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ABSTRACT. A "one kT-pulse " excitation of a high Q LC-ringing

circuit is def'inved, and a filter configuration is déséribéd_which allows
the detection of such a puise with good SNR (sigﬁal-to'-ﬁoi‘s'e ratio) and
‘excellent T, (rvésolving time). SNR's consjderably ;ér-ger than unity
were found expe‘rimentally',‘ invreasons.ble agreernbent with theoretical

calculations.

N

INTRODUCTION . In discussing the sensitivity limit of a high-Q me-
_chan.ical resonator for the detection of a very short pvulsei, it wa.s’
pointed out that a suitable filtering techniqﬁe should allow a measurable
output of reiéti&ely short duration of é.n individual pulse, even though
energy transfer to the resonator might be much smaller than kT. As.
the combination of ultra-high sensitivity with a short resolvﬂi.ng time
may seem p.al.'ado‘xic_:.al., some skeptical comments 'prcv)‘mpiised this writer
to work out a m'br.e rigorous v;erlsion of Gibbons and H‘a'.w.kﬂingvs.' asser-
tion. I wish to present thé reé_ult in the Simplest form, namely, in
térr_n_s of aipu'ryeiy elé’d__r’o'nié System (a single low-los's LL.C ringing
circuit, no fra.nédgéer s) tbh.at can be .realized“easily_and éxp_erimentally
tésted. T.}.xe, LC circ‘uif is connected directly acrqs.s the input of an

elecirometer amplifier whose noise contribution will be calculated from
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two equivalent sources 'haviﬁg constant densitities.uz and 'iz per
T . e S amp amp
unit bandwidth (Fig. 1). Amplif'i_er gain is assumed flat over the fre-

quency band of interest; the filtering requires a band-pass and a compen- P

sated delay-line clipperz-’ 3 whose desirable characteristics will be | ‘

defmed without g01ng into technical problems

DEF]NITION OF A kT PULSE For a g1ven L and C (including the v

amplifier mput capacﬁ:ance), let @ =1/N LC and R
If all losses were concentrated m a single equivalent parallel resist-
ance 'RP, its value would be Rp = QR ) where Q is assumed »> 1. The
assoc1ated Nyqulst noise current source, operatmg into the combined
parallel 1mpedance Z(Rp I |C I IL), generates a n01se_ v‘olta.ge of spectrel
density? -

'4kT - . .
lZ( - C (2 (1)

p o w )+(ww/Q)

‘S'v.:
u

l2 4kT ‘“"/Q

Integration over all frequencies yields

.—.—--[S()dw——- (2)

as expected from the equipa:tition theorem. 4

A current pulse Ip ot fed into this curcuit (e.g., from a voltage
g_eneratof in series with RP) will set up a slowly decaying oscillation

with an initial RMS value of

'r‘ms. JZ L5t

=X P , if 6.1v:<< 1/@-' o ' (3) .\

initial | ZC
' Equatmg the resu]t of eqn. 3- w1th the square root of eqn. 2 defines

~a" 1kT pulse "as follows

- - e

'\f—7_—— 1/w0C- ‘-
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' (Ipm)ikT 'JZCIFT o ' (4e)

or similarly, : e . v
o st} . = NTIIRT - o ‘
) (Up t_)ik'I‘ 2LkT (4b)

in the case of an induced voltage pulse.

If such a pulse could be applied at an instant when the LC system
had z'efo”‘total energy, tﬁe p.'ul"s'e: would sﬁpply it with an amount of
ehergy justv_eqeal to 1kT. In thermal eciuilibﬁum, a 1kT-pulse occur-
fing at randorh Will increase or decreaee_the LC ene_i'_gy with equal
probability, as 111ustra.ted in Fig. 2

DELAY - LINE FILTER The 1nput waveform, U(t), may ‘be represented

as a sine wave of frequency W w1th a slowly varying amphtude vector.

By forrnmg the d1fference, U(t) - (t +n 211/@ ) an output amphtude

equal to the absolute value of the input vector change over the last n

cycles is obtamed. ! We may even choose multiples of a half-cycle as
the delay time and form a 'differehe'e, v

U(t) - (-1)" Ut + na/w), ()
with incfeased flexi.bility. fer optimizing the resolving time

T, = an/ g n e =1 ~ (in Fig. 1, n = 5). (6)

It is important to realize that an individual pulse—'excited signal is

- transmitted with shortened duration but without any loss in amplitude.

To calculate noise transmission, I shall use the response function in

frequency domain,

]F((,o»)lz = 4éin2 h—;—,x , where x = _____c:)___Q_ N o (7))
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BANDPASS FILTER. To reduce the amplifier noise, a bandpass cen-

tered around @ is needed. The full width should not be made smaller
than wé/n in order to pass the signals of chosen duration with negligible
attenuation (see eqn. 6). Accordingly, I shall integrate the noise |
1 L 1 s .-
spectrum between wo(i - 2—;1) apd wo(i + 2n). In this range, expression

222

7 =n“7“x", and the total spectral density becomes approximately

kTR .2 2 1+x 2

T 2.2 o., 1
2 o Q :4 amp o + (1/20) mp

per unit dx.

TOTAL OUTPUT NOISE AND SIGNAL-TO-NOISE RATIO (SNR).

Inte'gration of eqn. 8 yields
kT i“ R |1 —Ti-—’-‘-&---+————p—u"2am (9)
total zc amp o "2 Q 12nR
If amplifier noise could be _neglected, this would lead essentially to the

statement fnad_e in Reference 1 but with substantial improvement, due

to the choice of a half-period as the shortest resolving time:

' SNRldeal =N/—24-Q-; n=n_ . =1.

(1kT) 11 min

In thé general case, eqn. 9 can be minimized by choosing

_ 1 Ji2 Z
ng .= 5 J(uamp Q/3RokT)(1 +il o R _Q/4KT) (10)
which leads to

) . LAY
~-2(min)_ N/uimBkT 2 v :
Utotal 2c 3R_0 -—(1 + 1ampRoQ/4k?>. . o (11) v

The optimum SNR value can4be obtained as follows:
' .2
: : » R QN
opt 2 - Y amp 0]
SNR(ikT) NS 3ROQkT/(u amp[i 4 2mp o 2 )
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a

. . . opt_ : o
with a resolving time T T nopt v/uo. : ' . - (12)

DEMONS TRA TION EXPERIMENT. Two ferrite-pot core inductors (size

42/29 mm, material 3B7>) having Q-values near 500 were chosen for
experlmennng wi th a 66p.s delay line c11pper inthen=1andn = 3
modes (7.6 kHz and 22.8 kHz rmgmg frequenc1es, respectwely) A
room- temperature 1k T-pulse was induced'in a small ferrite toroid
through which the’ 1ndnctor ground lead pa.ssed. Corresponding RMS
voltages, calculated from the respective parallel capacitances accord-
ing to eqn. 2, are 0.57 pv ‘and' 1.0 pVv. Typical’ Wavefcrrns at the
amplifier 'ou,tpnt‘ (gain 0.8 X 10*% at 22.8 kHz, 20 kHz b‘andwidt_h) are |
reproduced in Fig. 2 (upper 3. traces), vtrhére the pulse was always
applied at 2’divi$ion’s from the left s’creen Vend. :'Note that the pulse may
leave: the stored energy unchanged dependmg on relative phase (trace B
dlsplays a phase jump rather than an amphtude change) To display
the pulse response proper, und1sturbed by therrnal noise, oscﬂloscope
sens1t1v1tyz was reduced to 1/100 of its or1g1nal value wh1le-pulse
amplitnde was increasedliOO folv‘d (trace D).

- When _a 1K T pulse was applied to the 22.8 kHz LC'—circuit,v the
delay-line clipper output (Fig.3) provided a distinct 10 mV ~ | |
peak-to-peak signal, while total noise was rednced to 0.75 mV RMS.

In the notation used to arrive at eqn. 11, this corresponds to

SNR ~10/(2 ><'\/—2— X 0.75) = 47 .Inserting the neise characte_ristics of

our SFB8558 FET ampllfler -

(uamp“"“.’v/“r_-" 2 i ~=p~8><10 ANTZ andR_=NIL/C = 19000

:"6.7 for n = 3.

into eqn. 9, we would expect theoretically S.N.R(ikT)
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Similarly, SNR in the 7.6 kHz experiment was ~ 2.6, again some-
what below theoretical pr'edi‘ction (4.9 for Ro =1750 Q, n = 1). The
differénces are mainly due tc the non-ideal bandpass filters used in the
experiments. For all practical pﬁrposes, the i:.mp term in eqns. 10 ‘

and 11 may be neglected when modern FET's are used.

CONCLUSION. A 1kT-pulse can be detected in a high-Q resonator, with
SNR éubstaritially greater than unity, if amplifier noise is

u? /R < QkT, and i mpRo < KT/Q.

amp
Under these conditions, SNR = 1 corresponds to a sensitivity limit

K 41kT. A more detailed paper is to be published elsewhere.

- FOOTNOTES AND REFERENCES
* Work done under the auspices of the U.S. Atom1§ Energy Commission.
T Visiting scientist from Physics Department, Un1vers1ty of Geneva,
CH 1211, Geneva, Switzerland. »
i. GIBBONS, G. W. and Hawking, S. W.: ' The Detection of Short
Bursts of Gravitational Radiation ', to be published in Phys. Rev.
2. ELMORE, W. C.: ' Nucleonics, ' 1948, 2 (3), p. 16.
3. FAIRSTEIN, E.:' Nuclear Instruments and Their Uses ', (A. H.
Sneil, editor; Wiley, New York, 1962), Chapter 4, ' Electrometers

and Amplifiers '.

4. VAN DER ZIEL, A.:'Noise ', (Prentice-Hall, N. J. 1970), Chap. 2.



€

FIGURE CAPTIONS

Fig. 1 Basic filter configuratioh for extracting a small pulse-excited

Fig. 2

“Fig. 3

- signal against high -Q r1ng1ng noise. To show the effect of the

filter on the pulse-'excit’ed' Signal clearly, waveforms were
drawn for n = 5, but as if uamp = 0. The bandpass would not
be required in this hypothetical case, in which one would
rather choose n =n_. = 1.
min _

Thermal noise at the capacitor (3700 pF) of a 22.8 kHz LC
circuit at T = 290K°. A 1 kT pulse is superimposed on each of
the traces, A, B, C, at.the time marked t . To obtain

. ' pulse
trace D, pulse amplitude was increased 100 fold. Sensitivities
indicated at the left refer to the FET input.
Threé typical samples of delay-line chHpper output, via a 22.8 kHz
bandpass of 6.6 kHz width.._b 1 kT-pulses produce essentially
a3 half—cycle signal of 10 mV peak-to-peak, while noise is

reduced to 0.75 mV. RMS, sovthat noise peaks.would seldom

exceed discriminator levels set at + and -3 mV.
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