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A COMPUTER MODEL FOR NOISE IN THE DC SQUID 

* Claudia D. Tesche and John Clarke 

ABSTRACT 

A computer model for the dc SQUID is described 
• which predicts signal and noise as a function of various 
• SQUID parameters. Differential equations for the volt­
, age across the SQUID including the Johnson noise in the 
. shunted junctions are integrated stepwise. in time • 

.) Noise-rounded I-V characteristics are computed as a 
~ function of applied flux, ~a' and ring inductance, L. 

A measure of the SQUID response, dV/d~a' is calculated 
as a function of bias current. Low frequency voltage 
power spectral densities S~ computed for various ~a and 
L show considerable variation from the correspond~ng' 
single junction values. The flux resolution (S~)~/ 
(dV!d~a) as a function of bias current is computed for 
several values of L'and ~a.The results are in good 
agreement with experiment. 

I.' INTRODUCTION 

Although dc SQUIDs! have been used as instruments 
for over a decade, no detailed calculation of their 
behavior or of their noise limitations has been pub­
blished. We have, therefore, investigated the charac­
teristics of the de SQUID both with and without intrin­
sic noise, The main purpose of this study is to under­
stand the optimization of the SQUID sensitivity. In the 
present paper, we summarize our results for the intrin­
sic noise limitation of a symmetric SQUID as a function 
.of SQUID inductance and bias current, Our results are 
in good agreement with the noise measured by Clarke et 
al. 2 in cylindrical de SQUIDs, 

In due course, an expanded version of this work, 
which includes the effects of asymmetry in the SQUID, 
details of the SQUID response in the absence of noise, 
and a full discussion of the results, will be published 
elsewhere. 

II. EQUATIONS AND NUMERICAL TECHNIQUES 

The dc SQUID consists of two resistively shunted 
Josephson junctions each of critical current 10 and 
resistance R mounted symmetrically on a super,conducting 
ring of inductance L (Fig. 1). The junction capaci-
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Fig. 1. Configuration of de SQUID 
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tances are assumed to be zero, so that the current­
voltage characteristic is non-hysteretic. The SQUID is 
biased with a constant current I. Il(t) and I2(t) are 
the. time-dependent currents flowing in .the two arms, 
and J(t) • [It(t) - Il(t)1/2 is the net circulating 
current. In this model, the currents I1(t) and I 2(t) 
,are related to the phased1fferencea 61 (t) and 6

2
{t) 

across the junctions by 

.11 • 10 sin 61 + (Vl + VNl)/R , ,(1) 

and 12 • 10 sin 62 + (V2 + VN2)/R • _ (2) 

Vl and V2 are the voltages across the junctions, and 
VN1'and V~2 are the Johnson noise voltages associated 
with the shunt resistors. The phases differences 61 
and 62 develop in time. as 

d61!dt - (2 e/h )Vl ' (3) 

and d6 2!dt - (2 e/h)V2 (4) 

The net phase difference (Ill - 62) is related to the 
externally applied quasistatic flux ~a and the circu­
lating current J via 

6 - 6 -I·· 2 
The total voltage drop across the SQUID is given by 

V - Vl +'LI dIl/dt + M dI2/dt 

.• V2 + L2 dI2/dt + M dIl/dt , 

(5) 

(6) 

where M Is the·mutual inductance between the two arms 
of the SQUID, and Ll.D L2 for the symmetric SQUID. For 
the case of constant bias current, Eq. (6) can be sim­
plifiedto 

V - VI - (L/2) aJ/dt 

D V2 + (L/2) dJ/dt (7) 

Equation (7) includes the effect of the mutual induc­
tance, even though M does not appear explicitly. 

Equations (1)-(5) and (7) are used to eliminate Vl 
and V2' The final equations in dimensionless units are 

j - (6 1 - 62 - 211~a)/lIB (8) 

2v· d6/de + dll 2/de (9) 

d61'/de • i/2 - j - sin 6i + vNl ' (10) 

and d6/de a: i/2 + j - sin 62 + vN2 (11) 

Here, B - 2LIo/~0 is the dimensionless inductance in 
units of to/2Io' voltages are in units of loR, currents 
are in units of 10 , fluxes are in units of ~o' and 
times, e, are in units of ~0/211IoR. The Johnson noise 
voltages in the shunts, vNl and vN2' at each instant 
are approximated by a pair of uncorrelated voltage 
pulses each of duration AT. The amplitudes are 
Gaussian distributed about zero to yield a flat power 
spectrum for each trai,n of pulses over the frequency 
range of interest. The voltage ~ower ,spectral denaity 
for the noie:e in each shunt is Sv - 4ksTR in dimen­
sioned units, and S~ a 4r in dimensionless units. At a 
fixed temperature T, the value of r - 211~T/lo~o 
depends solely on the value of 10 , For fixed r, B. 
becomes a function of L only. 

Equations (8)-(11) were integrated directly in 
time-steps DT on a CDC 7600 to determine v(e~ and j(e) 
for the SQUID as functions of i, ~a' Band r. We com­
puted the time~averaged voltage, V, aa a function of i 
by averaging vee) over tiines long compared with the 
Josephson period. Two i-v characteristics for slightlY 
different values of the applied flux 9a were used to 
determine dv/d9a • The low frequency component, S~, of 
the voltage power spectral density generated by vee) 



o u 'J , . 6 o 
was determined by averaging the values of Sv over fre­
quencies well below the Josephson frequency. 

The numerical techniques were checked in two 
limits. With 10 - 0 and L - 0, spectra appropriate to 
a resistance R/2 were obtained. For the csse L - 0, 
fa - 0, corresponding to a single resistively shunted 
junction, the noise rounded i-v characteristics agreed 
well with the calculations of Ambegaokar and Halperin~ 
while the low frequency spectral densities were inlood 
agreement .with the calculations of Vystavkin ~ al • 

III. RESULTS 

The voltage vee) across the SQUID was computed as 
a function of the Televant parameters. Values for 10 , r, 
and L were selected to correspond to typical experimental 
values. At T '" 4.2 K, a critical current of 10 -;).6 lJA 
determines a r .. 0.05. With this value of 10 , a a 1 
corresponds to L .. 0.28 nH. Figure 2 shows the i-v 
characteristics for $a =0,0.25 and 0.5. From·curves 
of this type, we calculated the dependence of the SQUID 
voltage on 'a for various bias currents, as shown in. 
Fig. 3. The decrease in re~onse as. i is increased is 
apparent. 

t 
e 

3.5 P·I.O 

3.0 

.~2.5 

r·O.05 

~ 
o 0 
.. 0.25 
00.5 

• OT=4T 

1.5 

Fig. 2. i-v characteristics of dc SQUID with 
(-) and without (---) noise. 
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In Fig. 4 dv/d~a' a .measure of the SQUID respollse. 

is plotted as a function of i. The peak valueR of 
dv/d~a occur at bias currents near ic($a)' the critical 
current in the. absence of noise. We also computed 
noise-rounded i-v characteristics and values of dv/d~a 
for several other values of a with r - 0.05. As 1s 
evident from Fig. 5, the peak value of dv/d'a increases 
as a (i.e. L) is reduced. 
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Fig. 4." d~ldi~ vs. i for .a • 0.25 and 0.4~ 

4.01,.---r----,r--,--..,.--y----, 

3.0 

r-o.os' 
4>0- 0.4 

BIAS CURRENT, L 

Fig. 5. dv/d$a vs. i for .a - 0.4 and 
8 • 0.4, 1.0, and 4.0. 

In Fi,g. 6, low frequency voltage power spectra, 
~, are plQtted as functions of i for four values of ~a. 
For ~ .. 0, the curve is close to (but not exactly 
equalat'o) the single-junction curve. As ~a is increased 
from 0 to 0.5, the maximum value of s~ decreases in 
magnitude, and moves to a lower value of i., The de­
crease in the values of the p'eaks with increasing $ a 
reflects the effect of the circulating current induced 
in the SQUlD;'Figure 7 shows S~ vs. i for three values 
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Fig. 7. s~.i-ir· vs. i f~r 4Ia - 0.4, and B - 0.4, 
1.0. and 4.0' 

of B with 4Ia - 0.4 and r a 0.05. 
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We now use these results to estimate the flux re­
solution of a dc SQUID. In the Simplest possible mode 
of operation, the SQUID is biased with a constant cur­
rent i at a non-zero voltage. Changes in ~a are meas­
ured by detecting the resulting changes in the voltage. 
No modulation flux is applied. ~In this case, a measUre ·0; the rms flux resolution is S~" (S~/2r)~/(dv/d~a). 
S~ is plotted vs. i ~n Fig. 8 for a eland r .. 0.05. 
In Fig. 9, we show Set> vs. i for r c 0.05, ~a .. 0.4, and 
B & 0.4, 1.0, and 4.0. The minimum value ofS4I scales 
approximately as a2 (i.e. L2). In most applications, 
flux is coupled into the SQUID by a superconducting 
coil. An appropriate figure of merit is then the ener­
gy resolution per Hz referred to thecoi12, S~/2a2(L)L, 
where a(L) is the coupling coefficient between the coil 
and the SQUID. Since S~/2a2(L)Lis proportional to L, 
we can improve the performance of the SQUID coil combi~ 
nation by' reducing L, provided that a(L) is not also' 
correspondingly reduced. 
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For r a 0.05 and R = 1 O,S~ is in units of approx­
imately 3 x 10-6 41 0 Hz-~ •. Thus , Fig. 8 implies that, 
with 1\ .. l,the optimum flux resolution is approximately 
4 x 10-6~0 Hz-~. However, this resolution is not ob­
tainable' with SQUIDs operated in the conventional man­
ner, in which an ac flux of peak-to-peak flux '" ~o/2 :l.s, 
used to modulate the SQUID, and the ac voltage developed 
is subsequently lock-in detected. In this mode of oper­
ation, it is necessary that v > 0 for all values of 
applied flux; consequently, i cannot be redu£ed to the 
value corresponding to the minimum value of S$' In 
addition, the observed value of the flux noise is pre­
sumably im average over the modulation cycle. As an 
approximation we take the value of S~ at ~a .. 0.25 as 
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Fig. 9. Sfv·s.i for ~a - 0.4 and B .. 0.4. 1.0. 
and 4.0. 

a reasonable estimate of this average. 
Finally. we compare the predictiona of the theory 

with the' measured flux resolution of about 3.5 x 10~5~0 
Hz-~ obtained with the cylindrical,dc SQUID of Clarke 
et al. 2• 'The observed (noise-reduced) critical current 
;;stypically 4JJA, corresponding t02 10 :: 5 JJA, and 
the SQUID inductance, L, was about, 1 nH. Thus"B:: 2.5. 
and r:: 0.072. 'The bias current was about 1.3 times 
the observed critical current, corresponding to i :: 2. 
For these values of a, r, and i, and with ~a -0.25, we 
com ute.a rms flux resolution of about 1.3 x 10- 5 ~o 
HZ-~. Before comparing this re·sult with experiment> 'f,1e 
note that the modulation and detection scheme intr~ces 
an additional factor of 1:2 into the rms flux noise • 
Therefore, the pr~dicted resolution is about 1.8 x 10-5 

~o Hz-~. In view of the uncertainty in the values of 
the experimental parameters and of the fact that the 
theory does not properly take into account the effects 
of the flux modulation, we conclude that the prediction 
of the flux resolution is in satisfactory agreement with 
the experime.ntally measured value. 
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