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Abstract

The scaling properties of the equations describing the motion
of helical curves determine the scaling of the associated nonlinecar
evolution equations. Only a limited number of scaling-invariant

evolution equations can be found.

*Work donc under the auspices of the U.S. ERDA,



Hasimoto1 has found an interesting connection between the nohlincur
Schroedinger equation and the motion of helical curves. A generalization
to the sine-Gordon and modified Korteweg-deVries equatioﬁs, and the
" relation to the associated inverse scattering formalism, was pointed out
by Lamb.2 He conjectufes.that other equations exhibiting solitbn
~ behaviour may‘alsé,be related to the motion of helical space,cuses.

It is shown here that invariance under a scaling tfansformutiqn? of
the.Serret—Frenet équations, which describe the spatial variations of a
twisted curve, determines the scaling of the dependent~variub]é in the
scaling-invariant nonlinear evolution equation. Scaling of the assumed
time dependence of the heiix yields the scaling of time in thc evolution
equation. This equétion is .then completely determined by its scaling
invariance properties. It. is now possible to &hcck'whether the connection
between helical curves and nonlinear evolution equations extends to
other soliton equationé.

The aséociation of noﬁlinear equations with helical motion proceeds

as follows.l’2

The Serret-Frenet equations are

ps = Kkn, ' : ’ . - (la)
b, = -th, : (1b)
ﬁs = TB - «t, o | (1c)

where the subécript denotes partial differentiation with respcct to
“the arc length 5, and the functions « (s,t) Qnd T (s,t) are curvature
and torsibn respectively, which also depend on the time t. Thc.rangcnt
veetor € is defined by the derivative of the position vector Y(s,t),

v

= Ys(s,t), | (1d)



Gi}»;dszﬁf}/
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while n and b are the normal and binormal to the curve. - With introduc-

tion of the compléx vector ﬁ(s,t),
N = (ﬁ-+iﬁ)exp[i.fs ds"(T-—TO)] s v (2a)
-00 . .
and the complex scalar

Y = kexp [i[Sds! (1 - TPl (2b)

-00 |

where To is the asymptotic value of the torsioh, as |s| >, combination

of eqs. (1la) - (1c) yields

'_) v- ~ ) .

No o+ it N = -yt, | (3a)
~ : >

£ = LN+ YN*) . : . (3h)

We will assume that ¢+ 0 as |s|>«. The function ¥ will be the
dependent variable in the nonlinear evolution equétion.
. . > AL . '
The norm-preserving variation of N and t in timc, on the other

. 1
hand, can be written as

5

N, = iRN+vE (4a)
R R O NS

where R(s,t) is real, and Y(s,t) complex, while the time dependence

. >
of the position vector X can be expressed as

>
X
t

Crp*N+ CYR* + 0t , C = 4(C+in) , (4c)
where 7, n, and 0 are real functions of s and t yet to be determined.

The evolution equation for Y is obtained by equating mixed second

derivatives of N from (3) and (4),



b+ Y (TG -RY) = 0, )
R = B (W% -v) . | (D)

Furthermore f i -i' j 2
ur , use o St — ts gives

Sy = (CY) + AT CY+ 50U, - (6a)

by =clul®, . R (6b)
and using eq. (2b),

RS = (n|¢|2)s - %n|wl§ - SST. ' (6¢)

The linear inverse scattering equations, which allow us to solve cq. (5a)
for ¢ analytically, follow from (3) and (6) as shown by Lamb.
.Scaling invariance of an equation or function is defined3 as

invariance under the transformation from unprimed to primed variables:

s! as , (7a)

£ o= o, , (7b)

and a correspohding transformation of the dependent variable.
The scaling variable o and the exponent h are real. It is clear from
eq. (1) that k and T scale as s-l, and consequently the dependent

variable ¥ scales as

w(s,t)' =ap'(s',t"), (7¢)

. ~ > - . . . .

. while n, b, and thus N, are invariant. This scaling of { prevents the
Korteweg-de Vries equation wt-+wwx-+wxxx = 0, for cxample, from being
connected to helical curve motion. This equation is scaling-invariant

when ¢ = a'§', with m= 2.
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It is reasonable to require further that the defining relations
(4) are also invariant under scaling. Then the other functions scalc

as -

R(s,t) = a™R'(s',t"), Y(s,t) = a"y'(s',t)),  (8a)
ns,t) = o™ Inr(st,n), ois,t) = a"Pri(st,en), (8b)
= uh-l'e'(s',t') . ' . (89)

6(s,t).

- The desired evélution equation (5a) must a1§o be scaling invariant,
éince if follqws from scaling-invariant equations (lj and (4). When

we specifva, Y, h,igland G.aé functionals of ¥, then eq. (5a) becomes

a éldsed'nonlinearcequation of evolution for Y. A further restriction,
suggested by eq. (6), isvto choose those functionalstolu:polynomiu]stu’w

and its s-derivatives, with T, appearing as a parameter, and the co-

0
.efficients independent of s or t. Consequently, the evolution cquation
is also a polynomial. "Each term of these.polynpmials must have the
same scaling factor as that polynomial. |

Indeed, the choice h=2 énd h=3 respectively-yield_the nonlinear -
- Schroedinger equation iwt+-2wss-+|w|2w = 0,and the modified Korteweg-.
de Vries equation w£-¥g¢2w-+wsss = 0. It is clear by inspection that
"the scaling (7) leaves these equatidns invariant. Furthermore, the
functions R and y are invariant: for example, for h=2 we have’
R = |yp]? —2"[8»,. and vy = 2iy_ - 21,0 .

We now attempt to find the evolution equation with h=4. Wc start

with ¢ with scaling power h-2=2. The most general form is a sum of

. v . . 2
all possible real terms, cach with scaling factor o :



¢ = e lwl? N e Th + egTo (b + %) + e T (b= 1) + cg (b + ¥7)

e (b -vY) - O

where the coefficients c, to g are arbitrary real numbers, to bc
determined by éqs. (6b), (6a), and (5a). (A term such as Télwsgfis
excluded because To must be allowed to take any rcal value, including
zero.) Eq. (6b) implies ' ~

[ zly]?as =0, | (10)

for arbitrary Y. Thus the coefficients c1 to 6 all vanish, as nonc of

the terms cancel, or can be integrated to zero. Consequently, 7= 0=0
but as the s-dependence in 0 is only through ¥(s,t), 0 1s indepcndent
of ¢, and can depend only on the constant parameter Ty Because 0

scales with exponent h-1=23 {éq. (8¢)}, the most general form of 0

is ©=at?, where a is an arbitrary real constant. The functions n

3
0’

and R, with scaling exponents h-2=2 and h=4 respectively, follow in .

a similar way from eq.‘(6c) as

b|y|? + crg , ' . _ (11a)

3
]

~
1}

3 c -
ab vl sz ot - am)
£q. (6a) now yiclds for Y-
_ s 2 a2
y = -ib(]y| w)s lCTOu%
+ T, b |2y + (c - a)"r(:”)xp . - (10

Substituting R and y in cq. (5a) yiclds

‘;J

pes
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e =10 UVIR) g - pBI0l " 20 o (ulP0) e deug v (b= 3 10l 70)

4

0 P o= 0. - (12)

.- D Y3 e -
| o +(‘_L. .l')l.()lbs+l(L‘_d)T

The parameter T, is the eigenvalue -of the linear scattering cquations,

0
and has to be determined by them. Conséquently we>must choose .the
constants ;, b and ¢ such that Ty disappears from eq. (12); ﬁence

the trivial result a‘.= b=c=0, lj)t =0,

Proceeding in a similar way the case h=5 again yields the trivial
equation wt::O. Géing beybnd h=5 is increasingly tedious, ué'thc
number. of terms in equations like eq. (9) increases rapidly, but our
calculations suggest that no equations soluble by inversc scattcrihg
mcthods exist for h>4.

In conclﬁsion,.it is suggested that only previously fouhd2 non-
linear evolution equations for ¥ with h=2 or 3, can be connccted to
the motion of helical curves.

The author thanks A. N. Kaufman for valuable comments.
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