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ABSTRACT 

Aspects to be considered in the design of a laser Doppler 

velocimeter have been studied in detail. These aspects were applied to 

the construction of a velocimeter capable of high spatial resolution 

and accurate scanning. Moreover the device operates interchangeably 

both in the refere·nce and differential modes, thus giving the three 

velocity components at any selected point of measurement. Experiments 

have been performed with the velocimeter to test its reliability in 

velocity measurements. These tests have been carried out using a 

rotating disk and scaled down flow channel. 
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I. INTRODUCTION 

A. The Electrochemical Reactor Cell 

The hydrodynamic boundary layer through its influence on the mass 

transfer boundary layer has a large effect on the electrolytic mass 

transfer rate. Since these layers determine the limiting rate of 

electrode reactions, their understan~ing is vital to the design of 

such electrochemical processes for energy con~ersion, synthesis of 

chemicals and the preparation of metals. 

In studies on the deposition of copper onto a horizontal upward 

fating copper cathode, Tobias and Hickman
1 

noted under certain current 

densities and J{eynolds numbers that the electrode became streaked. 

Close examination of the cross section of the cathode surface reviewed 

a series of crests and troughs. This pattern was attributed to the 

combined effects of forced and natural convection. 

When air near the earth's surface is warmed by the sun, it becomes 

less dense and rises. Wind blowing across the earth's surface also 

imposes forced convection normal to the density driven natura] 

convection. The velocity field under combined forced and natural 

convection will be neither the hexagonal cells of natural convection, 

nor the laminar flow of forced convection, but under certain conditions 

1 . 1'1 11. 2 • 3 
rcsu t 1n ro .. ce .s. Driving forces similar to this case but on the 

electrode led the above authors to suggest the existence of roll cells 

on the electrodes. But attempts to confirm the flow field using dark 

4 
field microscopy were unsuccessful. 
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Experiments on the horizontal electrode rectangular· duct Cu/CuS0
4

/cu 

electrochemical reactor showed significant increases in the limiting 

current in the flow regime of combined natural and forced convection. 

HcLarnon in his interferometrically
5 

obtained concentration profiles 

on the same system gave only qualitative information on the effects of 

natural convection since light deflection effects represented an 

integrated effect through most of the boundary layer. 

B. The Laser Doppler Velocimeter 

An rearlier reference mode laser Doppler velocimeter had been 

6 
built for viewing the flow cell, but the device was much too crude for 

measuring the more interesting boundary layer region. Also several 

years of neglect together with no processing electronics being provided 

had left the velocimeter inoperable. Hence the present device was 

designed and constructed. Since interferometric studies yielded data 

only on concentration fields, the velocimeter was built to provide data 

on the hydrodynamic field. The combined data of these two instruments 

would well characterize the reactor system . 

• Interferograms in the regime of combined forced and free convection 

could also aid in correcting the location of probe volumes shifted by 

light deflection. Since the concentration changes little in the flow 

direction a two dimensional theoretic profile can be modeled. TI1is 

could be sectioned into layers of constant concentration and a cnmpul:1~r 

solution to light deflection can be calculated. -lf the result:ing model 

the location of· the probe volume (see Fig. 1). 
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XBL 768-7418 
Fig. 1. Light delfection caused by concentration gradients A laser beam is deflected by a 

hypothetical sinusoidally varying concentratibn field. 
Symbols: A Laser beam 

B Lines of constant concentration 
C Sinking of heavier fresh electrolyte dmm to the electrode 
D Upwelling of the less dense exhausted electrolyte 
0 Boundary layer thickness 
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Alternative methods for quantitative velocity field determination 

exist, but are not as accurate as the laser velocimeter. The advantage 

of this instrument over other methods like bot Hire anemometry arc that 

the fluid is left unperturbed by the probe, the signal needs no 

calibration, and the signal is linearly proportional to the velocity. 

Its advantages over other optical methods such as dark field 

microscopy is its finer light scattering particles which more closely 

represent the flow of the fluid. Microscopy cannot maintain a sttfficient 

depth of focus when measuring the velocity of micron sized particles, 

nor can it measure velocities with the same accuracy. It also cannot 

give the velocity component along the microscope's optical axis if it 

is to have a sufficient depth of focus. The velocimeter with its very 

small probe volumes provides measurements approximating point velocities 

and with the locations of each point of measurement selected \olith 

accuracy, greatly excells over dye techniques. Measurements by laser 

velocimetry on velocity profiles in ducts for laminarl-ll and turbulent 

. 14-16 
flow agrees well with theory and alternative techniques of 

measurement. The method has been well established as reliable and 

l1ence the laser velocimeter is well suited for studied on the flow in 

question. 

The principle of a laser Doppler velocimet~_'r is b;tse>d on two 

simple wave phenomena, the Doppler effect and the superposition 

(litH'ar addition) of w;tVl'S. \.JIH'I1 monochromatic light scat:ll'I"S fonn 

a moving particle, its frequency experiences a Doppler shift, much 

like the famous red shift in celestial bodies. The interfer<-!nce of 

the sJ\"iftecJ wave With t:ll<lt of ill1 unsh:ifted WilVL' yields ;1 heat: frecpll'l1Cy. 

• 
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Since the beat frequency is linearly proportional to the particle 

velocity, one can back calculat~ the particles' velocity. 

•' . . 17 
Yeh and Cumm1ns were the first to build a laser Doppler vcloci-

meter. Rudd
18 

and Durst
27 

suggested alternative optical geometries 

to the Yeh and Cummins reference mode. Goldstein and Hagen
12 

first 

re~orted the use of the differential mode geometry for measuring 

turbulent flows. 

' Various improvements have been made but mainly on the differential 

mode. These include rotating diffraction gratings,
19 

acousto

optic,20•21•62 and other
22

• 63 devices which shift the frequency of'one 

beam by a fixed frequency onto which the Doppler frequency is added, 

thus giving directional sensitivity to the velocity measurements. 

Directional sensitivity has also been obtained by using a phnse shift on 

f h 1 
. . . 1 b 23,64 

one o t e ve .oc1meter s earns. Other improvements were the 

simultaneous reading of two velocity components in a confocal backscatter 

24 I b 1 . · 25 I . 1 . I 1 . system, a t1ree. earn two component ve oc1meter, w11te .. 1g1t ve .oc1-

26,46 d 1 . . 1 . h . 28-30,65,67 meters, an e .ectron1.c s1gna process1ng sc emes. 

d f 1 h b d 19,32, 33' 70 1 . 1 Detaile analyses o· signa s ave also een one · . · · w11c1 

. (i8 
included studies on the effect of scattering particle concentrat1on 

d b 1 ff 31 . 1 I . . .. an pro e vo ume cut .o on s1gna claracterlStlcs. 

Laser Doppler vclocimeters have been employed in a rlUmbcr of studies. 

A 1 l ) ) f] • • 11 • 34 • • • 1 f 1 • "mong t 1ese are ) OO( . ow 1n cap1 ar1es, 1ntcrst1.tia. -_ O\vS 111 

'l ') I II 
p;tckPd lwds · staUsUcnl aver;q;t•s in turbulent vclncit:iL'S, vL·locity 

f . l . f] . 36 . 1 . f . f 1 1 pro 1 es 1n arne. Jets, vort1ces resu t1ng rom a1r -_ow over a s1arp 

23 . 37 k . d' 38,66 h k edge, high current are discharges, electro inet1c stu 1es · s oc 

front velocities,
39 

ar1d measurement of the true airspeed of aircrafL.
69 
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II. SPECIFICATIONS AND DESIGN CONSIDERATIONS 

In order to determine flow fields close to the electrode the 

vclocimeter must have met the following specifications: 

l) obtain all three spatial components of the velocity vector 

2) have high spatial resolution (a small probe volume) 

3) and scan the boundary layer with accuracy (account for light 

deflection when necessary) 

Int~rferometric studies on the flow cell have shown for measurements in 

the mass transfer boundary layer, that light deflection errors on 

transmitted beams create considerable errors in the determination of 

the location of a measurement in the electrolyte. Moreover with the 

onset of n~tural convection deflection corrections of transmitted rays 

become very complex. 

Light deflection effects could be minimized by a number of design 

features. Whereas viewing flows at an angle normal to the cell window 

simplified both the geometric factors in calc~lations and the equipment 

design, it unfortunately compounds deflection errors since rays must 

now pass through the region of highest concentration gradients. 

Observing the flow near the walls reduce deflection errors but the 

flows would have shown wall effects strongly. In addition blockage of 

one of the incident: benms whLle in the different:L1l mod(' would not h:1v1' 

permitted measurements of one velocity component without extensive 

design modifications on the present flow channel.. A three beam two 

25 
component laser velocimeter could have been used here to simultaneously 
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give two velocity components, but the duplication in electronics would 

have b~en too costly~ 

The above effects could be minimized by observing the boundary 

ltJ.yer at a down ward angle. In this case both the incident and signal 

beams ~ould have traversed a fully turbulent region of fairly constant 

index of refraction, and entered the boundary layer only at the location 

of measurement. Since the mass transfer layer was smaller than the 

hydrodynamic layer any effects of the flow field such as roll cells 

could have been observed in the region. 

Most laser Doppler velocimeters so far constructed or which are 

con~ercially available have been forward scatter devices, probably 

because the forward scatter signal intensities were two to three orders 

f . d 1 I I . 1 f b k d · 
34 ' 40 

o · magn1tu e _arger t1an t1e s1gna s .rom ac scatter ev1ces. 

Thus initial considerations were to purchase a forward scatter 

1 . 41-43 d d"f . f . . . 1 h f ve oc1meter an mo 1 y 1t or v1ew1ng at an ang e to t e sur ace 

(downward observation) to avoid the penetration of the light through 

many of the light deflecting eddies. This downward aiming of the 

source optics (see Figs. 2 and 3) and the dowriward viewing of the 

receiving optics on the opposite side of the cell would have greatly 

reduced deflection effects of the large density gradients near the 

electrode surface. 

But this set-up when mounted onto the flow cell showed sever.:1I 

shortcomings. Because the measurements were taken qu-ite close to the 

elcctrodt' whiclt ·is of pol·ished copper thl're w;1s a fon..rilrd n'flcctinn 

and" d:itmnet· hilckrcflect:ion. (l{ougltcning and corrosion nf th(' el.t•.ctrode 

created a somPwhat opaque surface allowing a diffuse back reflection) 
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Fig. 2. Forward scatter velocimeter in the differential mode. By 
observing tl1e electrode at an angle 8=0 one of the illuminating 
beams of th~ differential mode (A) is blocked by the electrode 
(G). 

Symbols: 
A Illuminating beams of th~ laser 
B Camera lenses 
C The flow cell which the velocimeter is probing 
D Portions of beams A, reflected from the electrode s~~face 

into the collecting optics. 
E Supports for the flow channel 
F Glass walls of the flow channel 
G Polished copper electrode 
H Cone of light (signal beam) collected from scattering 

particles travelling through the illuminated probe volume 
(focal region) 
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Because of the forward reflection the much larger D.C. signal induced 

by this reflection would have washed out the smaller ac signal. 

The flow channel size and platform built for the velocimeter would 

have required an overhead precision rail to suspend the receiving optics 

from the source platform. Such a rail would interfer with the removal 

of cell windows for the cleaning and polishing of the electrodes. And 

because of tl1e rail's length, it would also introduce mechanical .vibra

tions into the system. 

Although the translators needed on both the source and receiving 

otpics assemblies would have increased construction time and investment, 

it was not the most unfortunate feature of the forward scatter device. 

The most serious shortcoming was the need to go focal point hunting 

with the observing optics. Since .the cell windmvs refract and the 

concentration gradients deflect the illuminating beam and forward

scattered signal beam by an unknown amount, superimposing their focal 

points is very difficult. The focal point of t~e illuminating beam 

must be hunted with the observing optics until it is found by .trial 

and error. Unless the observing optics is aligned with the focal 

region of the source optic~ the probe region will be unilluminated and 

hence give no signals. When the translators are shifted to probe 

anotilcr n•gion, this trial and error focal point hunti.ng must lw 

rcpc;Jted. 1;his would have been an exceedingly tedious process even 

fpr th1• pl'\lbill)'. llf' :1 Vt•l.ndty fi1'ld with;) fairly ('(l;Jr~;c> grid. 

(A 'jx'jx5 grid wotdd have n~quircd 125 alignment procvdures.) 



-12-

Placing the illuminating an observing optics coaxially does not 

alleviate the above problems. In this case the beams traverse the 

largest number of light deflecting eddies and thus the-ir focal points 

are shifted by an uncertain distance. This again required focal point 

hunting. (see Fig. 4) A coaxial optics configuration (as shown in 

Fig. 5) is especially poor for the reference mode because there can be 

much play in the observing focal point which could still observe a 

region with illuminated particles. This would create a large uncertainty 

in the location of the probe volume. 

+ For study the y , (the dimensionless distance from the interface), 

dependence in the universal velocity profile
44 

the refracted paths of 

the beams due to the glass wall is more easily calculated if cells with 

lucite walls with p-xylene or cells of glass walls with aniline were 

used. In the above cases the index of refraction of the ~indow material 

is equal to that of the fluid so that beam deflections are calculable. 

The receiving optics can then be positioned beforehand by a precalculated 

amount. 
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Fig. 4. Coincidence of illuminating and observing probe volumes in the 
presence of deflection at the boundary layer and refraction at 
the cell wall. 

Symbols: 
A Illuminating beams 
B Illuminated probe volume (focal region) displaced by light 

deflection and refraction at the cell wall 
C Probe volume (focal region) of collecting optics 
D Cone of the signal beam collected by lens E 
E Lens collecting the signal 
F Lenses of the spatial filter 
G pinhole of spatial filter, restricting accepted light to 

that originally at the probe volume 
H Photodetector 
I Electrode 
J Ce 11 windows 
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Fig. 5. Reference mode with coaxial optics. Illuminated focal region is sampled by optics with 
point of observation C. 
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III. THE CONSTRUCTION 

Figure 6 illustrates the final design of the laser Doppler veloci-

meter. The laser output (A) was first sent through a depolarizer 

spatial filter module. It then entered the beamsplitter module, and 

was brought by three mirrors into the beam positioning module. It 

then entered the translator module, which permitted the focal point of 

the observing lens (G) to be moved along the flow channel window. 

Light was backscattered from particles in the channel and returned 

confocally through the translator, into a spatial filter assembly (I,J,K), 

and finally into the phototube assembly. The output from the phototube 

when connected to a spectrum analyzer would then give the frequency 

of the Doppler beat. The laser, the above modules and the path compen-

sation moaule were all mounted onto a rigid base plate for geometric 

stability. 

A. Mounting Stage for the Velocimeter 

The previous velocimeter had once rested on a lathe bed aluminum 

platform, which also supported a refractometer on the opposite side 

of the channel. The platform was constructed of 1/2 in. "U" plates 

6 
(as shown by Beach ) and rode on grooved wheels. The platform w.1s 

unstable because of its light open structure and the loose sockvts of 

the grooved wheels. \~eight placed on one side of the plat form (vc loci-

meter), was enough to raise the height of the opposite refractonu..>tt~r 

side. 11w pLttforrn slid c•asily toward and mmy from thv clt:mnc·l sine<! 

thl• \.Jhcc Is W<' ,-~, not flush aga.i ns t their sOl·ket :; • Not on! y did th<' 

\ .. 
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Fig. 6A. Overall view of the laser Doppler velocimeter operating in the 
reference mode. The laser beam is filtered and depolarized 
at A, and is brought by a series of mirrors C, through a hole 
in mirror D. The beam then goes through a stack of X, Y and Z 
translators (E,P and 0) to the focusing lens G. At G the 
beam is focused into•the flow channel. Light scattering from 
latex spheres seeded in the channel electrolyte (H) is also 
collected by G. The signal beam is positioned into the spatial 
filter (I,K,C,K) by mirror D. A reference beam is generated 
at N, and is sent through a path compensator, a neutral 
density filter R and a beam expander S. The expanded beam is 
superimposed onto the signal beam at the glass slide N'. The 
superimposed beams interfer, and the resulting intensity 
variation (the Doppler beat frequency) is converted into an 
ac current by a phototube. 
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Fig. 6B. Overall view of laser Doppler velocimeter operating in the 
differential mode. .The laser beam is split into two beams 
of equal intensity at beamsplitter B. The pair of beams Q 
travel through two holes in mirror D and finally arrives at 
the focusing lens G. The pair of beams are then focused into 
the flow channel. 

Symbols: 
A Depolarizer and spatial filter 
B Rotatable beamsplitter (slides out of laser beam path for 

operation in the reference mode 
C Opaque first surface aluminum mirrors 
D Mirror with five holes to allow passage of laser beams 
E prism of vertical. translator assembly . 
F Former location of coated glass slide used as a reference 

beam source (replaced by path compensator, Nand N'). 
G Camera lens 
H Hicron sized Dow latex spheres 
I 88 mm achromat lens 
J 50 micron diameter pinhole, part of the spatial filter 

assembly 
K 100 mm lens 
L Spectral filter (.6328 microns) 
M Iris diaphragm 
N Reference beam source (glass plate with side where exit 

beam exits coated with a MgFz antireflective coating) 
N' glass plate where signal and reference beams are united 

before entering the phototube 
0 Direction of motion of Y translator 
P Direction of motion of X translator 
Q Illumin'ating laser beams 
R Neutral density filter 
S Beam expander (9.6:1) 

Backscattered signal beam and reference beam 
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BBC 768-7310 

Raser Doppler velocimeter operating in the reference 
mode. 
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Fig. 7B. Laser Doppler velocimeter operating in the differential 
mode. 
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wheels slide, but the platform rotated if pressure was put on one 

corner. \.Jashers were placed between the grooved wheels and the socket 

-· walls, eliminating play and a number of lead bricks were placed under 

the refractometer to counterbalance the weight of the new and much 

heavier velocimeter. The additional weight of ~he velocimeter on the 

piatform also stopped slippage along the rails running along the 

channel, and dampened vibration. 

A crude and weak coarse vertical adjustment mechanism was removed 

from the platform, and a hinged plated was added. This plate would 

tilt the velocimeter base plate into a downward observation angle. 

The laser velocimeter baseplate was bolted to slotted holes in the 

hinged plate such that during experiments coarse adjustments of the 

velocimeter toward the channel could be made, and during the disassembly 

and cleaning of the flow channel, it could be backed away from the 

channel. 

Although the hinged plate allowed observations angles from 0° 

(normal to cell walls) to 25°, the angle was set. at only 15°. LargE~r 

angle could not be used othetyise the lens would not fit into the 

·recess between the window and frame of the flow cell. 

B. The Observing Lens 

A large beam separation was necessary to ~roduce small probe 

vo lumr•s ,._,hI !'It can be upp rox"iutn ll'd ;Is points i.n Lt velncJ ty f 'It' J d. l.;t rge 

solid angles of signal collection are necessary for good signal 

to noise ratios. The above both require a large relative aperture. 
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Initially a one inch diameter achromat lens was used which allowed a 

good rcmge of beam separation and a fair amount of mobility in the 

3 in. deep by 3 in. high flow channel wall recess preceding the cell 

window. (photo from Beach
6 

thesis) But such lenses are increasingly 

less corrected for chromatic, astigmatic, spherical aberration, coma, 

distortion and field curvature at their edges. Nore importantly the 

probe volume cannot be calculated. Generally only in rcptitable camera 

lenses can one assume that the beam diameter at the focal point is 

nea~ly diffraction limited and hence calculable. Projector lenses arc 

not as critically corrected and corrected more for the central part 

(green) of th~ spectrum. (The laser beam was red) 

Lenses made for cameras included various bulky rings for attacl1-

ments and adjustments as focus and iris settings. The front lens was 

larger than the back lens (facing the film). Yet a bulky barrel 

w~~ld hinder lens movement in the channel recess. Even after much 

45 
searching, the best lens was still bulky, with a 5.27 em barrel 

diameter and a front lens diameter (5.16 em) much larger than the back 

(2.29 em). Since the lens was set to view at infinity, rays diverging 

from the light scatterers should have been entering from the hack lens. 

This meant that the smaller diameter lens faced the flow channel, 

. 2 
and would reduce the amo~nt signal collected by (5.16/2.29) .. AJsu 

the mount blocked a portion of the back focal length (~ 1 I /I~ iri.) 

which was already shorter than the front focal length, thus further 

restric.ting the distance at which the ]ens could view the electrode 

surface. 

·-
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C. The Laser Module 

.. 
1. The Laser 

The laser module included the laser, its mount and a depolarizer-

spatial filter. The Jodon Model HN15 laser was a continuous wave, 

15 milliwatt minimum, 632.8 nanometer helium neon laser with a regulated 

power supply for low output noise. Efforts to install the depolarizer-

spatial filter indicated that the laserhousing's mounting bezel was 

over 20 degrees off axis, and also not centered with the output beam. 

Tl 1 d J d f 1 . 46 1e aser was retun1e to o on or rea ~gnment. lt returned centered 

and coaxial to within 1 degree. 

Tite laser power supply was rated for a 115 VAC line input, but 

there were a number of repairs needed for blown capacitors, resistors 

and fuses. Even after such repairs and the lowering of the starter 

voltage, capacitors continued to arc, especially when a warm plasma 

tube was activated. (Warm tubes required higher starting voltages.) 

It' was finally discovered that the circuits were designed more closely 

for a 105 VAC line voltage input, and that the laboratory 125 volt 

input lines overloaded the circuits. After resistors were added to the 

circuit to correct this, no further problems with the power supply 

occurred even when the plasma tube was refired while it was still warm. 

2. '11te Depolarizer-spatial F:Uter 

'l1te dcpoJarizer-spatial filter was used as to filter out th1~ non-

lasing frequencies and parasitic modes of the laser. (Light non-

parallel to the filters axis was blocked.) The spatial filter could 

have also been used as a beam expander if the back lens (lens fucing 



-26-

the laser) had been repla~ed with one of a shorter focal length. 

Although a more aberration free microscope objective could have 

been used as the back lens, a coated achromat was used instead. This 

made the design and mounting simpler. The front lens is similarly an 

achromat. The pinhole was a drilled 2 mil hole in a· 2 mil thick 1/4 in. 

diameter copper disk. This was attached to a grooved edge disk, and 

mounted as explained later. (see Fig. 8) 

In front of the objective lens was a multiple order quarter wave 

d . 1 4 7 quartz retar atlon p ate. It was used to depolarize (circularly 

polarize) the linearly polarized laser output. Because the beams 

refiected from a number of coated aluminum mirrors and from the 

beamspl it ter for the. differential mode, they experienced changes in 

polarization with each reflection as given by the Fresnel equations.
48 

If two linearly polarized beams of the same state of polarization 

(such as the signal and reference beams of the reference mode or the 

two illuminating beams of the differential mode) travel through different 

paths and different optical components, there will be a relative shift 

in their polarizations. If the relative shift results in a 90 degree 

shift in polarization, there will be no interference. For shifts less 

than 90 degrees, only portions of the beams which are of the same 

intensity and of the same state of polarization interfer. '11ds rcsul t:s 

in a loss of signal strength arid an increase in background noisl' from 

the noninterfcrring portions of the beams falling on the phototube. 

When the beams are initially circularly polarized the effects of 

relative shifts in polarization :1re minimized. Here the worst cas<:.', 

.. 
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namely the loss of one polarization component and consequently half the 
........ 

~ntensity through a Brewsters angle reflection, will still permit 

the other component to interfer. 

The depolarizer-spatial filter was attached to the\ laser bezel 

of the laser housing by six screws which were also used to.center it. 

A small set screw was loosened in the innermost ring and the back lens 

pinhole tubes were removed. The back lens tube was threaded to mount 

49 
onto a low power laser for alignment of the pinhole. The slitted 

tube of the pinhole holder was pushed onto the backlens tube and held 

there by friction. A knurled ring with three concentric recessed tap 

screws was soldered to the front of the pinhole tube. These held the 

previously mentioned grooved edge aluminum disk containing the pinhole. 

The focus of the lens was adjusted to the pinhole by sliding the 

slitted tube towards the lens, and centering the grooved disk by the 

three ring screws to yield a maximum brightness through the pinhole. 

Hhen aligned the pinhole and backlens tubes were unscreHed from the 

low power laser and slipped back into its bezel mount. Prior to 

remounting the location of the laser output spot was marked on a black 

swiss velour paper screen. Hhen the tube was remounted, the six screws 

on the bezel mount were adjusted until the diverging beam exiting the 

pinhole was of the maximum intensity attainable and C(~ntered with til<' 

laser spot marking. 

Onto Ll1c ad.justed t.ui>e <IIHl bezel mount was slipped the snug)~·ly 

fitting cylindrical cap containing tile front lens and depolarizer. To 

bring the front lens into focus, the mount was removed, and location of 
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Spatial filter and depolarizer. 
linearly polarized laser output 
spatial filter blocks out light 
transitions. 

f 

The quarter wave plate converts 
to circular polarization. The 
from other modes and nonlasing 
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the expanded las.er spot (lm radian divergence) on a screen at 18.5 ft. 

away was marked. The mount was replaced and positioned in the method 

mentioned earlier. The cylinder was then pushed inward until the image 

was a uniform intensity red disk, and showed no focal point along its 

projected path. Although the laser output had a maximum beam divergence 

oi 1 mr, it was hoped that the telescope in addition to the filtering 

would reduce this. But instead the divergence is larger. 

The cylinder was then rotated such that a polarizing filter showed 

no variations in intensity as it was rdtated in the laser beam. Titis 

gave equal components in two orthogonal directions. Some refocusing 

was necessary with this adjustment. Finally the locking tap screw was 

tightened and the was thus cylinder secured. 

3. 111e Laser Hount 

The laser originally had four leveling feet, which provided a 

minimum separation between the base plate and laser of a half inch. 

From this gap air entered the perforated underside of the laser, 

and exited through a similar perforated top plate to provide jjr 

cooling to the plasma tube. The cooling was necessary to prevent 

thermally induced instabilities in the output (noise). 

TI1e straps were initially used to secure the laser to the base 

plate. But the pressure needed to firmly hold the laser in place 

warped the 32 .i nell long l10us in g. This reduced the (llll'put: by mi s;JI i gn i.IJ!', 

the mirrors. But more importantly, the stress on the plasma tube 

caused by the warping of the tube housing would have increased the 

like] ihoocl of tlH~ tube cracking and leaking. lf this occurred t:IH' tuhe 
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would cease to lase. Hence a light pressure was used to strap the laser, 

which resulted in frequent slippage and making freqnent realignment 

necessary. The sinking of indentations in the base plate for the four 

leveler feet to prevent slippage was not feasible since this did not 

permit lateral adjustment of the laserhead. 

The strap!? were removed in favor of a more rugged cradle. ·:r;-t: was 

made of quarter inch thick right angle beams for strength. This also 

preserved the open structure needed for the air cooling of the plas~a 

tube. The cradle was held to the laser housing using the threaded 

shafts which once held the leveling feet. Two 1/4 in. thick short plates 

were attached to the cradle and provided for leveling. The ~entral 

bait of the front plate was secured to ~he base plate, and act~d ~s~a 

pivot while two screws, one on either side of the center, and tapped 

into th~ plate, adjusted the height and tilt of the cradle front. 

TWelve inches from the rear of the cradle, where the cradle begins to 

extend beyond the baseplate, three holes, two tapped and one bored, 

were made in the baseplate. A crossbar on the cradle with a slotted 

hole arid countersunk edges containing a sliding block "T" of aluminu~ 
.. l-. 

with a 1/4 in. tapped hole fitted into the countersink and slot. The 

"T" block was pulled downward by tlie central bolt of the base plate, 

thus controlling height and pivoting. The two adjacent bolts pushed on 

the cra'dlc frame and thus controlled tilt on the hack end of the laser. 

Once the pivoting, ti 1 t and height were adjusted, and the screws \vcre 

ti~~htt•ned, no further slippage was ob:;erv(~d. 

The secured laser now allowed the building of a permanent J ighL 

baffle which prevented stray light exiting the perforntions of the 
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., 

laser casing, from reaching the phototube and burying the low intensity 

signal. 

Frequent realignment required removal of the previous baffle, 

requiring much time and causing damage from excessive dismantling. 

But now a permanent baffle was installed on the laser and also on the 

various modules. They were constructed of 16 ply cardboard and lined 

with strongly light absorbing swiss velour paper. (see Fig. 7) 

D. The Translator Module 

A system of precision translators
50 

provided for the accurate 

scanning of the focal volume. A set of two horizontal and one vertical 

translator was mounted ont6 an interstage plate. To match channel 

height with that of the observing lens the vertical translator was 

mounted onto a block which was then bolted to the based plate. Onto 

one side of each plate was mounted a mirror or prism, and onto the 

opposite anotl1er translator. The observing lens was mounted as close 

to the level of and protruding as far as possible from the final trans-

lator to maximize lens mobility in the channel recess. The interstage 

plates mounted adjustably onto the movable portion of the translators, 

and as such allowed coarse vertical and forward (toward channel) 

adjustment. Coarse ad:j ustment <1long the ch:111nel window was tmnecessary 

since the lathe bed carrier upon which the vc.Jr.1cimcter rested a·lready 

tT:-.vcled.in thnt dircct·ion. Fine :lcljustml~nts wen• on :1 50 nnn l'.rdvrd 

mil·ronH~t·l·r~ (.01 111111 pn·l·ision) pushing the spring lo:l<ll·d Lr:lnHLILurs. 

All mic:rometen; facL•d opposi tc to the channel for access d11ring 

experiments. 
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Fig. 11. Exploded view of the translator module. The interstage 
platforms (B) and translators (A) are stacked so that the 
lens and the be<tms which illuminate the probe volume have 
three degrees of tr<lnslational freedom in order to scan the 
velocity field in the flow cell. 

B 
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TI1e array of mirrors (Fig. 11) on the interstage platforms, were 

each mounted on a plate with one pull and three push screws for control 

of their rotation, height and tilt. · Incident and signal beams entering 

the array parallel and coaxial with the observing lens axis remained 

parallel and coaxial as they traveled from the beam positioning module 

to the observing lens. Once the location of the focal point was 

established on the electrode its position after translation of the 

incident beam(s) can be calculated. 

The last and most important design feature involved three of the 

above mentioned modules, the beam splitter, beam positioning, and path 

compensating modules. This gave us interchangeability of modes thus 

allowing measurement of. the three velocity components, while renwin:ing 

at the same probe volume location. Associated with this was also the 

desire to maintain a similar focal volume, or spatial resolution, as 

one shifted between reference and differential modes. To better under

stand the final selection of the present design it was necessary to also 

examine the limitations inherent in this device when operated in the 

reference and differential modes. 



c 
A 

Symbols: 

A - Laser 
C - laser output 
D - mirror with holes to permit passage 

of the illuminating beam C, 
E - light scattering particle, Dow 

uniform sized latex spheres 
F - cone of signal beam 
G - spatial filter 
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u -

spectral filter 
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the reference mode 
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Fig. 12. Simplified drawing of the reference mode as shown in Fig. 6A. 
The velocity parallel to the exis of the focusing lens is measured when 
operating in the reference mode. 
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·. 
IV. THE TWO MODES 

,_ 

A. Th~ Reference Mode 

\.Jhen operating in the reference mode measurements are made of the 

velocity component along the optical axis of the observing lens. In 

a simplified drawing of this geometry, Fig. 12, the laser light is 

first divided into a low intensity reference signal (shown by the 

back reflected beam from plate ! and mirror Q) and a brighter beam 

that is focused into a flow cell. In the cell the flowing electrolyte 

is seeded with micron sized spheres of neutral bouytmcy (latex spheres). 

Because these spheres are smaller.than eddies and because of their 

neutral bouyancy they flow as part of the fluid. 

When a latex sphere traverses the focal volume (E) it scatters 

light. But since the light scattering particles are moving the light 

frequency experiences a Doppler shift. The focusing lens then collects 

the backscattered signal and converts its spherical wavefront into a 

planar front. This planar wavefront is united with the planar reference 

beam wavefront. These superimposed signals are then sent through a 

sp;Jtial filter which excluded scattered light from part:"ic1es out:sick of 

the probe volume. The superimposed beams interfc>r to give a Doppler 

b b 
52,53 

heat whose frequency is converte.d y a phototu e into a current, 

- 54 
is read by a spectrum analyzer, and is displayed on n storage 

. 1] sr) oscl. .. oscope. 
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Fig. 13. Light scattering from a moving particle. 

Symbols: I incident wave, planar wave front 
A light scattering particle (micron sized) 
R the scattered wave, spherical wavefront 
U the velocity vec~pr of the moving 

particle, A 
K the wavevectoi of the incident beam --o 
K the wave vector of the scattered be;Jm --s 
U and U the components of U -z x --
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The Doppler frequency is calculated below for light scattering 

from a particle with an arbitrary velocity vector Q and at. an observa-

tion angle 8, as shown in Fig. 13. The incident wave vector is 

represented by K and has a frequency of v = -
2
c jK j. A portion of · -o o 1T -o 

this beam is taken as the reference source so that the reference beam 

can also be represented by K . The incident beam K scatters from a 
-o -o 

light scattering center A, and the cone of light. scattering at angle 

G to the incident path is collected by the observing lens. This 

scattered beam is represented by the wave vector K • 
-s 

The incident beam is moving relative to the scattering particle so 

that the frequency of the light striking the moving particle experiences 

a Doppler shift, hence v . 
1 

= V 
part1c e o 

1 
- zi <~ · u) · The frequency of 

the light scattering from the moving particle also experiences a 

Dot)jJler shift, hence its frequency is given by v = -[v . 
1 
--

2
1 

K ·U], 
t s part1c e 1T -s -· 

where the minus sign arises from the 180 degree phase shift experienced 

after .an external reflection. The above equation can be simplified to: 

,. v 
s 

= V + _l_ [K - K ) • U 
o 21T -o -s · ·-

and is the frequency of the signal collected by the observing lens. 

(1) 

~1en the waves of the signal and the reference beams are superimposed 

they produce n beat frl'quency equal to the differr~nce :in L:ht' fn'qtH'llcies 

of the two interferring waves. The Doppler beat frequency' is then: 

\) 
Doppler 

(2) 
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Substituting the components of K , K and U into Eq. (2) and simplifing 
-o -s 

terms, one obtains; 

v = .£ (U • sin8 + U (1 + cos8)) Doppler \ z x 

where lambda and theta are taken to be in the fluid. 

2. Signal Contrast 

If the wavefront were not strictly planar an iris diaph~agm would 

be needed to restrict the interference pattern to a single fringe. Hhen 

the focus of the second lens of the spatial filter is not exactly at 

the pinhole, the beam either diverges or converges. The resulting 

signal wavefront is then spherical. Interference with the reference 

planar wavefront of the beam will now give a serie~ of concentric 

annular fringes much like Newton's rings. \.Jhen viewing several of these 

fringes, the current over the phototube will remain fairly constant 

since the Doppler beat would merely alternate the location the light 

and dark zones. Hence viewing of only one fringe is necessary for a 

good signal to noise ratio (sharp intensity contrast). 1bis required 

aperture for a single fringe for a given beam divergence is shown 

in Fig. 14. 

In order to produce a fringe the bright region of the fringe must 

be 1../2 out of phase with the dark region. When the focus of the second 

lens of the spatial filter is too close to the pinhole, the beam 

diverges. This di.vergent wavefront is spherical so the local inn of the 

first fringe can be calculated. In Fig. 14 the location of the first 

fringe, S, at the iris diaphragm of the phototube is cale~lated. To 



F 

-40-

Symbols: 
A - Source of spherical wavefront , 
8 - Wavefront at distahce R from its source 
C - Screen placed at distance R from the source 
D- Distance.from D to F is the distance over which the divergence 

of the s1gnal beam is measured after it leaves the spatial filter. 
E - The radius of the signal beam as it leaves the spatial filter 

(see Fig. 6A,K). 

~---------R 

R 

Experimental Determination of R 

XBL 768-7431 
Fig. 14. Location of the first fringe for a spherical wavefront (upper 

figure). The experimental determination of R (lower figure). 
When two waves are out of:phase by half a wavelength, and a 
planar wavefront is brought to interfer with these two wnv0s 
at a screen C, one wave w.ill appear dnrk, while the otiH•r h•·i;.!,ht 

(constructive interference). In the figure the first fringe will 
appear at the distance S on the screen C. R is expPrimcntally 
determined by measuring the divcrgencf' of the> signal h<•;11n 0 ;111d 

extrapolating a 1 ine bnck from the spntiaJ filter D, until it 
intersects the axis of the lens of the spatial filtPr. 
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obtain S as a function of R one must first rewrite 8 as a function of R, 

hence: 

cos8 

where 

X 

R 

R+ A./2 

A 
2R << 0 

1 
l+x 

and since x << 0, then tanS = sinS = /1 2 cos s. S_ubstituting for 

cosS = f(x), _simplifying terms and taking the limit as x-+ 0, one 

obtains tan8 = ~. and examining triangle ACD of Fig. 14, one finds 

that S = R tanS or S = /IR. For the present velocimeter R 10 m, 

A= 632M and .so S = 2.5 em. 

The expan~ed reference beam diameter divergence is smaller than 

value of S. This value of S is larger than the maximum iris setting, 

hence the iris is used only to prevent excessive intensities from 

saturating the phototube. 

It should be noted that the flatness of the cathode is not a 

necessary condition for good signal contrast. There is zero contr?st 

' when half the phototube is lit and the other half is darkened. Beats 

then merely alternate the location of the light and-dark zones of the 

fringe pattern. If one compares the distance traveled by the Doppler 

beat envelope in a quarter cycle (for a 10KHz beat, a quartercycle, 

it is .025 millisecond) to the wave velocity (10
10 

em/sec), the surf:tce 
A . 

l f f ( DopJ4ller)(l010 cm/se.c) --rouglness needed or a ringe is - em 

(4XJ0
9 

cyeles/heat envelope). Hence the few millimeters of height 

variation on the photocathode can hnrdly h.:1vc .1ny effect. 
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3. Reference Beam Sources 

i) Glass plate. From Fig. 1~, a graph
43 

of contrast ratio versus 

optical path difference for a 7 mW Jodon laser, one can see that a 

ininimum acceptable contrast ratio of 0. 8 corresponds to an optical path 

difference of 12.5 em (the coherence length). The corresponding optical 

path difference for our 15 mW laser is longer than 12.5 em because the 

coherence length is mildly dependent on the cavity length. The 7 mW 

laser (mode spacing C/2L = 260 MHz) had a cavity spacing of npproximately 

20 in., while our 15 mW laser (C/21 = 190 Hllz) had a cavity spacing of 

about 30 in. 

To avoid long path differences between the incident and signal 

beams, it would have b~eti best to place the reference beam source just 

before the focusing lens. With the lens effective focal length of only 

50 mm, the optical path difference between incident and signal would 

then be only 10.0 em. The locating of a reference source here would 

also have reduced the number of components to align and eliminated the 

constructing of a path compensator module necessary to correct for 

large path differences. 

Hany users of reference mode devices have used particle with 

diameters less than the wavelength of the laser. In this case the 

E field of the light surround~ the particle, and for a dielectric 

particle. dipole radiation radiation is emitted (see Fig. 15). This 

is Ray1e"igh-G:1lls scattering, giving nearly equ;d bac.k and forward 

scatter intensities. 

.. 
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Fig. 15. l-inen the incident wavelenr,th is much larger than the radius of the dielectric sphere, 
the light scattering from the particle is dipole radiation resulting from a dipole 
mocent induced by the sinusoidally varying I field of the incident light. T is 
called Rayleigh-Cans scattering. (The particle shown in the Fig. A, is drawn much 
larger than in actual scale to E or to the lines of constant field. 
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A reference source which met the above requirements was a.plate. 

of glass with appropriate optical coatings, placed just before the 

illuminating beams enter the observing lens. Because scattering 

intensities proved to be much less than originally thought the use 

of a glass plate to generate the reference beam was not possible. A-

glass plate serving as the reference beam source would have been 

feasible only if the· signal were at least .25% of the incident intensity 

and preferibly higher (1%). For signal intensities to 1% of the 

incident intensity, the front of the glass plate could have been coated 

with an antireflective MgF2 coating (1% reflectance at normal incidence) 

and the back side could have been coated with a multiple dielectric 

coat to give a .25%56 
reflectance. If the signal were only .25% of the 

incident intensity both sides could have been coated with the .25% 

reflectivity coating. But below that level of intensity, no coats 

were found to match such signal intensities. A high reference to 

signal beam intensity ratio would have greatly decreased the SNR. 

At the focal point of our velocimeter, the beam radius was 20 

microns. Light scattering from a 2.02 micron diameter particle could 

l1ave been .25% of the incident intensity only if the particle behaved 

as if it were a perfectly reflecting flat front surface mirror. But 

fl . . . I 1 83 re ect1v1t1es were muc1 ess. Larger particles which reflect: more 

light \oJen~ not fensihle since the 2.02 micron L1tex parti.cles :!lrP:Jdy 

exhibited a slight tendency to settle, and larger porticl.es w01dd 

settle even more rapidly. Hence such settling particles could not have 

been used to reproduce tht~ motion of the f]uid. But for opeLttion in 
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Fig. 16. Effect of optical path difference on the fringe visibility for a 7 mi-l He-Ne laser. 

The coherence length is usually taken at ~ high value of fringe visibility 
(i.e~ 0.8) just before the slope of the curve begins to more sharply decline. 
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F~. "17A & B S . . . d. 81 f · b b. I 1g. . catter1ng 1ntens1ty 1agram :or nona sor 1ng sp1eres 
scattering by geometric and diffraction mechanisms~ 

For latex spheres in water the ratio of refractive indices x, 
is 1.33, 

A - scattering diagram for .4 micron spheres (m=r 2TI/A=2) 
B - scattering diagram for 1. micron spheres (m=S) 

In comparing Figs. A to B one can see that a change in th~ ratio of 
the radii of 2.5 results in a change of two orders in magnitude in 
the scattering intensity for forward scatter. For scattering by 
dielectric spheres, the backscatter intensity i~ very small, 
for m=2, i2=L6, while for m=5, i2=.044. i2 is the intensity 
function of the light oscillating normal to the incident nxis and 
in the plane of the page. i 1 is the intensity function of the 
light asci llating normal to the incident axis (A), and norm<:~l to the 
plane of the page. 

Note: 
83 

i 1 and iz are also available in tabulated form . The power 
scattered by spheres in a volume is given by P: 

p A
2

i(x,m,8) D p N 

4TI2, s d d 

where 
x = r 2TI/A 

p 

Pd is the incident power of the laser 

r is the radius of the laser beam 

2 
P

1 
/(nr) aser 

Nd is the number of scattering particles in the volume 

A is wavelength of the incident light 

e is the direction of the scattering 

D is the solid angle of observation 
s 
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the differential mode, particles with diameters greater than the laser 

wavelength are necessary, to get acceptable SNR' s (see next section). 

Su~h particles do not scatter by the dipole mechanism but rather by 

geometric and diffraction scattering or by an intermediate mechanism. 

These scattering, regimes give much lower backscatter than fon•ard 

scatter intensities. (Fig. 17) 

ii) Path compensation. The laser light is usually associated with 

excellent monochromaticity and an exceptional coherence length (meters). 

Therefore it would not have been necessary to compensate path lengths. 

One could then place a beam expander and neutral density filter at N 

in Fig. 6 as the reference source. But holographic
57 

work has however 

shown that the very coherence length very short (centimeters). (Fig. 16) 

This length can be extended to meters. But it would require the 

fiitering of pa~asitic frequencies near 6328A with either a Michelson 

interferometric filter or a Fabry~Perot Etalon installed in the laser 
\ 

at an intercavity location. These devices prevent by destructive 

interference the las~ng of parasitic frequencies thus allowing greater 

amplification of an extremely narrow band. (This implies that a filter 

can also be placed outside but with large power losses.) 

Low power lasers are not equipped with intercavity access. The 

lowest pm~er IleNe laser found with an intercavity experiment,1l ch;Jmbt-r 

is .Jodon's 50 mW laser. But Lasers of such power are not only more 

costly but also much more of a health hazard. Even with an inter-

cavity cha~1er etalons and interferometers are very sensitive to 

temperature variations and mcchanicnl vibrations. With neither the 
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Fig. 19. The coherence length (monochromaticity) of a laser can be 
increased by placing a Michelson interferometer filter in the 
laser cavity. Parasitic frequencies near the main lasing 
frequency of the laser cavity can also lase. These frequencies 
like the main frequency are also amplified \v'it.h each pass 
through the plasma tube. As a result the gain of the nwin 
frequency is reduced. Since the output of various frequencies 
are coa~ial, the fringes of the parasitic frequencies randomly 
overlap onto the interference pattern of the main frequency 
and thus decrease fringe visibility by increasing ~he back
ground radiation. 

\.Jhen the Michelson interferometer is placed in the laser 
cavity and adjusted to create a bright central spot pattern 
for only the main frequency, the parasitic frequencies can 
never build up in the laser cavity. The Michelson inter
ferometer consists of two semitransparent and two opaque 
mirrors. A portion of the intercavity beam B ,. travels through 
both of the semitransparent mirrors E, while another portion 
travels through an extrapath length C,.before it is reunited 
with the beam B at location D. By adjusting the path length 
of C, frequencies near the_ main frequency will be out of phase 
with those of beam B, hence the parasitic frequencies 
destr~ctively interfer at D. At the main frequency the beams 
reunite in phase at D, and hence they are unattenuated 
(constructively interfer). The main frequency passes back and 
forth between the cavity mirrors (E and F), and is now the only 
frequency having a very high gain (ther~ are also no competing 
frequencies) through amplification by stimulted emission of the 
excited atoms in the plastna tube A. With the filter in place, 
the parasitic frequencies which are amplified in the plasma 
tube are ~xtinguished (destructive intetference) in the 
interferometer, so that there is no net gain for these 
frequencies. 
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simple glass plate nor the extended coherence length possible it was 

necessary to install a path compensators. 

Our earlier reluctance to installing the compensator stemmed not 

only from the long path correction (63.44) but also from the increase 

in the density of components, mainly mirrors. Because of the long path 

and the small space available on the velocimeter platform, six mirrors 

with appropriate tilt platforms as shown in Fig. 46 were u~ed. (refer 

to Fig. 1 for location of cornp~nsator) Alignment was no problem, but 

mirror distortions were·compounded by the large number of reflections. 

There are two factors assumed to contribute to the size of the reference 

mod~ probe volume. These are the spatial filter, and the intensity 

variation of the focal zone. 

4. The Probe Volume: 

Even for a perfectly corrected lens light still cannot he focused 

into a infinitely small focal point as expected in geometrical optics. 

Instead one obtains a diffraction limited dia~eter called the Airy disk. 

This also implies a certain beam waist profile in the focal zone which 

varies from linea~ity. Since the author has used I/I 
0 

2 
1/e as the 

edges of the Gaussian las~r beam, the same limits should be used to 

determine the edge of the focal zone. This zone should he where the 

ratio of the beam edge intensity I, z the beam axis intensity, 1 is . . 0 . 0 

2 1/e . In a study of laser beam focal waists by perturbations on a 

applied el<>ctrica] fieldSR the focal region showed a p;Jrahnli~· pror·iJe 

as giv<>n below: 
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Experimental58 measurements have shown that the focal region 

a parabolic profile. At B/2 the intensity of the beam along 
W is the edge of the Gaussian beam. The intensity at W is 

at the z axis. 
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For the variables as given in Fig. 20 

b (4f2) / (kw 2 
1 wl ) (9) 

and 

w 
0 

= (b / kw)l / 2 (radius of Airy disk) (10) 

Th u s the Gaussian envelope of the focused beam (where thi intensity at 

2 . 
the z-axis is 1/e larger than a t radius w) is given by 

w w (1 + (2z / b)
2

) 
0 

(11) 

For the velocimeter, b = 1 . 39 mm, w
0 

= 10.8 microns and w
1 

= .85 mm. 

So in order for the intensity along the the 2 to d ecreL~se by l / e
2 

from 

the focal point (w ), w /w must be 1 / e (the area has expanded by 
0 0 

2 
(w / w) ) . Thus for the velocimeter location along the z axis where 

0 

w /w = 1 / e occurs at z = .9 rnrn. The author assumed t hat signal 
0 

originating< 0 . 9 mm woul d be about an order of magnitude bri ghter than 

s ignals from outside the region, so that signal from z > 0 . 9 mm would 

be buried under the stronger signals. 

The value of b / 2 (where the in t ensity along the z-axis falls by a 

factor of 4 ) is fairly large and a smaller value would be necessary for 

IIigh spatial resolution. From Eqs. (9) and (10) on e can see that 

expansion of th e beam diameter wottld not only decreas e the b eam waist 

bu t that the intensity would decrease more rapidly as one moved away 

from the focal point (smaller b). Improveme nt in spatial resolution, z , 

In Fig. 33, the beamsplitter module, one can see t hat a !wa rn 

expander could be easily fitl:Pd i n to th e hole (E) provide d in th e 

rotating mount to allow for operation in th e reference mode . Hut beam 
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Fig. 46. Path compensator. The reference beam produced at the glass 
plate N of Fig. 6A, enters the path compensator at A. The 
beam is reflected through a series of six first surface 
mirrors (flat to A/10), passes through a neutral density 
filter and through a beam expander. The beam exists at 
point B and returns to the glass Plate N' . The overall 
path- traveled by the beam is 60.5 em. 
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expansion poses another problem. 

At present the five hole mask (mirror D of Fig. 6) must be slightly 

off 45° so that the center of the light cone from the returning signal 

does not exit through the central hole. If it did, about 4% of this 

light resulting from a glass interface reflection would finally enter 

the phototube. But this signal also suffers from low backscatteiing 

and the small opening of the iris. Beam expansion would increase the 

hole size in the mask and thus make it unlikely that light be reflected 

from an area at the edge of the hole, and into the spatial filter 

(alignment problems). 

The other determining factor of the probe volume is the spatial 

filter. As Fig. 21 shows, a certain aperture size R will restrict the 

distance away form the focal plane where light can be gathered. The 

region resulting from the aperture is a biconical solid (see Appendix I). 

R .03 /J.f (12) 

At present, a 50 micron diameter aperture will give the flow channel a 

!J.f = .23 mm. Since /J.f < b, /J.f determines the size of the probe volumes. 

This would give an uncertainty range equal to the thickness of the 

boundary layei phenomena. 

To reduce the sp<1ti<1l filter such that tH = ()() microns wnul d have 

required a 2 micron pinhole which is only a' thcoret:ic;!l valuv, sinct' 

this i.s less th;m the Airy disk of lenses involvL'U and would block 

most of the signal. Alignment and stability problems would he very 

difficult. 



-56-

Fig. 21. Axial dimension of reference mode probe volume as determined 
by the spatial filter, ~f 

Symbols: 
d Radius of focusing lens 
f Focal length of focusing lens 
£' Focal length of first lens of spatial filter 
h Distance between the axis of the focusing lens at the 

focal plane to the location of the ray emanating from 
a distance of £+~£-along the focusing lens axis 

H Radius of spatial filter lens 
L Distance along the lens axis where the ray mentioned in 

h intersects the lens axis while in the spatial filter 
P0 Distance between focusing and spatial filter lenses 
el tanel = d/f 
R Radius of pinhole 
¢c,d ~tgle of slope of the ray described in h 
w Slope of ray described in h as it is focused by the 

spatial filter lens 

.. 
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Fig. 22. Simplified scheme of the differential mode. The velocity component perpendicular to the 
axis of the focusing lens and in the plane of the illuminating beams is measured in the 
differential mode. 
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B. Differential Mode 

1. Theory 

A simplified representation of the optics is shown in Fig. 22. 

Laser light is split into two equal intensity beams of a kn·own separ<J-

tion. The beams are bro~ght to focus inside the same flow channel as 

used in the reference mode. At the focus the beams intersect and form 

. f f . 60 an 1nter erence ·r1nge pattern. Varying scatter intensities of 

particles traversing this light and dark pattern will then give an 

intensity modulation, whose frequency is linearly proportional to the 

paiticle's velocity. This signal returns through the observing lens, 

reflects from mirror D into the spatial filter and finally enters the 

h b A . il 1 . 59 . h . 1 . . I p ototu e. s1m. ar ana ys1s us1ng p ys1ca optics g1ves t1e sa~e 

resulting Doppler frequency. The geometry of the differential mode, 

and a mathematical representation of the system by wave vectors are 

shown in Fig. 23. 

The differential mode consi~ts of two signal beams, one produced 

from each of the two incident beams scattering from a particle. The 

frequency of each of the signals is derived in the manner of Eq. (1). 

The frequency of the signal beam ariiing from the scattering of beam 1 

is then: 

VIr: 
.) 

v o + 21r <!S, ·Y._) - 2\ (JSs •Y._) v + (K - K ) •V 
o 2Tr --1 - s ---

Simi l.:trly th(' sig11;JI be;un arising from the scattering of IH';tm 2 i~;: 
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Fig. 23. Analysis of the differential mode 

A heamsplitter 
B mirror 
C foctising lens 
D phototuhe 
E moving light scattering parti~le 
~1 wavevector of the incident beam 1 
~ \vavevector of incident beam 2, 
!';_8 \vavevector of signal beam 
V velocity of particle E 
V2 z component of V 
V x component of V 

X 
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TI1e superposition of the two signal beams produces the Doppler beat 

frequency whose frequency is the difference between the two signal beam 

frequencies. TI1is Doppler beat frequency is: 

v· 
Doppler 

(13) 

Substituting in the components of .!5_
1

, .!5_
2 

andy_ into the above equation 

simplifying and collecting terms one obtains: 

v = 
Doppler 

2V 
X 

" 
sin(8/2) 

Note that this gives one only the x component of the velocity. 

From the above section one can see that a measurement in the 

(14) 

differential mode has several distinct advantages over that of one in 

the reference mode. From examining the above equation, the signal is 

seen to be independent of the viewing angle. Contrast is high since 

the optical path differences are small because the beams travel as a 

parallel pair through most of the optical components. And the parallel 

beams can be rotated by 90 degrees to give a second velocity component. 

With the differential mode a first approximation of the optimum 

scatter size and toncentration can also be calculated beforehand. 

Perhaps because of these advantages, the differential mode has had the 

most innovations and has been analysed more thoroughly. 

ln ordt~r to ope.-.1te in the differentinl mode a source of two 

parallel equal intensity beams are needed. Since the beams should he 

spatially and temporally coherent it is preferable to use a single 
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Fig. 24A. Beamsplitter
42 

assembly the output beams B, equidistant from 
the ax5s of the incident beam A. The beamsplitter assembly 
can be rotated by 90 degrees to obtain the velocity component 
which is perpendicular to U and to the axis of lens E. 

F . 24B 0 b B f I. b 1· 24 "d" 1g. ·. utput earns ro~ t11s eamsp 1tter are not equ1 1stant 
to the incident 'beam A. It cannot be rotated to make 
measurements on another velocity component. 

A laser beam 
B location of exiting output beams 
C beamsplitter coating giving match transmit~ed and reflected 

intensities 
D opaque aluminum mirrors 
E focusing lens 
F probe volume 
u velocity component measured by the velocimeter 
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Fig. 25. Beansplitter with adjustable ratio of beam intensities. ~e ratio of beam intensities is 
detersined by the angle of incidence at which the source beam (A) strikes the glass wedge 
(B). The ratio of beam intensities can be calculated from Fresnels equations. The use of 
separate focusing lenses for each of the output beams ensures that the profile of the focal 
region is more closely cylindrical than that of two output beams focused by a single lens. 
But the use of two focusing lenses requires careful aligning to assure that the beams 
intersect at their focal regions. The beamsplitter assembly is not rotatable. 
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source and to split the beam. A number of devices for beamsplitting 

have been used, some geometrically splitting the beam and others 

splitting the intensity. 

These have included variobs systems of mirrors and standard beam-

1 . . 1 . . 42,61,64 d f f . 1 12 sp 1tt1ng p ates or pr1sms an arrays o re ract1ng p ~tes. 

In order to obtain the three velocity components it is necessary to 

operate in the reference mode and differential mode. Limited resources 

prevented the use of a laser with a two colored output and two channel 

optics. So in order to obtain the two velocity components from operation 

in the differential mode a rotatable beamsplitter was used. The 

beamsplitter also had to slide out of the beam's path while operating 

in the reference mode, yet it would have to return precisely to its 

original location for future differential measurements. Otherwise the 

axial symmetry upon rotation would be lost and the accuracy of the probe 

location reduced. 

Mirror systems require precise alignment for paral.lel beams and 

accurately positioning for axial symmetry. Hirror mounts usually 

consist of two snuggly fitting concentric cylinders. The outer cylinder 

is usually mounted onto a la~er with the optics in the inner one. The 

problems of precise alignment for each mirror and the splitter plate and 

the need to put this splitter onto a slide mount discouraged the use of 

such systems. 

l';JralJe] pl.atPs do not present as severe an alignment problvm ;Js 

the mirrilr systems, but arc very bulky since the amount of splitting 

per plate is small and the air space is large (see Fig. 26). This is 

rather unfortunate since the optics are already crowded and such a 
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Fig. 26. Beamsplitter which gives output beams parallel and 
equidistant to the axis of the incident beam f6r any 
incident angle e. The blocks must be positioned as shown 
in the figure and must also be of the same thickness. 
Symbols: A incident beam 

B opaque mirror coating on block I 
C semitransparent coating (beamsplitter coating) 

~- ----

D and I are not shown to avoid confusion with other letters. 
E output beam from block I, and input beam to block II 
F second output beam from block I and input beam to block II 
G and H opaque aluminum mirrors 
d thickness of glass blocks 
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device would not fit into the available space. 

There are two types of heamsplitters which produce beams parallel 

and axisymmetric to the incident beam, the geometrical splitter and the 

amplitude splitter.· 

3 1'1 G ' ( ) S 1 · 72 
. 1e eometr1c wave .p 1tter: 

a. Theory and construction. A light beam centered on the axis 

(Fig. 28) after striking the corner of prism L is physically split into 

two circular halves. Because the two beams are mirror images, only the 

path of one of them the upper one shall be calculated. This beam 

enters the lower half of the cube and is refracted upward through the 

prism to the opposite wall where it is refracted in th~ reverse 

direction. It exits vertically displaced and parallel to the incident 

direction.· The two prisms (I and II) which form the beamsplitter <ll1d 

the path taken by the light beam through them is shown in Fig. 28. 

In prism I, the beam incident on the lower half of the prism at A, is 

refracted as it enters the prism. The angle of refraction ¢,·is given 

by Snells Law: 

. -1 ( nair ) . e l s1n ------ Sln . 
n 

glass 
(J 5) 

Since the angles ¢ and y form a 45 degree angle, then y 45°- ¢. The 

amount that the beam is displaced by prism I is 

H K cos8 • tany o o) 

The heam at B now enters prism II. From geometric considerations: 

L/(F-L) tany, (17) 
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Fig. 28. The geometric beamsplitter assembly consists of two right 
angle prisms cemented together as shown in the figure. 
A beam striking the corner of prism l is split into two 
beams with semicircular crossections. The portion of the 
he:un sr·riklng r·he prjsm :1hoVt.' tiH' conwr .'11- 1\, i~> dPfJ,•l'ti•d 
upward. When tht' henms rc:1ch w:!.lls nf prism 11, they IIIHII'rgn 

a reversal :in refraction and exit the benmspJ itter p:~r:JJ]c•.l , 
to the incident axis, hut vertically displaced. This 
beamsplitter can be rotated about the axis of the incident 
beam in order to rotate the two outpu-t beams about the 
inc i tk n t ax is . 
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hence the contribution of prism II to the displacement of the output 

beam is: 

L = F tany/ (l tany) . (18) 

At C .the beam undergoes a refraction reversing the effect at A. Since 

the surface of the cube at C is parallel to the incident surface at A, 

the beam exits parallel to the direction of the incident beam. The 

total displacement of each beam is L + H, so that the total separation 

between the two output beams is: 

S = 2(L+H) (19) 

The device when mounted into rotating concentric cylinders and 

onto a rail assembly (Fig. 27) fulfills its specifications and yet is 

inexpensive and elegantly simply. It was the first type of beam-

splitter tested. 

The cube was made from a right angle prism. Commercially 

available prisms usually had blunt ground edges (e.g. Ealing lnc. 

prisms had .5 mm wide edges). The blunted edge blocked a major portion 

of the 1. 7 mm diameter laser beam. An acceptable prism with a .12 mm 

edge width was finally obtained for fabricating the beamspl:itter. To 

minimize external and reflective losses an antireflective (1% reflcr-

t;mcc) coat W<1S deposited on the faces. To minjmize -int:vrn:ll. n•flt'ctivc 

losses, the prism h:1lves were cemented w·ith Cannda l~;1lsam whn.st• indr'x 

of rcfrar.tion closely matched th;Jt of the glass. The effects of r;nnpC'd 

edge (Fig. 29) nf the prism when~ one end of the prism is largl~r th:1n 

the_ other but with no pffect on the precision of the right ;_mgle <~dge, 



-72-

Fig. 30. The ramped effect. When all the triangles formed hy taking 
cross sections along the prism are congruent triangles 
(i.e. triangles ABC, DEF and HIJ are congruent), but the sides 
of the triangles become smaller as the cross sections are 
taken from points A to H. This inaccuracy in the polishing 
of a prism is the ra'!nped effect. 

Ramped effect can be partially corrected by cutting the prism 
at its center (dotted lines) and folding it over as shown. The 
Cemented prism thus has parallel edges so that a beam K 
traversing the cube exits at L with only a slight deflection. 
Compare this with the deflection of beam B' of Fig. 30A. 

Beamsplitter made from a ramped effect prism, without the 
correction of Fig. 30. 



ouuo-:.160~;:l077 

-73-

H A 

K 
-- --- ~- ~ 

·~ ----- ,__ .. L 

\ 
D D 

XBL 768-7446 

Fig. :HI. 



-74-

.jJ 

c 
0 
u 
'-" 



-75-

would have bent the output beams so that they we re no longer parallel 

with the incident beam. This ramp effect was partially corrected hy 

cutting a single prism in half and foldin g it over as shown in Fig. 30. 

Alignment of th e finished cube and cylindrical housing was done 

by first marking th e projection of the incident beam a t 3 meters away 

and then mounting the cub e with a low melting mounting wax. \.Jith the 

splitter mount e d and the wax still soft tl1e cube was positioned such 

that projections of the resulting two beams remained e quidistant from 

the cen tral incident mark. This was repeat e d at vario us a n g l es of 

rotation to assure axial symmetry. 

This device had a number of shortcomings and so it was not the 

final dE.sign used. The prism despite of its .12 mm bluntne3s whi ch was 

physically only 1% of the beam, still suffered from other defec ts. 

Associa ted with this edge is a larger inaccuracy i n angle than the 2' 

(90°±2') given for the bulk. This inaccuracy is due to th e thin edge 

that lacks th e mechanical sup port of the bulk du~Ting grinding, so that 

it deforms during polishing and relaxes back after pressure is r e moved. 

But it is exactly at this edge that one desires the greatest accuracy. 

2. Mount 

Figure 27 shows the geometric beamsplitter (glass cube) mount e d 

in the i nn er cylind er of two concentric c l ose fitting cylinders ( a 

rotat <tble mount). The outer cyl ·inder was mounted onto n cross shnped 

half inch thick aluminum plate. The cross shaped pla t e r es ted on a 

1-l/2 in. th :ick aluminum block with a pair of holts f as tened on either e nd 
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Fig. 27. Geometric beamsplitter module. The geometric 
beamsplitter is mounted in its rotating and 
sliding mounts. 
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of the plate. The bolts were close enough to the plate so that washers 

on the heads of the bolts which protruded over the ·plate held the 

plate tightly against the block. The four holts were also positioned 

so that the cross could travel only a certain distance between the two 

pairs of bolts before its anns struck a pair of bolts. At one end of 

its travel the beamsplitter was aligned with the laser beams and at the 

other the rotating mount slid out of the path of the laser beam. The 

bolts were sheathed in Tygon tubing and were tapp~d into the block, 

flush against the plate. This prevented the plate from wobbling. The 

plate and block assembly served as a sliding mount for the beamsplitter 

and when the cube slid out of the path of the laser beam,. the velocimeter 

could be operated in the reference mode. 

c. Shortcomings. 'The stability of the sliding mount was cd.tical. 

It would have had to maintain the incident beam centered at th~ edge of 

the cube in order to give identical output beams, since only 0verlapping 

portions of the beams interfer. The reliability of the prism returning 

to its original location after having moved and returned along its rail 

was.not particularly satisfactory for the cube beamsplitter module. 

Centering the beam on the prism edge.and adjusting the pr~sm angle was 

very tedious and would have had to be repeated if the laser had shifted 

even slightly. With straps us0d to secure.· the la~wr, this kind of 

b<..•nmsplitter was not. advisable because of frequent sl ippnge of the 

There wen~ two stronger reasons to reject this geometric spl ilt:er. 

A prism which wou] d give the 2. 2 em separ::~ tion required for the desired 
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spatial resolution would not only have been very bulky, but since large 

prisms have very blunt edges a costly and timely custom made cube 

"4., 

would have had to have been ordered. 

The other reason was the loss in scatter intensity. Figure 48 

shows the intC'rsection volume resulting from two truncated Gaussian beams. 

If the beams had not been truncated the dotted figure, an ellipsoid but 

with only half the energy density, would have been the probe volume. 

The probe volume is fairly small, about 30% of the ellipsoid [see 

Appendix III), which should provide high spatial resolution (small probe 

volumes). But most of the region of high fringe density and contrast 

(core of the ellipsoid) is sacrificed. TI1e region where there are fewer 

than 3 or 4 fringes should also be lost since the spectrum analyzer 

probably does not have sufficient resolution to resolve such short 

wavetrains. Hence one is left mainly with dimmer edge portions of the 

ellipsoid and a wedge region of dimmer and fewer fringes, resulting .in 

both weaker and fewer detectable signals. Figure 39 illustrates this 

probe volume. 

. 28 4. Amplitude Beamspl1tter 

a. Theory. The shortcomings of the previous bearnsplitter led 

finally to the construction of an amplitude splitting block ,1s shown 

in Fig. 29. E<1rlier re]uc.tance to use this design stemmed fn)m both 

unsuccessful less precise prototypes and the much greater complexity, 

cost and v~ry slow delivery schedttles typical of custom-made components. 

H<'fore dt•scribing Lhe dl's-jgn of the block, pertin<'nt. calr:.ul.;tt·ions 

should be presented for the unique angle of symmetric splitting and 
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XBL 768-7448 
Fig. 29. Amplitude beamsplitter is a rectangular block of glass with 

appropriate vacuum deposited optical coatings. The size of the 
block is much smaller than the one shown in Fig. 26. But there 
is only one angle of incidence which produces output beams which 
are equidistant to the incident axis. 1-lhen the block is rotated 
the output beams will rotate about the incident axis. 
Symbols: A incident beam 

B location where transmitted output beam Pxits st~rni-

transparent coat 
C location where InternnlJy reflected beam exits block 
D antireflcctive coating 
E opaque aluminum mirror 
F semitransparent coating-beamsplitter coating which 

gives equal transmitted and reflected beam intensities. 
\~ C:1nada ba] snm used to cement t<)gether the glass platl"'S 

which form the block 
d thickness of glass block 
0 anglP of incidence 
G' internal angle of inc:l.dence 
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for beam splitting; distance dependence on various geometric and 

physical factors. The beamsplitting block o£ Fig. 29 has been simplified 

for mathematical treatment in Fig. 31. At A of Fig. 31, the source 

beam strikes the glass surface at the incident angle 8. From Snell's 

Law one can calculate the angle of refraction 8' as the light enters the 
1 n . 

prism B' =sin- ( a 1 r sinS). Because the internally reflected beam 
n 

glass 
ADBF reflects between two parall,el faces and because the angle of 

reflection must be equal to th~ angle of incidence, angles 

2 L CAD = 2 L BFG = L ADB = L DBF = 28' (see Fig. 29). Since the 

triangles containing these angles a~e equal, CD=DF=EF=S. From geometric 

arguments 

s d tanS' ( 17) 

h d sinS (18) 

and 

Thus one can now calculate the amount that each of the two output beams 

ha~ been shifted from the incident beam, namely; 

and 

y = h - h 
a 2 

h - h 
1 

(19) 

(20) 

By t;Jking the derivative of the difference y -v
1 

and setting it equal a . , . 

to zero, one should gt=>t the angle of symmetric spli.tting. BecauSl' of 

mathematical consideration (there is no solution for 

d 2 
dB (ya-yb) = 0 must he used. A computer solution for this angle is 
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Fig. 34. Sensitivity of the angle of incidence to A, the ratio 
<Y)Yb -1), (see Fig. 29). 

-· 



-(/) 
Q) 
Q) 
"-
0' 
Q) 

"'0 .......... 

ft 

Q) 

u 
c: 
Q) 

"'0 
u 
c: 

....... 

...... 
0 
Q) 

0' 
c: 
<{ 

8 

-83-

35L---------L---------L---~--~~------~ 
1.30 1.40 1.5 0 I. 60 I. 70 

Index of Refraction, n 

XBL 768-7452 
Fig. 35. Axisymmetric angle of incidence 8 plotted against the index 

of refraction, n, of the beamsplitter block. TI1ere is a 
unique angle of incidence for the amplitude beamsplitter 
shown in Fig. 29 at which the output beams are spl.it <:~quidistant 
to the axis of the incident ht•nm. 
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Fig. 36. Rat.in of the di.st:mce that the output ht!ams nre St>pnr;-Jted 

(ya+yb=H, Fir, .. 29) to the block thickness D, plott<'d against 
the index of refraction, n, of the beamsplitter block. The 
ratio H/D is evaluated at the incident angle which gives 
symmetrically split output beams (see Fig. 35). 



0 0 0 
,{,, ,, 

0 0 -;/tt 

(h 0 8 3 

-85-

shown in Appendix III. 

Figure 34 shows the strong dependence of the angle of incidence on 

the required for symmetric beamsplitting. Figures 35 and 36 shows the 

splitting distance at this angie as a function of the index of refraction 

and angle of incidence. Note that the splitting is linearly dependent 

on the block thickness. 

b. Construction. Prototypes of cemented stacks of thick flat 

glass plates cut from mirror stock indicated several problems as well 

as confirming preliminary ~alculations. Despite the apparent thickness 

and flatness of the glass, after cementing with either a very slow cure 

epoxy (6 days) or Canada balsam, the exiting beams were always skewed 

and usually convergent. Faster curing epoxies would cure first at the 

edges and reticulate (it forms a fishbone pattern of voids) in the 

center. The extent of parallism of the two output beams emanating 

from the beamsplitter block depended on the angle at which the block 

was rotated. Beams which initially had a 2 centimeter spacing and which 

were vertically aligned when they were near the bearnsplitter block, 

betame horizontally aligned and were spaced only 1.5 centimeters apart 

after the beams had "travelled three meters. At one angle of rotation, 

the location of the beams on a screen three meters away were observed 

to OVl~rlap. The curvature of the surfaces of the blocks were clwckc•d 

<lgainst an optical flat and showed a curvnturc of 10 fringes/inch. Thv 

curvaturP necl•ssary to llavP caused the clegn~e of skc·wnt.'ss <lS exp1.·r i-

mentally observf•d would have lwd to have been much grPater. Th-is 

would inrlic:Jtt~ that prefe.rentLd curing of the cement ;1t the c•dge 

(contraction) wnrp<:d the blocks. Var"icHJs optical coatings were IH•eded 

for this device. Calculations for the un"ique angle at which symmetric 
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Fig. 32. Possible cause for the skewing of beamsplitter beams may be the accumulation of cement 
between the plates forming the block. When a large amount of cementC, accumulates 
b,etween the two plates forming the beamsplitter (Fig. 29) the plates warp. 
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splitting occured ~hawed that the incident angle was close to that for 

total reflection. This made an antireflective coat necessary at the 

incident surface. Another antireflective coat was placed on the 

surface where the internally reflected output beam exited the block 

(see Fig. 29). The aluminum coatings in the figure were more trouble-

some because of dust particles in the vacuum depositing shops. The 

opaque aluminum mirror had to be deposited, cleaned and given a second 

coat to produce a pinhole free mirror. When the aluminum semitrans-

parent mirror was deposited, the prism was positioned at the desired 

angle of incidence and the external reflection was monitored during slow 

vacuum deposition. The standard 38% transmittance, 38% reflectance was 

observed on the air-metal surface. But when the beam was sent through 

the prism from the antireflective ·coating side two equal output beams 

were not achieved. The transmitted beam was considerably brighter. 

It was first thou~1t the greenish glass of the prism strongly attenuated 

the internally reflected beam, since its path was three times longer 

than the transmitted beam. But prisms later made with clear glass 

showed the same behavior; Various s~hemes described in the n~xt section 

were tried to correct this problem. 

In the f:in::ll 

quality sch1ien!n 

design two 5/8 x 3 x 7/R inch blocks of optical 

74 
free Vycor (n=l.567) were cemented with C:m;tda 

balsam to give :1 1.2') inch thick block with a lwam scpnrntion of :1hout 

2 ct>nl.iml'LC'rs. V;IJ-ious vacuum co;Jls wvn~ <ld_justed to :m incid1~11L :1ngll• 

of 52°, trials were made to compensate for equal intensity beams hy 

removing the deposited semimirror on the prototype and using a semimirror 
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of variable transmitta~ce (thin aluminum wedge coated onto a glass 

substrate) to asc~rtain the coating thickness needed for an actual 

even intensity split. These plates were held in place either by 

Canada balsam or silicone oil (index of refraction matched with glass). 

But they still proved unsatisfactory because the making of such alwninum 

slides was a timely trial and error process. Horeover thin slides or 

coverslips often deformed and were themselves rarely flat. 1.2 milli-

meter thick slides were also tried but proved even worse than the 

cov~rslips since the thinner coverslips could at least be made to 

compensate for surface curvature by distorting them with shims (.001 in. 

brass) tucked between the slip and the slide at appropriate locatio11S. 

The aluminum coats were very easily damaged by abrasion. Uncoated 

mirrors with correct transmittance and reflectance ratios changed 

their ratio when the coat was abraded and even more drastically \vhen 

c~ated with a hard protective MgF
2 

coat. In many of these coated 

mirrors, the aluminum coat became a gray underlayer after deposition 

of the dielectric. Besides the above problems, thick cements did not 

permit manipulations•of the slides, while thinned cements or oil eitl1er 

caused the slides to slip or upon drying c~anged their surface curvatures. 

Henre precoatcd slides did not work. 

75 
Tt was not until a ratio recording spcctroplwtomc~t<'r lwcamc· 

;1vai lnhlP thnt till,; lll'xt: stc•p could he taken. Th:is \vns to cont tlw 

block w:ith :its other tl1rec• coat·ings, cement it and mount it. Then the 

Lnc.jdi::>nt heam \'-'<.IS passed throug!Jt the window of the v;l<:uum dl'posit ion 

chamlwr and the outputs mnnitorL'd at an opposite port. The resu] t ing 
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two output beams went to fiber optics collectors, which placed the beams 

on fixed location of their corresponding phototubes, giving very 

reproducible intensity measurements. The fiber optics not only required 

the centering of the light beams but also that the laser beams entered 

normal to its face. (A ring of light exited onto the phototube if the 

collecting lens of the fiber is off parallel with the beam by as little 

as 7°.) When the intensities were monitored on the ratio recording 

spectrophotometer, deposits gave matched transmitted and reflected 

output beams. 

After the coatings were deposited the blocks were tested. The 

Vycor plates gave skewed beams (a 30° rotation of beams at 8 meters 

away). But before cementing, dusted stacked blocks showed less 

skewness (10° at most). Apparently the application of the balsam 

distorted the plates. After the assembled block was annealed at 300°F 

for half an hour, more heat or time would have caused the decomposition 

of the balsam as noted by its yellowing, the weight of the glass plates 

squeezed out the excess less viscous hot balsam. The glass plates then 

relaxed back into their original flatness. Another hour was allowed 

for slow cooling to insure uniform stress. 

Even though optical epoxies were mechanically more stable, and 

would never dry out like bal~am they could not be used. They either 

cured too quickly and reticulated under heat, or would require 6 days 

to cure, and still not ensure flatness or low stress. But balsam was 

sensitive to solvents (cleaning solutions for the optics) and 

oxidized in air, and thus the plates would slowly yellow and separate. 
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Fig. 37. Beamsplitter module, the amplitude beamsplitter is mounted in 
its rotating and sliding mounts. 

A the outer ring of the rotating mount 
B the inner ring of the rotating mount 
C the plate onto which is mounted the beamsplitter 
D the platform onto which is mounted the plate C 
E a hole bored into the inner ring to permit the laser beam to 

bypass the the beamsplitter module for operation in the 
reference mode 

F the beamsplitter prism 
G the dovetailed bar onto which is mounted the rotating mount 
H metal bars forming a slot into which the dovetailed bar can 

fit tightly but can also slide along the slot. 
I metal pieces limiting the travel of the sliding mount 
J base of the beamsplitter module. 
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To prevent this an epoxy was applied to the edges to seal the balsCJm 

from ai r. 

' · A block of borosilicate crown glass (BK-7) was finally in s talled into 

the splitter assembly instead of th e above mentioned Vycor. This was 

d f ·r · 1 L b · 
76 

h d d · f f · 11 one a ter ~ns . ey a orator~es a rna e a g~ to an except1a y 

polished spacecraft window scrap with a one twentieth of a wavelength 

per inch flatness and parallel in thickness to within 0.7 second of 

arc/4 inches. The glass had a yellowish tint but it was not ass ume d to 

absorb much light in the red range. The block assembled from this 

glass showed only minor skewness. 

C. The Beamsplitter Mount 

The design used for the rotating and sliding mount of th e geome tric 

beamsplitter could not be used for the amplitude beamsplitter. The 

prism of the amplitude splitter required a greater degree of precision 

in alignment of its incident angle, and was also much larger than the 

glass cube. Th e mount designed for the amplitude splitter is shown in 

Fig. 3 7. 

The rotating mount of the prism was made from two half in ch thick 

aluminum rings which were machined with very close tolerance so that the 

sinallr~ r ring(B) would fit securely and concentrically jnto the largc.' r 

outer one (A). So that the ang]e of rotation could be read as 1/4 inch 

wide <~nnular dial with a 360 degree scale was embedded into the edge 

of the inner ring. A rectangular hole was milled in th e center of the 

inner ring. A platform for the mounting of the prism passed through the 

rectangular hole and was b~ltecl onto the inner ring at an angle such 
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that the prism when installed would b e positioned at the ·desired angle 

of incidence. Onto the pla tform was mounted the plate (C) which hel d 

the b eamsplitter prism. This plate was held to th e platform by two 

screws, one centered at the e dge at both e nds of th e plate. One sc r ew 

se rved as a .pivot, while the other fitted into a slott e d hol e . This 

s lotted hole permitted a ± 10° play in the angle of incidence whi ch w2s 

necess CJ ry for the final alignment of the prism. This ± 10 degrees o f 

a djustme nt was a lso need when another beamsplitt er made from a different 

type of glass was used since a different incident angle would now be 

requir e d to give output bea ms which would be equidistant from the 

incident axis (see Fig. 34). At each corner of the plate a screw from 

the plate push ed against the platform which provided ' the plat e a nd h e nc e 

the prism with height and tilt control. 

TI1 e rotating mount wa s much larger tha n the cy lindrical mount of 

the geometric s plitte r, so that it requir ed a l arge r clearance sp<:1ce in 

o rder to move out of the path of the laser b eam . But the hi gh density 

of components in the vicinity did not allow for the nee de d c l ea r a nce 

space . To permit operation in th e reference mode, a 1/4 inc h diamet e r 

hole was bored into the inner ring . Hence the rotating mount wa s slid 

only 1-1/4 in ch before the laser beam exited through the hol e ( E) . 

The sliding mount was also more ri gid than th;tt of Fig. '2. 7. Tilt' 

outer ring (1\) was secure1y bolt ed onto the dovct; til ed har of 

CJ luminum (G). A bar of cornplement2ry geometry fitted tightly agninst 

e :i th e r side of th e dovetail e d bar. Th ese bor s wer e bnJ ted nnlo <t 

.' 
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l-1/4 inch th ick aluminum block forming a slot into whi ch the dovetailed 

bar with its rotating mount could slide and yet not wobble. Two square 

end pieces limited the lateral movement of the rotating mount. The 

prism with its rotating and sliding mount formed the beamsplitter 

module, and was bolted onto the velocimeter's baseplate as shown in 

Fig. 6. 

111is new splitter shows a number of desirabl e f eatures. From 

studying Fig. 37 (mounted splitter) and Fig. 28 (glass cube) one can see 

that there is no fixe d location for the incident beam to give e qual 

s plitting. Hence the prism with its large incident r ece iving area may 

be moved into and out of the b eam, or rotated without misa lignment. 

Another advantage is the large increase in the numb er fringes
60

•
77 

resulting in <1 longer residence time in the intersection volume. This 

longer residence time coupled with a large increase in fringes in the 

brightest section of th e ellipsoidal probe volume should give much 

stronger and longer signals. Hence this should improve the SNR. 

This author feels though that the residence time of the particles 

in the probe volume is more important than the intensity arguments. 1~e 

culw splitter he.:~ms are about t\vic:e as bright as the prism lwnms. Th e 

·, pr ·ism split:t(~r suffers from . a numbc'r of losses :in intc:nsit:y. TlH.'St' 

include· at l.cnst a 24 percent loss at th e aluminum sc~mim.Lrror Ct ll'igh 

effic:.iPncy dielectri c coati.ng wot!ld reduce th-is to about on0. [>C'rc: e nt, 

lei b '1 . 78) hut \vou (' I'Xtrvml' y expl' I1S 1 Vl' , att e nuation thorough tht! g I ;I ~:s 

which should be minor, nnd more importantly losSC! S at: th e 'iiH' id r~ nt: 
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68 = 80 - 81 

68= ton-I ( 0/2: d/2) + tan-I(D/2 ;d/2) 

XBL 768-7454 

Fig . 38. Def inition o f 68 , t he a n g u l a r wi d t h o f t he fo c us ed l aser beam . 
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Fig. 39. Intersection of two intersecting laser beams with Gaussian 
int e nsity distributions (note the I vs r curves) form a 
loz e nge d shaped volume . This volume can b e approximated as 
an e llipsoid (dotted figure). The ellipsoidal volume ignores 
the s mall and dim corner regions. 
Symbols: 
Df fringe s pacing 

~y length of the y axis of the ellipse 

~x length of the x axis of the ellipse 

e 28 is the angular separation of the two intersecting beams 

U is a scattering particle which is traversing th e light and 
dark fringes. 
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anti-reflective coat. The present is a MgF
2 

coat adjusted for an 

incidence angle of 49°. This is quite close t o the total reflection 

angle for MgF
2 

(n = 1.38, critical angle= 46.4°) . Although CaF
2 

has 

poor mechanical qualities it should greatly reduc e such losses s incc.i ts 

total reflection angle is 54.4° (n 1. 23). 

Fringe contrast should not be a problem f or the prism despite an 

optical path difference of approximately 3 in. (see Fig. 16). 

5 . Altering ihe Probe Volume 

To use the velocimeter as a high spatial resolution instrument 

on e mu s t not only known the size of the probe volume, but also be ah1e· 

to alter it. When two Gaussian beams with I/I = l/e
2 

edges int e rse t t, 
0 

their volume is an ell ipsoid . Intersecting non-Gaussian beams would 

produce a lo ze nge sha~ed volume. This intersection i s further compli-

cated if the focusing lens has aberrations. But since a camera ]ens 

closely repre sents an ideal lens, the light distribution at the focal 

point is essentially diffraction limited. The diffraction limited 

pattern at the focal plane has a diameter equal to the Airy disk and 

de termines the z and y axes of the ellipsoid as shown in Fig. 39. The 

h . 11 d . d d" . 79 •80 f h 11" "d 1 b mat emat1ca y er1ve 1mens1ons o t e e _ 1pso1 a pro e 

volume as shown in Fig. 39 are given below. As mentioned earlier 6Z 

[I'IZ = 4)../(27T8JJ ) Eq. (18)] is diffraction limited. For smnll 0 

values, one would expec t that 6Y = 6Z. (If the two b eams overlnpp e d 

the overlapping circulnr diffra c tion patterns of th e two heams would 

also b e circular.) As a ma tter of fact, 6Y [6Y = 4)../2u68cos0, Eq . (19)] 

is only 5% large r than I'IZ when 8 is as large as 18 degrees. The length -
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of the ellipsoid should stretch to infinity when the beams overlap 8 0, 

and 6Y = 6X wh e n the 8 = 45°. This behavior is seen in 

6x· = 2TI68 sin8 
41, 

(20) 

TI1e fringe spacing is Df' 

Df = f./(2 sin8) (21) 

which determines th e number of fringes Nf, 

6Y/Df = 8tan8/(TI68) (22) 

The variable 68 js derived from geometric considerations on Fig . 38, 

68 ( 2 3) 

In Table 3 the dimensions of the intersection volume at-e cal culalt'd for 

various beam separations and beam diame ters. The values of the 

dime nsions shown in Tabl e 1 were derived fro~ Eqs. (19-22) with a 

correction for the values of 68 and 8. They were corrected for the 

effect of refraction at the flow cell wall using Snells law. Th e index 

of refraction and effective focal length of the observing lens we re 

1.33 and 50 mrn respective ly. Note that since 6Z und 6Y are diffraction 

limited dimensions, that they are essentially equal. 

For the above table one can see several ]imitnt.ions of th e> dif-

ferential mode. For small benm separation, D, (see case 1.), the prolw 

dl'pth 26X = . 2~i mm is lnrgc', 6X i.s closely half t.ht' tlli c knt!SS tlf til( ' 

roll cells th.1t lli c km;Jn 1 reported, ;md does not pro viJ c measurements 

of high sp;JtLII rt'soltll ion- :111 C;Jst• !,, Lilt' I:Jscr ht'<llll di ;J mt' t<'r d, is 

expanded to 4 times that of Case 1. As n result the probe de pth /JX 
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Table 1 

Case D, em d, em Nf 6X, p 6Y,p. 6Z, p 

1 I . I I 0.17 8.4 125 18 .4 18.2 
... 

2 I . I I 0.68 2. I 31 4 .6 4.55 

3 2.2 0.17 17 68.3 20 19.2 

'4 2.2 0.68 4.5 17.2 5.0 4.8 
---~-- -

index of refraction, n = 1.33 
XBL 768-7417 
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shrinks by a factor of 4. But the number of fringes also decr eased by 

a factor of 4, which unfortunately limits the number of cycles in the 

wavetrain of the signal and a short signal wavetrain would sevcrly 

limit the ability of the electronics to discern th e signal. 

In Cases 1 and 3 or 2 and 4, one can see the effects of enlnrgening 

the beam separation, D. By increasing D, not only does the prob e depth 

6X decrease, thus giving hi gher spatial r esolu tion, but the numb er of 

fringes Nf' also proportionately increases. This in c r eases the number 

of cycles in the signal wavetrain and thus improves the chance' s that a 

signal will be discerned by the sp ec trum analyzer. In increasing D 

the fringe spacing Df (Eq. 21), decreases and thus affects th e 

selection of th e size of light scattering particles us ed . 

6. 
. 88 89 

Light Scattering Partlcles ' 

The particl e which traverses the probe volume's fringes gives the 

sharpest signal when the intensity is strong. For dielectri c particl es 

wheie the parti c le diamete r is smaller than the wavelength, contras t is 

sharp as the par ticle traverses the fringes (the f ringes are larger than 

the wavelength). But the intensity is low since sca tt er ing cross sections 

are small. On e cannot improve the intensity by increasing th e numb er of 

particles since they enter the probe volume at r a ndom times. He n ce tlH~y 

pulsate in rnndom phase , producing a weak ac and a s tro ng de s i gna l ou 

the photot.ub e . 

The advantages in using this dipole scatterin g regime (Rayleigh

Cans Scatt e rin g )
81 

are that b ackscattere d a nd forward sca tt ere d 
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intensities are nearly equal , and that such small particles of neutral 

bouyancy are assured of flowing as if they were part of the fl uid, even 

if they are in turbulent eddies. 

If spheres of diameters 1n the ran ge of probe volume fringe 

spacings were used, one would imagine that the signal intensity would 

3 
be greatly improved, increasing either by r (number of dipole molecules) 

2 . . 
or at least by r (increas e in scatter cross section). Yet contrast 

should remain as sharp as in the previous case, as long as th e particle 

diamet e r is the same size as the fringe spacing up to dpart=d fringe, 

fo r one particle per probe volume. 

With particles larger than the wavelength, one leaves the dipole 

scattering re g ime, and enters the geometric and diffraction scattering 

regime.
82 

Now the forward scatter intensity is two to three orders 

of magnitude highe r than the backscatter intensity, with lobes at other 

angles also. This particle size ran ge is then excellent for forward 

scatter experiments but very poor for this author's purposes. But 

despite the low backscatter ratio they may scatter more light than the 

small Rayleigh-Gans sized particles.
83 

Metallizing light hollow particles or using metals particles can 

reverse the above behavior, giving the characteriS.ti:c cardiod curve of 

intensity versus polar nnglc of ohservntion. Neutral density me c.-11 

spheres in tl w mi cron rnngc arc not <.IVailnble, so til:1t IHJl.low glass 

spheres must be coated by electroless deposition \oJith eit her a si 1 ver 

or rl'i. ckl~l co:1L i.ng. Sma'll nH ~t<d [l :ll<PS such :1s br:1 s~> sink s Jowl y 

unl ess constnntly s tirre d. Aluminum fl<1kes t e nd to flont, or clump 
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and sink, possibly due to a oily coat on the me tal. Scaps can b e us e d 

to dissolve th e oil and thus suspend the aluminum, but this also attacks 

the clumps very slowly. Clumps when broke n, release thei r oily coated 

. 
flakes which flo<Jt to the s urfac e . Conc e ntrate d soap solutio n s with 

dissolved susp ~nded aluminum particles, did not produce a ny more 

floating flakes, hut rather the suspende d ma tter slowly dissappeare d 

in 3 days. Pe rhaps they were oxidiz e d to a clear oxide . For parti c l e 

diamet P rs g r ea t e r th ;m fringe s pa c ings , th e scattering process r e main s 

2 
unchanged but the intensity should increase by r . Such large pa rt icles 

will b e clear l y seen by the phototube, but they settle eas ily, and ca n 

hardly be expected to accura t e ly reproduce the fluid flow p a ttern. 

Their use .are mainly for testing the sensitivity of th e receiving optics 

and electronics . 

It is curious to note that for particles as l a r ge as th e probe 

volume , that th e fri nge mod e l sugges ts two wa v e trains. One as th e 

particl e enters the volume, c rossing the fringes, a nd o ne as th e 

prt.rticle exits th e volume . n on e whe n all fringes arc li gh t e d. But the 

wave v ec tor analysis suggests that the sig nal s hould h e consta nt, 

and possible brighter a s the bulk (e quatoria l zone) of th e p a rticl e 

beg ins to scatter. 
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V. EXPERIMENTAL 

A. Differential Mode 

A small flow channel was built of plexiglass but even li ght 

scratches in the walls were enough to significantly reduce th e signal 

to noise ratio. When microscope slides which were flat when c hecked 

against an optical flat, and did not have orange pee l surfa ces r ep l ace the 

plexiglass walls, the noise level was much reduced. The 1/8 by 5/32 

rectangular flow channel with glass window is illustrated in Fig. 40. 

The water was driven through the channel by a single stroke piston 

pump with a 1/3 horsepower, 1732 rpm motor and a "Ze ro-t-1ax" power 

block to provide an adjustable drive rate to the piston shaft. Settings 

of the power block gave constant speeds, but the same setting at · different 

runs were of different speeds, so that the revolutions p e r seconds of 

the piston drive shaft gear were timed for each run. This motor had 

three shortcomings. When it stopped a large induc tive dischorge 

travelled through the electrical lines and induced a spurious peak on 

the spectrum analyzer (Fig. 43). It has a limited capacity which 

meant frequent stopping to refill the reservoir (suction and compression 

rates differed at the same block setting). And a disturbing feature of 

the motor was its high degree of vibration. This vibrated th e isolated 

stand on which the pump stood, and propagated its vibration through the 

connecting tubes to the flow channel. This would be a possib]e source 

of noise from acousto-optic inte ractions. Accomp a nying the vibrations 

was a great <h~;ll of wiLinning, which is most unpleasant to thC' pump 
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operator. This pump was replaced with a miniature, centrifugal, 

variable voltage (head), D.C. motor driven (3-6V) pump. Its lower half 

was s ubmerged into a recirculating reservoir, thus providing for quiet 

a nd continuous, operation. Moreover the open reservoir permitted 

quick changes of seeding solutions, cleaning, and the i nstallation of 

a magnetic stirrer to maintain particle suspension. Output though 

required bucket velocity measurements. 

B. Miniature Flow Channel 

Data were taken on the small flow channel for 2.02 and .822 micron 

latex scattering particles dispersed into glass distilled water at the 

concentration of one particle per differential mode probe volume. Solu

tions were made by:successive dilutions from 10% stock solutions of 

"Dow" latex solu tions.
51 

The intermediate dilution solutions also 

permitted easy increases in particle concentrations as 2x, 4x and 8 

times the original concentration by addition of a small amount of that 

so lution. 

Flow rates were adjusted to 1 em/se c. or less, approximating 

expec t ed boundary layer velocities. Observations were made normal to 

the channel wall, positioned 1 in. from location of fluid entrance into 

the duct, a nd vie\ved without a downward observation <:mgle. 

W_ith 22 ppm for 2.02 IJ di<1meter latex spheres .11HJ 1.5 ppm for 

0.8 u spheres (one p<1rticle per volume, 4.32 and l.R cc 10% stock 

solution t o 120 liter water resp e ctively) and a forwa rd velocity of 

1 em/sec the residence time of a particle in the 20 micron diameter 

intersec tio n volume WAS 2 msec. With spectrum nn;dyzC'r settings of 

')()() llz/hor-i;'.OllLll division, :1nd ;J!lowin g fnt· <111 l ' XI I" L'IIH'ly l'nnS<'J'V<lliVL' 
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BBC 768-7314 

Fig. 40. Miniature flow cell with piston pump. 
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Fig. 41. Miniature flow channel. 
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peak bandwidth of 100 Hz (later diffuse reflecting disk expe rime nt s 

shovl a 1 KHz spread at half. peak), this region would be scanned over 

a period 20 seconds (at 100 sec/division) . 
4 

Thus 10 porticles would .. 
laave been .observed during such , a period. But attaching the phototube 

output to a differential amplifi e r showed only of th e order 10 signal 

bursts per second (mV ranges). This suggested either a lack of 

,sensitivity on the port of th e phototube, insuffi cient signal s tre ngth, 

or excessive stray light. 

The signa ls displayed on the spectrum a nalyzer (Fig . 43) showed 

what must have been stray particles or bubbles large e nou gh to scatter 

o sufficient light intensity and over a sufficiently long duration th a t 

it was processed. The narrow peak of th e signal a l so implied that it 

must have been due solely to one particle, with it s freque n cy given 

by Eq . (14). 

The obs erve d fluid velocity derived from signals di s playe d by tl1 e 

spectrum analy ze r agree s with th a t expec t e d for th e volume ave ra ge 

velocity (Fi g . 42), a lamina r veloc ity profil e was no t ye t es tablis l1 ed 

in th e channel as one would expec t for observations 8 cha nn e l d iame t e r s 

downstream from ·th e inle t. Probably because of th e limit e d elec tronics 

available, despite the large r signal rate recorde d by th e diffe renti a l 

amplifier, t he s p ec trum an a lyz e r r ead a signal only once in e ve r y J to 

5 scan s . Thi s \vas a avera ge of one pe r hour. Wllvn not using th e 

2 .0 2 micron part'i c l e , s uc h as, . 822 and .2 mi c ron dir11ncter Lat ex 

pnrti c l es , s i gnals W(! TC' e ve n more' infre qu c• nt (non <:' wen~ e vc ~ r ob se rved 

lor . 211). (n, ·rc;ast~ cl co nu·nLr<lli(lll or part'i c ] cs did not s how nny 

improvement. 
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Fig. 1,2. Doppler h e;Jt frequency vohs' us observed o n tho spectrum 
;Jn;J]yzor Is comparccl with the r;llcul a tcd fr f'q tt<•n cy \Jc; tlt · 
which co rresponds to the avcr ;J gl' vr. l nt·iL:y of Ll1c f l11ld In 

th e c hann e l as de termine d from th e clispLlc eme nt rat e of th e 
piston pump. 
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Fig. 43. Spectrum analyzer (oscillograph) tracings of signal peaks obtained from experiments on the 
miniature flow channel show the peaks to be extremely narrow. The scan rate of Photo A, 
.2 KH~/div., is twice that of Photo B. The longer scan rate allows the a longer period for 
the spectrum analyzer to add up the amplitudes of the waves at any particular frequency. 
Hence the peak of Photo B is twice as large at that of Photo A. Photo A at 8.05 KHz there 
is a signal peak of .6 microvolts. An adjacent larger peak at 8.35 KHz is an induction 
peak resulting from the sudden switching off of the piston pump motor. The other broad 
peaks below .5 microvolts are harmonic peaks of noise. Photo B also shows the harmonically 
spaced pattern of the noise peaks. A fairly large peak occurs at 4.95 KHz. The peak is 
extremely monochromatic. This signal could result only if the signal was produced by a 
large contaminating (dust) particle traversing the probe volume. A peak produced from the 
2.02 micron light scattering particles seeded into the water of the flow channel would have 
formed a broad peak containing about 100 signals per Hz scanned. 
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C. Rotating Disk 

To further test whether the electronics were inad e quate or wl1eth e r 

scatter intensities were too low, a 2.820 in. radius, quarter inc h 

aluminum disk was plated with a white satin finish of silver a nd mounted 

onto a synchronous 1 rpm motor. Meas urements we re then take n along the 

edge of the disk in the differential mode, giving various tan gential 

velocities (Figs . 6 and 7). 

Because the reflection coefficient of the metal es pecia lly s ilve r, 

is high, the signal intensity was g reatly incre ased . During exper ime nt s 

a screen placed before the sp~ctral filter showed a r e d g low and the 

outline of the central hole of the mask mirror (F ig . 6 mirror D). No 

light was visible . on the screen for the see ded latex solutions. The 

satin finish consisted of many surface irregul a riti es that can be 

assumed to act as light scattering centers similar to the latex 

suspension. Thus th e residence time of scatt e ring in the probe volume 

of th e flow channel and scattering of the disk s hould h e the same. 

The results of these disks experime nts using a 1 rpm and a 25 rmp 

motor with a v a riac speed c ontrol on the same disk is presented in 

Figs. 44 and 45. Hence one can now see that th e backs ca tter intensity 

is e ither too low, or that noise from stray light is burying the signal. 

For th e latt e r, the s up e rpositio n of a hi gh fr~quc'ncy (mcg;lhC>rtz) 

signal onto on<:> of th e incident l aser b eams, which wo uld .1lso g i vl' 

dirl'clion;ll svnslti.vity, \vOLdd shift th e sign;ll out of t h e l1i g h 

noi se rang <' . Hut th is would h ;1 vc required con s id (~r; 1b l e .invest ml' nt for 

both new pro cess in g e le c tro nic s a nd the acousto-optic o r other fr e qu e ncy 

.. 
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Fig. 45. Theoretical Doppler beat freqtwncy Veale correspond ·ing to 
various rates of rotation of th e rotatin g disk is plotted 
against the sig nal observed \Jobs' on the s pe ctrum an:Jly?.<'r 
for th ese rates of rotation. 
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Fig. _44. Photographs of the spectrum analyzer displays of the Doppler 
beat frequency are shown. The shifting of the frequen c y peak 
demonstrates that in the differential mode the velocity 
perpendicular to the lens axis and in the plane of th e 
illuminating beams is measured. The probe volume was move d 
along the edge of the rotating disk shown in Fig. 6A. The 
velocity measured by the velocimeter is the rate of rotation 
times the tangent of the angle formed by the lens axis and the 
tange nt line of the circle at the location of the probe 
volume. Scale of vertical axis is in 1 mV/div. 

Photo 0 is viewing the disk at normal incidence (a s in Fig. 6A) 
but the rate of rotation is 0 rpm. 

Photo 1 is viewing the disk at normal incidence the r~te of 
rotation of the 2.82 inch radius disk is J rmp. 

Photo 3A is viewing the disk at roughly 55° incidence, the 
rate of rotation is l rpm. 

Photo 3 is done at the same conditions as Photo 3A, except 
that the spectrum analyzer S\veep rat e is halved. Tllis 
sho uld double the resolution. Note that the s :i gnal 
and noise pe ak heights are both larger than tho se of 
Photo 3 . 

Photo 2 rate l rmp, an gle of incidence very roughly 30 dcg. 

Photo 4 rate 1 rrnrn, angle of incidence is very rou ghly 60 deg. 

.. 
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-114-

shifting device. 

D. Hollow Metallized Glass Spheres 

Alternatively the signal. strength could be increased to above the 

forward scatter intensities of latex particles by using metal particles 

in backscattering. While metal flakes show a very high reflection, 

(Al or brass from commercial watercolors) no signal was recorded. It 

may l1ave been that the particles flow preferibly with their edges to he 

beams (least resistance to fluid flow), or tumble ii1 the fluid. ln 

either case the scattering profile would not be the expected cardioid 

scatter angle diagram expected of metal spheres. 

A third experiment was then tried to increase signal strength by 

84 
applying metal coatings to hollow glass spheres (eccospheres). 

Floating quartz spheres placed in a silvering solution for mirroring 

semimirrors by electroless plating
85 

resulted in a non adhering 

white silver mossy precipitate, while the non floating glass spheres 

became evenly conted >vith a black coating. The spheres were next 

soaked in a gold chloride-(lg/lit) activating solution, filtered, 

d h 1 d . 1 1 1 . 86 1 . an t en p ace 1n e ectro ess copperp at1ng so ut1on. A stannous 

chloride -HCl sensitizing bath followed by a PdC1 2~ concentrated HCl 

b.Jth for ac tivation could have been used in pl<~ce of the AuCL
3 

hath, 

as well as a number of other electroless plating formulae and 

87,90 
mctal.s. But the gold- copper scheme was the simplest, ;mel c;nts•·cl 

tlw lt•nst diffi c ulty in obtaining the necessa ry clwmi r:1 l s . 

. -
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Of the three varieties of Eccospheres used, (silica, BK and high 

strength spheres) only the high stren~th spheres were rioticeably 

sensitized by the AuC1
3

. After 48 hours of ~oaking in the Au+J 

sensitizing ~olution the spheres were filtered and rinsed. Only the 

high strength spheres appeared to be tinted yellow by the solution. 

After the spheres were dried, they were immersed in the copper 

electroless plating solution. Upon addition of the high strength 

spheres, the initially blue solution, immediately turned green. 

A number of the white high strength spheres soon appeared to be plated 

with copper. When the silica (quartz) and BK spheres were added to the 

plating bath, the bath remained blue. For the above two types of spheres, 

th~ copper deposited preferentially on the unsensitized flask wall rather 

than· on the particles. 1.Jhen the particles from these two solutions were 

filtered after the 3 hour period allowed for plating, the spheres still 

appeared white. It may have been that the silica and BK spheres 

were coated with a substance which inhibited plating. After filtering 

the high strength spheres only a small number of spheres appeared to 

be coated. The bulk of the spheres were a gray in color. The few 

spheres which became metallized were unfortunately, like the previous 

trials with silverplating, coated with a black metallic coat. 

Limited time prevented further investigations into variOlJS ways 

to mctni]·ize tht> hollow g·lass spheres. -Bc<~au~w t:hl' spheres ;Jrc of :t 

f<iirly low density, they can be plated with a fairly thick coat of 

metal before their density approached th<Jt of the water. Hence there 

was a poss ib iIi ty of mnk i ng sm;J I I spheres of lll'llt ral bouy;uH·c• with n 
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very high backscattering intensity. Such particles would be ideal for 

use as light scattering particles in our backscatter operation veloci

mcter. Figure 48 sl1ows the preponderantly backscatter scattering 

i~tensity distribution for a metallized sphere. 
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Symbols: 
A direction of incident beam 
rp radius of the light scattering sphere 
i2 scattering intensity for the light polarized 

normal to the incident axis and vibrating 
in the plane of the page. 

i
1 

scattering intensity for light polarized 
pendicular to i 2 and the incident axis. 

A .. 

5 

3 

XBL 768-7434 

I, • I (} s • • • d 1 • b • 81 f •Jg. qo. • catter1ng 1.ntens1ty str1 utH>n pattern .. ·ot- a 
metallized (index of refraction is infinity) sphere with 
a 2 micron diameter (m=rp27r/>..=IO). The scatter intl~nsJt:y 
is confined to a narrow backscattering lob(' (A=l80°). 
The scattering pattern is just opposite that of dielectric 
spheres, see Fig. 17. 
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VI. CONCLUSION 

A laser Doppler velocimeter has been built with a -sufficiently high 

spatial resolution and accuracy in the determination of the location of 

the probe volume to map the flow field of a hydrodynamic boundary layer. 

In the diff~rential mode, the axes of the ellipsoidal probe volume are 

19.6, 19.3 and 68 microns. The reference mode volume is determined by 

the parabolic profile of the illuminating beam and the ellipsoidal 

profile of the probe region determined by the spatial filter. The 

reference mode probe volume is a truncated ellipsoid (axis paralLel to 

lens axis= . 2J mm), with dimensions transverse to the focus:i ng lens 

axis truncated by the parabolic beam profile (focal waist radius = 

10.8 microns). The velocimeter operates sequentially in the reference 

mode and in the two orthogonal positions of the differential mode to 

give the three velocity components at the same probe volume. The 

fo~using lens is positioned by three stacked translators with micrometer 

drives ( .01 mm divisions \vith 50 mm travel). The lens and hence its 

focal volume, probe volume, can thus scan the region of ihterest with 

three degrees of translational freedom. 

Light deflection of the illuminating he;Jms and signa] beam :is 

minimized by. using a backscatter clesign-nnd observing the electrode at 

an ;mgle to the surface. ExpcrimPnts with the 1 ascr ve 1 oc:imet:er have 

shown that the backscatter signal intensities are cpl"ite ·l.ow when 

dielectric light scattering p'articles (Dow latex spheres) an" usee!. 

Large light scntter:ing particles would increase the signal intensi.ty 
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•. but the particles may not accurately represent the flow. Light 

scattering from metallized spheres is mainly backscattered radiation . 

... 
Further experiments to successfully produce metallized glass spheres 

of neutral bouyancy may provide the.needed stronger signal intensities 

without the use of higher power and hence more hazardous lasers. 

The present spectrum analyzer is adequate for simple experiments 

but more sophisticated signal process electronics will be needed for 

detailed hydrodynamic studies. For detailed studies of boundary layer 

phenomena where the velocity would vary gradually while appro<1ching the 

wall, tracking electronics such as a phase lock loop would be necessary. 

While in studies of turbulent eddies, where velocities are random, 

a multichannel spectrum analyzer would be needed to observe the entire 

range of possible eddy velocities. 

With metallized stattering particles and the necessary processing 

electronics the present velocimeter should have the capability to make 

measurements of the flow field of hydrodynamic boundary Jayers, and 

in particular make measurements on the boundary at the electrode 

surface of our electrochemical reactor . 

.. 
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APPENDIX I 
.... 

The size of the reference mode probe volume is determined by the 

size of the aperture in the spatial filter. Since light scatteririg 

particles outside the parabolic focal volume of the focused laser beam 

are not illuminated, no signal comes from that region. The beam intcn-

sity profile determines the radinl dimensions of the probe volunu:. The 

location along the z axis (Fig.· 20) at which light scattering fr'om 

particles are blocked by the aperture of the spatial filter determines 

the size of the axial dimensions of the probe volume. The extent along 

the axial direction at which scattered light is accepted is Af, the 

probe depth. The radius of the spatial filter is R. Various focal 

lengths, angles and dimensions .are as given in Fig. 21. The slope of 

the ray emanating from the distance f + Af along the axial direction is 

determined by calculating its displacement from the optical axis at the 

focal plnne, h. 

In Fig. 21 for the convergent case, one £an apply the oblique ray 

method to the focusing lens (lens on the left side), to determine the 

height of the image h, at the focal plane, 

h f tanO 

The anglP <l1 is t:nken at the edge~ of the focusin)~ lc·n~-; ;Jilcl ·is fornwd .hy 
(' 

of the foc11sittg lr~ns nnd tltt> path of n t·igltt r;ty coming from th1• 

)o('::ttion f +/\[away. The light: from f + 6f enters tlte ]ens of tlte 

s p a t :i. <l l f :i 1 t e r a t n n an g] c (/J • !\ t f ~ t h c 1 o c il t j on o f l It c f o c; tl p 1 :111 c· 
c 
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of the spatial filter aperture, only images shorter than the radius 

of the aperture of the spati~l filter R, will pass through the spatial 

filter and thus reach the phototube. From geometric arguments, 

tan¢ = (d-h)/f 
c 

For the divergent case where the scattering particle is closer 

(b) 

to the focusing lens than the foca~point, one obtains from inspection 

oE the geometry; 

h ftanO (c.) 

and 

(h-d)/f 

By applying the ohl ique ray method to find the at the height of tlw 

image h, at the focal plane of the spatial filter lens (the rip,ht side 

of Fig. 21), one obtains (see Fig. 21A) for the convergent case the 

'equation, 

and for the divergent case, 

R f tanef> 
c 

R = f' tan¢d = -f'tan¢c 

(d) 

(e) 

In order to express ~f as a function of R, ~f must be related to the 

angi1!S rp and 0 . 

. Referring back to the left side of Fig. 21, one c;m seP th.1 t 

t :ud) d/ (f + 1\r) 

for the convergent case, nnd (f) 

tan8 d/(f- M) 

for Lhe divergent <::lS(•, 
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Fig. 21. Axial dimension of reference mode probe volume as determined 
by the spatial filter, ~f 
Symbols: 
d 
f 
f' 
h 

H 
L 

Po 
81 
R 

¢c,d 
ul 

Radius of focusing lens 
Foc~l lerigth of focusing lens 
Focal length o'f first lens of spatial filter 
Distanc~ between the axis of the focusing lens at the 
focal plane to the location bf the ray em~nating from 
a distance of f+~f along the focusing lens axis 
Radius of spatial filter lens 
Distance along the lens axis where the ray mentioned in 
11 intersects the lens axis while in the spatial·filter 
Distance between focusing and spatial filter lenses 
tane 1 = d/f 
Radius of pinhole 
Angle of s]ope of the ray described jn h 
Slope of ray described in h as it is focused by the 
spatial filter lens 

.... 

· .. 
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From Eqs. (b) and (c), ¢can he expressed as a functions of h. 

Equations a permits h to be expressed as a function of 8. Hence 

f tan¢ 
c 

d 
h ftan8. 

And substituting the expression for t~ne into Eq. (f), one obtains 

R 
(f'd) 
~----:- . 

f 
(-llf) 

(f + M) 

Note that R is independent of the distance between the focusing .:md 

spatial filter lenses, P . Since llf << f, then 
0 

R 

(g) 

With R = .05 mm, f =50 mm, f '+88 mm fl., and d = 11 mm, one obtains the 

expression R= .03 llf. 
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Fig. 47. The intersection of two truncated Gaussian beams forms the shaded figure. Region I is a 
"-'edge shaped region, while Region II is a nosecone shaped region. When the beams have a 
circular cross section instead of the semicircular cross sections of the truncated beams, 
the figure outlined by the dotted line, an ellipsoid, forms. 
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APPENDIX II 

(Differential mode probe volume with the geometric beam splitter) 

The intersection volume of two semicircular cross section beams is 

shown in Fig. 47. The intersection volume corresponds to the probe 

volume of the geometric beam splitter shown in Fig. 28. From Fig. 47 

one can see that the probe volume which is a slice of an ellipsoid is 

composed of two sections, a wedge shaped section, I, and a nosecone 

shaped region, II. 

The volume of the nosecone VII can be calculated as the a stack 

of ellipsoidal plated stacked from x=x
1 

to x=b. The volume calculated 

in this manner is 

b 2 
c/1-(x/h) 

. 3 2 b 
nae(x- x /(2b )) I 

XI 

2 all- (x/b) dx 

Calculating xi' the intersection of the wedge and nosecone regibns: 

Calculation of the volume of the wedge VI is somewh~t more involved. 

The equation of the ellipsoid of Fig. 47 is 

2 2 2 
(x/b) + (y/a) + (z/c) l . 

ln the xy plan(' at z 0, the cross section of the ellipsoid i.s the 

ellipse 
2 2 

(x/b) + (y/h) 1. 
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The ellipse intersects the wedge portion of the probe volume at 

x=x
1

. The slope of the wedge is y-xtan~. Ey equating y from the 

equatidn of the ellipse at the nosecone portion with y from the slope 

of the wedge, one can ~olve fo~ x
1

. 

The above results are valid for beamsplitters ~ith an infinitely thin 

edge. If one accounts for the blunt edge of the prism which truncates 

a portion of the intersecting beams, then the intersection volume 

is reduced, (area bounded by the lines). The width of the blunted 

portion .of the edge is 2~1. The volume of the.wedge shaped portion of 

the intersection volume is now taken from the points x~x0 to 

x=x1 ff (s~e Fig. 47). cuto 

and 

xlcutoff 

~l·cos8 

2 2 4 2 2 2 2 2 
4x0 tan ~/a -4(x0 /a -1)(1/b -tan ~/a 

2(1/b 2 - tan 2~!a 2 ) 

To obtain the wedge volume one can slice the wedge into slices of 

thickness dx, with each slide having the cross sectional area shown in 

the lower figure of Fig. 47. The area of the cross section is made up 

of s] ices z ] nng and dy w.ide, or 

X 

Area of cross section 4 z dy, 
() 

wher(' 

. 2 2 
z = ./.l - (x/b) - (y/a) .• 

•, 
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The wedge volume, VI is thus, 

x· tan\jJ 
4c 2 2 

11-(x/b) -(y/a) .dy dx 
0 0 

2 2 2 
Let r a (1-(x/b) , then 

X 

xtan\jJ 

0 
ll-(x/b)

2
-(y/a)

2 
. dy = a 

0 

xtanl/J. -
2
---

2 lr - y 
X 

1 2 2 1/2 1 2 -1 lxtan\IJ 
a(- y(r -y) +- r sin (y/r )) 

2 X . 2 X X 0 

dy 

2 
Substituting a(l-(x/b) ) for r , taking the limits and collecting terms, 

X 

xi axtan\jJ 2 2 2 2 2 l/ 2 } x 2 -1 -~ tany~---· 
(a -x ((a/b) )-x tan \jJ) , +z- (1-(b) )sin x 2 1/2 

0 

S . D2 ett1ng 

2 a(l-(b) ) 

x tan\jJ 
-- 1/2 

a(L-(~) 2) 

dx 

a
2
/(2 tan

2
l)J) 

and letting VI = II+ III' then 

II 

I 1.1 

( (a/b)2 + tan2~)1/2 (a tan~) 
2 

2 . 2 2 3/21 XI 
-(a Lnn liJ/1/2) (D -x ) 

0 

XT 

() 

XI 2 2 
xiD -x dx 

0 



-130-

. 2 1/2 
To solve III' let u = x/(a(l-(x/b) ) ). Rearranging the equation, 

one obtains, for u>O and x>O, 

x = au/ -l(ua/b) 2 + 1) 

and 

x/t1 
2 1/2 

a/((ya/b) + 1) 

The increment dx can also be expressed as a function of u, 

du/dx 
1 d ( _ _ex:.;__ __ ) 

dx · 
11 - (~)2 

a 

n 

Carrying out the differentiation and substituting in the definition of 

u and x/u, 

du/dx 
2 3 

(u + (a/b) u )/x 

or 

dx 

Now the dx and ~'s of III can be substituted for u's. 

3 
a 
2 

0 

-1 
sin ( tanu;u) 

(l+(ua/b) 2) 512 
du 

The integral is not tabulated in tatiles of integrals, s(J as an 

approximation Ll1e first four terms of the series (:•xpress:ion for till' 

arcsin will be substituted into the integral. The approximation is 

acceptable since the z
7 

coefficient is only .0446, 

·'· 
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5 3 7 
udu S+15atan\j! 

672 
ll+(ua/b)

2 

7 
u du 

5 + ... 
0 0 2 

ll+(ua/b) 

The above integrals are found in integral tables under the functions: 

\vhere 
2 2 1/2 

r = (u + A ) 

Let A he the ratio b/a, and u = 
1 

x/(a(l-(x/b)
2

) 112 ) with x evaluated at 

xi. Solving the integrals, gives 1
11 

where 

:md 

III 
b 5. 

( ---) 
a 

3 5 2 A4 
3a_tau (r + 2A __ ) + 

50 --r- -
3
r3 

3 7 3 
15 a tan \jJ (~ _ 3A2r _ 

672 3 

2 2 1/2 
r

1 
= (u +A ) evaluated at xi 

2 2 1/2 
r
0 

= (u +A ) evaluated at x=O 

For the ]w;Imspl ittcr, 1\x b 120 microns 

a = 19.6 microns 

c = 19.3 microns 

A = h/a = 12 and tan\j! 
-2 8.3xJO 
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the above dimensions give: xi 85.6 microns 

14. microns 

and 2 2/(a tan l)J) 
a 7463.3 

The intersection volume is then, 

for the wedge, region I, VI = II+ III = 45,100 
. 3 

m~cron 

for the nosecone, region II, VII 11,200 micron
3 

and, 

for regions I and II, V . = 56,300 micron3 . 
truncat1on 

The volume of the ellipsoid is 4
3 

Tiabc, so V = 2x105 
ellipsoid 

The volume ratios are: 

and 

v 
wedge 

V ellipsoid 

v 
nose cone 

V ellipsoid 

v . 
truncat1on -------

v 11. "d e _lpso~ 

22.6% 

5.6% 

28.2% . 

. 3 nncron . 

Therefore the probe truncated volume obtained with the geometric her:~m-

splitter is only 28% of the ellipsoid volume obtained by the amplitude 

beamsplitter. 
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2d ( 2 sinO cosO 
--=;::::=::;:::: - cos e ) 
I 2- . 20 n -s1.n · 

To obtain the .-mg1e of incidence for axisymmetric splitting. one· tnkes 

the derivative of 6y with respect to S and sets it equal to 0. Tl1e 

minimum of /J.y occurs at the angle of incidence which gives axisymmetric 

splitting of the outp~t beams. 

d ( sinO· cosO 
~10 

2 2 
In -sin e 

- sinG) 

d d r.:: 
R dO (sin8cos8) - cos8sin8 dO (vR) 

R2 

where 

I 2 . 28 R = n - s1n 

The derivative of 6.y is thus, 

d ( A ) 28 . 28 . 28 28 
~~- _ 4d (cos -s1n + s1n cos ) _ Zdcos 8 

.dO - R R3/2 

There is no nontrivial solution .to d(6y) /dO 

the solution to d(6.y
2
)/d8 = 26.y d(6.y)/dB = 0. 

0, so one obtains 

. . 2 
A computer program calculat1.ng d(IJ.y )/dO at vnr.ious value of G was 

used to obta:i.n the nngle for axisymmetric splitting, which tH;curs 

when the dt".ri.ative is 0. 
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Symbols for the program below: 

s sinO 

c cosO 

DY 6y = y y a- b 

R ( 2 . 28)1/2 n -sln 

y t tId = < y +y1 ) I d o - a ) 
II TOT 

F 
2 

d(6y )/dE) 

'- h' () ,_, 1-l ,, '.' • \ 1'1 -:.; i .. ( I I·! f-• l) I • l_. u I ,.., u 1 ) 

I J t:_ /d) ; • T \ I ' L I j. • \ J ;~ L_ ' " 

F 1_. >do: 1-1 I ( _, F 1 ,, , ':.1 , 1 ? l 
(lU 2 1=i•l; 

~ :: 3 • 1 '+ J J '--; (.. u ) I~ ._: ( l ti .. F L u ~~ T ( 1 ) " u t. L ) I 1 tj L' ~ 
s :c ~ 11~ ( t. ) 
c = r (1 s 1 A l 

I· :c '_) 1) ti I ( t_ I A --· L I ;i - '::> -:.• '::> ) 

f ::: 4 • ;;. ( ( ~ ·J C- :) " '-, J I k +- C ;_;. C ;.:. S" ::, I { H" K il- f.< ) ) + 2 • {< C 
f ' T () I :; 2 ' ,, ( ::, "" I~ I \-{ ) 

A bJ '-' ::: P- '-' l "' •J • / 3 . l ·• 1 ~) '-> r..' o ':l 4 

llY=~.-;;h idT-::-(), ":J 

f) f-- I I'J 1 3 • .:. , J u ~ F , -'i T t l I • U Y 
3 1--- C 1 ~; l·1 •-d ( o-; ·i ·• I·, ',J .:: ' f- l • '• t 1 2 r1 UtKliJ/U= 

l I ' ·_ L Y .:. • ~ 7 • '-+ l 
?. CCihJl !i,;'i· 

E· . j 
I_' \J 

J.~ N t_, = ~ 7 • tl li n u ; · F ;~ I v / u :.: 
1-; I'J G :: :.., 7 • i I I (' ,) I_ ~ ,.: 1 \i I u = 
..:.r~ Li = 
Ar~ (_,-.: 
g ~~ c, = 
P.f~G-= 

g I 10::: 

AI-,,_;_ 

,\ 1\JG.:: 

A 1\J '.J:: 

f-II•J \; .; 

"''"' lJ = 
A I·< I_,::; 

i-II•G::: 

i:l[ I\) :. ' 

I-I,.,\)= 
p, (\) \J = 
1-1!\Jl_,:-_ 

:_) i • o .: il;., I, -- K r v 1 u == 

-' I • '7 0 0 11 ~ t- '•' I vI u = 
:; C' • u I i ,-, ,, I ; l·i I v I '.) = 
~' (_\ • 1 () I") 'l L! r: ,, I v I.U = 
~) t_\ • !. 'I '' .) I' ;: ,. I ~· I ') ·: 

_; :~ • j lJ fl ti l · r_ K l >' I ._; ::: 

::> b ... I' .~ d "! u ~- h 1 './I u = 
.) 1:, • :> u () \) ---~ i ' . - "' I v I I) -= 
:::•r:,D!l'Ju L:r.·"lv;u= 
:) - • 'I I ' ·" \_I l ' ~- .... I v I u = 
-'~'·t-l()'}..., l:·..-rvlu:c 

J () • 1
/ I I I~ 'j I - H I v I l';; 

-' '-1 • U (I 0 l' ['I •· 1 VI u = 
_;, ':1 • 1 u II ._: L ; I' 1 \; I u :.. 
'-,. • C. (I 0 J [ i- .. [ -1 I U::: 

.J c_-1 • J li n d 1 ;· r' ] V I u :: 

) • 2 9 c. L) -1 tJ b 1't. - (l l h I u = 
lol4t176':J2{lf::.-(ll HILl= 
~ .Ol~'<bSI+Jbr~-ll} HI!-,= 
;:, .. (' (I lj 6 I y '::> c t_ - i) c. ti/L.1 = 
r ·- 1 6 h r, 7 b r.i c. L - n 2 t1 / u = 
::.:t.72o7b02bt.-oC' H/U= 
'••2i-l-~7'+2t~lt.-o!- n;u= 
.,.04t04S76't.-n2 H/lJ= 

· l.39b6dH1St.-.,UC' t1/U= 

-4:~310b1Udf::.-04 nlu= 
- , • 4 h '-:1'-1 3 1 ll 7 t. - n (' r1 I L! = 
-c..'jJ'Jl '='Jo4t.-\lc ri/u= 
- '-+ • J (<. (_) y 5 u b 1+ t. - () ~: rl/1 ) = 
-'--. ·.l.:' 13r?or.:<tt-n2 HILl= 
- 1 ~ ? -, '+ 2 J t, '::> J l - n 2 r1/ u = 

·7?16~Y4':Jc.-02 hlu= 
-1 • (; 1 b--:iou4bl:.-q l H;u= 
-1,}f;]'~llc24't_-()] H/U= 

• -4- \.) -

• I Hi 1 
.ll{C. 

• ( 1 t. •f 
• ( J ::. (\ 

• I I '• I 
• I 1 J.t:.' 
• ( J j :, 

• 1 l c 1 

\ 
·• I l 1 r.:' 
-.Ill. j 

• I ~' ,, .J 

·''}b4 
• I 1 • I -.::; 
• IL:b:J 

, l ': ':)o 

• {t,4lJ 

• ( I.J j t) 

,ILC'tJ 

·E.' 
'+Cv 

! 'i :..~::, 

UCLY= -,2·+'-;lp 
I\'', . 
I· \ 1 ·: ur_,_y= -.2::-c::;, 

LJt._._ Y=: -,{';:,t;\J 

L}L L. Y ::: - • (: ·y-;1 b 
L)tLY= -.c.'0_1j 

ULL_'(:. -,C'':>b/ 
Ut.L.l::. -.2fi_!J 
Ut.LY= -.C.Ij'-j 

Ur.LY= -,(>{('J 

UtLy:: -.(vJl 
UtLT'::. - •.. ~-.1 

LltLY= -.c'.:b<t 

ut~...y~ -.~Jc'} 

LJ t. L '( = - • r:' ,, : r_; 

Ut.Lr= -.?'-1'1') 

u t_ l. y = - • j ... j 2 
U t L Y = - • 3 ·J t• '-1 

ur.~...y= -.Jlvo 
ULLY= -.JI'-t"+ 
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