an additional dissipative process, namely
radiation damping, is present, hence instability can arise from the
inductive part of Z . 1In fact, the inductive term decreases less
rapidly with beam energy than the resistive term, because of the
increase in radistion damping. Thus, while the resistive term,
considered by Lebedev7), has a strong dependence on energy, the
inductive term has a dependence on energy which is much weaker. Let
us also observe that not only Im(Z) but also Re(Z) contributes to
8 shift in frequency and should be included in the formula for Q .

At high energy, the resistive frequency shift dominates. This suggests
that calculations of the equilibrium lengthening effect should include
a contribution from resistance. Previous theoriesh) have only
included the inductive bunch lengthening.

It is clear that it would be difficult to include ILandau
damping in the calculation. However, we will assume that Landau
damping is adequately represented by equations (4.11) and (4.22). It
then turns out that in the cases that we are interested in Landau

damping is small compared to diffusion damping and can be neglected.
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For proton beams, on the other hand, Landau damping is the only
damping mechanism and must be carefully treated.

The stability threshold, which is the formula for bunch length,

is, from equation (5.12),

b ,
o o, xS W ek | | Im(z) | n | Re 2 |
ms 0
= - - + 55 . (5.13)
2 Ty ‘ e Tr Q P erms

Equation (5.13) should be applied only when the bunch length predicted
1s greater than that calculated with turbulence absent, since in that
case coherent oscillations are stable. Note that the equilibrium
effect, i.e. distortion of the rf potential well, is included in

equation (5.13) since & , and not 9, , appears.

VI. COMPARISON WITH EXPERIMENTS
In order to apply equation (5.15), we must specify p and
Z('I“b) . In principle, Z(-pﬂb) is determined by the details of the
machine. However, the calculation or measurement of Z(-Iﬂb) in
real situations is very difficult. Thus, we will assume that

z2(-pa,)

5 = constant . ’ (6.1)

This 1s physicelly reasonable for high frequency resonant structures.

We will also assume that

PO, = constant . (6.2)

Since disturbances are confined to the bunch, the wavelength of a mode

changes in proportion to bunch length. Thus, we obtain equation

(6.2).

20
We also need an equation for & . We will use the expression
of Pellegrini and Sesslerh)
1 Q—/ -1 s Elgi (6.3)

\ /
where I is the current in the bunch, k is a constant, and 4 1is
the bunch length. As noted earlier, eéuation (6.3) does not include
resistance-induced equilibrium bunch lengthening. However, in the
absence of a theory which does, we must use equation (6.3). For
SPEAR II, as we will see, this makes no difference. The impedance in
equation (6.1) and that included in the constant X mey be quite
different slnce they correspond to different frequency ranges.

Let us define

2
2 Dy kg
) = =2 (6.4)
™mso f2 902

Then our formuls for bunch length implies

v

'% R I N L A
i
RB { rms ‘ T e 0''r ; A \
= 8 = _ ! + B 3
i rmso/ 83 Qc 21 Q )
y S TRSO o

(6.5)

where A and 3B are dimensionless constants to be determined. R 1is
the ratio of predicted bunch length to natural bunch length. 1In
equation (6.5) there are three constants to be determined, A, B,
and k which enters through equation (6.3).

Equation (6.5) can be £it to the data from SPEAR 0. The
results are shown in figures (1 - 3). 3olid lines represent eguation

(6.5), dashed lines represent the bunch lengthening due to potential
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distortion. The three circled points were used to determine the three

constants. The wvalues are

X = 0.35 GeV-ns/mA
A = 2.39 x 1o'u
B = 8.6 % 10‘8 .

(6.6)

At the higher energies, in fig. (1), turbulence is absent. At
1.5 GeV and at the higher rf voltages, in fig. (2), turbulence is
responsible for a significant part of the effect. At the lower rf
voltages, in fig. (3), turbulence is less significant. As can be
seen, the fit is quite good. Only in fig. (3) is there significant
deviation from the fit. The experimentalists reported that wh.en half
the kicker magnets were removed, the bunch lengthening effect was
reduced by about 50% at lower voltages, but only by about 20% at
higher voltages. If we assume that the ferrite magnets are respon-
sible for the equilibrium lengthening but not for the turbuwlence, then
these observations are rerfectly consistent with figs. (2) and (3).
All of the ferrite magnets were removed in SPEAR II.

The megnitude of the impedances that equation (6.6) implies
depends on a further assumption about p . However, assuming that
the wavelength is about one tenth of the bunch length,

IRe(z) | | (z) |

~ ~ 1 ohm . (6.7)
b P

This 1s a rather reasonable value.

2L~

On SPEAR II the bunch width, and thus the energy width, has
been accurately measured., A comparlson of the energy width increase
and the bunch length increase is showni) in fig. (4). The results are
consistent with the effect being entirely due to turbulence.

The fit to the data3) Prom SPEAR II is shown in figs. (5) and

(6). The values of the constants are

k = 0
A = L2 x 10'h
B = 4 x 1077, (6.8)

The circled points were used to determine A and B . We took

k = 0 since equilibrium effects seemed absent. From equation (6.8)
we see that the equilibrium effect was eliminated but the turbulence
was slightly increased in the transition from SPEAR I to SPEAR II.

The points at 3 GeV, in fig. (6), are high at higher currents,
but this is probably due to imadequate controi of the rf system,
since the synchrotron frequency was observed to vary. Note, by the
way, the threshold effect at 3 GeV; a phenomenon that seems to confirm
the choice k = O.

The points at 1.5 GeV and 0.6 MV, in fig. (5), reveal a
definite saturation phenomenon. There are at least two possible
theoretical reasons for this phenomenon. The first is that it 1s due
to Landau damping. The approximate treatment of Landau damping that
we presented cannot explain the saturation. However, since it is
probable that the nonlinearity of the potential well increases with
currentS)’é) due to self-fields, the Landau damping probably increases

also and may lead to saturation. The second theoretical reason is
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that the saturation phenomeron is due to mode-mode coupling. We have
discarded mode-mode coupling terms, but it is possible that they
contribute to saturation. Prior to calculation we do not know if
Landau damping or mode-mode coupling, or some combination of them
contributes to saturation.

For PEP, 1f we assume impedances per unit length which are
similar to those found at SPEAR I and SPEAR II, we find

> -2
'R = 1.1 x 10°°1' (6.9)

where I' 1s the current in milliamps. Thus R 2 1 implies
I 2 100 mA . (6.10)

In equation (6.10), we have included only turbulent bunch lengthening.
Since PEP plans to operate at currents per bunch lower than that given
by equation (6.10 bunch lengthening due to turbulence should be no
problem. This result emphasizes the importance of developing an
equilibrium theory which includes resistive effects along with

nonlinear effects.

VII. DISCUSSION
The theory that we have mesented provides quite good fits to
almost all the data. We have seen that, depending on the impedances
of the machine, either potential distortion or turbulence or both may
cause bunch lengthening.
The probable absence of turbulent bunch lengthening in PEP

makes it important to develop completely the equilibrium theory. 1In
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order to understand the saturation phenomenon observed in SPEAR II,
it is necessary to develop the theory of the effect of nonlinear
potential distortion on Landau damping. An understanding of Landsu
damping is also required for applications of the theory to proton

beams.
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FIGURE CAPTIONS
Ratio of rms measured bunch length to zero current rms bunch
length, R, as a function of beam current, I, for two
energies and RF voltages on SPEAR I. Squares are experimen-
tal points, solld lines are the theoretical fit. The circled
points ‘in Figs. (1A), (2A), and (3A) were used to fit three
constants in the theory [see Eq.(6.5)]. At these energies
the effect is due solely to potential well distortion with
no contribution from turbulence. |
Same as Fig. 1 but with E = 1.5 GeV and two different RF
voltages. The solld lines are the theoretical fit including
turbulence, the dashed lines are the fit without turbulence.
As can be seen, the contribution of turbulence is
significant.
Same as Fig. 2 but with two different RF voltages. Turbu-
lence is less significant at these lower RF voltages.
The ratio of rms bunch length to zero current rms bunch
length, R, and the ratio of rms energy spread to zero
current rms energy spread, T, as a function of current for
SPEAR ITI. The solid line is a fit by hand to the data.
These data indicate that the contribution of potential well
distortion on SPEAR II is negligible; the effect is entirely
due to turbulence.
R as a function of I at E = 1.5 GeV and three different
RF voltaeges. The squares are experimental points, and the
solid lines are the theoretical fit assuming only turbulence.

The circled points in Figs. (5A) and (bA) were used to fit the

Fig. 6.
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two constants in the theory [see Eg. (6.5)]. 1In (C), a
saturation phenomenom, which is discussed in the text, occurs.
Same as Fig. 5, but with two different emergies and RF
voltages. In (A), the data at the higher currents are

probably inaccurate due to poor control of the RF system.
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Fig. 6
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