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The boundary conditions

sinusoi&al hardwall are
vanish on and below the

‘Specifically, solutions
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ABSTRACT
for elastic atom scattering at a
considered. The wave function must

surface and be outward~going only.

of the Rayleigh form such as Beeby

- has p:esentéd are notvoutward-going only and fail to treat

' the closed channel properly.}



In a previous paper (ﬁasel et al.) in ordef tormodel atom scattéring
_ffomvsoiid‘surfaces we presented a solution of the Schrodinger equation
for scatteriﬁg of an incident plane wave from a sinusoidal hardwall.
fhe derivation began Qiﬁh ﬁheLippmann;Schwingér (1950) integral equation

for the‘wavefunction
"\P(X.z)v“ .‘1’(x,z.).+./<‘ix'fdz' vGo+(x',2;x',Z') vix',z') vx',z") L. )

where

the wavefunction

the incident plane wave

)
¢
-'.V = the scattering potential
G:-= the free particle green'slfunctibp with-outgoing boundary
| coﬂditions. | | _. . |
The wavefunction P determined by Eq. (1) is also ; solution tovthe

Schrodinger equation

h 2 S S . .
(— o v +V—E)ll:1-0__ s - o ', _ (2)
but the integral equation is a more useful starting point since the
~ correct scattering boundary conditions (incident plane wave plus purely
outgoing radial waves) are explicitly contained in it and need not be
supplied at some later stage of the calculation.

In our previous paper (Mhsel et al.) we show that for a hardwall |

potential defined by

s 2 > D(x) _
V(x,z) = : E - | (3)

4o, z < D(x)



where x = distance along the surface which 1s structureless in the y
direction and z = distance perpendicular to the surface, the quantlty
W is given by

Vix,2) ¥(x,2) = £x) 8[z-D)]  , . @

where Siz-D(x)] is the Dirac delta function and £(x) is a function yet'
to be determined; Eq. (4) is easily”deduced from Eq. (2). Subétituting,
Eq. (4) into Eq. (1) (and performing the integration over z') gives

."wavefunction as
.W(x,z)‘= d(x,2) +‘/dx' Go+(x,z;x',D(x'))f(x') . o - (5)

The function f(x) is then determined by the requirement that Y(x,z) = 0

‘below the;surfaee. Applying this condition for the special case
© . D(x) = ah__sin(21Tx/a) KO o ' 6)

yields" (Masel et al ) a solution that we will 1abel wl wl is given

expllcitly by

i S ' - ‘ - - .‘ iksinez
4 e .
v Wl.‘(x,z)» = ¢(X,Z) "' n;oo 1; cn vcoseg X
1/2 o ' '
f s’ i[21r(n—2.)(x /a) + k cos62|z-D(x )l] , (D
-1/2 . o

~_where the constants Cn are determined by the linear equations

eosel :E: C J (hka cose ) . | _", (8)



D0 045906223

Seé our previous pépe; (Masel EE.QLL)vfor the definitions of the various
_.quantitieé in.Eqs; (7)—(8), more details of the derivation, and explicit
formnlae for the scattering cross sgctions;i

Beeby (1971, 1972, 1973,‘1974, and persoﬁal communication, 1974, 1975)
has suggested an alternate procedure for calculating the wévefunction. In
hié formulation the positidﬁ of the "emitter surface''--the function
D(x') in‘Eq. (5)--is &eéﬁed to bevirrelevant (prdvided it is onvor below
thé actual surface). Thé Boundary conditions are Y(x,z) = 0 on the surface
and'specification of the incident.waﬁe at large.distances from the surface..
The:tfdublé_with this.approéch is;thét the resulting wavefunction is not .
zero'iﬁ all regions below the surface and thus is not a solution to the
Schradinger equation; this is easy fo see from Eq. (2) because the term 1 '
_vawill be infinité if Y is not zero Qhen V is infinite. In our previous
paper_(Mésel gg;gg:); fér examéle,.we;showed thaﬁ if the "emitter surface"
Qeré taken to be‘a plane 5eiow the sufface, then a different wavefunction
wZ is obtainéd:

b

: ®© ' X "z z
_ c, 1k ™ x-k |z-yl+kn ¥)
Wyl = 0z) + T o5 L, o
’ : Anz—m n ) ’
whefe y < -ha and where the coefficients Cnb aréldetermined Sy
3, (ak’h) - Z ‘o J_ ,(akh cosf ) | | | (10) -
e A  cosf “n-f n’ "

- Since wz is not zero below the surface, Beéby (1971) has in effect

. suggested that a new wavefunction ws is the correct wavefunction:



¥y(x,2) = ¥, (x,2) qlz-D@] | - (11)
: ﬁhére q[z—b(z}] is the step function,

’ _19 y > o .
q(y) = R
- o 0, y<o
Although one can readily verify that w3 does satisfy.the Schrodinger
equation above .and below the surface, it does not satisfy the Lippmann-
Schwinger equation, Eq. (1), and therefore is not the particular solution

" of the Schrodinger which haé_the correct scattering boundary conditions.

' To show this, we start with the Schrodinger equation
.vw=(vs+f‘—2-‘7—) e | » a2

‘and apply it to ¥, (setting h = 1 for simplicity)
Lol . 3 ) : S .

L 2\ S o :
vw3==x E+.—2—u tp3 e R . - (13)

’

"Direct evaluation gives, for ¢ 0 at z = D(x),
. _ 2 , ,

. W ”aw:i» E D
o, é&[z—D(x)][ 2. 2 agff)] . o ae
.Defining’x'p'; by
"F; =& +ﬁ: iy .’  o T , | B ¢ )

~ this expression can be evaluated using the methods in our previous paper;

'the result is, fof z 2 ha, .



oy =0 + );—2& 3,[(cos0, + cosfIhka] +

.'nh g;n @I/{Jl;l[(COSOIJ+ cosﬁz)hka]_+_
. .J£+l[(qosel + cosez)khé]](.+ |

. jz:cb J [(cosB - cosB )hka]
&s'n n-% n L7

+ ﬂh‘tan en\[én_z_l[(cosen - cosez)hka] +

Jn;£+1[(§o§9t;—vcosez)hka]} D o - (16)

- ﬁnless h = 0_ ws-andrag are notvthe-éame. ‘This meaﬁs”that in the generglii

ﬁ case w3 does npt satisfy the Lippmann Séhﬁinger Equation, i.e., the condition
" that thé scattered wave is\outward going only, and so it is not a valid
' ﬁavéfuﬂct1oﬁ for the scattering problem.b The posSibiiity exists, however,
that due to an unobvious.cancellatidn of errors this formulation of the
Béébyvsoldtibn éould yield'thé correct séattering;distribution far above -

* the surface. Eq, (10) 1is idengical to Rayleigh's equation (1907) for an -
analogous problem in optics. There is a wealth’of litefaﬁure diséuséing

its validity (for a review see Millér,~1973);- Petit and Cadilhac (1966)

have dgmonstrated that if one attempts to solve the equation by only

‘considering the_Cn‘s that sétisfy_ _
ln| £

~‘the results for h > .0714;&0 not converge with increasing N, which supports

our contention that Beeby'é'method is not correct.
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Finally, an explicit demonstration that our boundary conditions and
Beeby's give different scattering can be seen by constructing the matrix
expressions_for the S-matrices that result from the two approaches.

" Applying our boundary condition_dne finds the S-matfix to be

1

5, =§¥” a7
~where g‘and gTéfe the maﬁriées'

M&,n = Jn;z(akh coéeg)/ k cosel (18)

Ny = Ty (akh cosdy)/ kcos®, (19)

ﬁhilé Beeby'g boundary condition givés the S—ﬁatrix as

gr = transpose. f.
At fir;t gi#pqe‘it éépéérs %rom.Eqs. <l7) and (20)’£ﬁat gztr ;‘gl'l’ and
since by gnitarity g -1 ;'§1+ =v(§ltr)*3vit would follow ;hat S, = gl*?

éo that the two approaches would give the same diffraction probabilities.
The trouble is that M and N are infinite matrices, whereas the S-matrix

. - . or
. 1 and gz are
- the finite, open-channel block Qf the‘infinite matrices g'gfl'and g-g-l,

is finite, and the meaning of Eqs. (17)'ahd.(20) is that §

respectively. It 1s well-known,  however, that if él 1 is a finite block of.
. . . -9

‘.ﬁhe infinite matrix A--i.e., -
p~ : - )

21,1 :

"
8




-~then

wptreh s

i.e., the inverse of the finite matrix

A | 1s not equal to the 1-1 block of
‘the infinite matrix Afl.. Eﬁs. (17) and (20) therefore do not imply that
-1 __tr ' ' ‘ :
= 22 .

51 | | | -
Egs. (17) and (20) do show, however, that if N and M are approximated
" by finite matrices that retain only the open channels M and N are then of

- the same dimension as S), then it does follow that S This is

consistent with our view that Beeby's formulation fails in the way it .

1nc1ﬁdéé fhé closéd channels,.i.e;; highér‘ordér multiple scattering. As
 in‘any ihélés#ic scattériné problem, closed channel tefmé in the wavefunction
' die'out éxponentially when.one is far from the iﬁteraction fegion (i.e.,ithé
>surface), bu; they are ?resent iﬁ the interaction region (i;e., near the

surface) ahd they must be included correttly'iﬁ order to describe the

scattering correctly.
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