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Abstract 

The effects of the 4f shell of electrons and the 
relativity on valence electrons are compared. The effect of 
.4f shell (lanthanide contraction) is estimated from the 
numerical Hartree-Fock (HF) calculations of pseudo-atoms 
corresponding to Hf, Re, Au, Hg, Tl, Pb and Bi without 4f 
electrons and with atomic numbers reduced by 14. The 
relativistic effect estimated from the numerical Dirac-
Hartree-Fock (DHF) calculations of those atoms is comparable 
in the magnitude with that of the 4f shell of electrons. 
Both are larger for 6s than for 5d or 6p electrons. The 
various relativistic effects on valence electrons are dis
cussed in detail to determine the proper level of the 
approximation for the valence electron calculations of 
systems with heavy elements. 

An effective core potential system has been developed 
for heavy atoms in which relativistic effects are included 
in the effective potentials CEP). The EP's are based on 
numerical Dirac-Hartree-Fock calculations for atoms and on 
the Phillips-Kleinman transformation with other aspects 
similar to the treatments of Goddard and Melius and Kahn, 
Baybutt, and Truhlar. The EP's may be written 
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where |£jm> is a two-component angular basis function that 
is a product of a two-component Paul! spinor and spherical 

EP harmonics. The numerical functions U..(r) are approximated 
as expansions in terms of Gaussian or exponential functions. 
The use of these EP's enables one to use the jj-coupling 
scheme for subsequent applications in all-valence-electron 
calculations on heavy atoms and their molecules. 

A standard atomic SCF program has been modified to 
accommodate these EP's and Gaussian and exponential basis 
sets having the proper j-angular dependence. Energy levels 
for many atomic states of Xe and Au were calculated. The 
study of Xe excited states indicates that the spin-orbit 
splittings are reasonably approximated and that th*; numerical 
DHF calculations are adequately reproduced. Au has been 
treated as an atom with 1, 11, 17, 19, or 33 valence elec
trons to investigate the effects of re-definition of the core. 

Application of EP to the molecular calculations is 
also discussed. 
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I. INTRODUCTION 

The elements following the lanthanide series exhibit a 
number of unusual properties in relation to trends from 
lighter elements in the corresponding groups of the periodic 
table. The main causes for these anomalies are prcbably the 
introduction of a filled f-shell with 14 electrons and the 
substantial increase of relativistic effects due to the 
larger nuclear charges. Since results of electronic structure 
calculations of atoms are available in various levels of 
approximation with and without relativistic effects, it is 
possible to compare these effects on atoms. These effects 

on valence electrons are studied in the following chapter 
1 2 from non-relativistic Hartree-Fock ' fHF) and relativistic 

Dirac-Hartree-Fock (DHF) calculations. 
The results of the above study indicate that many 

properties of molecules with heavy atoms may not be properly 
calculated unless relativistic effects are included. All 
electron self-consistent-field (SCF) calculations of those 
molecules, however, have not made even without relativistic 
effects due to the large number of two-electron integrals 
that arise. With the exception of the H_ molecular ion, 
relativistic effects on molecules have no'* been calculated 
in the full SCF level although the formalism has been ' 
developed by Malli and Oreg. Actual calculations including 
relativistic effects have been performed using various levels 

. . <. . 6 . 7 
of approximations, such as single-center expansions, ' 
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8 9 
perturbation theory, serai-empirical models, and a discrete-
basis-set method using a local exchange approximation. 
One of the promising ways to handle this problem is to 
treat only the valence electrons explicitly using a frozen 
core approximation. This usually involves the substitution 
of the effect of the core electrons with some form of 
pseudopotential. Many methods have been developed and we 11 12 modify one of ab_ initio approaches ' to include the 
relativistic effects in the effective core potentials (EP). 
Our methods are based upon ab_ initio DHF calculation for 

13 atoms and the Phillips-Kleinman transformation to effective 
potentials. 

Since the EP's developed in this thesis emphasize the 
non-relativistic characteristics of valence electrons, the 
applications to the atomic and the molecular calculations 
can be done with either LS- or JJ-coupling scheme. 
Practical applications are studied in later sections. 
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II. THE LANTHANIDE CONTRACTION AND THE RELATIVISTIC EFFECTS 
ON VALENCE ELECTRONS 

A. Calculation of the Lanthanide Ccntraction 

The elements following the rare earth series have 14 
more electrons in the filled 4f shell in addtion to elec
trons in s, p and d shells compared with the previous 
members in the group. The effect of these additional elec
trons is commonly called the "lanthanide contraction"; it 
arises from the incompleteness of shielding by <",f electrons 
of the additional nuclear charge and yields a contraction 
of the radii of outer elections as well as other effects. 
In order to estimate these effects, we made HF calculations 
for pseudo-atoms without a 4f shell and with atomic 
numbers less by 14. The pseudo-atom calculations were 
performed using the numerical HF program of Fischer 
slightly modified by Bagus. 

The Hamiltonian for n electrons is 

„"* . ? (1 ,\ - f_) • I J- (1) 
i=l ' L ri i>j rij 

where Z is the nuclear charge, r. is the distance between 
the electron i and the nucleus and r.. is the distance 
between electrons i and j. The energies and wave functions 
can be calculated if the total wave function of the system 
is given by the antisymmetrized product of one-electron 
wave functions. Calculations were made for the LS configu
ration average for pseudo-atoms of Hf, Re, Au, Hg, Tl, Pb, 
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and Bi. Comparing these results with those of HF calculations 
on the corresponding real atoms, a reasonable estimate of 
f-shell effect can be obtained. Some of the results are 
summarized in Tables I, II, and III and Figures 1 and 2. 
Discussions of the results in relation to the relativistic 
effects are given in a later section. 

B. Relativistic Atomic Calculations (DHF) 

Relativistic effects on atoms may be observed by 
comparing DHF with HF calculations. The relativistic 
Hamiltonian, which is used for DHF calculations, is given for 
n electrons by * 

H R ~ I h D(i) + I ^- (2) 
i=l " i>j ij 

when many-electron relativistic terms, usually approximated 
17 by Breit interaction terms, are not included. In Equation 

(2) h n is the Dirac one-electron Hamiltonian which may be 

written as 

h n = c a • p + 0 c 2 - f C3) 
U se sis x r 

where r is the distance from the nucleus of charge 2, p is 
the momentum operator (-iV). Also Dirac operators a and 6 
are given by 

\ £ P 0 / 
(4) 



with o p being a Pauli matrix and 

5 

(i.!) (5) 

with £ the 2 x 2 unit matrix. In atomic units, which are 
used for all equations throughout this thesis, the velocity 
of the light c is equal to 1/a where a is the hyperfine 
structure constant. This a should not be confused with 
Dirac operator a of Equation (4). 

The total wave function for a system with n electrons 
may be approximated by the antisymmetrized product of one 

17 electron wave function, 

where QL is an antisymmetrizer. In Equation (6) I|I.'s are 
four-component Dirac spinors which may be expressed as 

,R 1 / 'nk^-kipt 6'* 5 l/ Pnk< r>°k 
r V<W r^-*nkm = r | t n ^ _ k r a C e , * ) ' ( ? ) 

where 

flkmCe,« - J ! cc4j;m-a,a) Y^ a(6,*) *J (8) 

Y?"° is a spherical harmonic, 

»$-«) a n d •DM?) 
Pauli spinors, C(l*-j ;m-cr,a) is a Clebsch-Gordon coefficients, 
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and X = k = (j * |) if j = S. - \ and A = - (k + 1) = (j + ~) 
if j = % * -,-. k is called the relativistic quantum number. 
The radial components P , and Q . are called the large and 
the small components respectively. P , and Q . satisfy the 
relativistic Hartree-Fock equations which have the form of 

17 two coupled linear equations. The essential features of 
these equations can be understood from the simple case of 
a single electron in the central field of the nucleus. In 

17 18 this case the re.dial equations are ' 

d P n k kP . , 

d Q n k kQ . 
_Sk . _£k + a [ v . £ n k ] p ^ . o, ( 9 b ) 

where V is the potential. In the non-relativistic limit, 
— >> a|V - e . |, these two equations are reduced into the 
familiar Schrodinger equation after eliminating the small 

17 18 component, Q . . ' Therefore, by comparing the large 
component, P_v, with the corresponding HF radial wave 
functions, a reasonable qualitative picture of relativistic 
effects may be obtained. For this reason radial wave 
functions for several atoms have been calculated with the 
numerical DHF program of Desclaux. The calculations have 

The radial equations for many electron cases may be 
found in the literature e.g., Equation (9.8) of Reference 17. 
All the additional terms not present in Equation (9) come 
from the coulomb and the exchange interactions among Dirac 
spinors. 
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been performed with the assumption of point nuclei to 
facilitate comparison with the published HF calculations of 
Mann. The effect of this approximation is small for the 
valence electrons although it may be substantial for Is 
electrons. Table I shows that these effects for DKF 
calculations on Pb are less than 0.15 for orbital energies. 
The details of calculations are omitted since they are 
available in the literature. ' 



Table I. Orbital Energies of Pb. (Average 
Energy of LS Configurations) 

Negative of Orbital Energies in a.u. 

Point 1 Nucleus 

325S .3 
588 .25 
563 .50 
482 .89 
143 .84 
132 .81 
114 .59 
96 .807 
92 .967 
34. .007 
29, .212 
24. ,695 
16. .918 
16, .065 
5, .9324 
5, ,7406 
6, ,1493 
4, .4404 
3, .5933 
1. .1385 
1. 0357 
.56701 
,27504 
21982 

Finite Nucleus 

is 
2s 
2 P 1 / 2 

2 p3/2 
3s 
3 pl/2 
3P3/2 
3d, 
3d, 
4s 
4 pl/2 
"P3/2 

"3/2 
S/2 

3/2 
5/2 
5/2 
7/2 

4d 
4d, 
4f| 
4£ 
Ss 
SPl/2 
SP 
Sd 
5d 
6s 
6Pl/2 
6 p3/2 

3/2 
3/2 
5/2 

3255 
587. 
563. 
482. 
143. 
132. 
114. 
96. 
92. 
33. 
29. 
24. 
16. 
16. 
5. 
5. 
6. 
4. 
3. 
1. 
1 

.9 

.88 

.49 

.90 

.75 

.80 

.59 

.811 

.970 

.986 

.212 
,697 
.919 
.066 
.9332 
.7414 
,1450 
4405 
5937 
1388 
0360 
56651 
27511 
21992 

a From Reference 3. 



C. Relativistic and f-shell Effects on Valence Electrons 

Orbital energies for 5d, 6s, and 6p levels are given 
in Table II for Hf, Re, Au, Hg, Tl, Pb and Bi. Three calcu
lations, HF and DHF calculations of atoms and HF calcula
tions of pseudo-atoms, are comparable in accuracies and 
levels' of approximations. Thus, the differences among the 
results are consequences of the different physical models 
used. 

Of the trends in orbital energies shown in Table II and 
Figures 1 and 2, the simplest and most important is that for 
s electrons. These orbitals penetrate deeply into the atom 
and are subject to the largest relativistic effects. The 
effect of f-shell is in the same direction with that of 
relativity but the magnitude of the former is less than half 
as large as that of the latter. 

There is no unique trend in the f-shell effects for the 
5d electrons and these effects are very small. The incomplete 
shielding of f electrons is probably compensated for by the 
more effective shielding of the penetrating 5s and 5p elec
trons, since 5d orbitals are relatively diffuse. In the 
relativistic cases, Ss and 5p electrons are even more tightly 
bound and both Sd,., and Sdg., orbitals become less bound 
than in the HF atoms. 

The f-shell effects on the 6p electrons (Fig. 2) are 
smaller but otherwise similar to those for 6s electrons. 
The relativistic effect for the weighted average CY P,/- + 

o 1/ i. 
1 
"% ^3/2^ * s v e r y small, although the p.., - P j / 2 splitting is 



Table II. Orbital Binding Energies (Atomic Units) 

C5d 3 / 2) 
Sd 

< 5<W 
6s 

(6s 1 / 2) C6p 1 / 2) 
6p 

^i/z* 
pseudo Hf 

Hf(HF) a 

Hf(DHF)° .2473 
.3192 
.2992 

.2355 
.1805 
.2104 
.2397 

pseudo Re 
Re(HF) 
Re(DHF) .39 72 

.4660 

.4538 
.3661 

.2031 

.2347 

.2783 
pseudo Au 

Au(HF) 
Au(DHF) .4935 

.5372 

.5210 
.4287 

.1905 

.2208 

.2917 
pseudo Hg 
Hg(HF) 
Hg(DHF) .6501 

.7191 

.7142 
.5746 

.2288 

.2610 

.3280 
pseudo 11 

Ti(HF) 
Tl(DHF) .8945 

.9472 

.9683 
.8062 

.3162 

.3611 

.4492 .2114 
.1836 
.1924 

.1765 
pseudo Pb 

Pb(HF) 
Pb(DHF) 1.1388 

1.1772 
1.2245 

1.0360 
.4025 
.4589 
.5665 .2751 

.2268 

.2398 
.2199 

pseudo Bi 
Bi(HF) 
Bi(DHF) 1.3894 

1.4131 
1.4874 

1.2710 
.4906 
.5582 
.6862 .3385 

.2693 

.2862 
.2612 

Reference 1 
Reference 3 



0.30 

0.25 
O.U. 

0.20-

0.!5 

XBL 732-5706 
Figure 1. Orbital energies for valence-shell s-electrons. Dotted 

lines connect re la t iv is t ic (DHF) values: solid lines 
connect non-relativistic (HF) values; pseudo-atoms are 
indicated as ps. Au and ps. Hg. 
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0.35 

0.30-

o.u. 

0.25-

0.20-

MH. 782-5700 
Figure 2. Orbital energies for valence-shell 

p-electrons. Separate 6p. .- a n d Sp*/? 
values are shown as well as the weighted 
average (1/3 Pj/n * 2/3 Pj/;>) connected 
with the dotted line. 



13 

becoming substantial. This splitting, which is significantly 
larger than the effect of f-shell, may play an important 
role in bonding. 

Table III and Figure 3 show the expectation values for 
the radius of the valence electrons in these same atoms. 
The lanthanide contraction (4f-shell) effects are now more 
nearly comparable to the relativistic effects in magnitude. 
The various differences can be understood on the sams basis 
as that given for the energies. Here we note that <r> for 
pseudo-atoms is always larger than the HF value for the real 
atom indicating that the 4f screening is incomplete. 

In summary, the relativistic effect is as important as 
the 4f-shell effect for atoms considered. The proper account 
of the relativistic effect is desirable for most calculation 
of the systems including these atoms. Since the relativistic 
effects are expected to increase several fold for the atoms 
from 104 to 115 as compared to Hf to Bi, the predictions of 
the chemical behavior should be based upon the DHF calcu
lations for those atoms. These predictions, in some cases, 

may deviate significantly from those based on the simple 
19 extrapolation from the group trends. 

In order to determine what level of the relativistic 
formation is required for the valence electron calculations, 
a closer examination of the relativistic effect on valence 
electrons is given. Although this topic has been already 

20 21 discussed, ' a slightly different approach is taken here. 



Table III. Comparison of Radial Expectation Values <R> 
d T / , 5d d c, 0 6s J3/2 J5/2 vl/2 6p ?3/2 

pseudo Hf 
Hf(HF) 
HfCDHFj 

pseudo Re 
Re(HF) 
Re(DHF) 

pseudo Au 
Au(HF) 
Au(DHF) 

pseudo Hg 
HgCHF) 
Hg(DHF) 

pseudo Ti 
TJt(HF) 
TJl(DHF) 

pseudo Pb 
Pb(HF) 
Pb(DHF) 

pseudo Bi 
Bi(HF) 
Bi(DHF) 

2.3376 

1.8301 

1.5359 

1.4312 

1.3387 

1.2641 

1.2012 

2.5048 
2.2277 

2.0326 
1.7999 

1.7228 
1.5433 

1.6040 
1.4327 

1.5042 
1.3412 

1.4214 
1.2671 

1.3506 
1.2046 

2.4198 

1.9047 

1.6185 

1.4987 

1.3940 

1.3119 

1.2439 

4.6934 
4.0684 
3.6939 
4.2162 
3.6942 
3.2770 
4.2230 
3.7006 
3.0609 
3.7500 
3.3284 
2.8434 
3.3294 
2.9669 
2.5792 
3.0475 
2.7242 
2.3916 
2.8336 
2.5939 
2.2429 

3.5166 

3.0739 

2.7802 

4.2434 
3.9262 

3.7532 
3.4569 

3.4116 
3.1366 

4.0123 

3.5162 

3.1.862 
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XO. 752-ST07 
Figure 3. Expectation values for the radius <r> 

for the valence-shell s-electron. 



16 

Radial wave functions of the valence orbitals of Pb and 
U are shown in Figures 4 through 8. There are relatively 
large contractions in 6s orbitals of Pb (Fig. 4) and 7s 
orbitals of U (Fig. 6). These are due to the penetrating 
nature of those electrons and less effective screening of 
inner electrons with high angular quantum numbers (e.g., Sd) 
as was discussed previously. The 6P1/2 o r°it al °f Pb 
(Fig. 5} is noticeably different from the non-relativistic 
6p whereas the 6p-7/-> is almost the same as the non-relativistic 
6p. The 6d (Fig. 7) and Sf (Fig. 8] wave functions of U are 
more diffuse in the relativistic case due to the more ef
fective shielding of the nuclear charge by electrons with 
smaller angular quantum numbers. For this reason, the roles 
of Sf and 6d electrons in bonding are probably more important 
than would be estimated from non-relativistic calculations. 

Small components are relatively large near the nu-.leus 
and decrease rapidly as the radial distance increases. In 
Table IV the electron densities represented by small compon
ents are negligible compared with those by large components 
for valence electrons of U (less than 0.03%] although 15% of 
the electron density is due to the small component for the 
Is electrons. Since small components become even less 
important in the outer region (Table IV), it may be reason
able to assume that small components can be neglected in 

calculations that emphasize the description of valence 
21 electrons. 



1.0 

-0.5 

-1.0 

6s(HF) 

1.0 4.0 
Radius (a.u.) 

9.0 

Figure 4. Relativistic (DHF) and non-relati-
vistic 'HF) radial components of 6s 
wave functions of Pb. Only the small 
component of DHF is labeled. 



1.0 

-1.0 

6p (HF) 
6p | / 2 (DHF) 
6p 3 / 2(DHF) 

I 
1.0 4.0 

Radius (o.u.) 
9.0 

Figure 5. Relativistic (DHF) a n d non-rel-ati-
vistic (HF) radial components of 6p 
wave functions of Pb. 



Radius (a.u.) 

XIL 77M820 
Figure 6. Relativistic (DHF) and non-relati-

vistic (HF) radial components of 7s 
wave functions of U. 



I.Or 

0.5-

, 
6d(HF) • 6 d 3 / 2 (DHF) 
•6d 5 / 2(DHF) 

-1.0- 1.0 4.0 9.0 
Radius (a.u.) 

Figure 7. 
XH.I7MS3T 

P.e la t iv i s t i c (DHF) and n o n - r e l a t i -
v i s t i c (HF) r ad ia l components of 6d 
wave functions of U. 



I.Or 

5f (HF) 
5 f s / 2 (DHF) 
5 f 7 / a (DHF) 

-1.0. 
x v 1 
1.0 

Rodius (o.u) 
^ ! o 9.0 

XBI 
Figure 8. Relativistic and non-relativistii, 

(HF) radial components of 5f wave 
functions of U. 

XBL 7714021 



Table IV. Normalized Electron Densities Represented by the Large and the Small Components 
of U Radial Wave Function 

Orbital Portion 
I n s i d e Rmax 

Small 
Large 

Portion 
0 u t s i d e Rmax 

Small 
Large max 

Small 
Large (total) 

Is .292 1.48 x 10" 1 .708 1.46 X ID" 1 .00801 1.46 X 10- 1 

2s .395 6.11 x lO" 2 .605 1.23 X ID" 2 .0485 3.10 X lO-2 

2Pl/2 .386 8.04 x lO" 2 .614 2.26 X 10-' .0359 3.11 X ID" 2 

2P3/2 .366 2.72 x 10" 2 

x lO" 2 

.634 2.56 X ID" 2 .0439 2.62 X lO-2' 

3s .438 2.09 
x 10" 2 

x lO" 2 .562 2.48 X 10" 3 .138 1.04 X lO-2 

'Pl/2 .406 2.53 x lO" 2 .594 3.86 X 10' 4 .125 1.04 X lO- 2 I 
'P3/2 .430 1.57 x 10' 2 .570 4.02 X ID"' .146 9.00 X 10- 3 

' d3/2 .395 2.11 x lO" 2 .605 1.02 X 1 0 - 3 .113 8.85 X 10- 3 

3 d5/2 .357 9.41 x 10' 3 .643 8.00 X 10- 4 .113 8.50 X 10-' 
4s .447 7.63 X 10'' .553 6.18 X 1 0 - 4 .308 3.74 X ID"' 

"Pl/2 -.458 7.85 x 10"' .542 9.65 X 1 0 - 5 .308 3.63 X 10-' 
4P3/2 .452 9.14 X 10"' .548 5.87 X 10-' .341 3.14 X 10-' 
4 d3/2 .421 6.81 x 10"' .579 1.19 X 1 0 - 4 .324 2.93 X 10-' 
4 d5/2 .444 4.64 x 10"' .556 1.34 X 10-' .341 2.80 X 10- 3 

4 £S/2 .348 6.11 x 10"' .652 4.85 X 10 - 4 .279 2.43 X 10-' 



Table IV (continued) 

Orbital Portion 
I n s i d e Rmax 

Small 
Large 

Portion 
Outside R 

max 

Small 
Large Rma'x SH* <*«•« 

4 £7/2 .378 3.02 X 10' 3 .622 1.99 x 10" 3 .293 2.38 X io" 3 

5s .390 2.76 x 10" 3 .610 1.39 x 10" 4 .621 1.16 X ID" 3 

5Pl/2 .412 2.56 x 10" 3 .588 2.28 x 1 0 - 5 .652 1.08 X 10" 3 

5P3/2 .411 1.92 X 10" 3 .589 1.96 x 10' 4 .721 9.05 X lO" 4 

5 d3/2 .418 1.69 X 10" 3 .582 1.74 x 10" 5 .797 7.16 X lO" 4 

5 dS/2 .380 1.41 x 10" 4 .620 2.26 x 10' 4 .797 6.76 X lO" 4 

S fS/2 .337 8.30 x 1 0 - 4 .663 2.93 x 10" 5 1.08 2.99 X lO" 4 

5 £7/2 .318 6.22 x 10" 4 .682 1.29 x 10" 4 1.08 2.86 X 10" 4 

6s .416 6.25 x 10" 4 .584 2.78 x 10" 5 1.38 2.76 X lO" 4 

6 pl/2 .360 6.19 x 10" 4 .640 3.24 x 10" 6 1.45 2.25 X lO" 4 

6P3/2 .392 3.90 x 10" 4 .608 3.10 x 10" 5 1.69 1.72 X lO" 4 

6 d3/2 .319 1.87 x 10" 4 .681 2.17 x 10" 6 2.39 6.13 X 10" 5 

6 d5/2 .324 1.37 x 10' 4 .676 1.58 x 10' 5 2.52 5.50 X ID" 5 

7s .336 8.35 x 10" 5 .664 2.57 x 10' 6 3.57 2.97 X lO" 5 
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The total relativistic effects or the difference 
between results of DHF and HF calculations which we have 
discussed so far, may be divided into two kinds, one due 
to the use of different Hamiltonians (direct effects) and 

20 the other to rearrangement (indirect effects). The 
relativistic character of valence electrons apparently 
depends more on the magnitude of the former than the latter. 
Although the exact separation of the two may not be possible, 
the former can often be reasonably estimated from the 

22 23 perturbation theory. ' 
From the Pauli approximation of the Dirac theory, ' ' 

the effective relativistic Hamiltonian, which is correct to 
2 the order of 1/c , may be expressed as 

H^ f £(i H Q(r) + H m(r) + Hj(r) + H s Q(r) (10) 

where H„(r) is the non-relativistic Hamiltonian, H the u m 

mass-velocity correction term given by 

H m(r) = -(a 2/2)[E 0-V(r)] 2, (11) 

H. the Darwin term 

H d(r) - -(a2/4)[dV(r)/dr](d/dr), (12) 

and H the spin-orbital coupling term 

H s o(r) = -Ca2/4)(k+l)(l/r)[dV(r)/dr], (13) 

where k is the relativistic quantum number. The corre
sponding matrix elements, or energy expectation values, may 
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be expressed as, E = E , (non-relativistic energy eigen
values of nl shell), 

r 
•.--4 

.(2i) 
4 

dr r^R^Cr)] 2 [E° rV(r)] 2, (14) 
0 

drr 2 R°l(r) [^Ili] (I), (15) 

and 

whe 

E s o = -(4)(k*i) Jr r 2[R° l Cr)] 2 [^ili] (I) (16) 
0 

re R . is the radial wave function. Orbital energies of 
Pb corrected by applying these perturbations to the Hartree-

22 Fock-Slater (HFS) calculations are shown in Table V. The 
results of DHF, HF, and Dirac-Hartree-Fock-Slater (DHFS) 2 5 

are also given in the Table V. Within the Slater approxi-
22 25 mation ' direct relativistic effects appear larger than 

the total in the magnitude although some of the differences 

are probably due to the different configuration (closed 
6p,., orbital) assumed in DHFS calculations. If we assume 
that relativistic corrections from the perturbational method 
are same for HF and HFS, the same is true with the HF and 
DHF calculations since &e [HFS(II)-HFS(I)) is larger than the 
energy difference between DHF and HF results. 

Therefore, s and p valence electrons for the atoms 
following lanthanide series are substantially relativistic 
although most relativistic effects are probably in the core 
region. In order to clarify this point, the Equations (14), 



Table V. Orbital Energies of Pb Valence Electrons. 
(All are negative and in a.u.) 

DHF HF a DHFS b HFS(I) C HFSCII) 0 ,d Ae [HFS(ll)-HFSU)] 

6s .5670 .4586 .5259 .4444 .5823 .1438 

6Pl/2 .2750 
.2398 

.2376 
.2123 

.2847 .0724 

6P3/2 .2198 .2380 .0257 

a from Refe rence 1. 
b from Reference 25 (The electrons were considered to occupy only the 6p,,, orbital). 
c from Reference 22. 
relativistic energy calculated from the perturbation theory. 
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(15), and (16) can be more carefully studied. 
For valence electrons R , may be reasonably approxi

mated by r" P k for the qualitative studies. Then the 
relativistic correction terms become 

2 
-(—) d r t p n k i 2 [ E „ r v ^ ] 2 . (17) 

E d + E

S o " -Cf) d r P Q .imnh 
nk ^nk' dr J 

(18) 

Equation (9a) has been used to derive Equation (18) and 
the second term within the parenthesis [Eq. (9a)] is 
neglected in comparison to 2/ct. From the above expressions 
it is easier to obtain the picture of the direct relativistic 
effects since the derivative of the wave function is 
eliminated inside the integral. We do not intend to cal
culate above quantities exactly; instead we merely present 
trends of all terms involved. Pb is used as an example with 
similar trends expected for other heavy elements. 

P . and Q . appear in Figure 4 and Figure 5. Although 
V(r) can be obtained from HF or DHF calculations, the HFS 

22 potential of Herman and Skillman is presented in Figure 9. 
The choice of this potential is a matter of convenience and 
should not introduce any serious error in this discussion. 
A plot of dV(r)/dr is given in Figure 10. 

Since V(r) is quite large near nucleus and rapidly 
decreases as radius increase, most contributions to the E 
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3 

> 
l 

4.0 6.0 
Radius (a.u.) 

XBL 776-8917 

Figure 9. V(r) of Pb from Ref. 22. 
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Radius (a.u.) 
XBL 776-8918 

Figure 10. dV(r)/dr calculated from the V(r) 
of Fig. 9. 
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terms are from the core region, as expected on physical 
grounds. dV(r)/dr behaves similarly and terms inside the 
integral of E, + E [Eq. (18)] decrease even more rapidly 
due to the presence of Qnj.- Therefore, valence electrons 
appear to be essentially non-relativistic in the valence 
region in spite of the substantial magnitude of relativistic 
effects already mentioned. This evidence as well as the 
non-importance of the small components suggest that 
treating the valence electrons non-relativistically, but 
in the field of EP derived from a relativistic DHF 
calculation for the atom, may be a reasonable approximation. 
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III. EFFECTIVE CORE POTENTIALS FROM ATOMIC DHF CALCULATIONS 

A. Theory 

If we divide the antisymmetrized product of one-electron 
Dirac spinors [Eq. (6)] into two classes, core orbitals and 
valence orbitals, the wave function for many-electron atom 
may be expressed as 

mR a m R ,R rR ,core ,.R ,R ,R ,val, ,,„-. 
f = &[(*, * 2 *m ^ ^ l *2""*m ^ J f 1 9 ^ 

for a single configuration. In Equation (19), m is the 
number of core electrons, and m is the number of valence 
electrons with separate indexing for core and valence wave 
functions. Then the total energy may be expressed as the 
sum of core, valence, and core-valence interaction energies 

ER . ER + ER + ER v_ ( 2 0 ) 

Since, in many respects, the relativistic formalism for the 
many-electron atom is essentially the same as the non-
relativistic, when the Breit interaction and quantum electro-
dynamic effects are not included, many methods used in the 
non-relativistic theory are also valid here. For example, 
the last two terms may be combined to obtain an energy 
expression 

E + E = <? R|H R|¥ R>/<¥ R|l' R >, (21) 
v cv v' v1 v v1 v * J 
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where 

V 

and 
m m m 

. H* = I [h_(i) + I (J°(i) - K°(i))] + l V -J—. (23) 
v i " j J J i>i' ii' 

In Equation (23), J.(i) and K.(i) are Coulomb and exchange 
17 operators defined for the four-component Dirac spinors. 

j> In general, H is a sum of 4 x 4 matrices unlike the non-
relativistic case. Based upon Equation (23), the straight
forward frozen-core calculations may be performed. The dif
ficulty for this procedure is the large number of two-
electron integrals to be calculated as was discussed in the 

12 non-relativistic case. The use of EP may be a solution to 
this problem. 

Our effective potentials are obtained from atomic DHF 
calculations using a method that is essentially parallel to 

11 12 that developed by Melius and Kahn and their co-workers 
for the non-relativistic case, although it was necessary to 
introduce some modifications and approximations to accom
modate the relativistic characteristics. 

Effective potentials (EP's) have been most successfully 
applied to one-valence-electron systems, and in these cases 
the physical meaning of EP's can be rather well understood. 
In this section EP's are derived first for the one-valence 
electron atoms and later they are generalized to include 
many-valence-electron atoms. 



When an orthonormal set is used for valence and core 
orbitals, the DHF equation for a single valence electron v 
outside the closed-shell becomes 

[hD • I (J* - K*)] #5 - c v ^ • l ** c c v (24) 
c 

where c is the number and index for the core electrons 
[Note the change of indices from Equation (23)], and the 
e is an off-diagonal Lagrange multiplier which may be 
written as 

ecv = ^v^D + 2 (Jc " K c ) I V - C 2 5 J 

Again, Equation (24) is essentially the same as that of HF 
12 formalism except that operators are 4 x 4 matrices 

operating on four-component wave functions. 
A core projection operator may be defined as 

&' I l*"»<«*l, C26) 

,R vfhere the bra <I|I | is a row-vector with four components and 
the ket |̂  > is a column-vector with four components. With 
Equations (24) and (26) it is possible to follow the non-
relativistic formalism to obtain the relativistic version 
of the generalised Phillips-Kleinman pseudopotential. ' 
The complete derivation is omitted here since it may be 

12 found in the non-relativistic work. Several essential 
parts, however, will be reproduced in the following to 
clarify the development. Using Equation (26), Equation (24) 
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nay be rewr i t ten as 

I (1-tn H R •* - ey * R , (27) 

where 

H v = h D + ^ C Jc- Kc 5- ( 2 8 J 

D 
If we define the relativistic pseudo-orbital, x » a s 

X* = < * I V c (29) 

c 

such that 

* R - Cl-fi=D X*. (30) 
then Equation (27) becomes 

(1-00 H^U-c) x* = evCl-<?) X v. (31) 

From Equation (31), one can define the relativistic 
analog of the generalized Phillips-Kleinman pseudopotential, 

V R G P K = -ffiil - H^» * CPH^> • E y P , (32) 

where 

(H R • V R G P K ) X

R = e y x v , (33) 

or 

(h„ • U C O r e ) x* - e v X v , (34) 
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if 

I (J c-K c) + V K b P \ (35) 

It may be noted that u c o r e j n Equation (34) is again a 
4 x 4 matrix operating on four-component spinors, y ' s' 

To investigate the characteristics of the EP desired, 
we assume that U o r e is expanded in terms of an angular 
basis set of Dirac spinors. The following equations are 
then obtained for the radial pseudo-wave-function 

P v
S ( r ) \ / - ^ t!)*aI VuQ(,)]\/pP-(r)\ 

where U*|(r) and U (r) are radial components of U o r . 
P 0 In theory, one may derive U (r) and U y(r) in Equation 

(36) from any P^S(r) and Q^S(r) satisfying Equation (31). 
Relativistic effective core potentials obtained from these 
pseudo-orbitals would not ' s continuous at points where 
nodes of P^s(r) or Q p s(r) occur. This difficulty may be 
avoided if the transformation of Equation (29) can be carried 
out in a manner to yield nodeless P p s(r) and Q p s(r) functions. 
However, nodes may not, in general, be removed simultaneously 
for the large and small components. 

Since the rcle of small components and direct relativ
istic effects are assumed to be negligible in the valence 
region, as discussed in the previous section, we develop a 
method which does not include manipulations with small 
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components. The Dirac Hamiltonian can be expanded after 
substitution with the wave functions containing only large 
components. The radial equation obtained this way may be 

24 given as 

{HQCr) + H m(r) + Hj(r) + H S Q(r) + H[<?(ct4)]} P y(r) - S r P v ( r ) • ( 3 7 ^ 

where all terns have the same meaning as in Equation (11), 
Equation (12), and Equation (13) and H[<Jtot )] denotes the 
higher order terms which are not included in the Pauli 
approximation. 

If higher order terms are neglected in Equation (37), 
a U y 0 r e ( r ) , which is correct within the Pauli approximation, 
can be obtained from a nodeless P^ s(r). This involves 
solving a differential equation [Eq. (37)] for u " r e ( r ) . 

2 Furthermore, it is correct only to order o and all terms 
of the Hamiltonian have to be included when the EF obtained 
is applied in molecular calculations. It may be noted that 
the EP from Equation (37) still contains higher-order 
relativ'stic corrections, since E is the solution of the 
DHF equation. 

However, for our purposes, it is of little importance 
to have an accurate explicit representation of relativistic 
effects arising from the core region, where most of these 
effects exist as shown in the previous section, since we are 
mainly concerned with a reasonable representation of valence 
orbitals in the valence region. Thus, all relativistic 
effects may be incorporated into the EP. 
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With these approximations, the radial equation becomes 

[H^(r) + U^P(r3] P v(r) = ^V^VM (38) 

where H'(r) denotes the absence of core potential terms from 
the non-relativistic Hamiltonian. The EP in Equation (38) 
contains all one-electron relativistic effects of the atom 
being considered. When this EP is used for calculations on 
molecules or excited states of atoms, the validity of the 
results will depend on the difference between relativistic 
effects of the molecule and its constituent atoms or between 
that in ground and excited electronic states. This approxi
mation appears to be reasonable since the most pronounced 
relativistic effects are present near the nucleus, as was 
discussed above. 

The original form of Equation (38), before the reduction 
to the radial equation, is 

r 1 „Z I . ..EP, T _ T ,,Qi 
t- j V - - * U v ] X y - £ v x v , (39) 

T where x v * s a two-component pseudo-wave function containing 
only the large radial component of hquation (7). 

When there is more than one valence electron, the wave 
12 equation may be given as 

where W' includes all interactions between pseudo-orbitals 
and between pseudo-orbitals and core orbitals. Since the 
ultimate goal of this procedure is the reasonable and simple 
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representation of the behavior of valence electrons in the 
valence region, interactions between the pseudo-orbital and 
the core orbitals may also be included in EP. Then 
Equation (40) becomes 

[" \ "2 - I + Uv P + W(*T- V ) ] *v = V v > (41> 
T T where wCx v» X i) i s t n e sum of Coulomb and exchange inter-

T actions of a given pseudo-orbital, xv> with all other 
T pseudo-orb i t a l s , x „ i ' s -

EP From Equation (41) it is seen that U will not be the 
same for d i f fe ren t pseudo-orb i t a l s . Therefore, the EP may 

be conveniently expressed as products of angular projection 
operators and radial functions, as are the EP's derived 

12 from HF calculations. Since orbitals with different total 
angular moments, j, but with the same orbital angular 
momentum, «,, are nondegenerate in DHF results, the EP is 
expressed as 

F p » 1+1/2 j p P U E P - I I I. 0^(r)|djm><tjm|, (42) 
4=0 j=H-l/2 m=-j 

with the understanding that |i.jm> and <Hjm| are two-component 
angular bases that are eigenfunctions in the Pauli approxi-

24 •nation of the Dirac Hamiltonian. It may be noted that 
the direct application of the EP of Equation (42) in atomic 
and molecular calculations requires the use of jj-coupling, 

* 
Two indices lj of Equation (42) can also be expressed 

as one index, k, the relativistic quantum number in Equation (7). 
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instead of conventional LS-coupling schemes. 

B. Calculations of EP 

1. Pseudo-orbitals 
In the previous section, it has been shown that EP's 

can be obtained if suitable pseudo-orbitals in the form of 
Equation (29) are found. Because of orthogonalities of 
angular basis sets with distinct angular quantum numbers, 
the radial part of the pseudo-orbitals may be separated and 
expressed as 

PSk« " ! aqk Pqk ( r )' C 4 3 ) 

where n is a principal quantum number, k is the relativistic 
quantum number previously defined, and the P , 's are the 
large components of DHF radial wave functions. 

For our purposes, the following properties are desired 
for P„^(r); (i) the P^JJO) should be nodeless and (ii) the 
form of PJJi.(r) should be similar to that of the original 
valence wave function P ^(r) in the valence region. 

Property (i) is essential to prevent the occurrence of 
EP singularities, since the derivation of U .(r) from the 

radial part of Equation (41) [Eq (46) of the following 
section] involves division by P?jj!(r), whereas (ii) will 
hopefully prevent the generation of physically unreasonable 
pseudo-wave-functions. 
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Although many methods developed for the non-relativistic 
11 12 case ' may be applicable, we pursue the following procedure 

for finding the appropriate coefficients, a . . Initially, 
the a ,*s a r 6 obtained from a least square fit of a pseudo-
orbital of Equation (4.5) to a given Slater-type function 
C r e" e r. C. and ? are selected so that the maximum of the 

t -cr function, C r e * , coincides with that of the original 
valence orbital P . (r). This choice of c and C probably 
satisfies our condition (ii) better than the procedure based 
on the orbital energy adopted by Goddard and Melius. For 
this choice of the standard function, the least square fit 
is accomplished by minimizing the following function F 

where N is the number of grid points for the numerical 
radial valence orbital P - v M and w(r-) is a weight of a 
point r.. 

The starting values of w(r.)'s are unities. When nodes 
are not eliminated with these weights, the w(r.)'s are 
changed to fl/P{|j!(r.)] °^ t n e previous run and the minimi
zation of F in Equation (44) is repeated until all nodes are 
eliminated. 

In DHF calculations P_i.(r) near the origin may be 
expanded in terms of a polynomial 

P n k(r) - r Y kCp„ • p :r * p 2 r 2 • . . . ) , (45) 
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where y. = /k -(aZ) • Although Y k may be used as t in 
Equation (35), several integer and half-integer values are 
tried and the one that appears to be most satisfactory in 
terms of condition (ii) is selected. In the case of the 6s 
orbital of Au (Table VI), t = 2.0 was chosen since this 
value of t yields the largest a, . The other criterion 
used in the selection of t is the smoothness of the orbital, 
as judged by the presence or absence of oscillations, a

a i , 1 s 

obtained this way are summarized in Tables VII(Ne), VIII(Xe) 
and IX(Au). Typically, values of t range from 1.5 to 3.0 
with larger values for orbitals with higher angular momenta. 

Large and small radial components of the 6s valence 
orbital and pseudo-orbital of Au are shown in Figures 11 
and 12. It is interesting that the small component of the 
pseudo-orbital becomes quite small compared with that of the 
original valence orbital in the core region. This seems to 
be the case for s and p orbitals for other heavy atoms; we 
found it true also for Bi. Based upon this observation, 
one may expect that the role of the smsll components is even 
less important than that anticipated from the analysis of 
Section II, which makes our approximation of eliminating 
small components even more attractive. 

Finally, it should be noted that the above procedure 
of determining pseudo-orbitals is not unique since the 
selection of t and t, is not. 



Table VI. a k's of 6s (Au) for Different Choices of t 

t n. a. „ a.,„ a,,. a.̂ . a- a,, 
i Is 2s 3s 4s 5s 6s 

1.0 1 0.0031 0.0192 0.0634 0.1730 0.46S0 0.8658 

1.5 1 0.00060 0.0066 0.0331 0.1246 0.4303 0.8935 

2.9 1 0.0001 0.0024 0.0176 0.0901 0.3976 0.9131 

2.5 

Nodes remain after 8 iterations. 

S.O 

n, is the number of iterations required to eliminate 
all nodes from P k(r). 



Table VII. a . 's for Me 

n k t " i 3 alk a2k 

2 -1(3) 2.0 2 .2516 .9679 

n- is the number of iterations required to 
eliminate all nodes from P^Cr). 
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Table VIII. *qk s for Xe 

*lk *2k *3k "4k "5k 

s -Us) 2 . 0 1 

s ^IW 3 . 0 2 

5 - 2 ( P S / 2 ) 3 . 0 2 

5 2 C d 3 / 2 5 3 . 0 2 

.0010 .0193 .1275 .S030 .8546 
.0032 .0550 .3952 .9170 
.0031 .0528 .3852 .9213 

.0060 .1162 .9930 

n- is the number of iterations required to eliminate 
all nodes from P n ].(r). 



Table IX. a k's of Au d 

n k t n i alk a2k a3k a4k a5k a6k 

5 -Us) 2.0 1 .0018 .0318 .1809 .5872 .7884 

6 -l(s) 2.0 1 .0001 .0024 .0176 .0901 .3976 .9131 

5 UP 1 / 2] 2.0 1 - .0230 .1598 .5762 .8013 
6 K P 1 / 2 

2.0 2 - .0007 .0062 .0381 .2168 .9921 

5 " 2 (P3/2 2.0 1 - .0222 .1493 .5436 .8257 

6 -2<P3/2 2.0 2 - .0007 .0057 .0355 .2064 .9756 
5 2< d3/2 3.0 1 - - :0406 .3536 .9346 

6 2< d3/2 3.0 2 - - -.0001 -.0012 -.0596 .9977 
5 - 3C d5/2 3.0 1 , - .0375 .3388 .9401 

6 -3(d 5 / 2 3.0 2 - - .0001 .0012 .0657 .9970 
4 J( f5/2 3.0 1 - - - -.0007 1.0000 

5 3< f7/2 3.0 1 - - - .0005 1.0000 

Pseudo-orbitals are obtained for more than one value of n for each symmetry since 
the definition of the valence space varies for ̂ Lkfferent core sizes. 
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Figure 11 . Radial components of 6s o r b i t a l s 

of Au (DHF c a l c u l a t i o n ) . 
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Figure 12. Radial components of 6p pseudo-
orbitals of Au obtained with 
t = 2.0 (Table VI). 
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2. Effective potentials 
The following radial equation for a closed-shell or 

the average energy of an open shell configuration may be 
EP algebraically solved for each term U .(r) of the EP of 

E q u a t i o n ( 4 2 ) : 

I d 2 

* d 7 
W 1 } , „EP ( r ) 

2 r , 2 \hCl) w 
+ (V« 

P A C r 2 ^ 

W * rT d r 2 
N A - 1 

— T T <*r, v+1 2 

J A v>0 A J A V J A 

A ' M A 
P A , C r 2 V 77 d r

2 ] W 

\ I NA< I P i vi ^ A'?A A v 3 A v J A , 
P A C r 2 ) P A , ( r , ) 1' 7 W d r 2 P A ^ r l 5 

E A P A £ r l > + l f K

 N A . S ( k A ' k A ^ P A ' ^ r > ^AA- (46) 

where £., j,, k, and N, denote the orbital angular momentum, 
the total angular momentum, the relativistic quantum number, 
and the number of electrons, respectively, of the shells A 
and A* with the understanding that P»(r) and P.,(r) refer to 
pseudo-orbitals and E. and e.,, are diagonal and off-diagonal 
Lagrange multipliers. The r̂. and r> are the smaller and the 
larger of r, and r, respectively and v satisfies the 
triangular condition, 

IJa " JJ < v < } , (47) 

with the additional requirement of 
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J A + J A , + v - even if a f a' 

odd i f a = a ' , (48) 

where a and a' are signs of r e l a i i v i s t i c quantum numbers 

V. and k A I . r . • i s defined in terms of 3j-symbols by 

/*A v J A ' \ 2 

r i v i " 2 ( ) • ( 4 9 ) 

Equation (46) can be obtained from the similar equation of 
DHF theory. 1 7 

In theory, an infinite number of calculations for 
highly excited states is required to complete the expansion 
of the EP given by Equation (42) , since there are only a few 
occupied valence orbitals in neutral atoms. This difficulty 
also exists in the non-relativistic case and is resolved by 
using the closure property of the projection operator with 
the assumption that radial parts of EP are same for all 
orbitals having higher angular quantum numbers than are 
present in the core. The same approximation is applicable 
in our approach if relativistic effects are not too dif
ferent for electrons in the highly excited orbitals. We 
expect that this is the case since those electrons spend 
less time near the nucleus. If this assumption is valid, 
the EP may be given by 

U E P - uf P(r) • I I I [irfPCr)-u5jP(r)] |ijm><4jm| (50) 
L J 1=0 j=4-l/2 m=-j *J L J 
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where L could be found by series of actual calculations. 
The EP*s of Ne (Fig. 13) indicate that the U..(r) for p, d 
and f are almost identical. EP's of Xe (Fig. 14) and Au 
(Fig. IS) are nearly indistinguishable for j = I + i and 
j = i. - •* for f orbitals and those with higher angular 
momenta. EP's of Au shown in Figure 15 are the results of 
11 valence electron calculations. Based upon the above 
observations, the reasonable choice of L appears to be that 
of one plus, or the same as, the largest l present in the 

11 12 core, as was concluded for non-relativistic EP's. ' 
Although numerical forms of the EP's can be used in 

applications, it may be more convenient to have them expanded 
in terms of M exponential (x=l) or Gaussian (x=2) functions 

EP £ nXi " cXi r 

[UjF(r)-Zc/r] - J b u r A l e X l , (51) 

where A represents the quantum numbers j and £ of Equation 
(50) and 2 is the number of core electrons. By using the 
polynomial expansion of Pnv(r) [Eq. (45)], the smallest n,. 
necessary to satisfy Equation (46) can be obtained. If this 
done, one finds min(n,-) = -2 with 

M-2 
• I bXi * I [Yk(Yk-D-k(kH)], (S2) 

where H_, is the number of terms with n,. = -2 and y. and k 
are previously defined. In practice, we use only one term 
with n,. * -2 and find the corresponding value of b,. by 
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Figure 13. Effective core potentials of Ne. 
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Figure 14. Effective core potentials of Xe. 
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Figure 15. Effect! tive core potentials of Au. 
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fitting Equation (51) for the region near the nucleus. 
There is no guarantee that Equation (45) is strictly valid 
after the transformation defined by Equation (43), but for 
Xe and Au the b,. as obtained from the numerical EP agree 
reasonably well Kith those given by Equation (52). After 
the n,- = -2 term is determined, the numerical EP's are 
fitted with a number of n,. = -1 and n^. = 0 terms with the 

EP asymptotic condition UT (r) - 1 /r as r ->• °°. This asymptotic 
EP behavior is ensured by fitting [U, (r) - Z ,'r] instead of 

Uf(r). 
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IV. ATOMIC HARTREE-FOCK EQUATIONS FOR j-j BASIS SETS 

A. Theory 

We soive the Hartree-Fock self-consistent-field equa
tions for the valence electrons of an atom assuming that the 
core electrons are represented by an effective potential 
(EP) derived from numerical Dirac-Hartree-Fock (DHF) calcu
lations for selected states of the atom (Sec. III). It is 
further assumed that the valence electrons may be described 
non-relativistically in terms of only the large component of 
the atomic orbitals as expressed in terms of expansions in 
Slater- or Gaussian-type functions. 

The Hamiltonian for the N valence electrons is 

N 1 
I h • I J-, (53) 
u=l v<v yv 

where 

\ = " \ \ 2 - r̂  + U™W " 5J| • ^ 
in which Z is the "shielded" nuclear charge (viz. the atomic 

EP number minus the number of core electrons) and U (r) is the 
"relativistic" EP operator of Equation (50). 

The eigenfunctions of H are chosen to be in the form of 
antisymmetrized products of the large components, 
— P n^( r) X^_(6i*)> of the atomic crbitals <>^ m of Equation 
(7). The radial functions are represented as expansions in 
B basis functions 
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?PnX^) = ! C n X pR, pM. (553 

The R^_(r) are either Slater-type functions (STO's) or 
Gaussian-type functions (GTO's). 

Atomic self-consistent field equations may be derived 
27 by analogy with those of Bagus and Roothaan for the non-28 relativistic case and of Kagawa for the Dirac Hamiltonian. 

In addition to the overlap (S, ) , nuclear attraction (0> D a) 
and kinetic energy (T, ) matrix elements, those due to the 
EP are also required, 

,.EP * %q " J, bXi i=l o 
Hi " ?ji u X 

Ju u u e A 1 R X p(u) R X q(u). (56) 

In Equation (56) x=l foi STO's and 2 for GTO's and we have 
assumed that the EP of Equation (50) has been fitted by a 
least squares procedure to an expansion of M terms as in 
Equation (51). The one-electron matrices enter the SCF 
iterative procedure as 

h = T - Z'U + U E P . (57) 

The required Coulomb C ^ p q > u r s ) and exchsnge # X p q ( l i r s ) 
matrix elements are collected into supermatrices 

PApq,urs = JXpq,urs " 7 £ AXuv* Xpq.prs ( 5 8 ) 

and 

#Xpq,urs * I JXuv^Xpq,urs _ 7 £ KXuv* Xpq.urs' f 5 9 ) 
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(Closed-form formulas for the matrix elements are given by 
27 2Q 

Roothaan and 3agus for STO's and by Husinaga for GTO's. 
The EP integrals of Equation (56] are simple modifications 
of the U, formulas.) The allowed values of \) are given by 
Equations (47) and (48). 

The vector coupling coefficients A,,,,. J. and K, 
A ]J v Ap V AJJV 

are chosen to give the proper total symmetry of the atomic 
electronic state. The closed shell coefficients are given 
in terms of Clebsch-Gordon coefficients'" 

AAuv " C ^ A V ; ?> • I^/fZv.l), (60) 

whereas the open-shell coefficients are given by 

J X U 0 " ° (61) 
JAuv " "V^^'Vu W<» (62) 

/N x (63) 

KAAv * A U V + «f v(*.*)/N A
Z (^0) (64) 

KAuv " AA»v * Z g ^ . t O / N ^ W y ) (65) 

for N. and N open-shell electrons. The coefficients of 
A P 

Slater integrals needed in Equations (62) and (63) are de-
31 rived from the, energy expression for the general open shell 

interaction. Vector coupling coefficients for the cases 
through t-j/i a n <* values of fv(A,u) and g (A,u-) are given in 
Appendix A for many electronic configurations. The one-
electron matrix elements of Equation (57) and the super-
matrices of Equation (58) are collected into closed and open 
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shell Fock matrices, which are used to construct the SCF 
equations using the coupling operator method exactly as 
given in Reference 27, 

It should be noted here that the two differences from 
the non-relativistic ato.nic SCF equations as developed in 
Reference 27 are that the vector coupling coefficients A, 
of Equation (60) a n d the coefficients of Slater integrals 
fv(^.u) and gy(A,p) of Equations (61) ~ (65) are chosen to 
properly account for the jj-coupling scheme as required by 
the form of our EP's. Thus, the basis functions R, (r) 

Ap 
of Equation (55) represent the (n,£,j) set of quantum numbers 
and are designated ls,, 2, ^ si/2' ^1/2* ^3/2' 3Pl/2' 
3p 3, 2, 3dj,2> 3 d5/2' e t c - £ o r Cn»*ij) values of (1,0,1/2), 
(2,0,1/2), (2,1,1/2), (2,1,3/2), (3,1,1/2), (3,1,3/2), 
(3,2,3/2), (3,2,5/2), etc. (The notation s 1, 2 = s, p 1 / 2 = 

p, P j/ 2
 E P» ^3/2 E ^' ^5/2 E ^ e t C - * s ° f t e n used.) 

B. Results of Calculations 

We have chosen the Xe and Au atoms to serve as test 
cases for the application of the EP and atomic SCF formalisms 
presented in the previous sections. Pseudo-orbitals and EP's 
were generated for Xe through f ? . 2 and for Au through g„, 2 

and fits to exponential and Gaussian expansions were computed. 
Tables of these fitting parameters are collected in Appendix 
B. These fits were used in atomic SCF calculations for the 
eight valence electrons of Xe and for choices of 1, 11, 17, 
19, and 33 valence electrons for Au. In each instance ground, 



59 

positive ion, and several excited electronic states were 
investigated. Both average energies of configurations and 
individual multiplet energies were computed. 

1. Xenon 
Table B2 contains the parameters necessary to describe 

the Xe EP's in terms of Gaussian functions according to 
Equation (51) for all symmetries through f-./2 (see also 
Fig. 14). The EP's for s , ^ , Pi/2' a n c* ^Zf a r e 8 ^ v c n with 
respect to a set of 13 functions and the EP's for d 5, 2, 
d_,2> ^7/2 a n i* ^Q/2 K i t n r espect to a different set of 11 
functions. 

Basis sets of GTO's for use in describing the eight 
valence electrons of Xe are given in Table X. These were 
determined by taking three term least squares fits of the 
5s,* 2, 5Pi/? and 5p-r/2 pseudo-orbital as initial guesses and 
optimizing the ground state valence energy. To provide 
adequate flexibility in the basis set to de'cribe the excited 
(Rydberg) states of Xe two s, ,2> Pi/2> a n <' P3/2 a n ^ t n r e e 

^3/2' ^5/2' ̂ 5/2 a n <* ^7/2 ^TO's w e r e added to the basis and 
the exponents were optimized to give the lowest average 
energies cf respective excited electronic configurations. 
Also shown in Table X are the atomic orbital expansion co
efficients for the ground state as determined by the EOF 
procedure and those derived by a least squares fit of the 
same basis set to the numerical pseudo-orbitals. 
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Table X. Xenon GTO Valence Basis Set 

Type C Ground State 
AO Coef's 

Fit of 
Pseudo-orbital 

sl/2 33.091 -.00956 -.00978 
2.221 -.11806 -.11680 
.272 .96220 .95847 
.055 .15334 .16190 
.021 -.03893 -.00797 

2Pl/2 3.191 .04373 .04505 
.517 .44008 .43131 
.186 .58198 .58852 
.036 .10023 .10543 
.013 -.03031 -.03703 

2 p3/2 3.080 .04097 .04230 
.481 .42319 .41569 
.174 .58843 .59424 
.036 .11816 .12197 
.013 -.03315 -.03940 

3 d3/2' 3 d5/2 .310 
.058 
.014 

4 f5/2' 4 f7/2 .100 
.010 
.003 
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The valence basis set, as obtained from three-terra fits 
to the respective pseudo-orbita]5, showed significant dif
ferences from the set optimized by means of the SCF procedure 
for the eight valence electrons with the EP. For example, 
the fitted C's for the p,/? pseudo-orbital were 1.296, 
0.417, and 0.134 as compared with the optimized values of 
3.191, 0.517, and 0.186 (Table X). The ground state valence 
energy resulting from the fitted basis set was 0.034 a.u. 
higher tha.i that of the optimized set. This implies that 
merely obtaining the best fit to the pseudo-orbital does 
not, in general, yield a valence basis set that is optimum 
with respect to the valence energy. In particular it appears 
that additional functions having larger :;' s are required for 
describing residual core-like characteristics that may no': 
have been totally removed by the EP. However, the use of 
the energy optimized basis to fit the pseudo-orbital does 
yield coefficients that are nearly the same as the SCF atomic 
orbital coefficients (Table I). 

Results of atomic SCF calculations using the basis set 
of Table X and the EP parameters of Table B2 are given for 
the average energies of configurations in Table XI. The 
excitation energies are compared with weighted averages of 

32 the experimentally observed multiplet energies in Table 
X'l. Results of selected numerical DHF calculations are 
given in Tables XI and XII for comparison. In Table XII the 
excitation energies have been adjusted to give the experi
mental values for the lowest states arising from the promo
tion of a Sp.,, or a 5p, / 2 electron. This adjustment was 



Table XI. Xe and Xe T - Average Ener gies of Configurations (a.u .) 

Config. 
Valence Energy 

(-16) 
EP E P " E S S DHF 

-E 
EP Sp DHF Ep" E5p DHF E P " e R y DHF 

5s 2Sp 25p 4 -.49S3 .997 1.010 .4R1 .493 .430 .440 
5p36s -.2363 1.149 .643 .596 .133 
5p6s -.1914 1.155 .673 .593 .134 
Sp 36p -.1905 1.195 1.198 .691 .688 .643 .637 .087 .084 
5p6p -.1434 1.204 .724 .645 .085 
5p35a -.1643 1.201 1.179 .697 .670 .649 .619 .061 .065 
5p35d -.1649 1.198 1.187 .694 .675 .648 .628 .061 .063 
5p53 -.1175 1.212 .733 .652 .059 
5p5d -.1209 1.198 .718 .639 .063 
Sp34f -.1344 1.279 .773 .727 .031 
5p 34£ -.1344 1.279 1.271 .773 .759 .727 .709 .031 .031 
5p4f -.0889 1.285 .805 .725 .031 
5p4f -.0889 1.285 .805 .725 .031 
5P3 -.1036 1.339 1.330 .833 .820 .787 .772 
5p -.0582 1.345 .865 .785 



Table XII. Xe and Xe Excitation Energies for Averages of Configurations (cm" ) 

Confi^. A ESCF A EDHF AE b 

exp AE S C F(adj) % Error AE D H F(adj) % Error 

5p 36s 56853 67435 (67435) c 

5p6s 66705 76938 (76938)d 

Sp36p 66902 72253 78484 77484 1.3 (77484)e 

5p6p 77251 88869 87484 1.6 
5p35d 72653 76474 81206 8323S -2.5 81705 -0.6 
5p35d 72523 76864 81206 83105 -2.3 82095 -1.1 
spsa 82922 92078 93155 -1.5 
5p5d 82169 91622 92751 -1.2 
5p34l" 79213 83675 90893 89795 1.- 88906 2.2 
5p34f 79213 90893 89795 1.2 
5p4f 89199 99432 
5p4f 89197 99430 
c 3 
5p 85966 94741 97834 95618 -2.3 99972 -2.2 
5p 95950 108371 106183 -2.0 

DHF calculations correspond to freezing the core orbitals in their ground state 
form and allowing the valence orbitals to re-adjust self-consistently. 

Configurations with a p p core are adjusted to give AE of 5p 6s. 
Configurations with a pp core are adjusted to give AE of 5p6s. 

e 3 -
DHF results adjusted to give AE of 5p 6p. 
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done to provide some estimate of the ability of the SCF 
calculations to predict term values, since the absolute 
excitation energies are expected to contain large errors 
due to the neglect of electron correlation. 

The SCF multiplet energies for all of the possible 
states of Xe involving the excitation of one electron from 
the Sp.12 or SPj/ 2

 shell to all higher shells through 3dr,, 
are tabulated in Table XIII (with the exception of those 
arising from the Sp,,, ^Pi/2 a n c' ^3/2 ^3/2 c o n f i g u r a t i ° n s > 
which cannot be treated because of the presence of two open 

27 
shells of the same symmetry ). The excitation and ioni
zation energies have been adjusted as in Table XII. 

The results in Tables XI-XIII inf':rire that the EP's 
of Table Bl ar.i valence basis set of Table X are capable of 
reproducing the DHF calculations to reasonable accuracy and 
yield excitation energies that are of comparable quality to 
all election SCF calculations. When adjusted to approxi
mately account for the neglect of electron correlation the 
excitation energies are generally within 1-2% of the observed 
values. Since the excited states of Xe are all Rydberg 
states, an alternative procedure of using EP's derived from 
Xe DHF calculations may be desirable. However, since the 
EP's are ultimately intended for use in molecular calculations, 
those due to neutral atom DHF results are generally more 
appropriate. 



Table XIII. SCF Results for Xe Multiplets' 
Config. J - W 1 6 ' e5s • £5p " e5p " eRy i ESCF • & Eadi AE exp 
Sp ZSp 4 0 .49533 .9970 .4806 .4295 
5p36s 1 

2 
.23237 
.23889 

1.1529 
1.1469 

.0461 

.6402 
.5990 
.5944 

.1291 

.1362 
57713 
56282 

(68046)b 

66615 
68046 
67068 

5p6s 0 
1 

.19373 

.19066 
1.1524 
1.1554 

.6729 

.6736 
.5912 
.5941 

.1366 

.1332 
66194 
66867 

(76197)c 

76870 
76197 
77186 

5p36p 1 
2 

.19100 

.19021 
1.1940 
1.1955 

.6904 

.6919 
.6422 
.6434 

.0874 

.0866 
66793 
66966 

77126 
77299 

77270 
79213 

5p6p 1 
2 

.14384 

.14307 
1.2031 
1.2046 

.7236 

.7242 
.6439 
.6453 

.0858 

.0849 
77143 
77312 

87146 
87315 

88380 
89163 

5 P

3 5 a 0 
1 
2 
3 

.16077 

.16292 

.16867 

.16297 

1.2099 
1.2054 
1.1860 
1.2052 

.7053 

.7011 

.6829 

.7009 

.6571 

.6532 

.6359 

.6531 

.0572 

.0593 

.0653 

.0594 

73427 
72956 
71694 
72945 

83760 
83289 
82027 
83278 

79772 
79987 
80323 
82431 

5p 35d 1 
2 
3 
4 

.15741 

.16788 

.16985 

.16549 

1.2242 
1.1867 
1.1820 
1.1944 

.7187 

.6815 

.6768 

.6891 

.6714 

.6373 

.6335 

.6438 

.0538 

.0645 

.0665 

.0620 

74164 
7.867 
71435 
72392 

84497 
82200 
81768 
82725 

83890 
81926 
80971 
80197 

5p5d 1 
2 

.11532 

.11971 
1.2212 
1.2026 

.7407 

.7263 
.6611 
.6427 

.0572 

.0617 
83403 
82439 

93406 
92442 

93619 
91448 

5pSd 2 • 
3 

.12176 

.12041 
1.1944 
1.2005 

.7154 

.7204 
.6358 
.6416 

.0638 

.0624 
81989 
82285 

91992 
92288 

91153 
91747 

E>r,i a n d e' s are in a.u. and AE's are in cm 
States with a Xe (p ) core adjusted to give AE of 5p36s (J=l). 

c + - P 

Sta tes with a Xe (p) core adjusted to give AE of 5p6s (J=0). 
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2. Gold 
As the nuclear charge increases, it becomes more diffi

cult to intuitively specify the size of the core. In order 
to gain some insight into this problem, Au has been studied 
as an atom comprised of 1, 11, 17, 19, and 33 valence elec
trons having cores of [Xe]4f I 15d 1 0, [Xe]4f 1 4, [Kr]4d 1 04f 1 45s 2, 
[Kr]4d 1 04f 1 4, and [Kr]4d 1 0, respectively. Numerical EP's 
obtained for each case have been fitted with exponential and 
Gaussian functions. The EP's for the Jl-electron case are 
plotted in Figure 15. The expansions in terms 
of exponential and Gaussian functions are given in Appendix B. 

Several atomic states have been calculated using the 
modified atomic SCF program described in Section A and a 
valence basis set of five STO's for each symmetry (Table XIV). 
Results of the ground state calculations are summarized in 
Table XV. The original DHF results are reasonably reproduced 
for most orbital energies except for 6s of 19- and 33-valence 
electron cases. Since the 6s orbital for those cases is 
calculated as the excited orbital from the EP of 5s orbitals, 
the magnitudes of valence interactions are expected to be 
slightly different between those contained in Equation (46) 
and those recovered from the atomic SCF calculations. The 
differences between 17- and 19-valence electron cases are 
likely to be the result of these valence-interaction differ
ences. Several excitation energies of Au and Au with ioni
zation potentials of Au are shown in Table XVI. Since there 



Table XIV. Au STO 

Symmetry 

2 sl/2 

2Pl/2 

2 p3/2 

3 d3/2 

3 d5/2 

4 fS/2 

4 f7/2 

ence Basis Set 

C 
9.2 
4.7 
2.96 
.898 
.25 

5.5478 
2.78 
1.0048 
.552 
.2675 

5.2857 
2.43 
1.0 
.491 
.245 

3 .4873 
2 .5973 
1 .1575 
.3196 
.0639 

3 .2186 
2 .493 
1 .1207 
.3164 
.0633 

18 .6706 
10, .3406 
5, .7646 
1. .2524 
.2505 

18. .0529 
10. .1093 
5. .6835 
1. 2524 
2505 



Table XV. Ground State Calculations 

-T.E. 4 f ? / 2 Vq^ 5 s 1 / 2 

DHF 19018.1992 3.8675 3.7202 4.6873 

1-elec .2912 

11-elec 35.3827 

17-elec 109.4704 

19-elec 145.2199 4.6462 

33-elec 610.9816 3.9555 3.8123 4.6494 

a Due to the EP's expanded in STF's and 
energies are in atomic units. 

for Au([Xe] 5 d 5 / 2
4 5 d 7 / 2

6 6 s 1 / 2 ) a 

Orbital Energies (-e) 

5 pl/2 5P3/2 5 d5/2 5 d7/2 6 sl/2 

3.1893 2.5588 0.4934 0.4286 0.2919 

.2912 

.4932 .4254 .2936 

3.2294 2.5473 .5106 .4368 .2985 

3.2661 2.5843 .4856 .4176 .3395 

3.2376 2.5760 .4972 .4254 .3438 

the valence basis set of Table XIV. All 

00 



Table XVI. Au Excitation Energies 3 

1-e 11-e 17-e • 19-e 33-e Exp. 
(Xel 5 d J / 2

4 
S d 5 / 2 6 6s 0.0 0.0 0.0 0.0 0.0 0.0 

[Xe] 5 d 3 / 2
4 

5 d 5 / 2 6 pl/2 .1500 .1442 .1309 .1799 .1854 .1702 
6 p3/2 
6 d3/2 

.1646 .1553 .1499 .1986 .2026 .1876 6 p3/2 
6 d3/2 .2367 .2227 .2268 .2755 .2799 .2823 
6 d5/2 
5 f5/2 
5 f7/2 

.2370 

.2599 

.2599 

.2230 

.2463 

.2463 

.2273 .2757 .2801 .2826 
.3075 
.3075 

[Xe] 5 d 3 / 2
4 

S d b / 2 - .2919 .2776 .2820 .3301 .3346 .3390 

Au Excitation Energies 
0-e 10-e 16-e 18-e 32-e Exp. 

5 d 3 / 2 4 5 d 5 / 2 6 0.0 0 .0 0.0 0.0 0.0 0.0 
S d 3 / 2 4 5 d 5 / 2 5 6 s (A' 

{J' 
v) 
= 31 
= 2) 

.0689 

.0519 

.0920 
.0767 
.0596 
.1000 

.0126 

.0053 

.0228 
.0171 
.0097 
.0273 

.0735 

.0685 

.0804 
5 d 3 / 2 3 5 d 5 / 2 6 6 s (Av) 

(J-l) 
(J=Z) 

.1254 

.1087 

.1352 
.1397 
.1229 
.1496 

.0694 

.0628 

.0734 
.0776 
.0710 

..' .0815 
.1318 
.1265 
.1350 
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is rather close agreement between 19- and 33-electron calcu
lations, it appears reasonable that the 4fr / 2 and 4fy / 2 

electrons may be included in the core without introducing 
serious errors in Au valence electron calculations. The 
discrepancy between 19- and 17-valence cases is caused by 
the lowering of the ground state of the 19-valence electron 
case (and the 33-valence electron case] due to the ^re
producibility of the valence interactions as mentioned above. 

If these effects (about 0.05 a.u.) are taken into 
account, 17- and 19-electron results are almost identical 
as expected. Although there are some differences between 
11- and 17-electron cases (especially for oPi/2 states), 
an 11-valence-electron model appears to be the most reason
able one for Au. A 1-electron representation of Au is the 
most simple and may be useful in some applications, but 
meaningful descriptions of chemical bonds involving Au are 
not expected when the participation of 5d electrons is 
completely neglected. 

Table XVII gives the orbital energies and mean values 
for the radius from a numerical DHF calculation for Au. It 
is apparent that the orbital energies for the 5d levels are 
not enough greatfer than that for 6s to justify the omission 
of the 5d orbitals from the valence shell. With a 2 a.u. 
difference for 5p from 5d, however, it seems clear that the 
5p electrons, and those more tightly bound, will be little 
affected by valence shell changes. Arguments based on radii 
are less clear cut bu'. support the same conclusion. Since 



Table XVII. Au Orbital Energies and Radial Expectation Values 
fiom a DHF Calculation [a.u.) 

4 d5/2 4 f5/2 4 f7/2 5 s 5Pl/2 5P3/2 5 d3/2 5 d5/2 6 s 

O.E. 13.17 3.87 3.72 4.69 3.19 2.56 .493 .429 .292 

<r> .462 .492 .499 .943 1.02 1.11 1.54 1.62 3.06 

< r 4 > 1 / 4 .557 .646 .655 1.100 1.21 1.32 1.99 2.12 3.77 

Ĵ 
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the radius of the outer part of the distribution is of 
primary interest, values of <r > ' are more meaningful 
than those of <r>. From Figure 11 one notes that the radius 
of the outermost node in the 6s orbital is at about 1.1 a.u. 
Hence one should include in the valence shell other orbitals 
with effective radii substantially greater than this value. 
Clearly the Sd orbitals should be included. While the case 
for the 5p orbitals may be marginal, it seems reasonable to 
omit them from the valence shell on this basis as well as 
on the basis of orbital energies. Thus we believe that the 
11-electron valence shell will be appropriate for gold, but 
more definite conclusions will be possible after molecular 
calculations have been carried out. 



73 

V. PROSPECT OF APPLICATIONS OF EP TO MOLECULAR CALCULATIONS 

The EP's developed here are for use in calculations on 
molecules containing one or more heavy atoms. The interest 
in these molecules is increasing due to their possible roles 
in chemical losers and the recent developments in various 
spectroscopic techniques. For these molecules, the effective 
potential approach appears to be most promising at the pre
sent stage. 

The direct use of the EP's of Equation (50) in a 
molecular calculation requires that the basis set be in 
terms of functions appropriate for the jj-coupling scheme. 
The molecular orbitals for valence electrons would be 
approximated by linear combinations of two-component atomic 
orbitals which are eigenfunctions of the EP calculation 
described in the previous section. The molecular integrals 
necessary for wave functions of this form are the special 
cases of those which appear in molecular DHF theory as 
discussed by Malli and Oreg. They have shown that the 
required two-electron integrals can be written in terms of 
non-relativistic integrals. Molecular integrals requiring 
projection operators can also be written in terms of non-
relativistic integrals. 

The use of jj-coupling in the atomic basis sets has 
the advantage of yielding the self-consistent molecular 
orbitals which obey Hunds coupling case (c). Two-component 
molecular orbitals based on our EP formalism will have the 
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same structure as the four-component relativistic molecular 
33 orbitals. They are quite different from the non-relativistic 

orbitals as indicated by the correlation diagrams of diatomic 
molecules [Figures 16 and 17). The spin-orbit coupling of 
atoms is automatically transferred to molecules in this pro
cedure . 

In many applications it may be reasonable to assume that 
LS-coupling is dominant in the valence shell of the molecule. 
In such cases the most important relativistic effects may be 
due to the mass velocity and Darwin terms. Approaches based on 
this prfTiise are being investigated by Kahn, Kay, and Cowan, 
and by Das and Wahl. Our EP can be applied at this level of 
approximation by taking the weighted average of the two EP's 
having the same value of the quantum number £(£>()), 

£ U E P ,+ (J> + 1)U E P . 
AFP i 4 " T M + 7 I |S.m> u £ " ( r ) < M = J | Jtm> ( 2 U 1 ) ^ <ln) (66) 

AEP 
where U. (r) denotes the averaged effective potential of Equa
tion (42) and |j£mx£m| is the angular projection operator de • 

12 fined in the non-relativistic work. EP of Equation (66) can 
12 be applied in the same way as the non-relativistic EP's in 

conjunction with standard non-relativistic molecular programs. 
For the light atoms such as Ne, the relativistic effect 

is almost negligible and the averaged effective core poten
tials (AEP's) of Equation (66) are expected to be almost the 
same as the EP's obtained from the non-relativistic atomic 
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Figure 16. Correlation of relativistic molecular 
spinors in a two-center system for equal 
nuclear charges. 
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Separated Atoms 

Figure 17. Correlation of relativistic molecular 
spinors in a two-center system for 
unequal nuclear charges. 



77 

calculation with the analogous methrd. Therefore, for light 
elements molecular calculations with AEP's may be directly 
compared with the non-relativistic all-electron calculations 
to estimate the accuracy of the AEP result. This method of 
the checking is most attractive at present, since the 
relativistic (DHF) all-electron calculations are not avail
able for the molecules with many electron's. Diatomic 
Ne (Ne ) with R = 2.0 a.u. is chosen as an examplj and the 
orbital energies are shown in Table XVIII. In order to 
eliminate the possible basis set effect, an all-electron 
basis set of Ne is also used for the AEP calculation, 
although the smaller basis set may be good enough for the 
AEP of Table Bl. In Table XVIII, the agreement between the 
AEP and the all-electron calculation is excellent. There
fore, our method of obtaining EP appeals to be quite 
reasonable. 

Several preliminary calculations for molecules with 
Xe have also been performed with the average of the EP of 
Table B3. Although the EP of Table B2 and that of Table 
B3 differ in their expansions, they yield essentially the 
same results in the atomic calculations. The differences 
are less than 0-2% in the orbital energies. The use of EP 
of Table B3 in obtaining the AEP is merely a matter of 
convenience in the actual calculations. The basis set used 
in the calculations is the average of that given in Table X. 
XeF, and XeF have been calculated for several internuclear 
distances with the AEP. Among these calculations, the result 
for XeF. at R - 2.0 A is given in Table XIX. 



78 

Table XVIII. Orbital Energies of Ne, at R = 2.0 a.u. 
(Energies are in a.u.) 

A E P a ' b AE b 

3 °g 2 .314 2 .330 

3 % 1.754 1.729 

2as 1.118 1 .112 

2 % 1 .024 1 .023 

l f f u .7087 .7072 

U* .2945 .2806 

Valence electron calculation with the averaged EP 
of Table Bl. 

Basis set us'd is the (9s5p) GTO of Huzinaga. 



Orbital energies of XeF, from other calculations ' 
38 and the experiment are also lummarized in Table XIX. The 

results of the AEP calculation agree reasonably with those 
37 of the all-electron (HF). All orbitals involving a 

substantial amount of Xe atomic character (Sir , 10a and 
9cr ) are somewhat more tightly bound for che AEP calculation 
than for the HF. One of the reasons may be due to the basis 
set, since our basis set is probably more complete than that 
used for the HF calculation as far as the valence space is 
concerned. Most of the discrepancies in the Sir and 10a 

u g 
orbitals may be due to this effect. The larger difference 
for the 9a orbital is due to the relativistic effect on g 
the 5s orbital of Xe. This may also be seen from the Xa 
calculations. Although an accurate estimate is not 
possible, our calculation seems to predict larger relativis
tic effects than the Xa method. Orbital energies from SCF 
calculations (e.g., AEP and HF of Table XIX) are usually 
poor approximations to the vertical ionization potentials 
(Koopmans' theorem). However, reasonable agreement with the 
experimental values can be obtained, except for the reversal 
of the order of the Sir,, and lOo orbitals, if the calculated u g 
values are multiplied by the empirically obtained factor of 

39 0.92. It may be noted that a similar but much better 
improvement can be made for the Xo method by using the 

10 transition-state approximation. 
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Table XIX. Comparison of Calculated and Experimental 
Orbital Energies (in eV) of XeF,, 
R(Xe-F) = 2.0 A L 

AEP a HF b 
Xo(DVS) c 

E x p . d O r b i t a l AEP a HF b 

Nft R E x p . d 

S u u ( 3 / 2 ) e 1 4 . 6 1 3 . 6 7 .1 6 . 7 12 .42 

( l / 2 ) e 7 . 5 12 .89 

1 0 o g 13.5 1 2 . 8 1 0 . 1 1 0 . 3 1 3 . 6 5 

3lT 
S 

1 6 . 3 16 .0 1 1 . 1 1 1 . 1 1 4 . 3 5 

4TT u (3 /2 ) e 

1 7 . 6 1 7 . 3 1 1 . 5 
1 1 . 3 1 5 . 6 0 

( 1 / 2 ) 6 1 1 . 4 16 .00 

6 o u 18 .4 1 8 . 4 13 .S 1 3 . 3 17 .35 

9 ° 8 
30 .4 2 7 . 4 1 7 . 9 1 9 . 2 "22 .5 

EP and basis set of F from Reference (12). 
From Reference 37. 
Discrete Basis Set 10 

From the photoelectron spectra. 
e Value of the tota' angular momentum JJ.. 
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Procedures for introducing the atomic-spin-orbit 
a splicting into the molecular results may be used after the 

molecular wave functions based on the AEP have been 
computed. Calculations or. the ground and excited states 
of Xe 2 and Xe, using this approach are in progress and 
appear to be yielding reasonable results. 
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APPENDIX A. OPEN-SHELL VECTOR COUPLING COEFFICIENTS 
FOR jj-COUPLED ATOMIC CONFIGURATIONS 
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Table Al. Open-Shell Vector Coupling Coefficients 
Required for Cases through f 

t Configuration Required Coefficients 
1 s KssO 
2 P Kpp0 
3 p" KPP0 , Kpp2 
4 d n K a a o > K a a z 5 d n 

KddO' Ddd2 , Kdd4 
6 f n 

KffO' Kff2 , Kff4 
7 f n 

KffO> Kff2> Kff4' Kff6 
8 sp 

sp" 
Kspl + 1 ' i 

9 
sp 
sp" Kspl + 1' 3 

10 
san K

s a 2

 + L* 11 sdn 
Ksd2 + 1' 5 

12 sfn 
Ksf3 + J- 6 

13 sfn 
Ksf3 + X' 7 

11 p p n pp2 
15 pan K p a i • 2 - 4 

16 pd n Kpd3 + 2' 5 

17 pf n 
Kpf2 + 2* 6 

18 pf n Kpf4 + 2 > 7 

19 
P

m a n 

v

mdn 

P

m f n 

J

P a 2 - K

P a i ' K p d 3 * 3 >" 
20 

P

m a n 

v

mdn 

P

m f n 

Jpd2' Kpdl , Kpd3 + 3' 5 

21 

P

m a n 

v

mdn 

P

m f n 
Jpf2> Kpf2'V4 + 3' 6 

22 P

m f n 

a r a d n 

Jpf2 , Kpf2' Kpf4 + 3 > 7 

23 
P

m f n 

a r a d n 
Jdf2 , Kad2 , Kdd4 + 4' 5 

24 a m f n J af2 ' K afi> K af3 * 4 > 6 

25 a m f , n J af2 ' K af3 ' K af5 + 4 > 7 

26 d m £ n Jdf2 , Jdf4 , Kdfl' Kdf3' Kdf5 + 5' 6 

27 d m f n 
Jdf2' Jdf4 , Kdfl' Kdf3. , Kdf5 + 5' 7 

28 { m £ n Jff2' Jff4 , Kff2' Kff4 , Kff6 * 6' 7 



Table A2. Coefficients of Slater Integrals for jj-Coupling 
Configuration Coefficients (v>0) 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 

sp 

sp 

PP 

sp" 

PP 2 

sp" 

0 
1 
1 
2 
0 
2 
1 
2 
3/2 
1/2 
3/2 
5/2 
1/2 
3/2 
5/2 
1 

Bpsl -1/3 
-1/9 

psl 1/9 
-1/3 

;pp2 1/5 
-3/25 

;PP2 -1/5 
-1/25 

;pp2 -1/5 
!psl = -1/3 -f p 2CJ=0) 

0 + P 2(J=2) 
-5/9 + P2(J=2) 

gpp2 " 1 / 5 + P'CJ=0) 
8/25 + p 2(J=2) 
-3/25 + p 2(J=2) 

g p s l - -2/9 + p 3 



Table A2 Ccontinued) 
Configuration Coefficients (v>0) 

17 2 
18 PP 3 1 
19 2 
20 

sa 1 
21 2 
22 sd 1 
23 2 
24 ' pa 1 
25 2 
26 pd 2 
27 3 
28 

Pa 0 
29 1 
30 2 
31 3 
32 P d 1 

8 P P2 

g api .06666667, 
.04888889, 
.01333333, 
.04000000, 

-2/3 • p J 

-2/5 + p 3 

-6/25 + p J 

-1/25 
g d s 2 - 1/25 

-1/5 

8a Pi - 1 / 9 

8dpl " " ^ 
*dp3 " - 1 ' 1 

-1/49 

Edp3 " --25714286, f a p 2 

-.15428571, 
-.05142857, 
-.00734694, 

g d p l = .04000000, g d p 3 * .06857143, f d p 2 

.20000000 

.04000000 
-.12000000 
.04000000 
.16000000 



Table A2 (continued) 
Configuration J Coefficients (v>0) 

33 2 
34 3 
35 4 
36 a2 0 
37 1 
38 2 
39 3 
40 a2 0 
41 1 
42 2 
43 3 
44 4 
45 5 
46 a 1 
47 2 
48 3 

*aa2 

-.12000000, -.07510204, -.02285714 
.24000000, -.05795918, -.12571429 

-.40000000, -.01224490, .05714286 
.04000000 
.20000000 
-.12000000 
.04000000 
.22857143, g d d 4 = .09523810 
.15020408, -.01360544 
.02285714, -.04761905 

-.09469388, .04308390 
-.11428571 -.01587302 
.08163265 .00226757 

-.01714286, g d (j 4 = -.19047619, f d d 2 = .16000000 
.03836735 -.08163265 -.02285714 

-.03755102 -.02040816 -.12571429 



Table A2 (continued) 
Configuration Coefficients (v>0) 

49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 

P3a 

P 3 d 

4 -.02448980 -.00226757 
0 « a P i • -.06666667. g a P 3 - -.257143 
1 .022222 -.257143 
2 -.066667 -.257143 
3 -.066667 -.110204 
1 Sdpl = 400000 gdp3 " -.114286 
2 -.400000 -.114286 
3 -.400000 -.016327 
4 -.400000 -.114286 
3/2 gdd2 = -1/5 
3/2 8dd2 = -.048980, sdd4 = -.115656 
5/2 .000000 .000000 
9/2 -.254694 -.068027 
0 gdd2 = .000000 gdd4 = .000000 
2 -.205714 -.142857 
4 -.342857 -.1'' 1 

f a P 2 

rdp2 

.05714286 

.200000 + p 3 

.040000 + p 3 

.120000 + p 3 

.040000 + p 3 

.160000 + p 3 

-.022857 + p J 

-.125714 + p 3 

.057143 + p 3 



Table A2 Ccontinued) 
Configuration j Coefficients !y>0) 

65 d 5 5/2 Sdd2 = -.457143, g d d 4 - -.190476 
66 P 3f 1 Sfp2 = -.057743, g f p 4 = -.190476, f { p 2 - -.160000 + p 3 

67 2 .011429 -.190476 .022857 + p 3 

68 3 -.057143 -.190476 .125714 + p 3 

69 4 -.057143 -.063492 -.057143 t p 3 

70 P 3f 2 8fp2 = .154286, g f p 4 = -.079365, f f p 2 - -.142857 + p 3 

71 3 -.257143 -.079365 .047619 + p 3 

72 4 -.257143 -.008818 .123810 + p 3 

73 5 -.257143 -.079365 -.066667 + p 3 

74 v't 2 8fp2 = 1/25 
75 3 -1/5 
76 P £ 3 gfp4 = -1/9 
77 4 -1/81 

:i a3s 1 8ds2 = -2/5 + d 3 

79 2 -6/25 + d 3 

80 d 5s 2 Sds2 = -9/25 + d 5 

81 3 -3/5 + d 5 
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APPENDIX B. T&BfcES OF TH£ ANALCTTte EXPAKSIBKS OF EPt Ne* 
Xek and Atot.. 

A l l tables ace re la t ive tfi Equation £S1J an<i in atonic 

ukitSv ETF ami GTE denote 6>r the exponential [ s - I in 

Equation (51}I and the Gaussian [h > 2 in Equation fSt) I 

type S u c t i o n s respectively., the weight Ear the f i t t i n g 

i s r . 



T»hle Bt . Gaussian Repr^sentatiQRS of Se Averaged 
Effect ive C&re P o t e n t i a l s 

a C &t&) bC&J b(«i) 

Q 29226.600 57.18520 -4265.92290 4321.1OS10 

0 3753.356 39.35*10 -62.042S0 101.36990 

0 356.363 33.56650 6.18950 27.37720 

0 tlSvfiOO 227.2X210 -11.15530 238.36740 

0 92.770 -74.63730 20.27640 -94.91370 

0 42.19S 121.39130 3.S4020 117.55170 

0 10. 640 21.85690 -.56125 22.41S15 

Q 2.4*0 .S67S3 -.05179 .91962 

0 .600 .02330 -.02030 .04360 

1 27069.340 -.26080 22.71940 -22.9S020 

1 •1.293 -2.40947 -2.2S060 -.12887 

z sooao.ooo 0.0Q -.10133 .10133 



9 * 

T»hle 82,. EP QE Sfe (S Vtifence elttcfcrans) - GTF 

c h ^ W £ J h($mi Mt>in) 

0 3101.OSSO 5300c6i2* ^3614,5979 1815.4878 
0 1656,9400 1803w214S 1*15.6830 582.3106 
0 400,1800 116,3312 201.2012 -658,3230 
0 213,5110 -852.3547 11S6,.S2S2 532.7408 
0 172,2200 815,8060 -560,3208 -340, 7S42 
Q 8,7230 i t , 6 t i 7 19,4800 28.1350 
0 S,31TG S,150S -18,6823 -51.6556 
0 1.4510 7,.5»48 1.5500 - • ,2792 

- 1 1377.9700 -77.5880 6. wo* -70,8533 
- 1 185,4100 42,3396 -S0,33?8 4,S462 
- 1 12.S100 3,8323 .1701 -S..2248 
- t 1.0560 2.1115 5,6172 10,0200 
- 2 50000.0000 0,0000 -.9650 a.aooo 

c hiitn} " bC^ / 2 > b ( E V 2 ) U£T,Z) 

a 60,1000 -389,2455 -415,5557 -256,2135 -247,5275 
0 13,0000 -23,1888 -100,3266 -71.5177 -72.6316 
a 5.4000 29,5468 56,3986 -36.6237 -36.1695 
0 1.3300 6,2346 5,0261 -5,4657 -5.5721 
0 .3000 .203* .1704 -,3310 -.3215 
0 .0446 - .0084 -.0128 -,0032 -.0040 

- i 72S7.5000 -312.5458 -93,3057 -380,5876 -7.6836 
- i 54*5.0000" 208,5445 84.5263 234,8154 -3,7199 
- i 1000,0000 -54.91*5 -34.0789 -26.0S90 -5,5403 
- i 217.0000 -24.5855 -17.5347 -32.7976 -33,1078 
- 2 165000,0000 -1.9000 -,0800 -2.7700 -.0800 
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B5. UP of Au fll valence electrons) ' ETF 

r. H*in) b f p t / 2 ) b£p 3 / 2 ) »%?> bW 5 / ? ) 
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J0,0l i0 »t,tlr/.Ct')l t>(i\t>,\im -J/5CV.i««0 w m f 5 7 S » 5 W f r . « S * 
t l ) . /O0 io'iitfim HilrfliO -V/'ftfrf/»f» i H M r t * «0<r.?0<(» 

7.000 8 M . | : f ) ' i * » i ; ',*»» tMI 'r /Vr* -tm.MW 'HTiuifi 
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1 t .W i» ) •H-Mt'Jift - H ' H . S I I W ?7II'(.W,1 - / f i . i W j -U«,os<W 

t . S U O 'OiwiiHl '•ti'.'iitl -na.ftat *!>, l<l«l l #fr«»*» 
1411.11011 - . 1 . 7 1 ) 0 - I . I M i W - . H u r t -it.ilHIO - fM0» 

r, h ' f 5 / 2 » h " ; / * ' h ( f < y / , ) b f« u / 2 ) 
J i K M I U H Z l l J ' I . W f r t l l ' d f . . ? ! . . ! ) ittltitf'/rh'il't i l l / ' ) ( ( . J /90 
M ' » . I K I I I »00| ( ( . ' •> / !> l » ( W , C , ( j ( , ittim t, IJ/'J W/l ' ' .1 /0 ,7 

(17 ,'HH. - * l ll/.illlO - i ' r / J l . i ' )C| 'HMlwltHi MtW W.fUbl 
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Tabi» B6. EP of Aw CJ7 

— » — 5 b £ » l / 2 ) b ( P j / ? ) 

#*fW0 nutbfVim ^ M t W r M V 
4 * f M 9 mn'tttitn 
Jfr/^00 ' i « 7 » f « w 
tffnao PtiUMtf 

(Win* 'IUH01U 
HfHua 7«*,'>6it WlUQuCl 
<rtM0 -Hi'.'JtHI iWrim 
1,610 \UrWl'f \nrim IMS m.cur -KM) 
MM ;0<rJO rOUf 

H»f000 •MBrtTt? rt«/fdi)7ft 
?SO,5(10 nc.i.nM -if7 r »?»J 
tWrlM -S370 rd('?( W't.'riH 
Hl'ttl f*M<) r »W •»*M#»0** 
$4,000 •TllflittrUH Hl'rWr 
17.SOU -ft<Ur it il lt,lt).itti\S 

»00 r 000 -,070i1 - ( , 0 1 0 0 
<i b ( f 5 / 2 J utin) 

M,<tKQ 7W,A'i0'r •MWh'Mi'H 
<i'j',»oa - i l i t l i . S t H •Vt\n,u>m fr.taa -I?BII!|.,^>|) •Vt\n,u>m 
W-JCO }<>',,<.»<?» Klrllf-t 

*.0«fl -MI.M'W -t)f>C.20fl'( 
6,1100 G0»,6tt» 

-t)f>C.20fl'( 

+ ,K00 -M<l,*5»» 't'liiHHl 
i , 5y0 M f K U '/'(.'flISS 
3 , M 0 - n , 7 M » -l'r,l'707 
t,J.:« -,C<>f>0 -,0<»I* 

J10 r 000 '<»>ff;4^!4 n.'iiit 
JW.5C0 •in.tuts 'WMt.tr 
S70,700 {'•t.hUl >n.i1;u 
JJ0.000 •lai.nw - I 0 6 0 f b i « * 
*J,Oup •6ii.noi - f M f 0 H » 
»».S00 m.nn m,vtiir 

J (50.000 -* ,M00 - ,»500 

•Uctpoft*) - PTF 

»**0Mr»77» 
- J W M 7 U 

»tsrtwr7ir'f 
-J«,IIJ?» 

W 0 0 
r,0*»l 

• H r l W 
'W.IH37 
• WyMI* 

tbMtwm 
mtrtm 

-,U"0 

b(u 7 / 2 ) 

-mTriw 
</f*rm<r 

•rft75,531<( 
44MAM 

•Hi'rtUH 
<tU<>Ht 

-H,t,HI» 
V0I00 

*40 fWJ 

-*»,«/* 
• 7M/M 
-1,»»09 

b ( 4 S / , ? ) 

Kit* (ten 
fmr»n 
t<t»,>mt 

••S'/;00fj 

rM0fMW 
-8.0*00 

l":(S<)/2) 

•ttawvtgM 

Wr»W 

».02!sri 

-HID,/iHt 
•TUMMA 

-rU00 

bfdgy ?) 
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fWM»S* 
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Table B7. EP of Au (19-valence electrons) - ETF 

— 5 bO 1/23 - b£Pi/z3 H P3/2 J b t d V 2 J b t d 5 / 2 j 

5Q,*00 < 
'r0,600 
39,200 
2<;,o00 
I i ,ltOO 

i,?.ia 
5 ,200 
'i ,600 
ItlOi) 

biirui>o 
32*,OJO 
167,OuO 
113,000 
<r6,'/G0 

260,000 

-260190,5376 
310982 , sz« 
-9B60o,9<r79 

3159,6951 
-i/tt>ri>i 

i6'.,*G5Q 
-d2 f i )156 

,51J ;> 
l'«6,J8DS 

• « M I / » 
U9/, ' rCi<r 

-2l72,BC' f0 
1102,8925 

- .6700 

~272S<.9,7687 
3*36*8,6853 

- H S S K M B 2 6 
*6SS0,2727 
-662,8158 

-311,38** 
275,9*26 
-59,9910 

, 3 * * 0 
200,6777 

-673,G7'/S 

-1831,1627 
Hl*,d256 

-1,0*00 

^177293,*0*6 
221013f59*5 
-7090' r f*}(,2S 

16 76,6086 
6 7 7,W920 

- 7 / , 1 9 2 6 
,12 7* 

1 2 3 , 3 2 2 * 
- 200 ,91 *0 

tlil.il, hi 
-1663,1896 

737,8005 
- , 1 2 0 0 

-72778,16*2 
87125,9*68 

^28012 ,6 * * * 
-926,1176 

655,33 70 
^286,2867 

268,3691 
-65,7*611 

,<f>*U 
176,0379 
* l . * 2 7 * 

356,9(398 
-650 .5U8 

318,7338 
-2,0200 

^m&»,u69 
H*200,5565 
•?*3030,3270 

-1977,1688 
^77,2616 

-r32*,9t}87 
272,1922 
-63,5467 

• mi 
M5,S»9* 

- f62 ,3999 
6*2,5936 

-932,5359 
*0*,l>lU 

-,1500 



Table BS, EP ot An at 33-EJ.ect»wi Atom (STF) 

-M*m) > ( P l / 2 ) b £ p J / 2 ) b<%?3 b C % ? ) 

-S73<),3*69 
7677,877'/ 
874»6£7i; 

_ ^ * S f 3 * p & 
456,3453 

301,3901 

«-29, 5498 

_ >i<t,t>0Q ._-\\\1\\,'ilbti 

94,600 
5J,700 •• 
13,000 

... 9 , 0 0 0 _ 
frfOOO 
J.UOO 

91-8,000 
sso.cco 
140,000 
43,200 
14,003 

200,000 

50,7CQ 
M»ooo 
Vfi/00 
6,1/00 
3,000 

916,000 
55C,C0Q 
140,000 

43,200 
14,£C0 

200,000 

38222,7036 
"•694,6698 

191,6033 
-108,2117 

-5,4833 
-225(J,4Z57 

1565,1^4 
-1864,5436 

J62l,4C2l 
-3,3351 
-3,eoao 

-2G3Sfl*,0<?8l 
-71252,9283 

= r i 6 i f M 2 4 
"3,849P 

304,6532 
,5589 

~»5Q f747t 
258,IM9 

"3367,9336 
3273,9393 

44,2*43 
-J,«50p 

" ^ 7 / 2 > 

"122*97,659U 
-43434,4726 

-813,8225 
243,3335 

- U 7 . M H 
- 6 , 4 U « 

785,4738 
-2060,6307 

1634,1648 
8,£>t45 

?284MM162 
"?907 ,2Wt 

M44,0777 
"88^,6528. 

820,2*13 
"5,069t 

-^6G,4730 
346,7416 

-932,3 7K> 
47l,876!» 
"46,87<H 

- , W 0 

t893&,0773 
,8973,*? 74 
i 0 9 i , 4 » 3 f 

. "3»S,Mf25 
350,2276 

"6,1672 
"267,06*7 

338,1029 
n * r 6 4 9 7 

. -2((4,04$9 
-I97t797t 

"2,P38p 

*#8!ftr»l4# 
|6?52rPSP7 

£505,6666 
"437,j6i9: 

J*B>579» 
"5,3i4« 

"|(H,8§P7 
1546,8P4S 

n297 r »0Sp 
"K*0 r3M0 

",J44P 
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Table BIO. EP of An (11-valence electrons) OTF 

b ( « l / z ) b f P i / 2 ' ' ' (P3 /2 5 b t d V 2 3 b U 5 / 2 ) 

1900,000 
»»7,(ioo 
*!.0,Q<!0 
t70.ODD 

70 ,000 
30 .000 
44.100 

f.ooo 
i , 4M) 
4 f * I O 

• Ml 
,400 iroor.o.oao 

i/i'JlJ.OUU 
Jfj.OOO 

If',,900 
I400.')j,000 

35C0,i)00 
w/.uuo 
't'jil.OOO 
4 70.000 

1U,l,l>C 
J I ) , CO J 
11 . <uil 

7,1)0.1 
i .JuO 
I.'(ID 

. / J l 

.lun 

moo.ooo 
»I|! |0.000 

J i ' j .uof i 
I I ' f .600 

140000,000 
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-mo,tut 

'*>,IIIO 
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l.t,W) 
SfWi 

.:no7 
'It'i.Wii 

-4,7*1(1 
i'U'lVI 
OJ.'IOIIO 

-u.eiti, 
- . 0 7110 

bff, , I 
5 /? ' 

HOI,i.lla 
Htl,'ji-i.ti 

- 1 4 6 . W O 
- I l i . t M 

"H. / 'dV 
-4(1. It'll !>,!.«$* 

••2,'|0')|I 
-a,/nu 

- . ' . l i t 
- , i o r . i i 

SV7.i!.0/ 
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- & 7 , < i » H 
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(,0,2007 

\tWtl 
M » 4 » 

. W W 
-108 , * * ( , ( ( 

« , 1)1)71 

-u.'inn 
- 1 , 0 ' / (10 

b ( , ? 7 / z ) 
-30Z,U'lll!/ 

- ' (^^•SJO 
Vt.i.11,1711 

- I 1 9 , W i l l 
- |6( . f / ! (0^ 
- U ' l . W M 

-<|0.U01 
d.lIJ'it 

-2.II d .III 
-d.o' j i i 'r 

- . < * » } 
- . l u ' l ) 
(V,<(«7 

-^11,0*43 
- 4 * r ! i V 0 7 
-',tf,lh',1 
- 4 » , 9 4 « 

- , 4 H o 

Ifirlllllll 
-70,0<i44 

J* .» IH 

i,uun 
-4.Z846 

I, Mil 
*,77uo 

,D70» 
(r'(.6l(IH-

- * * , t > 7 l l t 
•<,7.IHU't 

t'l,it'll 
»M»«r 

- , 4 1 J 0 

b ( 8 7 / 2 ) 
- lOJd.'r / 'J 'f 

7.O7H0 
m , ; i i s i ) 
-Sl.iUJO 

-t 'r7 f (tU!f 
-n\,iwi 

-i,»irb 
-it,Ml, I 

-l.d'f',7 
-.50.11 
- . J / 7 4 

S'l'i. 11677 
-J(il>. 90.44 

- t » & , W » 
- & J . 4 / 9 * 
- J 6 , 4 i 8 * 

- » , '/500 

T4J0.9SM 
iHi.u-,011 

-t>f rim 
tifObflb 

(f . i ' t 'r? 
4 4 , 4 ^ 4 

J,1685 
- | , H 0 ( l 7 

- , 5 | * J 
'r^S<49 

» 9 / , 0 ! i n 
»>t0„IDS0 
-9s,nno 
- 3 < l f t ( i ) / 

-2,0100 

b(g S / /2J 
-jlt ,f>nos 

OWKI74 
• H r l S f ' 

(8 .0 / (10 
-(/J.'f&gS 

- ( •U . l i ( . «6 
- f7 , t , f ,«o 

-ar/^J» 
- l i . ' r ' fU 

- » . » 3 » d 

•rMlft 
Sr'f'JCS 

-JO,9*1t 
-41,908* 
-J»,7**l> 
-»3,45J« 

-,4Sil0 

-*«,7*4* 
mfwa» 

riWrxm 
80 ,4079 

'I'MVI 

<trK>n 
-hb'in 
•.mi 
- , » ( 4 0 
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rt»flrim 
•lt,,t> OS* 
r J 4 , S * * » 
-?>,S( i00 
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Table Bll. Ep of Au (17 valence electrons) - GTP 

JL . . . G b ( 9 j / 2 ) K P l / 2 ) b ( p 3 / 2 ) b ( d 3 / 2 ) bC4 5 / 2 ) 

0 9ltn.^000 -7610 ,87S6 - 7 1 7 ( 2 . 7 * l l » - • » ? / , * > * » - 4 6 1 ' , 7 0 ' 6 -310,7617 
10073,2011 0 DUi.QJQ 11656,3991 l i<56Cl f 503# 176*1 ,2177 4771,7,110(5 
-310,7617 

10073,2011 
0 0tJrttU3 - « 7 < I . 6 5 U 7111,7972 V i l l i . 66*0 20311,6565 -976,2027 
0 . j i o . n o . ) - 1 7 ' , 2 173 737.2171 6117,7712 - . 7 0 7 1 - 7 7 7 , tutti 
0 r / fboo 76,7770 - 7 0 . 7II99 - 1 0 7 . 6 0 7 7 - 1 3 2 , ( 0 1 6 r » 7 0 , 3 l 3 7 

70.1U72 0 >?f0i>0 511.771.2 ( 0 0 , (41.5 123,2597 (11.135* 
r » 7 0 , 3 l 3 7 

70.1U72 
0 1-rtOjQ la,VIM ' 2 2 . B 7 / 4 - ' . 0 , 1 7 1 ' , 3 ' , 0 l 6 ,907 ' , 

3 2 , 7 9 ( 7 0 Dfica 2 7 . M J 3 'l 11.2503 62,11176 12,11)22 
6 ,907 ' , 

3 2 , 7 9 ( 7 
0 «Vr7J0 u.m/ 1.31110 3.01177 2 , 0 » | ( 2 ,6776 
0 *U0Q 7.3)11) - . 3 7 7 2 - , H ( 1 7 - , U g * - . 3 7 1 7 
0 *t$a .U'lftl . U K . ,2919 -.371)1, •rim 

3 0 . 3 6 ( 2 I Jti'ttOQQ 33.7(17.1 Oil.71/21, " 2 , ( 7 2 0 l i e , ' 7 ( 0 
•rim 

3 0 . 3 6 ( 2 
I 35*7,1,00 166 ,11 (1 16116.71) U 171,, 3 li,» 6.10. )J74 73,72211 
I 1 Vl<\ tO>iO ; U , » M i'liii.ma 297.27i)3 19)2,61161 261 ,1773 

- 7 6 7 , 5 7 1 7 
» f H 3 6 
- , l « 0 0 

V liii)J,0U(i -437,211 no -71147.0209 - 7 1 1 . ( 7 4 7 -25)2.611(1, 
261 ,1773 

- 7 6 7 , 5 7 1 7 
» f H 3 6 
- , l « 0 0 

I ^t»)*0<Ji) H I . ; I L . ( I - 2 6 2 . 7 3 ( 2 - 1 6 / , 3 ( J 6 - H ( . 1 1 7 2 7 

261 ,1773 
- 7 6 7 , 5 7 1 7 

» f H 3 6 
- , l « 0 0 I 120000,M)Q - ,C( , I I I - l . u i f l O -.12110 - 2 , 0 * 0 0 

261 ,1773 
- 7 6 7 , 5 7 1 7 

» f H 3 6 
- , l « 0 0 

c b ( f 5 / 2 j b ( f 7 / 2 ) b ( K 7 / 2 ) bdi , , / 2 J 
0 5 1 M #D00 - 7 3 1 I . I 12.1 - 1 3 1 1 . « U > - 7 7 0 , 7 710 -1112,(637 
tt 120).(JQi) IM!|67,".790 l l o o u . | 2 ( u 711 U2 .1 ,7 . | i 11712,(1,711 
0 ^so.floa J6il7.2i.'78 3 2 3 . / I 7 6 2(01.1,772 - 1 2 7 7 . ( 7 1 5 
Q 2U,Ui) i ) l « . ( 2 7 U -21,11,1.21111 -Hi'-UillH - 6 l , l , r / l 0 
0 / f'.!>QI) - J l > . * ) f t -27 ' . . ( 2 » 3 - 2 ( 7 , (1,0,1 - 2 S 7 . ( , ' 2 l 
0 t i t 0*10 -76 .0702 - ; s . « i u i - 9 2 , 7 2 7 7 -97.11(70 
0 |'r*''5Q -73.22l>0 - 7 4 . 2 2 l'| - ' 7 , 3 ) 0 ' - ( ( . 7 7 3 3 
0 
0 

6 , JUQ I t .7117 7 ,72 ( 1 - 2 1 . 7 7 1 1 - 2 7 . H K 2 0 
0 I • n o . r / ' . l d .11781, - 7 . 2 7 ) 3 - 7 . I U 0 0 
0 .(ii'/O - . ' . H O - . 2 2 7 0 - . 3 ( 7 7 - . 3 5 ( 6 
Q # J 70 - . 07 I1 I - .01,67 - . 0 ( 7 1 -,01172 
I 7?<r'/t<jQ(l 273.0271) Mi, ui!)!> 313,>ooO 3 2 , 0 1 3 * 

it,t,Z,CiiQ blm.7122 (5 ,5 ' ,76 H i , I'll a W.Wlh 
(7' 'd.00G I ' ' ( 5 . 6 7 7 7 at- no l}10,t>lQb I ' l l . i I'll) 
J.O6i,000 - 1 2 07,76 17 - 7 4 / , 7 2 1 3 ~Wil. i t ' l l - 6 2 9 . 7 2 0 2 
•ffifc.OOQ -161 ,3709 - 3 7 , 6 2 7 6 - 1 1 3 , 7 * 2 6 36.260s 

)&00OC»00O - 2 , 7 7 0 0 - , 1 5 0 0 - 3 , 9 6 0 0 - , 1 6 0 0 
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T*bV« BU, EP of An (19 valenct electrons) • OW 

H«m) bf r'\n} b C P j / 2 ) HAm) Him) 

<ri<t> -000 ViAWi -139MG3? 
U9, ,000 -\,0Vl.Gl<>\ -lM0t36l(t 
H< ,600 -ZW.Kiil -30U.H79 
VI. ,SQO t>u\m if,mo 
6, ,300 '(titiHtt i'f.OOf* 
1, ,020 Urinai ti,ueccj 

3*9000, ,000 \b<t,1C<ii 'iw.wa 
3610J, ,000 -WtWtO «2l&ft*<»0 
12200, ,000 Utt.Ott,') -io,\t,HQ 
»300, ,000 „j!-W.l?M> . M.Wti 

M ; , too Wi.buli ii'j.titn 
isooco, ,000 -»oroo . -1.0300 

25Sf279P 

20,1600 

174*411(1 
-^ ,056» 

-\W, 0f,o2 
3*,!»0*$ 
-.1200 

W M 7 2 0 
. $5&»29«7 

WttVtJ 
mr.'tti't't 

-2.0200 

2*Q,<W» 
2$5»67$0 
ttft'iWQ 

53,7942 
27fH2<?* 

-?15QP 



Table BiJ, W of A» (33 valence electrons) - 6TP 

-n- -

0 700,000 
0 332,000 
0 140,000 
0. . . 34,600 
0 8,fc00 
0 4,710 
0 Z.TiO 

-I 11,900 
»l 453,000 
-I . 3090,000 
' I 22300.000 
» l 68700,003 
*2 190000,000 

f, 

700.000 
332,ouo 
140,000 
2 It,CllO 

(1,61)0 
4.no 
2,i<"/0 

1 1 , 4 0 0 
963,000 

30*0,0JO 
22300,000 
65700,000 

130000,000 

44«.66<i7 
9*4,4173 

H,3t59 
^ f / 2 « t » 
21,721" 
33,3491 

9,6914 
17.4H4 
fb.nn 

19,HU6 
- ,0800 

" ' e / 2 ' 
-802.6767 
-216.0503 
-329,4664 
TH9.36W 

-37,<*76» 
in.ceifi 

-12.4753 
-2.3196 

-17.8469 
-72.1232 

-2*9.7927 
-51.6762 

-3.0COO 

b£H}/ 2) 

301.* i fo 
4eO,3U0 

-6.358* 
.120,6330 

44,4299 
M,736fl 
9,7342 
2,9246 

*3,6306 
92,821* 

-109,2419 
- i 6 » , 8 3 4 7 

-1,0900 

-963.9(01 
-229,9 72 7 
-309,Off (it) 
-119,7964 

-3?.4206 
I8,3ft22 

-12,1(716 
-2 ,1466 

-17,9460 
-27,4701 
-30,0693 

. . -7 ,6742 
- .1600 

l ' £ P j / 2 ) 

2 0 o , n i 7 
9+4,332* 

12,4470 
109.16»4 
32,6992 
22,0338 
H,6259 
6,2439 

40,6674 
-41,6067 
-44,9629 

6,0730 
- ,12W 

-483.98*0 
-389 ,862? 
-427.6968 

. -34,1648 
,4998 

29.4297 
3,4011 

2 | .729f 
-26.2»97 

. -68.0238 
- K 3 f ? 8 8 f 

^46,6692 
-2,930/9 

l , f 4 V 2 3 

- U | 7 , 8 * 2 l 
- f 7 8 , 5 8 2 9 
-679.1200 

-79,2442 
-3 ,3622 
29, m y 

4,3897 
26,9201 

-2G,!f2W, 
-46.6429 
-30.3799 
^ , 0 * 2 2 

- ,14*0 

I 


