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ABSTRACT 

A method to check the design of the quench protection of a 

superconducting solenoid with a conducting bore tube is 

described and justified. These checks assume the most pes

simistic circumstances. Instructions on how to revise the 

magnet parameters if the tests fail are given. The dependence 

on the current, the diameter and the length of the solenoid 

are discussed. 
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1. Purpose 

In this paper, we set requirements for a quench protection system 

to insure that any superconducting magnet is safe against destruction during 

a quench. The requirements apply to the case of a superconducting B.C. 
1-3 solenoid with a bore tube made of electrically conducting material. Some 

of the conclusions can be extended to other kinds of magnets in the limit 

where the volume of the bore tube is equal to zero. The computations that 

have to be carried out necessitate only the use of graphs and of a hand 

calculator. 

It is difficult to describe quencheB accurately because of the many 
2-4 parameters involved. All we know is that a quench is a phenomenon! that 

turns part or all the coil normal. To derive our rules, we have developed 

a pessimistic quench theory, i.e. a theory where our simplifying approximations 

always make things worse than real life. For example, though heat conductivity 

helps both in reducing the temperature of the coil's hottest point and in 

decreasing the coil current by turning more of the coil normal, these aspects 

of heat conductivity are ignored. The requirements determined are more strin

gent, but the equations are simpler. It follows that a magnet may very well 

survive a quench if its quench circuit violates our requirements, but we are 

sure it is safe if its quench circuit abides with them. 

The theory relies on phenomena derived from basic principles only, 

such as energy conservation and Maxwell equations. Later on, we may acquire 

more confidence in some helpful phenomena that we are yet unable to describe 

accurately. Also, we may use ».wre sophisticated mathematical solutions. 

At that time, we intend to update our theory and derive less stringent rules 

based on less pessimistic assumptions. For the time being, in this paper, we 

take an extreme position in favor of security. 
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The maximum temperature which can be reached In the superconductor 

is a function of the integral current density squared with time. The 

maximum value for this integral which results in safe magnet operation 

Is about 10 A m B for copper based superconductor and about 4x10 A m a 

for aluminum baBed superconductor. The role of the bore tube is to reduce 

the current density in the conductor very quickly without inducing large 

transient voltages. The coupled differential equations which describe the 

coil-bore tube circuit are given in Section 4. A solution to these equations 

is given in Section S. This solution, which is simplified, shows that the 

bore tube does reduce the current in the coil very quickly. 

Sections 6, 7, 8, and 9 present the pessimistic approximation of 

the hot spot temperature in the superconducting coil. An external resistor 

is assumed. If the quench is detected quickly and the power supply is dis

connected, the pessimistic theory shows that high current density magnets 

with closely coupled bore tubes can be made to quench safely. Section 10 

takes into account the change of resistance of the bore tube with temperature. 

Sections 11, 12 and 13 show that for the same peak voltage across the coll, 

a varistor, which is a resistor with non-linear voltage versus current 

characteristics, causes the current in the magnet to drop even faster than a 

resistor with linear voltage versus current characteristics. The varistor 

will then result in lower hot spot temperature. 

Section 14 summarizes the rules for calculating the hot spot temper

ature using the pessimistic theory. Section 15 shows how the first-trial design 

parameters can be modified to ensure a safe magnet. Section 16 shows, by ex

ample, the design of a quench protection system that will result in safe 

quenching of the LBL A and B Magnets and the final TPC Detector Magnet. 
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For solenoids with an iron yoke, Sections 17 and 18 show the scaling 

laws for magnet safety. These laws act as quide lines for designing large 

safe magnets based on previous safe deBignB. In general, the following can 

be? said for magnet safety when scaling a magnet from one size to another; 

(1) If the magnet quenches safely at its maximum current, it will quench 

uafely at all currents lower than its maximum current. (2) For a given 

stored energy, fewer number of turns will result in Uwer transient voltages. 

(3) For a given hot spot temperature, bore tube tempeiature and transient 

voltage conditions, the current density in the coil must drop as the square 

root of the magnet stored energy. 



2* Problems associated with a quench. 

During a quench, one of the dangers Is burn out. A small piece of wire ends 

up collecting too much of the magnet energy and gets damaged hy overheating. It 

takes • finite tine to heat a piece of material to a given temperature with a Riven 

current density. A sure way to keep this phenomenon under control Is to make sure 

the current 1 in the coll is turned off quickly after the beginning of the quench. 

In section 7 and In ref. 5, it Is shown how an upper limit T.. for the temper

ature anywhere In the magnet coil can be derived, knowing the Initial current 1 

In the magnet, the wire characteristics and the effective time f 

Tj - / (i-) 2 dt (2.1) 

The smaller T, Is, the smaller T,, will be. If one makes sure that the coll J lim 
current 1 drops quickly enough as a function of the time t, the quantity T. 

computed by equation (2.1) is small and the corresponding T,. will be an 

acceptable value for the temperature. Therefore, anywhere In the coil, the 

teaperature will be less than T. and there will be no burn out. 

Another danger during the quenches comes from the voltages that 

are developed in the coil- They may exceed the value allowed by the insulation. 

The voltages developed between any two points of <-he coil are related to the 

change of flux 0. The total inductive voltage v. across the whole coil Is 

-cf <"> 
where n is the number of turns of the coil and $ the flux In one turn of the 
•agnet coil. If one makes sure that v is less than the value which the 
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insulatlon can withstand, we Insure the coll againBt damage from excessive 

voltage. For thiB purpose, the variations of the flux 4> have to be kept alow. 

In a magnet where the only contribution to the flux $ comes from 

the current 1, security against burnout requires short time constants but 

protection against excessive voltages requires long time constants. It may 

be Impossible to find a compromise between the two. 

If the magnet is a solenoid with an electrically conducting bore 
1-3 tube, then the current i can be turned off quickly to avoid burnout while 

3 the flux $ decays slowly because of the Induced current 1 in the bore tube. 

Thus the coil voltage can be kept small. There is no danger of excessive 

voltage in the bore tube either, because it is a coll with only one turn. 

Host of the energy will end up in the bore tube, but there Is no danger of 

overheating in the bore tube if its volume can absorb the total magnet energy, 

because a bore tube made of homogenous material will heat up evenly. 

3. The electric circuit. 

The diagram of fig. 1 respresents the electric circuit corresponding 

to the magnet coil, its bore tube, Its current supply and a quench protection 

circuit. During normal operation, the switch S is closed and the current 

1 - i flows through the magnet coil. There is no current in the bore tube 

because It is made of conducting, not superconducting material. 

When a quench develops in the magnet coil, we assume that it is 

detected soon after it has started and that an automatic device then opens 

the switch S disconnecting the power supply. The coil current i is first 

switched into the coil shunt shown on fig. 1, that, for the time being, we 

assume to be a pure resistance R . The resistor in the coil circuit 

provokes the decay of the current i, thus some decay of the flux $. The 
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d* change in $ Induces • current 1 In the bore tube circuit that limits TT. 

which in turn limit* the value of the maximum voltage v.. After a ahort while 
(ice aection 5, oq. (5.12) and fig. 2), the current 1 finds n new equilibrium anil 

decays slowly with 1'. Then, the ratio of the two current!! 1B given by 

. n R' 

where R is the resistance of the coil circuit and R' that of the bore Cube. 

If R' is small enough, the current i is small and the quantity T 

of equation (2.1) can be made acceptable. 

4. Basic equations after switch opening. 

After the quench has been detected and the switch S shown on Fig. 1 

is open, the relevant equations are the standard equations that described 

two systems magnetically coupled to one another. 

(4 .1 ) 
L £ + R i + M £ _ 0 

at at 

We define the quantity <l> (measured in amps) equal to the flux through the 

bore tube divided by the mutual inductance M. M is the scale factor that makes <fi 

comparable to the current i in the coil. The product n • • is the total number 

of ampere turns from all sources producing flux in the bore tube. The low resist

ance of the bore tube will oblige i|i to always vary slowly-
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• - j j ' f + i 

i' - £, <* - 1) 

(*.2) 

L 

T 

Time ennntant of mil ilnull If (<*.')) 
the bore tube were not conductin^. 

Time constant of bore tube. 

Ratio of time constants 

E ' l -LT7 
e is assumed to be small, less than a feu X. 

(4.4) 

(4.5) 

(4.6) 

(4.7) 

T' 4 * +*- 1 

ET' f-t+ (1+-^- "Oi - d - O * - 0 

(4.8) 

(4.9) 

Let us define t •= 0 as the time at which S opens. The initial condition 

at t = 0 are almost the same conditions as before quench. The fore, at 

t - 0 = 

i •= i 

i' - 0 

(4.10) 

(4.11) 

* - * o (4.12) 



5. Time evolution of the current lust after switch openinn with a resistor shunt. 

After the switch S opens, the Initial behavior of the current 1 

can be described by the solution of equations (4.8) and 4.9) with T and T' 

constant. Before nuch heat is deposited In the bore tube, its temperature 

la low and Its resistivity P' is essentially constant at low temperatures, 

wether it is nade of copper or aluminum (see fig. 3 ). Therefore R' is 

equal to Its minimum value R* . If the quench is detected soon, 

the coil resistance is still small just after S opens and the resistance 

of the coll circuit is essentially the resistance It „of the external shunt. 
ext 

> (5.1) 

If the external shunt is a resistor, the system of equations (4.8) and 
(4.9) lias two time constants given by 

T . I s 
R 

L 
R e x t 

- T „ ext 

T R* 
S L' . T' T R* 
S 

R rain max 

S,L max 2 I ' Q+ r 

T, 

1 + rT,min / W i _ 4 E!lii>in 
T l . . , " \iS V1 " ^T. 75 I (5 .2) 

min ; 

where r - V * B ! s i ! » i » (5.3) 
T«ax e l t t 

Our systems involve small e ' s , therefore the long time constant T and 

the short time constants T are given by 
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T a T ' +T s T' (1 + r . ) (5.4) 
L max ext max T,mln 

T, . - e x t m a x S E T ' -• It"1." < 5 . 5 ) 
'L M X l + rT.mln 

A« a function of time, the current 1 and the quantity ip are described by the 
sum of two exponentials as shown on Fig. 2. 

(- *-> (- f > t - i s e TS + th e T
L (5.6) 

(- f) (- f) * " * s e TS + * L e \ (5.7) 

L S T,mln 

T -T 1 . . _L—ext, a o ., „. 
* S °\-^S 1 + rT,»in ( 5" 9' 

• L " ^ ^ S 1 O < 5- 1 0> 

These formulae verify the initial conditions (4.10) and 4.12). Once the 
short time constant exponential has disappeared, 1 and I|I decay with the same 
time constant T. and they are bound by the following relations: 

1 + IT 

T. *t + t 2 o 
T dt + 1 + r_ 

_ _ (5.13) 
dt *" 
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Tbe T exponential is just a transient to readjust i to its equilibrium 

value given by (5.12), i.e. a response to the sudden opening of the switch S -

In the limit where r = 0, T is zero, and the current i drops instantaneously Erom 1 

to the value given by (5.12) at the time t " 0. This behavlm of the approx

imation E» 0 is also shown on fig. 2. Equation (5.8) SIIOWB that during the long 

time constant, the real current 1 is slightly Inferior to its value with the 

approximation e » 0 if r . is less than 1. 

6. Evolution when R' is not constant. 

When an appreciable amount of energy is deposited In the bore tube, 

the resistance R' (therefore —r) will start to increase. A look at equations (4.3) 

and (A.9) shows that even when R' is changing, iji will vary the tiree scale T', 

while 1 will readjust in a time less than £T' to a value such that 

(5.12) and (5.13) are verified. Now r is time dependent 

n 2R' n V 
rT--t— = R V - «•» 

c ext 
Since R , R and R' are time dependent resistances. With all these considerations c 
in mind, equations (5.IX) and (5.13) are still verified to a good approximation 

when r can no longer be considered as constant. Then, there are 
convenient variables to consider, E the electromagnetic entrgy, the energy 

em 
E„ dissipated in the coil circuit and the heat E„, deposited in the bore tube. It li 

E ^ i L * 2 (6.2) 
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^f + *r7^-° ( 6 - 5 > 
E„ and E u l are bound by the relation n n 

dE n 2 R' 
dEH, T R c + % x t 

These equation* are valid in addition to (5.12) and (5.13). 

7. Derivation of the burnout safety rule. 

During the quench, let's consider the temperature evolution of the 

hottest point of the wire at a given time. Its temperature T corresponds 

to an enthalpy h
u l r.(T) per unit of volume and to the resistivity p . (T). 

The current density is 

wire 

where A w l r < j Is the wire cross sectional area. h u i r e and P w i r e are averages over the 

wire material composed of superconducting filaments and of a matrix of, let's 

say, copper. If p is the resistivity of copper and r the copper to super

conductor ratio 
1 + r S C P , < P„ r (7-2) 

wire Cu r s c 

2 The current produces an amount of heat equal to P w i $ v i r e
 p e r u n i t 

of volume. Some of this heat is left on the wire element to increase its 

enthalpy h and some of that heat is conducted away. No heat is conducted inward 
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since the elenent Is the hottest point in the coll.' At that point 

'"'wire dT . „ ,2 ,. H

 1 4 r S C I2 , . .. 
dT dt "wire 3 wire pCu r_„ , 2 C 7 , 3 > 

S C wire 

Approximating the average enthalpy of the wire per unit of volume by the 

enthalpy of copper, we have 

l_ % . d T <
 1^SC_ _ L _ .2 „., 

wire 

Integrating (7.4) over tine from the beginning of the quench, we obtain as in 

ref. 5, an upper limit T,. for the final temperature of the hottest point of the 
wire. Tj satisfies the relation 

where 

F J <Tlim> " J < 7 - 5 > 

i 2 

J - ^ - T, ( 7 . 6 ) 

<>-a 2 
<lt (7.7) 

C J - : f f r J - A w i r e < 7- 8> 

r 
F. (T) - I — i 

J J Pcu crit 

d i dT (7.9) 
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T depends on the tine evolution of the current 1 after the beginning of 
the quench, C is a characteristic of the superconducting wire and F is 
a function of temperature and of the matrix material only. Different 
examples of functions F,(T) are plotted on fig. 4 for coppers of several 
resistance ratios 

P C u (273'K) 

At any point of the wire, the temperature is less Chan x computed 
using equations (7.5) to (7.9). If T, can be made small enough, T,, is 
acceptable and the burnout danger is avoided. 

Similar calculations can be made when aluminum based superconducting 
wires are used. The same formulae can be used, but F,(T) should be read from 
the curves of fig. 5 Instead. 

8. Approximations for the computation of T . 

The integral T, of equation (7.7) results from different contributions 

TJ ' ho + 4 TJ.S + fiTJ.L <*•» 

t is the time for the quench to be detected and for the switch S to open. Until 
t " t S o > the current i is essentially the sane as the initial value 1 . 
A T , , is the contribution made after the opening of S . neglecting the transient J, ** o 
response. It can be computed with the approximation 6 = 0 represented by (5.12), and 
(6.2) to (6.6). Aij _ is a correction due to the fact that e is not zero and i is 
not given by (5.12) during the short time constant exponential. 
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The computation of t„ involves a study of the quench detection that 

will be the subject of another report. An exact estimate of AT, and AT, 

requires an estimation of the coil resistance R , i.e.. a good description 

of the quench propagation. A pessimistic estimate Is obtained by setting 

Rc • 0 at all times. We will first prove that this approximation is 

pessimistic. 

Actually, we intend to show that an underestimate of the resistance 

R of the coil circuit leads to an overestimate, i.e. a pessimistic 

estimate of T . For AT, , equations (6.3) and (6.6) are valid. Therefore, 

dE„, ». _ V . R (8.2) 

R " Rc + Rext . 
If we know a real solution for a given R for each value of E„, we can 

consider the effect of a negative change in R just at one instant. The function 

/ R'dEH, t">d therefore E„,)will be smaller after the change of R as can be seen 

from integrating (8.2). Thus a larger fraction of the energy E Q will end up in 

the coll circuit. E„ will be larger at the end of the quench. Furthermore, 

o o o 

will be larger because R is smaller and because the range of Integration of 

E will be larger too. 

For the transient contribution AT, „, a look at equation (4.9) shows 

that a decrease in R, (i.e. an increase in r ) induces a less negative value 

for -r-, therefore larger values for i while ((i is not effected very much. 
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The contribution of the transient to T, will be larger if R is decreased 
during the transient period. 

In conclusion, the smaller R, the larger T,. Solving equations 
with R « 0 and R « R provides a pessimistic estimation of the burnout 
problem. Any underestimation of R will also lead to a pessimistic evaluation 
c£ the burnout problem, a property that will be used in section 11. 

When the external shunt is a resistor, there is an absolute relation 
between the energy E , dumped in the external (hunt and the quantity 
AT,'S after S is open J o 

Eext,f " Rext ' ± 2 d t * Re*t ^ J B + i lJ,L ) < 8" 4 ) 

Eext f 2Rext 
E " - f ^ J . S ^ J . L 5 ( 8- 5 ) 

o 

Since T, Is overestimated in our estimation, E . , is overestimated 

9. Estimation of A T . and I T . wheo R' - constant 

When the energy E stored in the magnet is too small to heat the bore 
tube to the point when R' is temperature dependent, then we can assume R' 
to be a constant at the same tine as we assume R„ - 0. Then, A T . and 

i 2 ATj can be computed by Integrating Cj-) with i given by expression (5.6), 
' o 

(5.8) and (5.9). The contribution of the long timr. constant is 

\y \ t A-Tc \2 T, T _ t . 
A T . p i _ t . S_] _La._ext 'T,mln , f 

J » L VV 2 VVV 2 2 1 + r T.»in 

T e x t - F - < 9- 2> 
cxt 
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n 2R* . . _ _ c "1" . fc—. (9.3) T.mln R „ R..f T* ^•3' 
ext ext max 

The correction due to the short time comtant exponential amounts to 

"j.."/[4j is^.±±J'k r e S + » _2—ii e
 l

s 

1 * 
dt 

ET .. 1+Ar, . 
m_**t I^min.^ ( 9. 4 ) 

< 1 + rT,»ln> 

A T „ is Important with respect to A T , .of (9.1) only if r is small 
of the same order as e. Then 

A T J > S * ^ H £ ( 9. S) 

When the energy E in the magnet is large enough to heat the bore 
tube to a degree where R' is no longer a constant, the variation of R' ls 
Important only after the transient is over. Therefore expressions (9.4) or (9.5) 
can be kept for the contribution of the short time constant. 

10. Computation of A T , when R' is not a constant 

The effect of the changing R' is felt only after the transient is 
over. We can use the approximation e • 0, therefore equation (8.2), in ad
dition to the approximation R - 0. Since the total energy E dumped 

In the shunt is the same as the total energy £„ . dumped In the coil circuit, 
H,r 

we can write a relation between E , and the total energy E„, , dumped in the 
exc,E n ii 

bore tube. 
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V . f 
Eext.£-EH,f" | d EH-^7 / R* d V 

0 
(it D n V ,' H ' l (it D n ) ' r £ 

- - v n r T > ' d EH' " — T T f - j p ' d h' < 1 0- 1 ) 

ext J o e x t 0 
where D Is the diameter and V the volume of the bnre tube, p' Its re
sistivity and h' Its enthalpy per unit of volume 

E H ' h' - y T - (10.2) 

We define the function O'(h') of the bore lube material. 

dh' (10.3) COi') - fp' 

G'(h') can be plotted on a graph such as fig. 6. Equation (10.1) 
shows that there is a point on the curve G\h') with coordinates h' and G' and 
such that 

G^ - G'(hp CO./,) 

E R , ext,f ext 
(tr D n c ) ^ 

EH'f 4 " - ^ (10.6) 
Since the energies dumped in the shunt E _ and in the bore tube E , 

add up to E at the end of the quench, E being the total system energy. 
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(ir D n y 
E o - v ' h f + - R — — c ; (10.7) 

"f , G i h1 + F _ 

max max 
(10.8) 

where (10.9) 

E R ^ o ext 
(* D n ) 2 

R . V 
p. __e*t 
Mext . _ .2 (71 D n ) c 

p' h* H«xt max 

(10.9) 

The point of abscissa hi and ordinate G' lies on the straight line 

drawn between the point of abscissa h' on the h' axis and the point of 
r max r 

ordinate C' on the G'axls on fig. 6. The intersection of that straight line max 
with the curve G'(h') corresponding to the actual bore tube material has the 

ordinate Gl. This is a procedure to find Gi. Then, using (8.5) and (10.5), we 
* 

get the relation between AT. , and the estimate of E - with the assumption 

£ » 0, i.e. with the assumption AT » 0 

AT J,L 2 Rext Eo 
<™n cr 
R .... Gf 

Text Gf 
G' max 

ext 
2 

h' -h' 
-P_f. (,o.jl) 
max 

Examples of functions G'(h') are plotted on fig. 7 for aluminum 

bore tubes of several resistance ratios 

p'(273'K) „ p' (273°K) 
*R P'(4°K) p;m 

(10.12) 

For magnets without a conducting bore tube, we set V' * 0. Therefor*' 

AT, (10.13) 
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11. Use of a "varlstor" in the shunt. 

After the switch S is open, the maximum of the current i in the 

coll occurs in the beginning, when i - i . That is also the maximum value 

of the current in the shunt. LetT/fi) be the voltage characteristics of 

that shunt, the voltage v accross the coil is at all times 

v c-\>{i) (11.1) 

The maximum voltage accross the coil is the voltage at the beginning 

v -ifCi ) (U.2) 
c,max w o 

If the shunt is a resistor, as we have considered so far 

T X « - R e x c i <"-3) 

v - R _ i (11.4) 
c.max ext o 

R cannot be chosen as large as one would like because the voltage 

v given by (11.4) cannot exceed the maximum value allowed by the in-c,max ° ' 
sulation. There is a maximum value for R from voltage limitation. On the 

other hand, the prevention of burnout may require a high value of R . A 
ext 

suitable compromise may be hard to find. 
It is interesting to notice that the largest voltage occurs just after 

S Q opens, during the transient period. Ontlie other hand, the largest contribution 

to T (nost likely Ax ) occurs after the transient is over and when the 

current is already substantially reduced. It makes sense to look for shunts 

that would decrease the voltage and Increase T during the transient period 

when the voltage is the problvni. This shunt should do the opposite later on 
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when T, Is the problem. These shunts would have non linear characteristics, with 
a large resistance at low current and a small resistance at higher current, i.e. 
during the transient period. Such shunts can be made out of thyrltes. They arc some
times called variators. They have a more or less constant voltage for a rather I arm-
range of current. 

The voltage characteristics of a varlstor made out of thyrltes Is shown 

on fig. 8. It can be approximated by the function 

•UT(1) * • l b (11.5) 

with b • 0.2 to 0.25 (11.6) 

An exact solution for 1 Is difficult to obtain. We will make a pessimistic 

approximation, reducing the resistance R of the coll circuit as we did in Section S. 

The characteristics of the varlstor will be first modified into a straight line 

crossing the origin and a point of 1* and of ordinate v* on the real varlstor 

characteristics (fig. 8). For 1 < 1* we will take 

itfl) - £ 1 (11.7) 

The value 1* 1% an arbitrary value less than 1 , but 1* must be larger than any value 

of 1 after the transient is over (see Section 13 for a method to check the validity 

of that statement). Under this condition, the approximation (11.7) of the ch.irjc-

teristics leads to a pessimistic estimation of A T , L - The procedure of Section 10 

and formula (10.11) to estimate AT, can be applied pessimistically, making the 
identification 

R.xt " T* ( a - 8 ) 

The choice of i* may have to be revised later in view of the consequences, 

aa It Is explained in Section IS. For a first trial, one may try 1* • T or T 1 Q. 

Note that, since 1 * < 1 , we have 

vc.-ax " T K V < Rext *. (11.9) 
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Therefore, there is less voltage on the coil if we use the variHtor than If 

we use a resistor of resistance R In the shunt, i.e. fur the Suiue value 
ext 

of Ai . That happens because the varistor maintains the voltage across 

the coil near maximum value. I.e. maximum ef f h 1 eiu-v at all times, not only 

at the heginninj; of the quench. 
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12. A T , with a varistor 

The transient is different from (5.6) though, it may correspond 
to a larger value of AT than the expression (9.4) since, now, the 
resistance IT/I is smaller than R in the beginning of the transient. 
We define, as in (5.8), 

1, • 1 S ^ 1 - • R \ . - (12.1) 
L ° 1 + rT,min 1 + !ext_T_ 

L 
using (9.3) and the value of R given by (ll.8 ). The value 1, of (I 2- 1) 

lc about the value reached after the transient period once the approximation 

\9iii - R e x t 1 0 2.2) 

Is assuaed. During the transient period, the current i and the voltages change 
froa the valuer, (i , iX^- )) to (L ,R i ) following the varistor characteristics 
We will now make a second assumption, even more pessimistic, that the character
istics will follow a straight line between the point (1 , V (i "> and the point 

o o 
( i [ / K , . x t ij ) during the transient period (fig. 8). 

v - R i, - R, , „ (1 -1,) c ext L transient o L i (12.3) 

„ \ Rext *L , "transient " ' V 
R * i " i i 

vhcre 

"\?fi ) - R i, 
R .LLSL £*£_Ji (12.4) transient i - i, o l. 

file:///9iii
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Then, we have to replace — In equation (4 .9) by 

r T T _ L L l L i U K " ' 3 ) 

ij) itays around its Initial value 1 , therefore 

ET' % + 1 + *e" T' ' L + V"«*"« '' ( 1. t > a t ( 1 2. 6 ) 

at. 1. L L O 

d(l-i,) R, . . T' 
6T' -jj-t- + (1 + »«"•*«* ) (i-lL) -

R _ i, T' S . t' 
- 1 - 1, - e X t /• i - i, ( H - - 5 ^ ) " ° ( 1 2- 7> 

o L L o t L 

Using (12.1) as an expression for i L 

The transient can be approximated by 

1 ° *L + 1+r _,_ 6 S ( 1 2 - 8 ) 

T,min 

ET' 
where T S?5 (12.9) 

. max 

transient R^ . 
transient 

(12.10) 

«...-fM-m dt -
T„ 1+4 r . 
J T.mln ( 1 2 U ) 

< 1 + r
T, min> 
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AT . _ contains the factor e. through the tern x . It is important 

in comparison with Atj L only if ilj L ia small, therefore if r T > m i n is 

•mall. Therefore , when it is important, 

.̂•'? % ^̂  
2(1+ - ^ » 

13. Maximum current after transient In the varlstor case. 

He have to aake sure that the approximation of being linear as expressed 

by (11.7) la Indeed a pessimistic approximation after the transient. Then we can use 

formula (10.11) for a pessimistic estimation of A T , .as it was assumed to be in 

section 11. Suppose that, for the approximated solution using (11.7), the current 

never reaches the value i* after transient. Then the approximated resistance R 

of (11.8) is always less than the real ratio 1?fi)/i occurring in real life with 

the varistor. By the same argument as the one used in section B, one shows that 

the real current i is smaller than the approximated one, that it never reaches the 

value i* either, and that the real AT Is less than its approximation (10.tl). 

Now we have to find out if the approximated current i ever reacheB the value 1* 

onre the transient is over. 

After the transient is over, equations (5.12),' (5.13) and (6.4) 

are valid. 

1 + r T . . ^ . 

dt T'(l+rT) " 
4 . R -i i _ -i m ext 

r,-T' ' . . L T ext 

dE..' L* 2 
2 2 

* * R .. i R .. i ext ext ext 
d t T'(l+r T) 2 f r T

2 

(13.1) 

(13.2) 

(13.3) 
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Dlfferentlating (13.1) with respect to time, we get the following 
relations at the maximum of i, 

(13.4) 

dr.' 

£-• 
dj/ i d r T 
dt ' " 2 dt " ' 

T 
i d f T 

r T
2 d EH« 

R i 2 

ext i 3R , ext 
3 

rt 

when 

#r- (13.5) 

Comparing (13.2) to (13.5), we find that the maximum of i occurs 

3 
r- 2 

Li (13.6) 
dE H, 

In order to find out if i exceeds i* at its maximum, we compute 
the value h 1* of h' that would correspond to a maximum of i equal to i*. 
From h'*, we can compute the corresponding total energy E* in the system. If E* is 
found larger than E , the hypothesis i » i* leads to an unphysical result and is 
cousequently wrong; i will not exceed i*. With our approximation ;i2.2), the 
current i will exceed 1*. however, if E* is smaller than E . To find h'* we define 

R _ V G' ext max .. - 7* 
2 = h , U-J. I) 

(nB n ) max 

g ' * - ^ p £ (13.6) 
and the function g'(h') such that 

1L 3 

3' 
dh" 

B'Oi') - -jgr (13.9) 
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Examples of functions g'(h') are plotted on fig. 9 for aluminum 

bes and several resistance ratios r '. The ma 

i* if the corresponding value h'* of h' is such that 

bore tubes and several resistance ratios r '. The maximum of i occurs at 

p ' 3 . P - 3 V 2 R' 3 

dV 
V siflJ-

d E H , V'(lTO)* 
d S ' 
d E H > 

V* M 1 *' V'R „ Z 

ext 
L i * 2 

( ID) 4 w) ^ 
d E H , 

( i r D n c ) 4 

L i * 2 

•d ^ = g . * 
yl S * 

(13.10) 

Therefore h'* can be read on the relevant curve on fig. 9 once g'* is computed. 

It is the abscissa for the ordinate g'*. From h'*, we can determine the 

corresponding value p'* of the resistivity p' on fig. 3 and G'* = G'(h'*) using the 

proper function G'(h'*) on fig. 6 or 7. The total energy E* in the system is given 

by the sum of the energy E„, in the bore tube, E in the shunt and E 

the electromagnetic energy. 

E
Ht • V'h'* (13.11) 

M ! . Mil hA2 Li*2 /, + 'extf E em (13.12) 

r 2 C*I>n > 2 , 
E e x t " R e x t | 4 d t " T " 5 - G ' ( h ' *> * fr- G'* < 1 3 " 1 3 > 

J ext "ext 
Using (13.3) to rtptace i in the integral. 
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The condition of validity for the choice of 1* on the varlstor characteristic 

amounts to 

g*.!iL + [ * * + ! . > , ( 1 3 . 1 4 ) 

o o o o 

h'* . G'* F - G1" max max 
,1*,2 /. . °extV h' + a1- + <&' I* + TOT ) > 1 (13-15) 
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14. Summary of the rules and calculations. 
All symbols are In the MKS system of units. 

a) Magnet parameters. Section 
2 A . - cross sectional area of wire (7.1) meters 

C, - a constant that is characteristic of a particular type wire. See(7.8) meters* 

D « diameter of bore tube (10.1) meters 

E - electro-magnetic energy (6.2) MJ 

E f * final energy dumped in external shunt (8.4) MJ 

E„ = heat deposited in coil circuit (6.3) MJ 

E , = final energy dumped In coil circuit (10.1) MJ 

E , = heat deposited in bore tube (6.4) MJ 

E ,. - final heat deposited in bore tube (10.1) MJ 

E = total system energy (10.7) MJ 

E* - total energy In system supposing the current 1 Is maximum (13.14) MJ 
when 1 - 1 * 2 4 

F (T) = enthalpy integral of conductivity for matrix material (7.9)A sec/m 
Fj(T l l m) = value of Fj(T) at T - T ^ (7.5) A 2sec/m 4 

2 2 G'(h') = enthalpy integral of resistivity for bore tube material (10.3) v sec/m 

G't = value of G'(h') for h' - h'f (10.4) v 2sec/m 2 

2 2 G 1 = maximum possible value of G 1, had all energy ended In external (10.9) v sec/m 
resistor 

g'* « quantity defined by (13.8) 
3 

h = enthalpy per unit volume of copper only (7.4) MJ/n 
3 

h - enthalpy per unit volume of the wire (7.3) MJ/m 
3 

h' - enthalpy per unit volume of bore tube material (10.2) MJ/m 
3 

h' = final enthalpy of bore tube (10.6) MJ/m 
3 h' = maximum bore tube enthalpy possible if all E ended in bore (10.9) MJ/m max t o tube 
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(13.10) MJ/n 3 

(2 1) A 

(5 6) A 

(2 1) A 

(5. 6) A 

h'* • enthalpy of bore tube if and when current maximum is i* 

- coil current at any instant 

• initial value of long time constant contribution 

- current in coll at time of opening switch 

- Lnitiul value of short time constant component of 1 

• a selected current to help approximate varlstor characteristic.(11.7) A 
1* is arbitrary within limits (see section 13) 

* current in bore tube as a function of time 

= time integral of the square of the current density 

j . * current density In wire wire 

= inductance of coil circuit 

L* •= inductance of bore tube circuit 

H « mutual inductance between coil and bore tube 

n • number of turns In coil 
c 

R - resistance of coil circuit {R«R+R ,. (8.2)} 
c ext 

R • resistance of coil alone - a function of time c 
R * external resistance of the shunt 

R . " slope d T^/di of varistor characteristics in thi> approximation (12.3) ft transient u g e < J f o r t h f i t r a n s i e n t ; 

R' - resistance of bore tube 

R' . * minimum resistance of bore tube mln 

(3 .1) A 

(7 .6) 

(7 .1) A/m2 

(4 .1) H 

(4 .1) H 

(4 .1) H 

(2 .2) 

(3 .1 ) ft 

(6 .1) n 
(5 .1) a 

resistivity ratio of matrix material at 273°K/4°K 

ratio of copper to superconductor (by volume average) 

T/T' 

R 
rsc 
r T 
r . = ratio of T /T' T.raln ext max 

D'273°K = resistivity ratio £ — ; of bore tube material R 
S = switch name 

temperature of hot spot of wire 

(3.1) a 
(5 .1) a 
(7.10) 

(7 .2) 

(4 .5) 

(5 .3) 

(10.12) 

( f i g -1 ) 

(7 .1) °K 
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lin 

So 
V 

v* 

A T , 

J,S 

AT 

e 

PCu 

wire 
p" 

P' Hext 
p ; i n 

T 

transient 

highest possible quench caused temperature for hottest spot 
in the coil 
independent variable time 

time for quench to be detected and S to open 

volume of bore tube 

varlstor voltage at any instant 

coll voltage at any Instant 

maximum coil voltage 

inductive voltage across the coll 

varistor voltage corresponding to current 1* 

real volt-amp characteristics of varistor shunt 

effective time (after S opens) of current flow 

effective time after S opens (neglecting short transient) 

effective time correction due to short transient 
M 2 

1 - rrr • ratio of leakage inductance to L 

resistivity of copper 

resistivity of wire (average for superconducting and matrix) 

resistivity of bore tube material 

a fictitious bore tube resistivity representing the external 
resistor in the approximation £ • 0 
minimum resistivity of bore tube « resistivity at 4°K 
L/R time constant of coil circuit If bore tube were not 
conducting 
L/R „ time constant of coil circuit If coil resistance R -0 exf c 
effective time of current flow in coil after quench 
(depends on time evolution of current) 

long time constant 

short time constant 

time constant produced by element R . 

(2.1) °K 

(2 .1) sec 

(8.1) sec 

(10.1) 3 
m 

(12.1) V 

(11.1) V 

( U . 2 ) V 

(2 .2) V 

(11.7) V 

(11.1) V 

(10.13) sec 

( 8 . 1 / sec 

(8 .1) sec 

(4 .6) 

(7-2) ft-m 

(7 .2) fi-m 

(5 .1) JJ/rn' 

(10.9) fi-m 

(10.12) S2-m 

(4 .3) Bee 

(5.1) sec 

(2 .1) sec 

(5.2) sec 

(5 .2) sec 

(12.10) sec 
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T 1 - L'/R' time constant of bore tube (4.4) sec 
t1 - L'/R', (5.1) sec 
max min ' 

<|> • magnetic flux through one turn of magnet coil (2.2) 
t|/ - flux in bore tube divided by M (4.2) A 
i|i * initial value of long time constant component of ij/ (5.10) A 
i|/_ " initial value of small time constant component of (// (5.11) A 
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wire - it D n 
c , 

max - L V* 
max -

I2 o' wire Kmln I2 o' wire Kmln 

Text • L 
R«xt 

P' - R.xt V" 
I 2, wire 

T.ain « Mext 

v 
c,max 

- R » i if i ext o 

b) Computed constants 

c T --nr-A 2, (14-D 
J 1 + rgc w i r e 

(14.2) 

(14.3) 

(14.4) 

(14.5) 

(14.6) 

i (14.7) 
" U(i ) • voltage given by the varistor characteristics if 

varistor is used 

it- io5r~- <"- 8 ) 

T,nin 

. Ve,max~ Rpyt_ h > 
transient i - ir

 l " ' " o L 

used (14.10) 

(14.11) 

(14.12) 

(14.13) 

(14.14) 

^transient transient 
if varistt 

E o 2 L *o 

h' ^o 
max V* 

G' 
max 

- P' h' "ext max 
E R .. o ext G' 

max 
- P' h' "ext max (iTDn c) 2 

B** '„«*! D.2 V Pext 
Read from fig. 9 
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c) Functions to be plotted or to select on fir.-V 4. 5. 7, 9 or 3 

F J < T > - / | d T d t < " - 1 5 ) 

C'Cn') - f p' dh' (14.16) 

o'3 

' ' ( h , ) " ~~dp'~ < 1 4 - 1 7 ) 

uV 

p'(h') (14.18) 

d) Checks and rules 

1) Is v __ acceptable? 
c,max 

2) If varistor is used, check that i < i*. 

3) Determine h'* such that 
g'(h'*) - 8'* from fig. 9 (14.19) 

Then p'* - p'(h'*) from fig. 3 (14.20) 

G'*-G'(h'*) from fig. 6 (14.21) 

o max max \ °/ \ J 
E* Is — larger than 1? 
o 

If yes, the point (i*v*) on the varistor characteristics is good for a pes

simistic evaluation of A T , .. If no, another point with a higher i*, m. v 

have to be chosen (see subsection 15c). 

c) Determination of A T and ti,\ 

On the graph showing G'(h') fig. 7 for aluminum bore tube, draw the straight line 

between the point of abscissa h' on the h' axis and the point of ordinate G' on the 
max max 

G'axis. Read the coordinates h' and G, of the intersection with curve G'(h') 
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Compute 

J.L 2 ^173 2 \ hmax/ •ax 
If resiator la used compute 

C T « t 4 T J > s - - p <1«.M> 

If a variator is used, compute 

ex' 
AT 

J , S
 2 ( 1 + IE§*_) <W-"> 

transient 

f) Burnout condition 

b w i L S t S o , a T j s and 4 T J L , 

compute 

T J - « S o + 4 T J S + 4 T J L ( 1 4 > 2 6 ) 

J f - - 2 ^ (14-27) 

Read T.,. such that 

F j<W- J f < 1 4 - 2 8 > 

T.. is an upper limit for the temperature in the coil. Is it acceptable? 
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g) Further checks 

1) The energy in the shunt will be less than our approximation E ., which 
la such that 

o ext 

Is thiB amount of energy acceptable for the shunt? 

2) Since our approximations overestimate E , (see Section 8 and 

equation (8.3) for justification), the energy E„, is underestimated by 
H 

E„i .. However, 

E H . < E o (14.30) 

i.e. h' < h' (14.31) 
max l ' 

On fig. 7, there is a temperature scale for h'. From this scale, 

one can read a maximum temperature T! . for the bore Cube, the 
11m 

temperature corresponding to h' 

h™- h , ( Tii»> <"•"> 

Is T' acceptable? 

15. Revision of desipn parameters. 

a) If the rules expressed in subsections 14d 1), I 4d 2), 14d 3), the 

burnout condition 140 and the checks of 14g 1) and 14g 2) are satisfied, 

the magnet is really safe against burnout. Since our theory is pessimistic, 

the temperatures will be lower than computed here. 

b) If condition 14d 1) is violated another shunt with less voltage for the 

current i is needed, a lower resistor or a different varistor. 
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c) If a varistor is used and checks of subsection 14d 2) or 14d 3) are not 

O.K., the circuit nay still be acceptable, but the choice of the point (i*v*) on 

the varistor characteristics may have been unfortunate. Another choice with a 

higher value of i*. but still smaller than i , can be made. If all the checks 

arc O.K. with any choice of (i*v*), the magnet is safe against burnout. 

d) If • varistor is used and if the burnout condition of 14 f) shows that 

T, Is not acceptable, things may still be O.K. if another choice of (i*v*) is 

Bade on the varistor characteristics. The next choice should correspond to a 

lower value of 1*. 

e) If i* cannot be increased because of the result of 14d 2) or lAd 3 ) , or 

if i resistor is used, a violation of the burnout condition 14f imposes another 

revision of the circuit parameters. Another shunt with more voltage for the 

sane current may be considered. 

f) An increase in shunt voltage is oF course possible only until the 

condition of 14d 1) is violated. Then, to abide with our rules, either the 

number of turns n should be decreased or the volume of the bore tube V' should c 

be increased. Of course, if n is decreased, 1 and A . has to be increased 
c o wire 

by the same factor to maintain the same field and current density in the magnet. 
(Sec scition !F».h) 

g) If the check of subsection 14g 2) is not O.K., the volume of the bore 

should be increased. 

h) If K g 1) fails, the shunt capacity to take energy should be increased 

or, again, n could be decreased or V' increaseu. 

k) Of course, if the magnet parameters violate our rules, the magnet may 

still he O.K. Our estimations are all pessimistic. It may be wise to first try a 

very simple quench protection circuit and to test the magnet non'destructively 

using the method of ref. 5. If necessary, the quench circuit can later be made more 

sophisticated. 
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16. Application to two examples of magnets protected by varlstors. 

Magnet Colls A and B 3,4 TFC Magnet 

D 1.05 
V* 0.020 
rR' 

p
mln 

14 
1.62xl0-9 

rR 73 
rsc 1.0 

7.8xl0"7 
Awlre 

1.0 
7.8xl0"7 

n c 1667 
L 1.89 
e 0.022 
1 o 670 
'to 28 ms 

varistor element 69 W 60100 
n„W/ of elements in series 1 
n. »{ of elements in parallel 8 

i* 224 
V* 1344 

C, - A 2. r /(1+r J wire sc sc ) 3xl0" 1 3 

SL , -nD n wire c 
X - V'/l*. 

wire 

5500 
6.6xl0 - 1 0 

T' - LX/p", max 'min 0.69 

o o 420KJ 
21 MJ/n3 h* - E /V* 

max o 

420KJ 
21 MJ/n3 

T' - h'-l(h' ) 11m max 75*K 
R « v*/i* 
ext 

6 a 

T e x t / 2 - L / 2 R e x t .157 
4.0xl0"9 

pext " A Rext 
.157 
4.0xl0"9 

rT,min " Pmin pext 0.46 
*L = V t . m l n " rT,min + 1 ) 211 
! , < ! * ? yes 

2.09 
0.22 

14 
1.8xl0"9 

73 
1.65 
2.4xl0 - 6 

2000 
4.92 
0.0105 
2115 
18 me(44ms) 
68 W 60100 
6 
30 
400 
4000 
3.6x10 
13100 
1.28x10 

-12 

-9 

3.5 
11 MJ 
50 MJ/m 3 

110*K 
10 fi 
.246 
1.28x10" 
0.142 
263 
yes 

(continued) 
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Hagnet Colls A and R TPC Magnet 

G' - p' h' max ext max 
v - Uti ) max v o 
Rtrans" < VMx" ,ext iL > / ( ?o lL> 
r " R T* /L T,trans trans max 

a'* -Mvj( i*p' c x t ) 2 

P'* 
G'* 
h'*/h' 

max 
G'*/G' 

max 
o P' /p'* 'ext v 

(l*/lo)(l+p;xt/p'*) 
same thing square 
E*/E o 
E*/E > 1 ? 

AT,, •= (T „/2)(G;/G' ) JL ext f max 
A TJS ' Kax'^T.trans* 

r E - 2<Ax J L +A l j s)/T e x t 

Tllm " r'<-» 
Eext.f " Eo rE 
E«t.f'<»/ "s> 

.084 

1800 
i . i 6 a 
.42 

,-H 

.-9 

7.6x10 
1.8 MJ/m3 

2.13x10' 
.005 
.09 
.06 
0.33 
1.86 
0.96 
0.91 
1.06 
yes 

13 MJ/m 
.032 
59 ms 

5 ms 
92 ms 
.41 

1.50x10 

1.38x10 
320°K 

171 kJ 
21 kJ 

18 
.17 

•10 

0.64 

5800 
1.71 a 

1.21 

5.9x10 
20 MJ/m3 

4.0xl0~9 

.057 
0.40 
.09 
0.189 
3.2 
0.79 
0.63 
1.12 
yes 

38 MJ/m3 

.148 
57 ms 

8 ms 
83 ms (109ms) 
.26 

1.24xl018 

„17, 1.03xlOr'(1.35xl017) 
180°K (300°K) 

2.9 MJ 
16 kJ 

Magnet O.K. ? yes yes 
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17. Dependence on i . 

Consider a magnet with an adequate quench circuit designed according 

to the rules of section 14. The design value of the current is i . and the 

magnet is safe for quenches when the current is i .. When the current is 

being turned on, the magnet may quench before the current reaches the design 

value i ,. Therefore, the quench circuit has to be adequate also when the 

current has any value i < i ,. This may look as an obvious property of the 

quench circuit. We are, however, giving a full justification hereafter. 

Following the checking procedure of section 14 for i < i ., we will 

compute new values for E , h' and G' . They will be reduced by the factor 
o max max 

2 
(i /i .) . G', determined on a graph such as fig. 6,will be smaller than for 

2 i ., therefore f AT, , will be smaller too. AT,_ will be the same for a od o J,L JS 
resistor in the shunt (equation 14.24) and smaller for a varistor. Our ex-

2 4 perience with induced quenches ' shows that tg Q increases when i decreases, 
2 but i t still decreases. It follows that J. of eq. (14.27) is smaller o so t 

for i than i ,. For a varistor, E* will be the same. Therefore the test o od 

smaller whether there is a resistor or a varistor in the shunt. It follows 

thot- the quench circuit and the magnet satisfy the rules of section 14 for 

any i < i . if it satisfies them for i .. J o od od 

Below design value, the protection against destruction is actually 

easier than at design value. Probably, one can often design a simpler quench 

protection circuit that would satisfy the requirement of section 14 for a current 

i = i < i , but that would not for i = i ,. That simpler circuit can safely o om od o od ' 
be used to test the magnet up to i . Since our requirements of section 14 

are pessimistic, the simple quench circuit may happen to be adequate for quench 

protection also when i = i ,, in spite of the fact that it violates the rules of r o od 
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of section 14 for i = i .. To find out if such is the cast-, one can use the testinc od ^ 
procedure of ref. 5, first inducing quenches with currents less than i 

and augmenting the current step by step untill the burnout limit of ref. 5 

is reached. If that limit is above 1 ., one ends up with the simpler 

quench circuit and it is safe. If the burnout limit of ref. 5 is below 1 , 

then one may have to return to the sophisticated original design of the 

quench circuit. 
18. Solenoids with an iron yoke. 

If there is an iron yoke, the formulae for infinite solenoids can be applied, 

a) Scaling in size. 

It is possible to build solenoids with the same field, different diameters 

D, different lengths l but with the same values of T,,_, T" and v according 
11m llm c,max 

to the procedure of section 14. As a function of the two variables D and 1, It 

is sufficient to scale all the parameters according to the following rules. 

Thickness of the bore tube 

Number of turns « 

Current = 

External resistor -

Self inductance = 

External time constant = 

Total energy 

h' , G' and therefore Gl and hi are the same max max f f 

We assume that the quench detection is set in such a way that t. scales like 
2 AT , i.e like D . 

e 1 - D (18.1) 

n ~ constant c (18.2) 

i ~ J, o (18.3) 

R ~ 1/5. ext (18.4) 

L ~ D2/J. (18.5) 

T ~ D 2 

ext (18.6) 

E„ ~ D2d (18.7) 

same. 

ATj ~ D 2 (18.8) 
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The product 1 2T T ~ D2Jt2 (18.9) 
o J 

To get the same T, . , J- should be the same and C, needs to scale 11m I J 
2 2 like D £ The simplest way is to keep r constant and scale A . like 

Di. This way the current density in the superconductor varies but it may 

not matter. To keep the current density the same, one has to vary A . and r wire 
r such that 

C, - ~— A 2, ~ U 2 i} (18.10) 
i l+r B C wire 

i d+r ) 
1 - — : ~ constant (18.11) sc A . wire 

Of course, if one has to redesign a magnet and change its diameter or 

its length, the rules for scaling above may not necessarily lead to the best 

design, but they provide an easy solution. 

W Change l n t>c 

For a given D, i, and field B the number of turns n is a design parameter that 

can be varied to adjust v and i without changing G' . h' and therefore c.max o e. e> m a x ' m a x 

Tlim a™ Tlim' "*e corresponding scaling has to apply. 

i ~ 1/n o c 

A . ~ 1/n wire c 
For a resistor 

R ~ n 2 

ext c 
For a varistor, the number of elements in parallel "- 1/n 

in series — n 
i * ~ 1/iic 

v ~ n c,max c 

C J ~ 1 / n c 2 

v • i ~ c,max o 
2 R ,. i ~ constant ext o 

T - i 
ext R 

ext 

~ constant 

(18.9) 

(18. .10) 

(18. 11) 

(18. 12) 

(18.13) 
(18.14) 
(18.15) 

(18.16) 

(18.17) 
(18.18) 
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c) Determination of T, . 
lim 

For a solenoid with an iron yoke, h' , G' and T amount to ' max max ext 

T . L 2 E o . B* ED 2
 m B 2 D 2 (18.21) 

e X t Rext R . i 2 16X10"7 R . i 2 32«10"7 G' 
ext o ext o max 

From h' , G' and a graph like fig. 6, we can determine G' and therefore max max f 
the AT., of (14.23) to (14.25). From them we determine T,, using (14.26) J s 11m 
to (14.28). 
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