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DESCRIFTION OF SCATTERING EVENT$ 

The fundamental structure and interactions.of matter are in-

vestigated primarily by scattering experiments. Scattering-theory 

provides the framework for systematic analysis of such experiments. 

Several references are available which provide detailed descriptions 

of scattering theory:' 2 ' 3' 4 

A scattering experiment typically studies the collision 

of two kinds of particles5,. sey P1 and P2, with respective initial 

momenta p1 , and p2 • We shall refer to P 1 as "beam particles" 

and P2 as "target particles." In the "laboratory frame of reference" 

p2 = 0. Scattering events are classified on the basis of the final 

states observed after the collision has occurred. 

In elastic scattering particles P1 and P
2 

are me'rely 

deflecte.d, being observed to have final momenta ~l and ~2 (indica

ted as. P1 + P2 + P1 + P2; an example is e + H + e + H). 

In inelastic scattering at least one of the particles is 

excited to an internal state which differs from. that prior to the 

scattering (indicated as 

* e + H -+-e +H). 
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In a scattering reaction new particles emerge from the col

lision (indicated as P1 + P2 + Q
1 

+ Q
2

, P1 + P2 + ~ + •.• + QN; exam-. 

ples are H + H + p + e + H and ·p + p + p + n + n+). Since. a given 

collision, involving P1 and P2 as the initial particles, can in 

general result in several alternate kinds of final states, it has 

been convenient to introduce the notion of "reaction channels" to 

classify the final state following the scattering. A particular chan

nel is specified by the set of particles Q
1

, ... QN in the state. 

The results of observations of scattering events are usually 

presented as scattering ~ sections (when spin polarization is 

observed, other quantities are needed). To describe the scattering 

cross section, we suppose that a uniform.flux FB of beam particles 

P 
1 

( F B represents the number of particles per unit area) has bombarded 

a "thin target" of particles P2 (}>2 = 0). In the course of the ex-

periment 6 Nsc scattering events have been detected. The scattering 

cross section oo is defined then as 

6 a 

The detectors used in the experiment will ordinarily detect 

oniy certain specified kinds of particles and certain ranges of mo-

menta for these, which accounts for the "6 11 in 6 a .. If we sum 

over all ranges of final momenta and all possible kinds of final 

particles, (channels) we obtain from (1) the total~ section 

a 6 a. 
momenta channels 

(1) 

(2) 
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The number of events 6 Nsc is evidently a Lorentz invariant, 

being the same number to all observers. Th e beam flux F is also 
B 

unchanged if we transform to th Lo ano er rentz frame moving parallel to 

P1 · The~ of~~ or barycentric, frame of reference is that 

in which El = -E2 a k. Evidently, 6a is the same in both the 

laboratory (p2 = 0) and the barycentric frames of reference.6 

There are some useful general properties of fla, Which we now 

describe. First, the total energy E and the total momentum B 

must be conserved in a collision. Th us, fla must contain a factor 

o( Pf - P. ) o( Ef - E ) 
- -~ . . i ' 

where we have represented "initial" and "final" by the respective 

subscripts "i" and "f". w h e ave noted that the detectors of 

(J) 

final state particles will d. · or ~nar~ly record events for a restri~ted 

domain only of the momenta 

involve an integration, 

JdJql ..• dJqN 

over this domain set by the detectors. 

Lorentz invariants, and so is the ratio 

We therefore expect 6a to 

Since (1) and (J) are 

3 d q1!t:1q
1 

(here 

(',2c2 
+ q1

2 )!c, . where ~ d 'L .. '1 '"1q
1 

an "J. are the energy and 

rest mass of Q1 ). We can therefore write 6a in an evident in-

varia:~t form as 

( 4) 

• 

• 
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The quantity I above is an invariant function of ~l ... SN· It 

is dependent on the detailed dynanmics of the collision. 

For elastic scattering in the center-of-mass frame we have 
I I I 

k2 cos p. = k = -r2' q = k -s2' k = k, and k . k = e. 
-1 - -1 -

The invariant quantity I may then be taken as a function of the 

two variables k and e, or I = I(k,e ). Alternatively, we can 

express I as a function of the two Mandelstam7 variables 

s 

t 

[Here we have .. written 

etcJ 

the four-vector (r
1

, £
1 

) 
pl 

simply as p
1

, 

For elastic scattering in the barycentric frame (4) has 

·the form 

If.the observed solid angle is sufficiently small that I can be 

evaluated at a single angle e, we can remove d ~ from the 

integral and evaluate the q1-integral to give the differential 

center-of-mass cross section as 

( 5) 

(6) 
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The corresponding differential-cross section in the laboratory 

frame may also be easily evaluated from (4). The laboratory frame 

moves parallel to k with a velocity 

cB c~/£2k' or . Y· 

(7) 

The total energies (kinetic plus rest energy) in the two frames are 

related by the useful expression 

E 2 
em 

In the laboratory frame (4) is 

xi. 

(8) 

Integration over ~2 gives the result that ~2 = £l - ~1 • Division 

by the solid angle d n
1 

of particle P1 and integration over q2 

gives us the differential cross section in the laboratory frame as 

(9) 

Here 

Since I( k, 6) is the same quantity in Eqs. ( 6) and ( 9 ), 

it may be eliminated to give the transformation equation between the 
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differential cross sections in the laboratory and barycentric frames. 

The kinematics of more general reactions may be discussed in 

a similar manner using Eq. (4). 8 

POTENTIAL SCATTERING 

Nonrelativistic elastic scattering by a local, central 

potential V(r) provides.the simplest example of a collision of 

two particles. In the barycentric coordinate system the wavefunction 

~~ may be expressed as a function of the relative particle coer-

dinate "bi thi 1"nteract1"on 1·s9 r. The Schrodinger equation descr1 ng s 

( V~ + K
2 

- v( r ) ] ~~ ( :: ) 0. (10) 

Here v(r) = 2Mr V(r);n2 , with Mr the reduced mass of P1 and P2, 

and ~ is the momentum of P1 prior to the collision. Although 

scattering can be studied under more general conditions, the pro

perties of (10) are simplified when 

J: dr rlv(r)l < co, 

< co • 

The continuum wavefunctions 
+ 

~ · are conventionally normalized 
k 

so that 

o( I{ P) ( 12) 

-8-

+ 
The ~! and the bound state wavefunctions (if any) ·form a complete 

set of states in the reduced space from which the center-of-mass 

coordinates have been eliminated. The full two-body wavefunctions 

are ·Of the form ... 

( 13) , 

where P is the total momentum and R is the center-of-mass coordi-

nate of P
1 

and P
2

. 

The asymptotic form of as Kr becomes very large, is 

f iK•r le - - + ( 14) 

Here f(~ • E) is the scattering amplitude and describes the deflec

tion of P1 from the direction E to the direction t· The bary

centric scattering cross section (6) in this case has the explicit 

form 

( 15) 

The quantity I in (6) may be expressed in terms of If 12 using 

(15) and the cross section in the laboratory frame obtained using 

(9 ). 

The partial wave expansion is of the form 
co 

~ ~ 

x P1 (K • :> w1 (K;r). (16) 

• 
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Here P£ is the legendre polynomial of order i and oi(K) is the 

scattering phase shift. The _r_ad_i_a_l wavefunction wi satisfies the 

ordinary differential equation 

l-d2 
+ 2 2 K - i( i + 1)/r 

dr2 v(r~w, 0 (17) 

and is regular at the origin10. For Kr. large w i has the asymptotic 

form 

( 18) . 

The quantity 

exp [ 2 i o t< K )] ( 19) 

. . . 11 
is an eigenvalue of Heisenberg's S-matrix. 

·Another class of useful solutions of Eq. (15) are the~ 

functions fi ( ±K;r ). These satisfy the boundary conditions that as 

Kr -+ oo, 

.i -+iKr 
fi±K;r)-+ ~ e 

When the conditions ( 11) are satisfied the function fi ( K;r) is 

- analytic in K for Im( K) < 0. Study of the Jost function has. 

(20) 

given insight into many general properties of collision processes and· 

has stimulated extensions to relativistic quantum·theory. 12 

and 

SCATTERING BY NON-CENTRAL FORCES 

We now suppose that P
1 

s2 , with z-components v
1 

and P2 have respective spins s
1 

and v2, and that the forces 

-10-

responsible for scattering also act on the spin orientation. If we. 

writ~ u(v
1
,v

2
) for the spin wavefunction of P1 

asymptotic wavefunction (12) is modified to read 

and 

The scattering amplitude £ is now a (2S1 + 1) (2S2 + 1) 

square matrix. The cross section in the barycentric frame, with 

initial spin orientation ( v
1

, v2 ) and final spin orientation 
I I 

(vi, v2 ), is 

I I 

( 21) 

( 22) 

For a scattering experiment in which v
1 

and v2 are not observed 

(22) should be~ over the (2S
1 

+ 1) x (2S2 + 1) values of 
I 

v
1 

and v 2 • For an experiment with an unpolarized beam ( 22) should 

be averaged over v1 and v2 • 

When P1 and/or P2 are polarized prior to collision, it 

is .often convenient to introduce a density matrix ei for·the 

initial state: 

( 23) 

where the bar indicates a suitably weighted average over v1 and v
2 

Evidently T (p.) = 1. For unpolarized beam and target particles, 
r -~ 
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p is just the identity matrix divided by ( 2S1 + 1) x ( 2S2 + 1). 
-i 

The final state density matrix is 

( 24) 

The scattering cross section, summed over all final spin orientations, 

is 

(25) 

The average value of the spin vector ~l' for example, is 

~1 ( 26) 

Following two sequential scatterings, the density matrix is 

(27) 

Here !l is the .scattering amplitude for the first and ! 2 that for 

the second scattering.13 

FORMAL SCATTERING THEORY 

A powerful, formal description applicable to relativistic 

and many particle collisions, has developed following work of Heisen-

14 15 . 16 17 berg,, Moller, Lippmann and SchWJ.nger, , Gell Mann and Goldberger, 

and many others. To describe scattering from an initial state Xi 

to a final state Xr a scattering matrix Jrfi is introduced. If 

V is the quantity in the Hamiltonian responsible for the scattering 

and 1jl~ is the time-independent wavefunction describing the complete 

event, then 

-12-

t ( xf, v 1Jii ). (28) 

Taking account of momentum conservation we can Write this as 

Jfi ( 29) 

where Tfi is a scattering matrix defined only in the subspace for 

which total momentum is conserved. 

The cross section (4) can be expressed in terms of the 

reduced scattering matrix Tfi with the identification (here vnet 

is the relative velocity of the two particles P
1 

and P
2 

in the 

initial state "i") 

I ( JO) 

Heisenberg•s14 unitary S-matrix is related to J;
1 

by the 

18 relation . 

( Jl) 

With a suitable scaling factor (associated with the normalization of 

the states Xi and Xr) S is invariant under Lorentz transformations. 

It is, as mentioned, imitary and is in general consistent with certain 

symmetries and conservation laws (for example, total angular mo-

mentum and total charge). The extent to which S is determined by 

such general considerations, independently of the Schrodinger equation, 

. b .. . t . t dy 19 has een g1ven ex ens1ve s u • 

' 
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SCATTERING FROM COMPLEX PARTICLES 

Scattering of two particles, when one or both are complex 

systems (such as.atoms or molecules) involves a multi-particle inter-

action. Collisions involving complex particles may be elastic (in 

which case P1 and P2 may formally be treated as if simple,. non

complex particles), inelastic, or lead to reactions in which different 

particles Q1 1 Q2 •.. QN appear. Exact, analytic solutions cannot 

be given when three or more particles interact; Thus, the scattering 

of complex systems must be treated by approximate and/or numerical 

methods. 

When ~he kinetic energy of the colliding particles is high 

compared with their internal binding energies, the impulse approx

imation 20 •21 ~s often useful. In this- approximation the scattering 

C, of a simple particle by a complex particle is treated as if the complex 

-o.') particle consisted of an assemblage of non-interacting free particles 

and the T-matrix is r.eplaced by a sum of two-particle T-matrices. The 

0 

scattering is averaged over the momentum spectra of the initial state 

Xi· The suni over final states depends on the process being considered, 

but often may be evaluated in.the closure approximation. 22 

The optical model23 provides a technique which is frequently 

convenient for describing elastic scattering from complex particles. 

In this model the actual many-body interaction is replaced by an equi-

valent two-body interaction (in principle this is exact if the correct 

equivalent interaction were known) in the Schrodinger equation. 

An elegant technique for studying three-particle interactions 

(for example, e + H or n + D scattering) has been proposed 

-14-

by Fadeev. 24 •25 Numerical techniques have been applied to Fadeev's 

26 equations with some success. 

A very extensive literature exists relating to the scattering 

. . 27 28 
of electrons, protons, ions, and atoms by atoms or molecules. ' 

Relative good approximations (usually relying on numerical computation) 

are available for studying scattering of electrons by the lighter 

t 
4,25,26 a oms. Semi-classical techniques may be applicable for study-

ing slow collisions of_protons and ions with lightatoms. 29•3° The 

more complex phenomena which occur when heavy atoms or molecules 

scatter, or when the complex structure of both P1 and P2 must be 

taken into account are often studied by heuristic methods, crude 

approximations, and/or experiments. 
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