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INTRODUCTION 

The workshop on t h e  Modeling of E lec t r ica l  and Electromagnet ic  

Methods w a s  he ld  a t  t h e  Lawrence Berkeley Laboratory on May 1 7 ,  18, 

and 1 9 ,  1978.  I t  w a s  sponsored by t h e  U.S. Department of  Energy 

through t h e  Un ive r s i ty  o f  C a l i f o r n i a ,  Laxrence Berkeley Laboratory,  

Div is ion  of Ear th  Sciences,  and t h e  Un ive r s i ty  of Utah; t oge the r  w i th  

t h e  Nat iona l  Science Foundation (RANN Div is ion)  through t h e  Un ive r s i ty  

of Utah. The purpose of t h e  workshop was t o  b r i n g  toge the r  act ive 

workers i n  t h e  f i e l d  of numerical  and scale modeling t o  d i s c u s s  p rogres s ,  

r e s u l t s ,  and problems a s soc ia t ed  wi th  t h e  va r ious  techniques  t h a t  apply.  

The work r epor t ed  by many of t h e  i n v i t e d  p a r t i c i p a n t s  i s  o r  w a s  funded 

through t h e  DOE geothermal o r  f o s s i l  f u e l  programs; o t h e r  p a r t i c i p a n t s  

from i n d u s t r y  and u n i v e r s i t i e s  are concerned e i t h e r  w i t h  mine ra l  explo- 

r a t i o n  o r  more gene ra l  c r u s t a l  s t u d i e s  problems. 

The workshop w a s  d iv ided  i n t o  s i x  sessions: f i n i t e  element method,  

f i n i t e  d i f f e r e n c e  method, i n t e g r a l  equat ion  method, two s e s s i o n s  on 

' o t h e r  techniques ' ,  and a conclus ion  and recommendation sess ion .  

Authors w e r e  asked t o  make t h e i r  p r e s e n t a t i o n s  q u i t e  t e c h n i c a l ,  concen- 

t r a t i n g  as much on t h e  problems encountered i n  t h e i r  techniques as on 

the  f i n a l  r e s u l t s .  

Papers  o r i g i n a t i n g  o u t s i d e  LBL were p r i n t e d  d i r e c t l y  from t h e  

manuscripts  submit ted by t h e  authors .  
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MAGNETOTEUURIC OBSERVATIONS AT THE ROOSEVELT 

HOT SPRINGS KGFR AND MINERAL MI’S., UTAH 

Phi l ip  Wannamaker 
University of Utah 

Abstract 

Twenty-five magnetotelluric soundings in the Roosevelt Hot S p r i n g s  
area indicate a very complicated, three-dimensional e l ec t r i ca l  environ- 
ment. The assembly of a p rof i le  of one-dimensional, transverse e l e c t r i c  
interpretat ions yields  a calculated 2-D apparent resist ivity-frequency 
pseudosection f a r  removed from the observed data. 
improves the f i t  only a l i t t l e .  The most notable d i f f i cu l ty ,  the presence 
in both TE and TM pseudosections of pronounced contrasts i n  p3 pers is t ing 
t o  the lowest observed frequency, may be explained by the discont inui t ies  
i n  e l e c t r i c  f i e l d  t h a t  a re  found f o r  a l l  direct ions of wave excitation 
fo r  3-D geometries. 

Trial-and-error model 1 i n g  

The estimation of e lec t r ica l  s t r i k e  i s  a lso d i f f i c u l t  i n  the 3-D 
case since the total  f i e lds  do not decompose into the two principal exci- 
ta t ion modes. 
s t r i ke  will be normal t o  i t ;  otherwise an oblique estimation resu l t s .  The 
observed consistency of s t r i k e  estimation a t  Roosevelt i s  l ike ly  due  t o  the 
gross, elongate, r e s i s t i ve  horst-structure of the Mineral Mts. in sur- 
r o u n d i n g  conductive valley f i l l .  Mode ident i f icat ion and the e f fec ts  of 
near-surface 3-D inhomogeneities pose potential major l imitat ions to  the 
magnetotelluric method. 

Whenever a plane of symmetry ex is t s ,  the estimated e lec t r ica l  

# x ;IC 

Previous act ive source e lec t r ica l  and electromagnetic measurements 
show a range of interpreted t rue  r e s i s t i v i t i e s  spanning 3 to  lo3  R - m  a t  the 
Roosevelt Hot S p r i n g s  KGRA. Contour p a t t e r n  l ows o f  f i r s t  s e p a r a t i o n  
dipole-dipole apparent r e s i s t i v i t y  values a re  roughly coincident w i t h  
h i g h s  of near-surface thermal gradient measurements. D u r i n g  the summer 
of 1976, twenty-five magnetotelluric (MT) soundings were obtained i n  the 
vicini ty  of the Roosevelt Hot S p r i n g s  in an a t t e m p t  t o  describe any possible 
deep conductive heat source for  the conductive hydrothermal system (see 
Figure 1 ) .  

Sources of e lec t r ica l  conductivity to  consider a re  e lec t ro ly t ic  
conduction through pore passages, surface conduction a1 ong mineral surfaces , 
thermally activated semiconduction, and e lec t ro ly t ic  conduction i n  wet, 
par t ia l  melts. 
of W .  F. Brace i n  the AGU Monograph 1 4  (1971) i s  used as  a rough standard 
by which t o  judge the observed MT resu l t s .  
Mineral Plts. rhyol i t ic  volcanics indicated substantial  magma chambers existed 
a t  indeterminate depths as l i t t l e  as 0.5 myrs. ago. Any present-day par- 
t i a l l y  molten magmas may be detected e lec t r ica l ly .  

The Basin and Range tectonic province conductivity model 

Petrological work on the 
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As i s  the standard procedure, 1 - D  layered and continuous inversions 
of the transverse e l e c t r i c  (TE)  d a t a  for several individual s i t e s  were 
performed. 
r e s i s t i v i ty  d r o p  t o  0.10 R-m f o r  the lowest frequencies of observation 
and  interpreted t rue r e s i s t i v i t i e s  a re  below 0.02 R-m. Such resu l t s  are  
unreasonable in the l i gh t  of  established no t ions  about conductivities of 
earth materials. 
reasonable although, compared t o  the Brace model, interpreted t rue res i s -  
t i v i t i e s  are  low by a factor  of 5 t o  10 while interface depths are  too 
shallow by a factor  of 2 o r  more. 

Multifrequency apparent r e s i s t i v i t y  d a t a  for  a p rof i le  of  1 2  MT 
s ta t ions i s  presented i n  the form o f  frequency-distance pseudosections for 
both TE and TM modes of wave excitation (see Figs. 2 and 3) .  The major 
difference between the two pseudosections involves the overall level of 
pa values. 
Val ley f i  17 , the TM values generally exceed those of TE by a factor  of 
about ten. 
nounced, station-to-station apparent r e s i s t i v i t y  contrasts enduring t o  
the lowest frequency of observation a t  two of  the s i t e s .  
interpretational s t a r t i ng  p o i n t ,  the bes t - f i t  discrete-layer inve r s ion  
resul ts  for  each of the twelve s ta t ions  in the prof i le  were s t i tched 
together t o  form a crude, i n i t i a l  2-D estimate of the r e s i s t i v i t y  s t ruc-  
tu re  (see Fig. 4 ) .  The computed TE, 2-D pseudosection for this ensemble 
matches the observed pa section only  for  the s ta t ions  i n  the conductive 
graben and for the very h i g h  frequency values f o r  the r e s t  of the s ta t ions  
(see F i g .  5).  Trial-and-error attempts a t  improving  the basic model yield 
an adequate f i t  only down t o  about 0.5 Hz whereafter the degeneration of  
agreement i s  marked (see Figs. 6 and 7 ) .  A TM pseudosection calculation 
for the 1-D assembly agrees very well w i t h  the observed TE contours however 
TE modelled does n o t  agree whatsoever w i t h  TM observed so a mere mode 
misidentification i s  not the answer ( F i g .  8) .  

In  the conductive Milford Valley graben, values of apparent 

Soundings i n  the Mineral Mts. granodiorite a re  more 

Except perhaps for  the westernmost s ta t ions  on conductive 

One important common charac te r i s t ic  i s  the presence of pro- 

For use as an 

Some outcropping, single conductor, multifrequency, TE and TM model 
resu l t s  may explain some of the problems i n  terms of 3-D effects+ ( F i g .  9 ) .  
In the 2-D, TE model, continuity of tangential e l e c t r i c  f i e l d  ( E t )  parallel  
t o  media boundaries requires a continuous apparent r e s i s t i v i t y  function 
for  a l l  frequencies. 
t o  the media contacts, normal current density ( j n )  must be continuous, 
and so the to ta l  e l e c t r i c  vector a t  the contacts will be discontinuous 
by a factor  of ( p i I p 2 ) .  
observes a (Pi/p2)2 discontinuity a t  vertical  contacts f o r  a1 1 frequencies. 
Please note tha t  the apparent r e s i s t i v i t y  values w i t h i n  the prism are  
greatly depressed below the t rue value while those outside a re  only 
s l i gh t ly  elevated w.r.t. the t rue  r e s i s t i v i ty .  The anomaly for  a simple, 
outcropping, conductive 3-D prism will possess charac te r i s t ics  of b o t h  TE 
and TM 2-D models (see F i g .  10) .  Measurements along l i ne  A - A '  ( w i t h  i! 
normal t o  the r e s i s t i v i t y  d isconynui ty)  wil l -yield a p rof i le  resembling 
a TM excitation. 
in P e present for  a l l  frequencies. Measurements along l i ne  B-B' 
( w i d  k! parallel  t o  the r e s i s t i v i t y  discontinuity) will give a p rof i le  
resembling a TE s i tuat ion.  

In the TM model, the elec r i c  vector i s  orthogonal 

For the TM case, pa ,+ E* so one expects and 

Continuity of Jn requires t h a t  the (pi/p2)2 discontinuity 

Continuity of f t  requires a smooth Pa curve. c 
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Analogous ;'a ( m )  profi les  will appear for  an f polarization orthogonal 
t o  t h a t  depicted. 
Hence, f i na l ly ,  a map view of the anomaly of t h i s  3 - D  body will consist  of 
pronounced pa contours las t ing down t o  the lowest frequency measured. 
in the f i e ld  b o t h  E x  and Ey are present, then regardless of which observed 
pseudosection (TE o r  TM) i s  chosen, a prof i le  across a conductive prism 
of f i n i t e  s t r ike  length will exhibit  such exaggerated, pers is t ing con- 
t r a s t s  in P a .  
phenomenon and they cannot be f i t  by any purely two-dimensional model. 

Depth of exploration i s  another problem in 3 - D  environments. A 2-D, 
TM model of a deeply extending conductive model i s  very similar t o  the 
previous shallow model and one may reason as above t h a t  the 3 - D  anomalies 
will a lso be very similar.  
may provide no meaningful information about deeper s t ructures .  

Line A-A' would be "TE" and l i ne  9-B' would be "TM". 

Since 

The enclosed pseudosections contain examples of t h i s  very 

MT soundings within such 3 - D  conductive prisms 

The plane wave mode ident i f icat ion ( i  .e. estimation of e lec t r ica l  
s t r i k e )  i s  a lso d i f f i c u l t  in the 3-D  case. S tanda rd  s t r ike  estimation 
procedures assume approximate two-dimensional i ty  where the ver t ical  
component of magnetic f i e l d ,  Hz, i s  12nearly related t o ,  or completely 
coherent with, only the component of E parallel  t o  s t r ike  (say E x ) .  
re la t ion i s  defined by Maxwell's second equation, in the general case, as 

The 

I n  the 2 - D  case, a / a x  = 0 so the above reduces t o  

where Y z x  i s  the admittance. 
i s  l ikely t o  be parallel  t o  s t r i k e  and a compone,nt of Ex will be in each 
e l ec t r i c  record. I f  x '  and y '  represent the measurement axes, then one must 
write 

In  the f i e l d ,  neither measurement electrode 

where Y x~ and Y z y l  a re  the relevant admittance functions determined by 
s t andad  spectral analysis techniques. 
mathematically the measurement axes t o  maximize Yzx' and the corresponding 
x ' -direct ion i s  estimated s t r ike .  
depends on a single direction of e l e c t r i c  vector. 
from symmetry observe t h a t  along A - A ' ,  a/ay = 0,  H z  will be wholly related 
t o  Ey and the estimated s t r ike  will be along the y-axis. Along B - B ' ,  
a / a x  = 0,  H, will be wholly related t o  Ex and the estimated s t r ike  will be 
along the x-axis. Along diagonals of the prism, b o t h  derivatives a re  
important and  a n  ob1 ique estimation wi 11 resu l t .  

The patent approach i s  t o  ro ta te  

In  three dimensions, however, HZ no longer 
Referring t o  Fig. 10, 

The mode ident i f icat ion for  the Roosevelt Hot Springs s ta t ions i s  
pretty consistent,  however, and para l le l s  the long axis of the Mineral Mts. 
Regional s t ructure  i s  l ikely responsible. The mountains form a very elongate, 
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north-south trending r e s i s t i ve  body flanked on the west by deep, very 
conductive a l l u v i u m  and t o  a minor extent on the east  by the same. 
Especially for  east-west prof i les  across the central portions of t h i s  
range, a / a y > > a / a x  where x i s  the north-south axis of the mountains. 
The consistency i n  the e lec t r ica l  s t r i k e  estimation does not appear 
related t o  smaller-scale hot-spring s t ructures  b u t  instead t o  the gross 
topography o f  the region. 
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APPLICATION OF THE FINITE ELEMENT METHOD TO THE 

FINITE SOURCE 2-D EARTH E-M PROBLEM 

John Stodt 
T h e  University of Utah 
Salt L a k e  City 8 4 1 1 2  

An o u t l i n e  of the  a p p l i c a t i o n  of the  G a l e r k i n  f i n i t e  element method 

t o  the s o l u t i o n  of  t h e  f i n i t e  source 2-0 e a r t h  E-M problem i s  presented. 

The convent ions used a r e  t h e  f o l l o w i n g :  

da *Jd t ime dependence 

2 )  S D a t i a l  F o u r i e r  t rans form p a i r :  

. 
3 )  Righthand c o o r d i n a t e  system w i t h  x t h e  s t r i k e  d i r e c t i o n ,  z p o s i t i v e  

down. 

Maxwel l ' s  equat ions w i t h  e l e c t r i c  and magnet ic sources may be w r i t t e n  

as  f o l l o w s :  

where 
a -t S = $i tsw S[y) Sk)  m E magnet ic mment Is = 1 ~(d)$Cy)J(d 

I t  i s  p o s s i b l e  t o  t r e a t  equat ions  1 and 2 d i r e c t l y  when a p p l y i n g  t h e  f i n i t e  

element technique, or  e l s e  one can r e - f o r m u l a t e  t h e  problem i n  terms o f  secondary 

f i e l d s .  

r e s u l t i n g  " f i c t i t i o u s "  sources may be handled w i t h  the  f i n i t e  element 

methodology. I n  a d d i t i o n ,  the  secondary f i e l d s  a r e  smoother, a l l o w i n g  coarser  

meshes t o  be used. The p r i c e  one says i s  t h a t  t h e  pr imary  f i e l d s  must be 

found a t  each node p o i n t  i n  t h e  e a r t h  where 2-D inhomogeniet ies e x i s t .  

The advantage o f  t h e  l a t t e r  approach l i e s  i n  t h e  ease w i t h  which t h e  

6 
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To develop t h e  a p p r o p r i a t e  s e t  of equat ions l e t  

d Y J )  a p ( x )  + U S ( Y J )  

where s u b s c r i p t s  p, s denote pr imary,  secondary r e s p e c t i v e  

pr imary  f i e l d  be the  s o l u t i o n  t o  t h e  f i n i t e  source l a y e r e d  

Equat ions ( 1 )  and ( 2 )  become: 

y. L e t  t h e  

e a r t h  problem. 

v x ( k  + A s )  = ( b p ( z )  + uS(y ,z )  + j w c ) ( t p  + $1 + 3, 

, k P P  

v x t  = - jwp [Flp + $1 

P 

have been d e f i n e d  as s o l u t i o n s  t o  

( 4 )  

P ( 5 )  

V X R  = (0 ( z )  + j w E )  2 + 3, 
P P P 

(6) 

S u b s t i t u t i o n  o f  ( 5 )  and ( 6 )  i n t o  ( 3 )  and ( 4 )  y i e l d s  

( 7 )  v x t s  = - jwpks 

These l a s t  equat ions can now be so lved f o r  t h e  s e c o n d a r y . f i e l d s ,  due t o  t h e  

t t f i c t i c i o u s "  source us(y,z) t 
P *  

F i n i t e  element a n a l y s i s  may now be a p p l i e d  t o  e i t h e r  eqns. ( 1 )  and ( 2 )  

o r  ( 7 )  and ( 8 ) .  

terms a r e  handled. 

s t r i k e  d i r e c t i o n  o u t  o f  Maxwel l 's  equat ions and rear range them t o  o b t a i n  

The approach i s  s i m i l a r ,  d i f f e r i n g  only i n  how t h e  source 

The approach taken w i l l  be t o  F o u r i e r  t rans form t h e  
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Substi tuting equations 10 in to  the top two expressions of the s e t  9 ,  

we obtain two coupled second order equations to  be solved simultaneously over 

(y,z) a t  fixed K, fo r  E,, and H,,. They are:  
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two coupled e q u a t i o n s  in the u n k n o w n  f i e l d s .  

these equations will then be solved with f i n i t e  element analysis .  

fou r  f i e l d  components n o t  in the s t r ike  direction may then be found from 

inverse transforms of l inear  combinations of  the f i e lds  in the s t r ike  

d i rec t ion .  A t en ta t ive  analyt ic  method of  evaluation of these four 

integrals  will be discussed. I f  th i s  technique proves successful,  i t  

niay be more e f f i c i e n t  t o  obtain E x  a n d  H x  d i rec t ly  form Maxwell's 

equations rather t h a n  by a numerical inverse transformation, where a large 

number of  Kx values may be required. 

The ( y , z )  dependence of 

The 

Re-writing equations 7 and  8 in component form, Fourier transformed 

w i t h  respect t o  t h e  s t r i k e  d i rec t ion ,  we obtain (theAindicates Fourier 

transfornia t i  o n )  ; 

By rearrangement and cross subst i tut ion in the bottom four  equations of 

HZ in terms of the f i e lds  in th i s  s e t ,  we obtain expressions fo r  E 

the s t r i k e  direct ion,  i . e .  

H y '  EZ' y ,  
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I f  t o t a l  f i e l d s  a r e  be ing  so lved for,a s i m i l a r  s e t  o f  equat ions 

i s  ob ta ined,  i . e .  

3- 

t 

N o t i c e  t h a t  i n  genera l  

These need c a r e f u l  h a n d l i n g  when t h e  f i n i t e  element d i s c r e t i z a t i o n  i s  

d e l t a  f u n c t i o n  sources occur  i n  equat ions 

12. 

ob ta ined.  

i s  m g h t ,  these problems do n o t  a r i s e .  

On t h e  o t h e r  hand, if a s o l u t i o n  i n  terms o f  secondary f i e l d s  

A p p l i c a t i o n  o f  t h e  f i n i t e  element technique t o  t h e  s o l u t i o n  o f  equat ions 

proceeds as f o l l o w s .  11 We d i v i d e  the  domain over which a s o l u t i o n  i s  

sought i n t o  t r i a n g u l a r  sub-domains over  which t h e  behavior  o f  the  f i e l d s  

i s  approximated by a l i n e a r  f u n c t i o n  of p o s i t i o n .  The n a t u r e  o f  t h i s  

approx imat ion  i s  o u t l i n e d  i n  F i g u r e  1. 
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G b Before eleiiient equations are derived the r i g h t  side of equations 

1 1  are manipulated as follows. 

recall  

Application of t h i s  i den t i t i y  allows us t o  write 

Since i s  constant a t  the element level ,  the second term on the 

l e f t  need n o t  be considered when deriving the element equations, as l o n g  

as we choose o u r  basis functions so t h a t  the known behavior of the f i e l d s  

(cont inui ty)  i s  preserved a t  physical property interfaces .  We now obtain 

d iscre te  element equations by.forcing the inner product o f  the error  of 

approx ima t ion  w i t h  the basis functions t o  be zero, i . e .  

e 

where a n d  E are d c 4 i u e d  i n  . f igure  1. 

lhe  doniain of  integration i s  over the t r i a n g u l a r  region e.  

of integrals  are encountered in evaluating 14: 

Three types 

F i r s t  Type: 
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Second Type: 

Third Type: 

The second and third types d i f f e r  in t h a t  Hxs i s  approximated l inear ly  over the 

t r iangular  region e in the usual manner whereas 

nodes. 

i s  given only a t  the 
E X P  

Therefore, two d i f fe ren t  integral  formulas must be used in the i r  

evaluation. They are:  

where 

an = . 

. G  
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After the integrations in ( 1 4 )  a re  carried o u t ,  the element 

equations shown in figure 2 are obtained. 

a re  then combined in the usual manner t o  form the global matrix. 

The solution of  t h i s  large scale l inear  system a f t e r  application 

of appropriate boundary condidtions gives the approximate Fourier 

transformed f i e l d s  in the s t r i k e  direct ion.  

These element equations 

The obvious way to obtain the f i d s  in the space domain i s  t o  

solve the f i n i t e  element problem for  a number of Kx values and then 

obtain inverse transforms numerically. Computationally th i s  can be 

very expensive, depending on the number o f  Kx values needed. I t  i s  

the purpose of  t h i s  section t o  suggest a technique whereby the inverse 

transforms niay be done with w h a t  amounts t o  a contour integration in the 

coniplex plane. I do  not  have a l l  the de t a i l s  worked o u t ,  so th i s  section 

must be considered tentat ive.  

in tegra ls :  

Briefly,we desire  t o  evaluate the following 
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We d e s i r e  t o  e v a l u a t e  these i n t e g r a l s  a t  x=O, i . e .  

To e v a l u a t e  (15) ,  make use o f  t h e  f o l l o w i n g  p r o p e r t i e s  of f o u r i e r  

We see immediate ly  t h a t  t h e  i n t e g r a l  16 i s  o f  t h e  form 17. The answer i s :  

I hope t o  be a b l e  t o  use t h i s  r e s u l t  t o  o b t a i n  t h e  i n v e r s e  t ransforms (15) 

w i t h  one or a t  most two Kx values.  

ob ta ined,  the components HXS,  E,, would be ob ta ined by d i r e c t  a p p l i c a t i o n s  

o f  Maxwel l ' s  equat ions.  

Once t h e  f i e l d s  i n  1 5  have been 
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Figure 1: F i n i t e  Element Nethod 

S 
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Figure 2: Form of the  Element--Equations 
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Figure 2--continued 

r -&I 6 
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ELECTROMAGNETIC SCATTERING BY TWO-DIMENSIONAL INHOMOGENEITIES 

/-- 

K. H. Lee 
U n i v e r s i t y  of C a l i f o r n i a  
Berke 1 ey 

A numer ica l  s o l u t i o n  f o r  e lec t romagne t i c  s c a t t e r i n g  by two- 

dimensional  inhomogeneit ies has been developed. The system i s  

e x c i t e d  by a magnet ic d i p o l e  o r i e n t e d  i n  t h e  d i r e c t i o n  perpendi -  

c u l a r  t o  t h e  s t r i k e ,  F i g u r e  1. 

The t h e o r e t i c a l  b a s i s  i s  v a r i a t i o n a l  p r i n c i p l e .  A two-d i -  

mensional v e r s i o n  o f  v a r i a t i o n a l  i n t e g r a l  has been developed by 

t r a n s f o r m i n g  ou t  t h e  s t r i k e ,  y, d i r e c t i o n a l  dependence. Using 

f i n i t e  element technique,  t h e  secondary e l e c t r i c  f i e l d  has been 

ob ta ined  i n  harmonic space. The f i n a l  s o l u t i o n  can be d e r i v e d  

by pe r fo rm ing  inve rse  F o u r i e r  t r a n s f o r m a t i o n .  

I t  can be shown ( S t r a t t o n ,  1941) t h a t  t h e  v a r i a t i o n a l  i n t e -  

g r a l  I, t h e  t o t a l  e lec t romagne t i c  energy con ta ined  i n  a volume V 

surrounded by S, i s  w r i t t e n  as 

where ! and 3 a r e  a magnet ic d i p o l e  moment and a source c u r r e n t  

d e n s i t y  r e s p e c t i v e l y .  The equa t ion  can be r e w r i t t e n  i n  terms o f  

H a lone o r  o f  a lone depending upon t h e  t y p e  of s o l u t i o n  des i red .  

M a i n l y  due t o  t h e  numer ica l  problem (Pr idmore, 1978) encountered 

a t  t h e  a i r - t o - e a r t h  i n t e r f a c e  assoc ia ted  w i t h  t h e  magnet ic f i e l d  

s o l u t i o n ,  I have chosen t h e  v a r i a t i o n a l  i n t e g r a l  expressed i n  t e -  

rms o f  e l e c t r i c  f i e l d ;  

S S 

- 

where 

F o l l o w i n g  v a r i a t i o n a l  p r i n c i p l e ,  i t  can be shown t h a t  t h e  s t a t i o n -  
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a r y  c o n d i t i o n  imposed upon t h e  t o t a l  energy I ( t )  r e s u l t s  i n  t h e  

f o l l o w i n g  v e c t o r  wave equat ion i n  E .  

k'E - v x g x  jz = jU./u35. ( 5 )  

I n  o rde r  t o  e l i m i n a t e  t h e  s t r i k e  d i r e c t i o n a l  dependence f rom 

I ( i ) ,  E and 5 have been approximated by F o u r i e r  cos ine  and s i n e  

s e r i e s  expansions; 

where T i  = a. The d i s t a n c e  L should be long enough t o  j u s t i -  

f y  our  assumption t h a t  t h e  h a l f  space i s  two-dimensional .  Subs- 

t i t u t i n g  ( 6 )  and ( 7 )  i n t o  ( 2 )  and i n t e g r a t i n g  i n  y over L ,  we ob- 

t a i n  

L 

where 

The l a s t  equa t ion  i s  t h e  two-dimensional v e r s i o n  o f  v a r i a t i o n a l  

i n t e g r a l  w r i t t e n  f o r  k = 7 i. Y 
A numerical  r e p r e s e n t a t i o n  f o r  equa t ion  (9) has been formu- 

l a t e d  u s i n g  f i n i t e  element technique. The e l e c t r i c  f i e l d  has 

been separated i n t o  t h e  p r imary  f i e l d ,  a f r e e  space d i p o l a r  f i e l d ,  

and t h e  secondary f i e l d ,  so t h a t  t h e  d i r e c t  source :,could be e l i -  

minated i n  t h e  f o r m u l a t i o n  process. 

The e n t i r e  c ross  sec t i on ,  xz plane, i s  composed of a number 

o f  r e c t a n g u l a r  c e l l s  w i t h i n  each o f  which a b i l i n e a r  f i e l d  beha- 
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v i o u r  has been fo rced .  

f = u -t b i  + i- d y s  

Upon s u b s t i t u t i n g  equa t ion  (10)  i n t o  t h e  v a r i a t i o n a l  i n t e g r a l  and 

i n t e g r a t i n g  over t h e  r e c t a n g u l a r  area, we o b t a i n  a (12 X 12) e l e -  

mentary m a t r i x  equat ion.  The t o t a l  system m a t r i x  equa t ion  can 

f i n a l l y  be c o n s t r u c t e d  by s imp ly  s t a c k i n g  up a l l  t h e  elementary 

m a t r i x  equat ions consecu t i ve l y .  Hence, we have 

where ( E _ ' )  i s  t h e  unknown secondary e l e c t r i c  f i e l d s  a t  every no- 

da l  p o i n t s  and LK) i s  a spa rse l y  banded symmetric m a t r i x .  The 

source v e c t o r  ( 6 )  i s  composed o f  t h e  p r e s c r i b e d  secondary e l e c t r i c  

f i e l d s  a t  t h e  boundary and t h e  t e r m s  b a s i c a l l y  p r o p o r t i o n a l  t o  t h e  

p r imary  f i e l d s  m u l t i p l i e d  by t h e  anomalous c o n d u c t i v i t i e s .  

Taking v a r i a t i o n s  o f  equa t ion  (11)  w i t h  respec t  t o  t h e  unkn- 

own secondary e l e c t r i c  f i e l d s ,  we o b t a i n  a s e t  o f  s imultaneous eq- 

u a t i o n s  f rom which t h e  d e s i r e d  s o l u t i o n  can be found by 

The assoc ia ted  magnet ic f i e l d s  have been ob ta ined  n u m e r i c a l l y  u s i n g  

Maxwel l 's  equa t ion .  A b i c u b i c  s p l i n e  f i t  has been used f o r  t h e  

i n t e r p o l a t i o n s  o f  t h e  secondary e l e c t r i c  f i e l d s .  

Since our s o l u t i o n  has been i n  k harmonic space, we must i n -  

v e r s e l y  F o u r i e r  t r a n s f o r m  t h e  s o l u t i o n  i n t o  t h e  r e a l  space domain. 

A f t e r  p r o p e r l y  i n t e r p o l a t e d  i n  k t h e  harmonic s o l u t i o n s  have been 

t ransformed by F o u r i e r  i n t e g r a l .  The t o t a l  f i e l d  s o l u t i o n  can be 

found by superposing a n a l y t i c a l l y  c a l c u l a t e d  p r imary  f i e l d .  

Y 

Y '  

A few computer model ing f o r  s imple models has been done u s i n g  

CDC 7600 a t  Lawrence Berke ley  Labora to ry .  F i g u r e  2 shows an i n t e r -  

n a l  cons i s tency  o f  t h e  s o l u t i o n  developed here.  The model i s  a 100 

ohm-meter h a l f  space w i t h  a v e r t i c a l  magnetic d i p o l e  l o c a t e d  a t  2 

meters above t h e  ground. The frequency o f  t h e  t r a n s m i t t i n g  d i p o l e  

moment i s  25 k i l o c y c l e s / s e c .  The apparent r a d i a l  symmetry o f  t h e  

h o r i z o n t a l  secondary e l e c t r i c  f i e l d s  can be observed. A maximum of 

5 % d i f f e r e n c e  i n  magnitude can be seen between t h e  two Car tes ian  

6 
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components, E and -E measured a long  t h e  two h o r i z o n t a l  axes, x 

and y. Another t e s t  run  has been made t o  i nsu re  t h e  r e c i p r o c i t y  

of t h e  o p p o s i t e  source-receiver  c o n f i g u r a t i o n s  f o r  t h e  same model. 

T h i s  t ime  t h e  source frequency i s  100 cyc les /sec  and t h e  l o c a t i o n  

o f  t h e  source i s  on t h e  s u r f a c e  o f  t h e  ea r th .  I n  t h e  v i c i n i t y  o f  

source two s o l u t i o n s  d i f f e r  by  a maximum of 10 % i n  magnitude. 

However, t h e  phases o f  t h e  two s o l u t i o n s  show a c o n s i d e r a b l e  amo- 

u n t  o f  d i sc repanc ies  m o s t l y  c o n f i n e d  w i t h i n  t h e  range o f  a h a l f  of 

s k i n  depth from t h e  source. 

i g i n a t e d  f rom t h e  u n s t a b l e  s o l u t i o n  ob ta ined  i n  t h e  presence o f  a 

h o r i z o n t a l  magnet ic d i p o l e  e s p e c i a l l y  when t h e  source i s  c l o s e  t o  

o r  on t h e  a i r - t o - e a r t h  i n t e r f a c e ,  The v e r t i c a l  e l e c t r i c  f i e l d  a t  

t h e  i n t e r f a c e  seems t o  have p layed  a major r o l e  i n  caus ing  t h e  in- 

s t a b i l i t y .  

Y X ’  

The d i f f e r e n c e  o b v i o u s l y  has been o r -  

The l a s t  model shown here i s  a h a l f  space composed o f  two qu- 

a r t e r  spaces; one w i t h  r e s i s t i v i t y  of 100 ohm-meters and t h e  o t h e r  

o f  10 ohm-meters. An a r r a y  c o n s i s t s  of a v e r t i c a l  magnet ic d i p o l e  

of  u n i t  moment and a r e c e i v e r  separated by 200 meters i s  moving a l -  

ong t h e  s u r f a c e  i n  t h e  d i r e c t i o n  pe rpend icu la r  t o  t h e  c o n t a c t .  

The magnitudes and t h e  phases o f  Ey, Hx, and H 

c e n t e r  have been p l o t t e d  i n  F i g u r e  5 ,  F i g u r e  6, and F i g u r e  7 r e s -  

p e c t i v e l y .  The frequency used has been 100 cyc les/sec.  The most 

dramat ic  change i n  magnitude across t h e  c o n t a c t  has been observed 

i n  H w i t h  an increase of one o rde r  of magnitude. A l l  t h r e e  com- 

ponents show more o r  l e s s  s i m i l a r  t r a n s i e n t  phase changes across 

t h e  c o n t a c t .  I t  should be n o t i c e d  t h a t  no anomalous response can 

be observed i n  t h e  ranges towards bo th  boundar ies s t a r t i n g  f rom a- 

pp rox ima te l y  a h a l f  of s k i n  depth away from t h e  c o n t a c t .  

versus t h e  a r r a y  z 

X 
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Figure 2. Symmetry of  horizontal electric fields. 
Frequency = 25 kilocycles/sec 
Half space resistivity = 100 ohm-meters 
Source; A vertical magnetic dipole of 
unit moment located at 2 meters above 
the ground 

X 

Figure 1. A geophysical system. 
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Figure 4. Reciprocity in phase. 
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30 FINITE ELEMENT MODELING OF ELECTRIC AND ELECTROMAGNETIC DATA 

D. Pridmore 
Engineering Geoscience 
University of California 

Berkeley, California 94720 

:ntroduc t i on 

A finite element code was written to solve three dimensional 

resistivity and electromagnetic problems. 

theorem (Stakgold, 1968, p. 338) was used to give a variational statement. 

Results from this code were in satisfactory agreement with those obtained 

from Hohmann's 3D integral equation algorithm (Hohmann, 1977, personal 

communication) for resistivity modeling, and for electromagnetic 

In both cases, the minimum 

modeling where the conductivity contrasts between the body and the 

half space were less than two orders of magnitude. The details of 

the finite element technique and the comparison between the different 

results are given by Pridmore (1978). 

The finite element is well suited for the modeling of earths 

with a complex distribution of conductivity, although the flexibility 
of the method is achieved at the price of significant computational 

effort. 

distributions of conductivity the method definitely deserved further 

attention. 

encountered in the work by Pridmore (1978) and to offer some general 

suggestions for future endeavors. 

a three dimensional finite element code on presently available computer 

hardware is not addressed. 

Since many realistic earths are characterized by complex 

The purpose of this contribution is to outline the problems 

The important problem o f  implementing 
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Long, Thin Elements 

The most severe problems encountered were the loss of accuracy 

and increase in computer time caused by long, thin elements in the 

mesh. A typical mesh is illustrated in Fig. 1. The fundamental unit 

was chosen to be a brick--either a single hexahedral element, or a 

brick assembled from tetrahedral elements. The corresponding inter- 

polating functions were tri-linear and linear respectively. 

be seen from Fig. 1 that long thin elements are found where a mesh 

contains both large and small spacings between the nodes. Small spacings 

are needed around inhomogeneities where the field variation is rapid, 

and large spacings are desirable near the edges of the mesh to minimize 

the total number of nodes. 

It may 

The presence of a significant number of long thin elements, with 

their very poor interpolating properties, degrades the accuracy of 

the result throughout the entire region, and increases the spectral 

radius of the associted iteration matrix causing an iterative solution 

to the system of equations to converge less quickly and, in some cases, 

to diverge. 

in Fig. 1 has the following advantages: 

mesh and conductivity distribution to the finite element algorithm; 

and b) the non-zero elements in the resultant matrix are always in 

the same columns, relative to the diagonal (see Fig. 2). 

that for an iterative solution it is straightforward t o  calculate 

the position of the non-zero entries in the matrix, and for a direct 

solution the bandwidth o f  the matrix is constant. 

However, a mesh assembled in the fashion illustrated 

a) it is easy to define the 

This means 
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Mesh desjgns that would alleviate the long, thin element problem 

include: 

a) 

be avoided. 

it may be the most effective solution. 

using more nodes, so that large variations in mesh site can 

Although this treats the symptoms rather than the cause, 

b) using non-conforming elements. Here, continuity of the unknowns 

across element boundaries is not enforced, violating one of the conditions 

that guarantees the convergence of a finite element solution (e.g., 

Zienkiewicz, 1971). However, the solution may still converge. A 

mesh assembled from non-conforming elements may be easily graded as 

illustrated in two dimensions in Fig. 3, where each of the rectangular 

elements is a bi-linear element, There is some evidence to suggest 

that this scheme does not improve, significantly, the accuracy of 

the result (Gregory and Whiteman, 1974), although it should improve 

the convergence of an iterative solution. 

for the alternative (a) is easier. 

However, the book keeping 

c )  

again in ZD, is illustrated in Fig. 4. 

different number of nodes on different sides of the element. This 

assembly has good interpolating properties (Gregory and Whiteman, 

grading node density but not element density. Such a mesh, 

The outer elements have a 

1974), and presumably the iteration solution is well behaved. The 

structure of the resulting matrix is sparse, but quite irregular-- 

requiring, again, significantly more book keeping than alternative 

(a) 

d )  using a hybrid technique in which only the central part of 

the problem is meshed. Discretization is stopped before the behavior 
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of the field variables is known, and either Green’s functions ( W .  

Scheen, in this proceedings) or eigen functions ( S .  Chang, in this 

proceedings) are used to get the correct values at the mesh boundary. 

Hybrid techniques present a fertile field for research. 

they accommodate the same class of models as do the integral equation 

techniques; namely, relatively localized inhomogeneities within a 

one-dimensional conductivity distribution. 

for a large range of simple models are not yet available. 

3D Finite Element--Finite Difference 

The finite element method, implemented with the mesh shown in 

At the moment 

However, accurate solutions 

Fig. 1, offers no apparent advantage over the finite difference technique. 

The bandwidth of the resultant matrices is almost identical for the 

same number of unknowns, and several authors have shown that in simple 

one- and two-dimensional problems the accuracies of the techniques 

are similar (e.g., Harrington, 1968; Finlayson, 1972; Ri jo, 1977). 

Finite difference techniques lead to fewer non-zero elements in the 

system matrix than does a finite element approximation, and thus require 

fewer computations per iteration of an iterative solution. However, 

iterative solutions appear to converge more slowly (Dorn, 1978, personal 

communication ) . 
Neither the present finite element scheme nor the usual finite 

difference method can define a sloping conductivity interface exactly. 

Results from D modeling experiments (Rijo, 1977, personal communication) 

suggest that, for most applications, the ability to model sloping 

interfaces below the earth’s surface is  not important. Results over 

a sloping interface are almost the same whether the interface is defined 
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exactly b,y triangular elements, or approximated by 

rectangular elements, as would be necessary with a 

a stair-step of 

finite difference 

technique. 

where fewer nodes are required to get an accurate solution with sloping 

elements, than with the step approximations of a finite difference 

Results are not the same for topographic effects, however, 

scheme. 

The finite element method has an advantage over finite difference 

methods for the approximation of topography in three dimensions if 

isoparametric elements are used (see, for example, Zienkiewicz, 1971 

for a description of isoparametric elements). 

node brick element illustrated in Fig. 1, as an isoparametric element, 

For instance, the 8- 

could model sloping interfaces in 3 dimensions. 

Very Low Frequency Results 

The finite element solution for the electric field problem proceeds 

by finding a stationary point of the functional: 

where E is the electric field, k2 = ii, 2 = iwu, 9 = 0 + iuE, w is 

the angular frequency, u is the conductivity, E is the permittivity, 

and p is the permeability. The dimensions of the V x  E V x  E term - - 
is y[L] while the dimension o f  the k2 E E term is E 2 2  k [ L I 3 .  - -  - 

If the earth is discretized an approximately 1/6th of a skin 

depth, then the curl term .is approximately two orders of magnitude 

larger than the - -  E - E  term. 

ratio becomes larger. 

On increasing the densit,y of elements the 

In the 3D problem it is not sufficient to have 
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the element size tied to the skin depth of the fields, since surface 

charges perturb the field behavior irrespective o f  strict induction 

phenomena. 

by considering a model in which discretization density must be strongly 
related t o  charge fields (such as in the static problem). 

frequency is lowered, the contribution of the 

small until it is lost in the roundoff error of the computations. 

Lajoie and West (1976) believed a similar effect to be a significant 

source of error i n  their integral equation solution. However, in 

the finite element approach, it appears that a roundoff error is not 

important for frequencies above 0.1 Hz. 

terms could be carried explicitly by modifying the differential equation 

from: 

The problem at very low frequencies may be illustrated 

As the 

term becomes arbitrarily 

The contributions from charge 

2 V x V x g - k  - E = O  

to 

Again, theVi term requires special attention in the computer 

code. 
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(a) TEIRAHEDRM ELEMENTS 

Fig. 1. A three dimensional mesh assembled from a) tetrahedral 

elements, and b) hexahedral elements. 

C 
Fig. 2. Schematic structure o f  the linear system of equations 
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XBL 788-1508 

F i g ,  3. A mesh constructed from non-conforming elements. 

I509 

Fig. 4. Mesh grading keeping the number o f  elements constant. 
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TRANSIENT TIME DOMAIN ELECTROMAGNETICS* 

/-- 

John T. Kuo and Dong-Heng Cho 
Aldridge Laboratory of Applied Geophysics 

Henry Krumb School of Mines 
Columbia University, New York, New York 10027 

With externally impressed electric and magnetic sources, 

the electric and magnetic field equations may be derived 

from the symmetrical Maxwell's equations. 

principles for the initial boundary value problem of 

electromagnetics are derived. 

type is deduced from the integro-differential equations 

equivalent to the electromagnetic field equations, while the 

second one is a simplified version of the first variational 

Two variational 

The first one of the Gurtin 

principle. 

The variational field equations are casted into the 

form suitable for a finite element formulation in space. An 

explicit central-differences scheme in time is then applied 

to the finite element variational equation to yield a 

recursive relation for time integration. 

The results of the Newmont Electromagnetic Pulse (EMP) 

survey done in the Mutooroo prospect in Australia is numerical- 

ly verified by a Turam approximation. 

* This work was supported by the National Science Foundation 
through grant EAR-76-24383. 
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INTRODUCTION 

Considerable advances have been made in recent years 

towards the improvement of transient electromagnetic survey 

fo r  mineral exploration, notably the Newmont Electromagnetic 

Pulse (EMP) system (see the Newmont EMP System, 1976, 

presented at the Workshop on Mining Geophysics). 

the newest Newmont version, Mark VI, is fully digital and 

has been in production use in Australia s i n c e  the middle 

of 1976. It is timely to investigate the transient time 

domain electromagnetic problem, particularly in three 

dimensions. 

For example, 
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A .  Variational Principles f o r  Time-domain Electromaqnetics 

The numerical scheme we developed is derived from vaxiation- 

a1 principle for electromagnetics which is directly obta ined  

from the field equations derived from the Maxwell's equations. 

On the basis of the following differential EM field 

equations: 
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where 

E .. = e lec t r i c  f i e l d  (Volt/m) 

g = magnetic f i e l d  (Ampere-turn/m) 
2 9 '  = impressed electric c u r r e n t  (Ampere/rn 1 

5 '  = impressed magnetic d i p o l e  moment p e r  u n i t  volume 
(Ampere - turn/m) 

3 ' = impressed e lectr ical  charge  (Coulomb/m 1 

' = impressed magnetic charge (Ampere-turn/m 1 

1-1 = magnet ic  p e r m e a b i l i t y  (Henry/m) 

'e 

f'm 
2 

E: = e l e c t r i c a l  p e r m i t t i v i t y  (Farad/rn) 

o = e lec t r ica l  c o n d u c t i v i t y  (mho/m) 

and t h e  i n i t i a l  and boundary c o n d i t i o n s ,  w e  derive t h e  

v a r i a t i o n a l  i n t e g r a l  A of t h e  Gur t in  type  as 

A =JR{t*VF*VF -..d - 5  + &yF*F * , u  

where 

Pe f o r  e lec t r ic  source  .-. Q = source  v e c t o r ;  8 = 

(P" f o r  magnet ic  sou rce  

t = to a t  
' 0  Fo ko= - i n i t i a l  c o n d i t i o n s :  F = - 

..d 

* =  t h e  convolu t ion  

t = t i m e  
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Furthermore, introducing A = t*R, we obtain that the new 

functional i-2 is the equivalent variational integral given as, 

The initial conditions can now be conveniently incorporated 

into the formulation. Taking a variation of 52 with respect 

to the nodal values, we obtain 652 = 0. 

B. 

Time-domain Electromagnetics: 

The Finite Element Formulation for the Three Dimensional 

' The finite element discretization of the above varia- 

tion equation yields the corresponding matrix equation, 

where 

1 Mass 

Damping 

[MI = IR&p [NITINldV (Matrix 

[D] = IRov INIT [Nldv (Matrix 

[K] = I { [N,~]~[N,xl+[Nlul~~Nly] 

1 

R Stiffness) 
(Matrix + [N, zIT [N, zl )dv 

1 Source 
(Matrix 
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[N] = shape function matrix 

{ @ }  {;I {;dl = unknown electrical or magnetic field and 
its first and second time derivatives at nodes. 

The matrix equation (4) is solved at each discrete 

time step by means of the explicit central differences 

scheme, avoiding cumbersome inversions of the global stiff- 

ness matrix. 

C. Numerical Verification of the Newmont Mutooroo Survey 

The finite element formulation f o r  the three-dimensional 

time-domain electromagnetics has been computer 

coded. The computer program is successfully tested f o r  an 

excitation of an electrical line source in a conductive, 

dielectric and permeable wholespace. 

assumed to be bell-shaped. The electromagnetic parameters 

are so chosen to test the sensitivity of each parameter. 

The numerical solutions to a l l  these test problems are 

found to be stable. 

Figure 1 shows the electric field strength that might 

The source function is 

be observed at a distance of 5 0  meters from the source 

position. In case 1 of the conductive whole-space, the 

conductivity plays a major role, giving a highly attenuated 

received signal; the same is true for Case 2 except the 
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the phase difference. 

plays essentially as damping as does the conductivity. 

Undesired undulating noises are introduced in Case 2 at 

about 0.3 time unit, possibly due to inappropriate finite- 

element sizes. Case 3 of a medium of common rock shows a 

markedly different signal, which is less attenuated and the 

shape of the original signal is fairly well preserved. 

Therefore the magnetic permeability 

This 

is attributed to the dielectric constant. 

size is a function of the wavelength, therefore, the skin- 

depth of the highest frequency contained in the spectral 

density of the original signal; in turn it is a f u n c t i o n  of 

the conductivity, permittivity and permeability of the 

medium. 

The optimum grid 

Up to date, the most important result has been the 

verification of the Newmont EMP results performed in Australia 

by a two-dimensional Turam approximation along the l i n e  AA' 

as shown in Figures 2 and 3 ,  which show the geologic and 

the field configuration and the EMP result of the Newmont 

Exploration Ltd. 

important in the sense that the Newmont system is perhaps 

one of the best EMP systems now in existence. 

verification, the source is fixed and the data are taken 

along the lines perpendicular to the larger dimension of the 

rectangular current loop laid on the surface. 

and geometrical parameters of the finite element model is 

given in Figure 4 together with the geometrical layout. 

the parameters are also given in dimensionless numbers for 

The present numerical verification is 

In the present 

The physical 

All 
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a ma t t e r  of g e n e r a l i t y .  F igure  4 shows t h e  secondary 

e l e c t r i c  f i e l d  s t r e n g t h  s c a t t e r e d  by t h e  o v e r l y i n g  l a y e r  and 

t h e  d i k e  t o g e t h e r ,  calculated a t  s u c c e s s i v e  t i m e  i n t e r v a l s  

a t  t h e  r e c e i v i n g  s t a t i o n s  l o c a t e d  on t h e  s u r f a c e  across 

t h e  e l ec t r i ca l  l i n e  sou rce .  The p o s i t i o n s  A and B a re  t h e  

p o s i t i o n  of t h e  d i k e  and t h a t  of t h e  sou rce ,  r e s p e c t i v e l y .  

Almost immediately a f t e r  t h e  i n i t i a t i o n  of t h e  t r a n s i e n t  

s i g n a l ,  t h e  secondary f i e l d  due t o  t h e  o v e r l y i n g  l a y e r  

r eaches  t h e  s t a t i o n s  nea r  t h e  source.  As t h e  t i m e  e l a p s e s ,  

i t  i s  b u i l t  up around t h e  source  r e g i o n  b u t  s p l i t s  i n t o  t w o  

p a r t s  a t  about  0 . 6  t i m e  u n i t .  The s p l i t  s i g n a l s  thereaf ter  

t end  t o  m i g r a t e  away from t h e  source .  The s i g n a l  scattered 

by t h e  d i k e  is  expected t o  show up around t h e  r e g i o n  j u s t  above 

t h e  d i k e  b u t  it i s  n o t  e x p l i c i t l y  seen i n  Figure 4 .  I n  order 

t o  examine t h e  response  of t h e  overburden effect, t h e  r e sponse  

o f  t h e  e lec t r ic  f i e l d  s t r e n g t h s  due t o  t h e  o v e r l y i n g  layer and 

t h e  h a l f  space  wi thou t  t h e  d i k e  i s  calculated as shown i n  F i g u r e  

5. V i s u a l l y ,  it i s  ve ry  d i f f i c u l t  t o  d i s t i n g u i s h  between 

t h e  l aye red  medium w i t h  t h e  d i k e  of F i g u r e  4 and t h e  l a y e r  

medium wi thou t  t h e  d i k e  o f  F i g u r e  5. This  is because  t h e  

s i g n a l  due t o  t h e  d i k e  i s  much smaller than  t h a t  of t h e  

overburden. 

F igu re  6 gives t h e  e lectr ic  f i e l d  s t r e n g t h  scattered 

by t h e  d i k e  on ly ,  ob ta ined  by s u b t r a c t i n g  t h e  v a l u e s  for  

t h e  l aye red  medium w i t h  t h e  d i k e  of F i g u r e  4 from t h e  l a y e r  
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medium without  t h e  d i k e  of Figure 5. 

occurs above t h e  d ike .  The a r r i v a l  of t h e  s i g n a l ,  about 

1.1 t i m e  u n i t ,  i s  considerably l a t e r  than  t h a t  of t h e  over- 

burden. 

t h e  d i k e  begins  t o  appear while t h e  overburden e f f e c t  is  

migrat ing away. 

f i e l d  work r e s u l t s .  

correspond t o  t h e  r e s u l t  of t h e  Mutooroo EMP Survey of 

Figure 3 ,  Y and 2 components, r e spec t ive ly .  

of t h e  X component i s  zero f o r  t h e  Turam approximation, i n  

f a c t ,  the  X component of t h e  Mutooroo EMP r e sa l t  is indeed 

also small  i n  comparison w i t h  t h e  Y and Z components. 

The anomaly peak 

Therefore  it i s  recognized t h a t  t h e  s i g n a l  due t o  

This  remarkable f a c t  indeed confirms t h e  

Our resu l t s  of F igures  7 and 8 

The response 

I n  f i e l d  p r a c t i c e ,  t h e  response of t h e  e lectr ical  

f i e l d  s t r e n g t h s  i s  r a r e l y  measured. 

can be der ived  from t h e  response of t h e  e lec t r ica l  f i e l d  

s t r e n g t h  as shown i n  Figure 6 ,  which possesses  a symmetrical 

S u b s t a n t i a l  in format ion  

c 

response t o  t h e  d ike .  
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Fig. 1, Electric Field Strengths at a Distance of 

50 Meters from the Source. 
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Fig. 2. 

The Geological and EMP Setting of the Newmont Mutooroo EMP 
(taken from Newmont, 1976) 
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Fig .  3 .  Newmont Mutooroo EMP S u v e y  R e s u l t s  
( taken  from Newmont, 1976) 
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F i g .  5. Electric Field S t r e n g t h  Anomaly due to a 
layered half-space. 
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F i g .  6 .  Electr ic  F i e l d  S t r e n g t h  Anomaly due t o  t h e  Dike 
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Fig .  7. Horizontal Magnetic Anomaly due to the Dike. 
(Corresponding to Newmont Y-Component). 
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EMMMMA, A COMPUTER PROGRAM FOR THREE DIMENSIONAL MODELING 

OF AIRBORNE ELECTROMAGNETIC SURVEYS 

W.L. Scheen 

Kon/Shell Exp lo ra t i e  en  Produkt ie  Laboratorium 

R i  j s w i  j k , Holland 

Abs t r ac t  

EMMMMA s t a n d s  f o r  Electromagnetic Mathematical Model Mixed Algorithm. 

The program c a l c u l a t e s  t h e  response observed i n  a i r b o r n e  dipole-dipole  e . m .  

surveys caused by conductive bodies  w i t h i n  a h o r i z o n t a l l y  s t r a t i f i e d  e a r t h .  

Working w i t h  a c e r t a i n  mesh c o n s i s t i n g  o f  t e t r ahedrons ,  t h e  program uses  a 

v a r i a t i o n a l  p r i n c i p l e  f o r  s e t t i n g  up a set o f  f i n i t e  element equa t ions  f o r  

t h e  magnetic f i e l d .  

expresses  t h e  f i e l d s  a t  t h e  boundary nodes o f  t h e  mesh i n  terms of those  a t  

t h e  i n t e r i o r  nodes. 

a t  t h e  receiver. 

A second set of equa t ions ,  based i n  i n t e g r a l  r e l a t i o n s ,  

The same i n t e g r a l  r e l a t i o n  is  used t o  compute t h e  f i e l d  

Some r e s u l t s  w i th  simple models are shown and problems encountered are 

discussed.  Two ve r s ions  of t h i s  program are be ing  t e s t e d .  



54 
/-- 

I n t r o d u c t i o n  

EMMMMA i s  a three-dimensional modeling program. It has  been designed 

t o  compute t h e  e f f e c t  of a conduct ive body ( o r  conductive bodies)  on t h e  

response measured i n  an a i r b o r n e  e l ec t romagne t i c  survey. 

a r e )  supposed t o  be embedded i n  a h o r i z o n t a l l y  s t r a t i f i e d  e a r t h ,  c o n s i s t i n g  

of a substratum o v e r l a i n  by a t  most s i x  h o r i z o n t a l  l a y e r s .  

The body is  (bodies  

(It would r e q u i r e  

very l i t t l e  e f f o r t  t o  change t h e  maximum of s i x  l a y e r s  i n t o  say  twelve o r  

more. ) 

The type of e.m.  survey t h a t  can be modeled by EMMMMA is  a magnetic 

dipole-dipole  survey. 

taken into account--vertical, h o r i z o n t a l  i n  t h e  f l i g h t  d i r e c t i o n ,  and ho r i -  

z o n t a l  normal t o  t h e  d i r e c t i o n  of f l i g h t .  

combinations of t r a n s m i t t e r  and receiver o r i e n t a t i o n s  are considered.  

Three d i f f e r e n t  o r i e n t a t i o n s  of t h e  d i p o l e  axes are 

This  means t h a t  n ine  p o s s i b l e  

Conductivity and d i e l e c t r i c  c o n s t a n t  may b e  s p e c i f i e d  f o r  each l a y e r ,  

each conductive body, and t h e  a i r  and t h e  substratum. The magnetic perme- 

a b i l i t y ,  however, i s  assumed cons t an t  and equa l  t o  LI over t h e  whole space.  

A mesh c o n s i s t i n g  of t e t r ahedrons  i s  generated;  i t  covers  t h e  conductive 

0 

bodies  completely. 

e r ed  p a r t  of t h e  e a r t h  (+ a i r ) .  

On t h e  b a s i s  of t h e  v a r i a t i o n a l  p r i n c i p l e :  

The boundary o f  t h i s  mesh must l i e  i n  t h e  r e g u l a r l y  lay- 

1 

+(6H Y /6x - 6HZ/6y)2 ]] dV = 0 , 

a se t  of f i n i t e  element equa t ions  i s  cons t ruc t ed  al lowing us t o  s o l v e  f o r  t h e  

magnetic f i e l d  a t  t h e  i n t e r i o r  nodes of t h e  mesh given t h e  f i e l d  a t  t h e  

boundary nodes. I f  w e  know t h e  magnetic f i e l d ,  w e  can a l s o  compute t h e  

e l e c t r i c  f i e l d  by t h e  r e l a t i o n :  
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I n  eqs. (1) and ( 2 )  ox s t a n d s  f o r  6 + 2 1 ~ i f ~  . 
An i n t e g r a l  r e l a t i o n  s imilar  t o  t h e  one used by Hohmann (1975) provides  

2 
a second set of equat ions:  

The magnetic ( o r  e l e c t r i c )  f i e l d  a t  any p o i n t  of ou r  space i s  t h e  

same as w e  would f i n d  i n  t h e  r e g u l a r l y  l aye red  e a r t h  wi thou t  t h e  conductive 

bodies ,  i f  t o  t h e  primary d i p o l e  sources  secondary c u r r e n t  sources  were added 

with a source d e n s i t y  equal  t o  

(3 )  - 
‘*body ‘*regular * 

where VO* = v‘**Eactual’ 

Here VU* i s  t h e  conduc t iv i ty  d i f f e r e n c e  between t h e  conductive bodies  

i s  t h e  a c t u a l  e l e c t r i c  f i e l d s  i n  and E a c t u a l  and t h e  r e g u l a r l y  l aye red  e a r t h ,  

t h e  conductive bodies ,  which we can d e r i v e  from t h e  a c t u a l  magnetic f i e l d ,  

Hac tua l  by 

The requ i r ed  set of equa t ions  i s  obtained from t h i s  i n t e g r a l  r e l a t i o n  

by r e p l a c i n g  the  i n t e g r a l s  over t h e  conductive bodies by products  of t h e  

corresponding Greens func t ions ,  and expres s ions  of t h e  type  (3) by sums of 

t h e  c o n t r i b u t i o n s  of t h e  va r ious  t e t r a h e d r o n s  i n  t h e  mesh. 

The same procedure i s  followed f o r  computing t h e  f i e l d  a t  t h e  r e c e i v e r  

l o c a t i o n .  

EMMMMA, F i r s t  Version 

W e  s h a l l  use t h e  fol lowing n o t a t i o n s :  

N = number of i n t e r i o r  nodes i n  t h e  mesh i n t  

Nbnd = number of boundary nodes 
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= v e c t o r  composed of t h e  magnetic f i e l d  components a t  t h e  'int 
i n t e r i o r  nodes 

Xbnd = vec to r  composed o f  t h e  magnetic f i e l d  components a t  t h e  

boundary nodes 

Note t h a t  Xint ha s  3xNint and Xbnd h a s  3xNbnd complex components. 

From t h e  v a r i a t i o n a l  p r i n c i p l e  a se t  of equa t ions  i s  obtained of t h e  

type : 

where A is  a symmetric (3Nint)x(3Nint) ma t r ix  and B is  a (3Nint)x(3Nbnd) 

matr ix .  

Both matrices are s p a r s e ,  i .e . ,  they con ta in  many zeros.  

The i n t e g r a l  r e l a t i o n  g ives  t h e  second set of equa t ions :  

(O) + CXint Y 5 n d  = Xbnd 

where 

Xbnd (O) = F i e l d  a t  t h e  boundary nodes f o r  a r e g u l a r l y  l aye red  e a r t h  with 

t h e  primary sources  only,  and 

C is  a (3Nbnd)x(3Nint) matr ix .  

F i n a l l y ,  w e  have t h e  equa t ions  expres s ing  Hanom, t h e  anomalous f i e l d  a t  

t h e  r e c e i v e r  i n  terms of t h e  f i e l d  i n  t h e  conductive bodies:  

- (7) 
Hanom - DXint  

Method of So lu t ion  

1. Compute A,B,C.  Also compute matrix D f o r  t h e  va r ious  receiver 

p o s i t i o n s .  

2 .  Decompose matrix A by 

A = L U ,  

where L is  a lower and U i s  an  upper t r i a n g u l a r  ma t r ix ,  and compute 
6 
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This s tep i s  c a r i r e d  o u t  by a Gaussian e l i m i c a t i o n  procedure without  back 

s u b s t i t u t i o n  and w i t h  ( 3 N  

matrix B. 

) r i g h t  hand s i d e s  corresponding t o  t h e  columns of bnd 

3 .  Compute X 

t h e  value of Xbnd. 
by ca r ry ing  o u t  t h e  back s u b s t i t u t i o n ,  t a k i n g  x,((; f o r  i n t  

by eq. (6 ) ,  us ing  t h e  Xint j u S t  found i n  t h e  r i g h t  Xbnd 4 .  Compute new 

hand s i d e  of t h e s e  equat ions.  

u n t i l  t h e  changes i n  t h e  s o l u t i o n  have become s u f f i c i e n t l y  s m a l l .  

Update Xint wi th  t h i s  new Xbnd, etc.  e tc . ,  

by eq.  (7) .  anom 5.  Compute H 

Tests c a r r i e d  o u t  on models i nvo lv ing  spheres  i n  empty space,  f o r  which 

showed numerical  va lues  acquired by an a n a l y t i c a l  a lgo r i thm were a v a i l a b l e ,  

t h a t  t h e  accuracy w a s  poor when t h e  t r a n s m i t t e r  w a s  c l o s e  t o  t h e  conductive 

body. Comparisons wi th  experimental  r e s u l t s  f o r  models w i th  conductive dykes 

were s t i l l  worse, even wi th  l a r g e  numbers of nodes and CPU-times of 1 4  hours  

on a UNIVAC 1106. 

E r ro r  Est imat ion 

The f i n i t e  element equa t ions  de r ived  from t h e  v a r i a t i o n a l  p r i n c i p l e  (1) 

provide a b a s i s  f o r  so lv ing  t h e  v e c t o r i a l  d i f f e r e n t i a l  equat ion 

v x [I$ VXH] = - 2 T r i ~ r n  . 

When we consider  a l i m i t e d  p a r t  of space,  t h e  d i f f e r e n t i a l  equat ion has  

a unique s o l u t i o n  i n  t h a t  p a r t ,  provided the  t a n g e n t i a l  components of H are 

given a t  t h e  boundary (or ,  a l t e r n a t i v e l y  t h e  t a n g e n t i a l  components of E o r ,  

even more gene ra l ,  t a n g e n t i a l  components of H on one p a r t  and t a n g e n t i a l  com- 

ponents of E on t h e  o t h e r  p a r t  of t h e  boundary). 

The above statement i s  v a l i d  as long as f # 0. I f  on t h e  c o n t r a r y  f = 0,  
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w e  have t o  s a t i s f y  t h e  a d d i t i o n a l  equa t ion  

V(vH) = 0 . (9) 

Equation (9)  follows from eq. (8) i f  f # 0, b u t  i t  o f f e r s  an  a d d i t i o n a l  con- 

d i t i o n  when f = 0. I f  we  do n o t  impose t h i s  cond i t ion  i n  t h i s  case, any 

g r a d i e n t  f i e l d  wi th  non-zero divergence, having ze ro  va lue  a t  t h e  boundary, 

can be added t o  t h e  s o l u t i o n  without  i n v a l i d a t i n g  i t .  

I n  our  numerical  method i t  means t h a t  f o r  low frequencies ,  i .e . ,  when 

t h e  important p a r t s  of t h e  mesh l i e  i n  t h e  nearby f i e l d ,  t h e  set of equa t ions  

becomes uns t ab le .  This  l e a d s  t o  t h e  superimposi t ion of a spur ious  g r a d i e n t  

f i e l d  on t o p  of t h e  d e s i r e d  s o l u t i o n .  

This has l i t t l e  e f f e c t  on the electric f i e l d  

as t h e  g rad ien t  f i e l d  i s  removed by t h e  Vx o p e r a t o r .  

Thus it looks  as though eve ry th ing  is a l l  r i g h t ,  because from t h e  f i n i t e  

element s o l u t i o n s  only t h e  e lec t r ic  f i e l d  E i s  used f o r  t h e  f i n a l  computation 

of t h e  f i e l d  a t  t h e  receiver l o c a t i o n .  

To i n s p e c t  t h e  s i t u a t i o n  i n  more d e t a i l ,  mathematical i n v e s t i g a t i o n s  were 

c a r r i e d  o u t  regarding convergence p r o p e r t i e s  i n  t h e  proper  Sobolew space.  

They l e a d  t o  a r e s u l t  t h a t  can b e  summarized as fol lows:  

For t h e  f i n i t e  element approach t h e  e r r o r s  and i n  H and E a t  

low f r equenc ie s  are of t h e  o r d e r s  

2 2  
EH = Cl/f 

EE2 = c2 2 , 

where C and C are geometry-dependent ( a .o . ,  they decrease wi th  decreasing 

mesh-width) and do n o t  van i sh  when f -+ 0.  

1 2 

This  confirms o u r  previous opinion t h a t  though t h e  e r r o r  i n  H i n c r e a s e s  
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ou t  o f  p ropor t ion  when f -f 0 ,  t h e  e r r o r  i n  E remains reasonable .  

However, w e  are cons ider ing  magnetic d ipo le  sources ,  and t h e r e f o r e  E w i l l  

tend t o  ze ro  when f -f 0. Thus w e  see t h a t  t h e  re la t ive e r r o r  i n  E w i l l  be  

very b i g ,  i f  f i s  s m a l l .  

What h a s  j u s t  been s a i d  about  t h e  e r r o r  estimates s t i l l  ho lds  t r u e  when 

w e  cons ider  t h e  F.E.M. s o l u t i o n  of t h e  d i f f e r e n t i a l  equat ion  

Vx [& VxH] = - 2 ~ i f v ( H + M ~ )  

wi th  smoothly d i s t r i b u t e d  sources  M i n  t h e  area covered by t h e  mesh. 
S 

The f a c t o r s  C and C2 t h a t  w e  o b t a i n  i n  t h e s e  cases are more o r  less 1 
propor t iona l  t o  H; i .e . ,  i f  H i s  small  on t h e  whole, C 

small. 

and C2 w i l l  a l s o  be  1 

This  now o f f e r s  us  t h e  fol lowing way o u t  of ou r  problem: 

In t roduce  

HStat = t h e  f i e l d  f o r  ze ro  frequency. 

s t a t  Since p does n o t  vary ,  H i s  simply the f i e l d  o f  a d i p o l e  i n  homo- 

geneous space.  

W e  have 

Fur the r ,  w e  de f ine  A H . =  H - H 

Then AH = O(f) f o r  f +. 0 . 

[UxHStat] = 0 . 
s t a t  

Moreover AH s a t i s f i e s  t h e  equat ion  

V [$ VxAH] = -2rifu(AH+HStat) . 
s t a t  This  i s  eq. (11) wi th  AH f o r  H and H f o r  Ms. 

A s  H i s  of  t h e  o rde r  f ,  C and C 2  w i l l  a l s o  b e  and 1 

w i l l  b e  approximated w i t h  a relative e r r o r  t h a t  remains f i n i t e  when f -+ 0. 
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EMMMMA, Second Version 

The second v e r s i o n  of EMMMMA a p p l i e s  t h e  s t r a t agem explained a t  t h e  end 

of t h e  previous s e c t i o n .  

s t e p s  (3) and ( 4 )  of s e c t i o n  2. 

It a l s o  avoids  t h e  i t e r a t i v e  a lgo r i thm descr ibed by 

The n o t a t i o n s  i n  t h i s  s e c t i o n  are t h e  same as those of s e c t i o n  2, b u t  

stat w i l l  be  s t a t  'in t and Xbnd now r e f e r  t o  AH i n s t e a d  of H i t s e l f .  

used f o r  t h e  corresponding v e c t o r s  formed wi th  H 

Xint and Xbnd 

. s ta t  

The v a r i a t i o n a l  p r i n c i p l e  now l eads  t o  t h e  set of equa t ions  

where 

+ s = o ,  ( 1 7 )  

s t a t  s t a t  
+ B2Xbnd * 

S = A X  2 i n t  

A and B2  are 2 

p a r t  of matrices A 

A = Al/f + A2 

B = Bl/f  + B2 

(3N i n t  >x(3Nbnd) r e sp .  (3Nint)x(3Nbnd) matrices. They are 

and B y  i n  t h e  sense  t h a t  t h e s e  matrices can b e  w r i t t e n  as 

I n  t h e s e  l a t te r  equa t ions  %, A2, B1, B2 are independent of f .  

The i n t e g r a l  equa t ions  ( 6 )  and ( 7 )  remain v a l i d ,  w i th  t h e  same C and D 

as be fo re .  

Method of S o l u t i o n  

s ta t  s t a t  
i n t  and %nd * 

0. Compute X 

1. A s  i n  s e c t i o n  2 ,  b u t  a l s o  computing S. 

2. 

3 .  

4 .  

A s  i n  s e c t i o n  2, b u t  a l s o  computing L'%. 

Compute A-'B and A - l S  by back s u b s t i t u t i o n .  

Compute I + CA -1 B (I r e p r e s e n t s  t h e  i d e n t i t y  ma t r ix )  and 
/- 

We w i l l  then have computed t h e  matrix and r i g h t  hand s i d e s  of t h e  equat ion 
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( 0 )  -1 
(1 + = x,nd - CA s . 

t h a t  follows from eqs.  (17) and ( 6 ) .  

5 .  Solve e q .  (20.) by s t r a igh t fo rward  Gaus 

6 .  Compute X by i n t  
-1 -1 

= - A  BXbnd - A S . 'in t 

i a n  e l i m i  a t i o n .  

7 .  Compute H by eq.  (7) .  anom 

Tes t ing  i s  i n  progress ;  r e s u l t s  look promising so  f a r .  
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Abstract 

Scale model s tudies  of the TEM method are being conducted a t  

Macquarie University, Sydney, using an in te rac t ive  mini-computer fo r  

timing of waveforms, data  acquisit ion and processing. 

In order t o  construct r e a l i s t i c  geological models, it i s  necessary 

t o  simulate host rock, overburden and mineralization. 

it i s  not possible t o  sca le  time by a fac tor  i n  excess of about 10. 

these reasons the conventional s a l t  o r  acid t a n k  i s  not sa t i s fac tory ,  

With TEM modelling 

For 

and other techniques have had t o  be developed. 

Models used i n  the Macquarie University f a c i l i t y  consis t  of low- 

and mediun-melting point a l loys (typemetal, Wood's metal, e tc . )  graphite,  

and conductive epoxy res ins .  

The main d i f f i cu l ty  experienced with t h i s  modelling setup are:  

(1) when time i s  scaled,  sampled times need t o  be known t o  

a very high precision. 

unsatisfactory.  

Wide time windows are  

(2) I t  i s  d i f f i cu l t  t o  determine the  electrical  continuity 

between adjacent materials. 
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Scale. Model F a c i l i t y  

The s c a l e  model f a c i l i t y  a t  Macquarie Un ive r s i ty  c o n s i s t s  of  a 35 K 

word I n t e r d a t a  mini-computer which c o n t r o l s  t h e  t iming and waveform o f  

t h e  t r a n s m i t t e d  p u l s e  as we l l  as subsequent d a t a  c o l l e c t i o n  and p rocess ing .  

A wide-band a m p l i f i e r  provides  an i n t e r f a c e  between t h e  computer and 

small mul t i - t u rn  loops used f o r  model s t u d i e s .  Input  and ou tpu t  d a t a  

are f e d  v i a  t h e  computer t o  a t e l e t y p e w r i t e r .  F i n a l  r e s u l t s  are s t o r e d  

on magnetic t a p e  f o r  subsequent p l o t t i n g .  

technique between t h e  computer and o p e r a t o r  enab le s  optimum t iming  and 

The use  o f  an i n t e r a c t i v e  

a m p l i f i e r  s e t t i n g s  t o  be e a s i l y  determined f o r  each model. 

A schematic diagram o f  t h e  computer equipment i s  g iven  i n  Figure 1. 

Model Mate r i a l s  

Some materials used f o r  c o n s t r u c t i n g  models are l i s t e d  i n  Table 1. 

High-conducting m a t e r i a l s  are used s o  t h a t  models can be kept  r e l a t i v e l y  

small. For example a block o f  typemetal 10 cm t h i c k  can s i m u l a t e  a 

homogeneous ha l f space  f o r  times up t o  5 ms. By c o n s i d e r a t i o n  of t h e  

e l ec t romagne t i c  modelling r e l a t i o n  it can be shown t h a t  t o  s i m u l a t e  a 

ha l f space  with s a l t  water over  t h e  same time range would r e q u i r e  a t a n k  

35 m deep. 

TABLE 1 MODEL MATERIALS 

Material 

CGpper 

Brass 
A 1 umi n i um 
Typemetal (M.P. 2 3 O o C )  

Low-Melt Alloys (M.P. 
Graphite 

Conductive Epoxy Resins 
d S a t  S a l t  Water 

7OoC) 

Conduct ivi ty  
07 

7 

7 
7 

3 - 5.5 x 10 
1 - 2  x 1 0  

1.6-3.7 x 10 

2 - 4 x 106 

lo5 - 5 10 

lo3 - 10 

6 
5 0.3 - 2 x 10 

5 

20 
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A major c o n s i d e r a t i o n  i n  us ing  t h e  above materials f o r  model s t u d i e s  

i s  t h e  problem o f  e lec t r ica l  c o n t i n u i t y  between t h e  v a r i o u s  materials. 

Two metal s h e e t s  pushed t o g e t h e r  w i l l  i n  fact on ly  be touching i n  

a few p l a c e s ,  and t h e  l a te ra l  e lec t r ica l  c o n d u c t i v i t y  w i l l  be  g r e a t l y  

d i f f e r e n t  from t h e  bulk conduc t iv i ty .  

typemetal and Wood's metal are used, s i n c e  t h e y  have a p o s i t i v e  c o e f f i c i e n t  

o f  expansion upon s o l i d i f i c a t i o n .  

with o t h e r  model materials they  are i n  c o n t a c t  with;  

For t h i s  reason materials such as 

They t h e r e f o r e  form a ve ry  c l o s e  bond 

Conductive epoxy r e s i n s  can a l s o  be used t o  j o i n  materials, The 

5 most conductive r e s i n  on t h e  market has  a c o n d u c t i v i t y  o f  10 

forms an ideal i n t e r f a c e  between g r a p h i t e  and o t h e r  materials. 

S/m, and t h u s  

Note t h a t  t h e  problem o f  e l e c t r i c a l  c o n t i n u i t y  may arise wi th  

tank modelling, f o r  example where aluminium is  used as t h e  one model. 

R e s i s t i v e  oxides  of aluminium on t h e  s u r f a c e  of t h e  model can have a 

l a r g e  effect  on t h e  modelled response.  

Ainplifier Requirements 

The major problem i n  designing an a m p l i f i e r  i s  t h e  requirement o f  

wide bandwidth and high g a i n .  

are d e s i r a b l e .  

an exponent ia l  decaying waveform can b e  analysed by t h e  use  o f  t h e  

Laplace Transform. 

s i n g l e  real  p o l e ,  t h e  requirement f o r  a 1% e r r o r  i s :  

With small models, g a i n s  o f  up t o  100,000 

The effect  o f  a band-l imited a m p l i f i e r  on t h e  shape of  

I t  can be shown t h a t  f o r  a low-pass f i l t e r  wi th  a 

WOT = 100 

wO 
i s  t h e  3 db p o i n t ,  and 

is  t h e  t ime c o n s t a n t  o f  t h e  exponen t i a l  decay. 

where 

'I 

For example, if it is  d e s i r e d  t o  measure a t r a n s i e n t  w i th  a time 6 
cons tan t  of 0.1 m s  t h e  3 db p o i n t  o f  t h e  a m p l i f i e r  would need t o  be a t  

150 kHz. 
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The a m p l i f i e r  used i n  t h e  Macquarie Un ive r s i ty  f a c i l i t y  has  a 

v a r i a b l e  ga in  o f  10, 100, 1000, 10000 and a 3 db p o i n t  o f  500 kllz .  

Erro r s  i n  Measurement 
~ 

In  a d d i t i o n  t o  e r r o r s  i n t roduced  by a f r equency- l imi t ed  a m p l i f i e r ,  

t h e r e  are a l s o  e r r o r s  i n t roduced  from o t h e r  s o u r c e s .  

troublesome f o r  cond i t ions  o f  e a r l y  t imes ,  l a r g e  c o n d u c t i v i t y ,  and l a r g e  

loop s i z e .  

time could cause a 40% e r r o r  i n  apparent  conduc t iv i ty .  

times t h e  e r r o r  i s  g r e a t l y  reduced. 

Model Resu l t s  - TEM One-loop Configurat ion 

These are p a r t i c u l a r l y  

For example, a 1% e r r o r  i n  t h e  measured v o l t a g e  or sample 

A t  l a te r  sample 

I t  w i l l  be assumed t h a t  t h e  r e a d e r  has  a b a s i c  knowledge o f  t h e  TEM 

method. Desc r ip t ions  o f  f i e l d  equipment, f i e l d  r e s u l t s  and e a r l y  model 

s t u i d e s  are given by Ve l ik in  and Bulgakov (1967), S p i e s  (1976 a and b ) .  

2- layered e a r t h  response and depth of p e n e t r a t i o n  

Models o f  a 2- layered e a r t h  have been s t u d i e d  wi th  d i f f e r e n t  loop 

sizes.  Resu l t s  f o r  s e v e r a l  cases are shown i n  Figures  2 and 3 .  As t h e  

th i ckness  of t h e  top  l a y e r  i n c r e a s e s ,  t h e  d e p a r t n r e  from t h e  homogeneous 

ground response o f  t h e  t o p  l a y e r  occurs  l a t e r  i n  t ime.  

t ime depends on t h e  conduc t iv i ty  and t h i c k n e s s  o f  t h e  l a y e r  and t h e  loop 

s i z e .  A f e a t u r e  o f  t h e  curves is  an overshoot e f f e c t ,  which i s  g r e a t e s t  

f o r  thin l a y e r s  and l a r g e  loops.  This  effect i s  a s c r i b e d  as be ing  due 

t o  i n t e r f e r e n c e  o r  resonance e f f e c t s  between l a y e r s .  

The d e p a r t u r e  

An i n t e r e s t i n g  r e s u l t s  i s  t h e  effect  o f  loop s ize  on depth of  

pene t r a t ion .  

increased with t h e  s ize  o f t h e l o o p .  

4 t h a t  a t  a given sample t ime ,  t h e  apparent  c o n d u c t i v i t y  de r ived  for 

t h e  sma l l e r  loop i s  g e n e r a l l y  c l o s e r  t o  t h e  t r u e  c o n d u c t i v i t y  of  t h e  

lower i a y e r ,  than f o r  t h e  l a r g e r  loop. 'I'hus, over  a 2- laycred ground, 

sinaller loops would appear t o  have a g r e a t e r  depth of p e n e t r a t i o n  than  

l a rge r  l0C.ps. 

For many yea r s  it was assumed t h a t  t h e  depth of p e n e t r a t i o n  

However, it can be seen  from Figure 
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I n  p r a c t i c e ,  t h e  depth of p e n e t r a t i o n  i s  o f t e n  c o n t r o l l e d  by the 

s i g n a l / n o i s e  r a t i o  and t h e  s e n s i t i v i t y  o f  t h e  TEM ins t rumen t .  

of t h i s  i s  given i n  Figure 5 ,  which shows t h e  TEM response a t  1.1 ms 

of a g r a p h i t e  model o f  t h e  Woodlawn orebody (New South Wales), as a 

func t ion  of depth o f  b u r i a l .  

p ropor t iona l  t o  loop a r e a ,  it can be seen  t h a t  a l a r g e r  loop w i l l  b e  

a b l e  t o  d e t e c t  t h e  orebody a t  a g r e a t e r  depth than  wi th  a smaller loop. 

Effect of Host Rock 

An example 

If t h e  n o i s e  l e v e l  is  assumed t o  b e  

The presence o f  a conducting h o s t  rock was s imula t ed  by embedding a 

copper, and b ras s ,  c y l i n d e r  i n  typemetal .  

curves (shown i n  Figure 6 )  show t h a t  a t  e a r l y  times t h e  response i s  due 

s o l e l y  t o  t h e  h o s t  rock.  

c y l i n d e r  is seen ,  and at ve ry  la te  times t h e  h a l f s p a c e  response aga in  

predominates. 

Two-loop TEM response of  a Homogeneous Ground 

The r e s u l t a n t  t r a n s i e n t  decay 

I n  t h e  medium time range t h e  e f fec t  o f  t h e  

I n  o r d e r  t o  examine t h e  response o f  a homogeneous h a l f - s p a c e  wi th  a 

two-loop TEM system a model was c o n s t r u c t e d  o u t  o f  typemetal .  

response of a 1 ohm-m uniform ground wi th  va ry ing  loop s e p a r a t i o n s  i s  

shown i n  Figure 7 .  The curves change s i g n  a t  a t ime which depends on 

t h e i r  s e p a r a t i o n  and t h e  c o n d u c t i v i t y  o f  t h e  ground, 

t h a t  one-loop response is  simply t h e  "late time" assym3oi-e o f  t h e  two-loop 

response as t h e  loop- sepa ra t ion  goes t o  z e r o ,  

The 

I t  can b e  seen  

By varying t h e  loop s e p a r a t i o n ,  loop size and model c o n d u c t i v i t y  it 

was p o s s i b l e  t o  e m p i r i c a l l y  d e r i v e  an expres s ion  f o r  t h e  2-loop 

homogeneous ground response.  This  r e s u l t  i s  shown i n  Figure 8. 

f e a t u r e s  of t h e  t r a n s i e n t  curve are worth no t ing .  F i r s t l y ,  t h e  f a c t  t h a t  

t h e  curve changes s i g n  with ground c o n d u c t i v i t y  means t h a t  f i e l d  r e s u l t s  

of ?-loop d a t a  w i l l  be much more complex than  f o r  t h e  o n e - l o o p  

Seve ra l  

6 
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conf igu ra t ion .  Secondly, f o r  l a t e r  p a r t s  o f  t h e  t r a n s i e n t  i t  can 

be seen t h a t  t h e  rcsponse-conduct ivi ty  r e l a t i o n s h i p  i s  no longe r  unique. 

This  means t h a t  it would be d i f f i c u l t  t o  C a l c u l a t e  apparent  c o n d u c t i v i t i e s .  

Future Modelling Work 

Model s t u d i e s  a r e  c u r r e n t l y  being conducted t o  examine t h e  e f f e c t  

of magnetic pe rmeab i l i t y  and an i so t ropy  on TEM response.  I t  i s  planned 

t o  c o n s t r u c t  s e v e r a l  models o f  s p e c i f i c  f i e l d  t a r g e t s  with conduct ive 

overburden and h o s t  rock,  with t h e  aim of determining t h e  l i m i t s  of 

d e t e c t a b i l i t y  of  va r ious  t a r g e t s .  
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A GENEFUT,IZED IMAGE METHOD FOR Q U A S I  -STRATIF E D  MODELS 

G . F .  West 

Department of Physics 
University of Toronto 

Toronto, Ontario MSSlA7,Canada 

We have been looking f o r  a method of computing t h e  EM response of 

a q u a s i - s t r a t i f i e d  e a r t h ,  i . e . ,  one i n  whichlone o r  more of t h e  l a y e r s  
has  a somewhat i r r e g u l a r  shape. To our s u r p r i s e ,  we discovered t h a t  t w o  

members of t h e  U. of T. Computer Science Department worked on t h i s  problem 

a few yea r s  ago and developed a numerical  method which might b e s t  be 

descr ibed  a s  a gene ra l i zed  image method*. 

The f i e l d  i n s i d e  any uniform bounded region can always be descr ibed  

a s  t h e  summation of f i e l d s  generated by an a r r a y  of po in t  sources  in an 
i n f i n i t e  medium of s i m i l a r  p r o p e r t i e s ,  where a l l  t h e s e  p o i n t  sources  ( w i t h  

the  p o s s i b l e  except ion  of t h e  t r u e  sou rce )  l i e  

t h e  region.  ( F i g .  1). In  a n m b e r  of simple cases ,  such a s  where t h e  boundary 

i s  a plane o r  a sphere,  t he  f i e l d s  can be represented  e x a c t l y  by one o r  a 

f i n i t e  number of such sources .  However, in most cases ,  an  i n f i n i t e  d i s t r i -  

bu t ion  of po in t  sources  i s  requi red .  In t h e  numerical  method, one a t tempts  

t o  f i n d  a small set of Itimage" sources  ( p o s i t i o n  and s t r e n g t h )  f o r  t h e  

f i e l d s  i n  each reg ion  such t h a t  t h e  f i e l d s  on t h e  boundary approximately 

s a t i s f y  the  r equ i r ed  boundary cond i t ions  on a network of t e s t  po in t s .  

number of t e s t  p o i n t s  i s  taken cons iderably  l a r g e r  than t h e  number of unknown 
in t h e  image s e r i e s  and t h e  method of l e a s t  squares  i s  used t o  o b t a i n  t h e  

parameters of t h e  image s e r i e s .  

t h e  image p o s i t i o n  coord ina tes  and t h e  Xarquhardt a lgor i thm i s  used t o  i t e r a t e  

t o  t h e  b e s t  f i t .  

o u t s i d e  t h e  boundary of 

The 

The minimization problem i s  non-l inear  i n  
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We have no t  t r i e d  t h e  method ye t ,  but  it looks  i n t e r e s t i n g  and we 

It i s  u n l i k e l y  t h a t  very complicated shapes p l an  t o  t e s t  it t h i s  summer. 

can be handled, s i n c e  t h i s  would r e q u i m m a n y  images and t h e  i t e r a t i v e  l e a s t  

squares method u s u a l l y  g e t s  i n t o  t r o u b l e  i f  the  number of f r e e  parameters  i s  

l a r g e .  However, it may be a simple method f o r  handl ing some important cases .  

* Johnston, R.L. and R.  Mathon, 1977. The Computation of E l e c t r i c  Dipole 
F i e l d s  i n  Conducting Media. Technical Report No. 110, Department 
of Computer Science,  Un ive r s i ty  of Toronto. 

Mathon, R. and R.L. Johnston, 1977. The approximate s o l u t i o n  of e l l i p t i c  
boundary value problems by fundamental s o l u t i o n s .  SIAM J. Numer. 
Anal. vo l .  14, no. 4 ,  pp. 638-650. 
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Approach : 
Write the general solution for  the 
f i e l d  i n  each region as the sum of 
a series of point s ingular i ty  
solutions,  where the s ingu la r i t i e s  
l i e  outside the region of i n t e re s t .  

XBL 787-1401 

Fig. 1. A generalized image method. 
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FINITE DIFFERENCE SOLUTIONS FOR 

AXISYNMETRIC PROBLEMS 

/- 

Roy J. Greenf ie ld  and Gordon D. K r a f t  
Geosciences Dept., Penn State  Un ive r s i ty  

The f i n i t e  element method i s  app l i ed  t o  modeling D.C .  e l ec t r i ca l  

r e s i s t i v i t y  surveys  on conduc t iv i ty  s t r u c t u r e s  which are symmetric 

about  an  a x i s .  A l a r g e  c lass  of s t r u c t u r e s  of geophysical  i n t e r e s t  

can be modeled i n  t h i s  geometry: 

i n  shape, f l a t  l y i n g  o r e  bodies  of e l i p t i c a l  o r  d i s k  shape, such o r e  

bodies  i n  areas having l aye red  overburden, complicated w e l l  l og ing  

geometr ies ,  and a x i a l l y  symmetric conduc t iv i ty  changes a s s o c i a t e d  wi th  

water  f lood ing  o r  c o a l  g a s i f i c a t i o n .  

f o r  I .P .  modeling. 

r e s u l t s  can a l s o  be obta ined  f o r  e lec t romagnet ic  sources  i n  t h i s  geometry. 

o r e  bodies  which are s p h e r i c a l  

The usua l  approach can g i v e  ex tens ion  

Pre l iminary  i n d i c a t i o n s  are t h a t  f i n i t e  element 

The r e s u l t s  d i scussed  are  from a recent M.S. Thes i s  a t  Penn S t a t e  

(Kraf t ,  1976).  Th i s  t h e s i s  work, which is  being cont inued,  o u t l i n e s  t h e  

method f o r  t h e  gene ra l  a x i a l l y  symmetric case and o b t a i n s  a v a r i e t y  of 

numerical  r e s u l t s  f o r  t he  case when t h e  source  i s  on t h e  symmetry a x i s .  

Recently t h i s  problem w a s  a l s o  addressed by Bibby (1978). 

The p o t e n t i a l  f i e l d  f o r  an  a x i a l l y  symmetric s t r u c t u r e  may be expressed 

as 

@(r ,z ,B)  = V,(r,z) + E{ V ( r , z ) . *  cos  N8 + U,(r,z) s i n  Ne) 
N - 1  N 

where r , z ,  and 8 are t h e  c y l e n d r i c a l  coord ina te s .  

are  so lved  as a series of two dimensional problems. Th i s  technique ,  
The VN(r;z) and LJi'(r,z) 

analogous t o  t h e  method used by Jepsen  (1969), Coggon (1971), and Madden (1967) 
f o r  two dimensional  s t r u c t u r e s ,  r e q u i r e s  less  computation than  t h e  f u l l  t h r e e  
dimensional  s o l u t i o n .  e 
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ces on t h e  a x i s .  Then on ly  t h e  V , (  , z >  

t e r m  i s  requi red ,  hence t h e  s u b s c r i p t  w i l l  be dropped. The f i n i t e  element 

method re  u i r e s  minimizat ion of t h e  f u n c t i o n  
2 

r 
R 

a v  av x = 11 S r C J { ( ~ )  + (.a;l-) } drdz  + (4 a V - BV) d l  + S V  6(r-ro)6(z-zo)r .drdz 

R C 

The a and B come from gene ra l  l i n e a r  boundary cond i t ions  of t h e  form 
av 
an ro - + aV-(3 = 0 

where &- i n d i c a t e s  t h e  d e r i v a t i v e  normal t o  t h e  boundary. The boundary cond i t ions  
an 

and r e s u l t i n g  a and B used are shown on F igure  1. 

s i d e  and bottom of t h e  g r i d  r e s u l t  from t h e  assumption t h a t  the d i r e c t i o a  

of c u r r e n t  f low on t h e  boundary i s  r a d i a l l y  outward from t h e  source .  The 

g r i d s  used f o r  t h e  numerical  work are formed by d i v i d i n g  t h e  s o l u t i o n  r eg ion  

i n t o  r e c t a n g l e s  by a ser ies  of v e r t i c a l  and h o r i z o n t a l  g r i d  l i n e s ,  which 

are placed a t  t h e  d i s c r e t i o n  of t h e  use r .  F u l l  d e t a i l s  of t h e  method are  

given by Kraft (1976). The program used t o  o b t a i n  r e s u l t s  incorpora ted  

s e v e r a l  sub rou t ines  developed by Rodi (1976) f o r  magne t i c - t e l lu r i c  modeling. 

The d i r e c t  method descr ibed  by Greenf ie ld  (1965) w a s  used t o  s o l v e  t h e  f i n i t e  

d i f f e r e n c e  equat ions .  Typical  runs  f o r  a 30 x 30 mesh took 1 5  seconds on t h e  

Penn S t a t e  Un ive r s i ty  IBM 379/175 computer. 

The cond i t ions  on t h e  r i g h t  

s u r f a c e  
a=B=O 

s o u r c e y  

I I- T{B = 0 

Z r + z ) r  

F igure  1. Geometry and o u t e r  boundary of mesh shown wi th  boundary 
cond i t ions  ind ica t ed  f o r  each s i d e  of t he  mesh. 
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6 A v a r i e t y  of tests were made of t h e  accuracy of t h e  method by comparison 

of f i n i t e  element r e s u l t s  t o  a n a l y t i c  model r e s u l t s .  

geometry and Figure  3 a comparison of p r e s e n t  apparent  r e s i s t i v i t y  r e s u l t s  

t o  those  of Snyder and Merkel (1973) f o r  t h e  bur ied  conduct ive sphe re  

( conduc t iv i ty  c o n t r a s t  of 5 . ) .  
p o s i t i o n s  i n  t h e  sphere.  

comparable accuracy.  

(rl = 0)  
The g r i d  used had t h e  same uniform spac ing  (spacing = a / 4 )  i n  both  t h e  

h o r i z o n t a l  and v e r t i c a l .  

h a l f s p a c e  model and f o r  t h e  model of  a l a y e r  over a ha l f space ,  w i th  both  a 

conduct ive and a r e s i s t i v e  l a y e r .  

o r  b e t t e r  were obta ined ,  except  when a p o t e n t i a l  e l e c t r o d e  w a s  w i t h i n  4 g r i d  

p o i n t s  of e i t h e r  t h e  source  e l e c t r o d e  o r  t h e  mesh boundary. 

F igure  2 shows t h e  

Also shown are  a d d i t i o n a l  r e s u l t s  f o r  source  

Comparison of r e s u l t s  f o r  t h e  r e s i s t i v e  sphere  gave 

The only  apprec i ab le  e r r o r s  are f o r  t h e  s u r f a c e  sou rce  

when n i s  s m a l l  so  t h a t  t h e  c l o s e  e l e c t r o d e  i s  near  t h e  source.  

Addi t iona l  accuracy tests were made f o r  a uniform 

I n  a l l  cases a c c u r a c i e s  of a few pe rcen t  

Resu l t s  w e r e  c a l c u l a t e d  f o r  t h e  series of models shown i n  Figure 4 .  T h i s  

series of models shows t h e  e f fec t ,  O R  appa ren t  r e s i s t i v i t y ,  of t h e  h o r i z o n t a l  

e x t e n t  of t h e  bu r r i ed  conduct ive  body, A series of curves ,  n o t  inc luded  i n  

t h i s  summary, shows apparent  r e s i s t i v i t y  ve r sus  p o t e n t i a l  e l e c t r o d e  d i s t a n c e ,  

r ,  f o r  each body. I n  F igure  5 a composite curve,  f o r  f i x e d  p o t e n t i a l  e l e c t r o d e  

d i s t a n c e ,  i s  given f o r  a l l  t h e  bodies .  

Resu l t s  were run  t o  ana lyze  t h e  p o s s i b i l i t y  of monitor ing water f lood ing  

of a l a y e r  w i th  a conduct ive f l u i d .  The model i s  shown i n  F igure  6; t h e  

conduc t iv i ty  model included a s tee l  w e l l  c a s ing .  The apparent  r e s i s t i v i t y  

r e s u l t s  f o r  s e v e r a l  va lues  of D ,  t h e  r a d u i s  of t h e  f looded zone, are  shown 

i n  F igu re  7 .  

These water f lood ing  c a l c u l a t i o n s  were done us ing  a mesh t h a t  had very  

s m a l l  r a d i a l  spac ing  (n r  = 0.06 mm) a t  t h e  a x i s  ( l o c a t i o n  of pipe)  wi th  t h e  

spac ing  inc reas ing  by approximately 50% a t  each node u n t i l  t h e  node spac ing  

a t  t h e  ou te r  boundary w a s  A r  = 944 m. 

6 0 m  except  f o r  a spac ing  of 30 m a t  t h e  l a y e r .  Accuracy tests were made 

us ing  t h i s  mesh f o r  t h e  problem of a l a y e r  over  a ha l f space  (no p ipe)  and 

f o r  t h e  f i n i t e  l e n g t h  i n f i n i t e l y  conduct jve  p i p e  i r ?  a unifoom ha l f space  

(compared t o  t h e  s o l u t i o n  of Van Nostrand and Cook, 1966, pp. 28-29). The 

r e s u l t s  showed t h a t  t h i s  mesh g ives  r e s u l t s  t h a t  were a c c u r a t e  t o  b e t t e r  than  

a few pe rcen t .  

The ve r t i ca l  mesh spac ing  w a s  uniformly 
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Figure 2. Electrode a r r a y  geometry of t he  buried sphere target. 
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Figure 3 . T e s t  of f i n l t e  e l emen t  c a l c u l a t i o n  using known a n a l y t i c  s o l u t i o n  
t o  a p p a r e n t  r e s i s t i v i t y  over  a conduc t ive  s p h e r e  i n  a ha l f - space .  
Parameters a r e  s p e c i f l e d  in Figure 2 .  
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Figure 5 .  Apparent r e s i s t i v i t y  a t  a point  45m from the axis versus source 
depth, presented-for the sphere, e l l i p s o i d s ,  and l a y e r  of Figure 4 .  
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Figure 4 .  Electrode array geometry and i l l u s t r a t i o n  of  waterflooding 
model. 
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FINITE DIFFERENCE SOLUTIONS TO THE 

ELECTROMAGNETIC PROBLEM 
THREE-DIMENS IONAL-SOURCE AND TWO-DIMENS IONAL- EARTH 

Charles  H.  Stoyer  
Geophysics Department 

Colorado School of Mines 

In t roduc t ion  

The numerical  s o l u t i o n  of t h e  problem concerning geophysical  p rospec t ing  

over s t r u c t u r e s  of i n f i n i t e  s t r i k e  l eng th  wi th  p o i n t  sources  has  he ld  t h e  

au tho r ' s  i n t e r e s t  s i n c e  about 1972. Following t h e  work of  Swif t  (1967, 19711, 

t he  method and sof tware  have been developed t o  extend Swi f t ' s  pure ly  two- 

dimensional approach t o  one which a l l o w s  t h e  electromagnetic f i e l d s  t o  be  

t h r e e  dimensional i n  c h a r a c t e r .  

Since v i r t u a l l y  a l l  of t hese  r e s u l t s  have been previous ly  publ i shed  

elsewhere (S toyer ,  1974; S toyer  and Greenf ie ld ,  1976; Greenf ie ld  and Stoyer ,  

1976; Stoyer  and Wait, 1976; S toyer ,  1976) t h i s  summary w i l l  be  a l i t e r a t u r e  

review. 

The Method 

The b a s i s  f o r  t h e  method i s  s t r a igh t fo rward .  The s t r i k e  d i r e c t i o n  is  

p a r a l l e l  t o  t h e  x-axis ( z  is  p o s i t i v e  downward) and t h e  f i e l d  components are 

w r i t t e n  as an  un-normalized Four i e r  i n t e g r a l .  S u b s t i t u t i o n  of t h i s  i n t o  

Maxwell's equat ions  produces a se t  of  equat ions  i n  which t h e  x-dependence of 

t h e  f i e l d s  is  s p e c i f i e d  as exp ( jkx ) .  S ince  t h e  y- and z-components can b e  

expressed i n  terms of d e r i v a t i v e s  of Ex and Hx ( i n  t h e  k-domain), t h e s e  two 

components are used as p o t e n t i a l s .  

then developed; t h e s e  are coupled only a t  material boundaries .  

d i f f e r e n c e  approximation of t h e s e  two equat ions  can b e  e a s i l y  developed, and 

both magnetic and c u r r e n t  d i p o l e  sources  are allowed. 

Two coupled equat ions  i n  Ex and Hx are 

The f i n i t e -  
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Boundary c o n d i t i o n s  a t  c d n t a c t s  between media of  d i f f e r e n t  e l ec t r i ca l  

p r o p e r t i e s  are  a u t o m a t i c a l l y  t a k e n  care o f  s i n c e  t h e  e q u a t i o n s  f o r  inhomogen- 

eous media a r e  used.  A t  t h e  edges of  t h e  f i n i t e - d i f f e r e n c e  g r i d ,  t h e  magneto- 

t e l l u r i c  t e r m i n a l  impedance, s imilar  t o  t h a t  used by S w i f t  (1967) a t  t h e  g r i d  

bottom, i s  used f o r  t h e  boundary c o n d i t i o n  a t  a l l  g r i d  edges.  

The f i n i t e  d i f f e r e n c e  e q u a t i o n s  a r e  s o l v e d  ( p r e s e n t l y  f o r  t h e  t o t a l  

f i e l d )  f o r  s e v e r a l  v a l u e s  of k ,  l o g a r i t h m i c a l l y  spaced and spanning  about  two 

o r d e r s  of  magnitude, and t h e  i n v e r s e  t r a n s f o r m  is  c a r r i e d  o u t  by i n t e g r a t i n g  

t h e  Lagrange i n t e r p o l a t i o n  of  t h e  f i e l d s  i n  t h e  F o u r i e r  i n t e g r a l .  

v a l u e s  of  k are determined from tests w i t h  s i m p l e r  s t r u c t u r e s ,  such  as a 

homogeneous o r  p lane- layered  e a r t h .  

f e r e n t  f o r  e l ec t r i c  and magnetic s o u r c e s .  S o l u t i o n s  c o s t  between $20 and 

$200, depending on t h e  machine and rate s t r u c t u r e  used.  

The s p e c i f i c  

Note t h a t  t h e  r e q u i r e d  k v a l u e s  are d i f -  

V a l i d i t y  of  R e s u l t s  

U n f o r t u n a t e l y ,  no a b s o l u t e  test of  v a l i d i t y  f o r  two-dimensional s t r u c t u r e s  

u s i n g  t r u l y  e l e c t r o m a g n e t i c  f i e l d s  h a s  been c a r r i e d  o u t  as y e t .  This i s  

because a "s tandard" r e s u l t  (such as scale-model) does n o t  seem t o  e x i s t .  

However, comparisons have been made w i t h  homogeneous h a l f - s p a c e s ,  t h r e e -  

dimensional  scale models, t h e  p e r f e c t l y  conduct ing  h a l f - p l a n e ,  f i e l d  d a t a  

taken  by t h e  a u t h o r ,  and d i r e c t - c u r r e n t  two-dimensional r e s u l t s .  There h a s  

never been any r e a s o n  t o  s u s p e c t  t h e  v a l i d i t y  of the r e s u l t s ,  e x c e p t  i n  cases 

where obvious m i s t a k e s ,  such as u s i n g  t o o  c o a r s e  a g r i d  o r  t h e  wrong k v a l u e s ,  

have been made. 

Summary o f  P u b l i s h e d  R e s u l t s  

F u l l  d e t a i l s  o f  t h e  method are d e s c r i b e d  by S t o y e r  (1974).  These r e s u l t s  

are s t r i c t l y  f o r  magnet ic  d i p o l e  s o u r c e s ,  and t h e  measurement o f  t i l t  a n g l e  
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and e l l i p t i c i t y  ( f o r  t h e  magnetic p o l a r i z a t i o n  e l l i p s e )  i s  considered almost 

exc lus ive ly .  

s t r u c t u r e s  (generated f o r  f i e l d  d a t a  i n t e r p r e t a t i o n ) ,  comparison of t h e  two- 

dimensional r e s u l t s  wi th  a three-dimensional scale model and with the  h a l f -  

plane s o l u t i o n ,  and t h e  s u r f a c e  f i e l d s  of  a bur ied  d i p o l e  source.  

wi th  f i e l d  da t a ,  taken by t h e  au tho r  us ing  equipment designed and cons t ruc ted  

by t h e  au thor ,  a r e  a l s o  presented  and r e s u l t i n g  i n t e r p r e t a t i o n s  are discussed.  

A condensed ve r s ion  of S toyer  (1974) i s  presented  i n  t h e  more a c c e s s i b l e  S toyer  

and Greenfield (1976). 

Resul t s  inc lude  t h e  response of bu r i ed  bodies  i n  layered  

Comparisons 

Pub l i ca t ions  t h a t  desc r ibe  t h e  s u r f a c e  f i e l d s  of a bur ied  v e r t i c a l  mag- 

n e t i c  d ipo le  ( f o r  trapped-miner app l i ca t ions )  inc lude  Greenfield and Stoyer, 

1976; Stoyer  and Wait, 1976; and Stoyer ,  1976. The f i r s t  of t h e s e  is  a con- 

densed ve r s ion  of t he  material from Stoyer  (1974). The second and t h i r d  show 

contour maps on t h e  s u r f a c e  of var ious  f i e l d  components. 

i n t e r e s t i n g  of t hese  show contour maps of ver t ica l  and h o r i z o n t a l  e l l i p t i c i -  

t i es .  These seem t o  be q u i t e  i n d i c a t i v e  of t h e  p o s i t i o n  of t h e  more conduc- 

t i v e  po r t ions  of t h e  subsur face .  

Some of t h e  more 

Recently,  r e s u l t s  have been generated f o r  t h e  e lec t romagnet ic  f i e l d s  of a 

cu r ren t  d ipo le  over a two-dimensional s t r u c t u r e .  

compiled, as they r e q u i r e  t h e  combination of two sources  i n  o r d e r  t o  match 

t h e  f i e l d  s i t u a t i o n  f o r  which d a t a  i n t e r p r e t a t i o n s  are t o  be  made. Also,  they 

involve f i e l d s  a long a l i n e  which i s  obl ique  t o  s t r i k e .  

appear i n  t h e  f u t u r e  l i t e r a t u r e .  

These r e s u l t s  are not  y e t  

The r e s u l t s  should 

6 

F i n a l  Remarks 

The f i n i t e - d i f f e r e n c e  solutiontothethree-dimensionalsourceandtwo-dimensional 

e a r t h  e lec t romagnet ic  prospec t ing  problem h a s  been obtained.  In o rde r  t o  do t h i s ,  

severalapproximationsmustbemade, inc luding  f i n i t e  g r i d  s i z e  (15x50 nodes) ,  

i .I . 
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i n c o r r e c t  g r i d  boundary c o n d i t i o n s ,  numer ica l  d i f f e r e n t i a t i o n  t o  o b t a i n  a u x i l -  

l i a r y  f i e l d  components, and a f i n i t e  number of  k v a l u e s  f o r  t h e  i n v e r s e  F o u r i e r  

t ransform.  S o l u t i o n s  i n  t h e  v i c i n i t y  of  t h e  s o u r c e  and s o l u t i o n s  n e a r  g r i d  

boundar ies  are n o t  v a l i d  f o r  several r e a s o n s .  With a l i t t l e  care, however, 

v a l i d  and v i a b l e  s o l u t i o n s  t o  t h e  geophys ica l  p r o s p e c t i n g  problem can b e  

o b t a i n e d ;  t h e  c o s t  i s  n o t  n e g l i g i b l e ,  b u t  i t  is  r e a s o n a b l e .  

C e r t a i n l y ,  improvements can be made which promise t o  improve t h e  accuracy  

and/or  d e c r e a s e  t h e  c o s t  o f  t h e  computat ions.  These i n c l u d e  s o l u t i o n s  f o r  

secondary f i e l d s  o n l y ,  d i r e c t  Computation of  a l l  d e s i r e d  f i e l d  components i n  

a s p e c i f i e d  r e g i o n  (such as t h e  a i r - e a r t h  i n t e r f a c e ) ,  and improved methods of 

c a l c u l a t i n g  t h e  i n v e r s e  t r a n s f o r m  u s i n g  fewer k v a l u e s .  However, even t h e  

r e l a t i v e l y  c rude  approach which w a s  i n t r o d u c e d  i n  t h e  r e f e r e n c e d  p u b l i c a t i o n s  

g i v e s  r e s u l t s  which are  g e n e r a l l y  u s e f u l  f o r  model s t u d i e s  and g e o p h y s i c a l  

i n t e r p r e t a t i o n s .  For  i n v e r s i o n  a p p l i c a t i o n s ,  however, much f a s t e r  methods o f  

computation, such as i n t e r p o l a t i o n  i n t o  d a t a  from a curve  c a t a l o g ,  are 

d e f i n i t e l y  n e c e s s a r y .  
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NVERSION OF D.C. R E S I S T I V I T Y  

Alan C. T r i p p  
Department o f  Geol ogy and Geophysics 

U n i v e r s i t y  of Utah 
S a l t  Lake City, Utah 84112 

We will first brief ly  discuss the t w o  dimensional 
DOC. r e s i s t i v i t y  forward problem, following Madden (1971) 
and C . K .  Swi€k, Jr. (pers.com.) 

Let’s assume t h a t  the s tr ike  direction ie along the 
y - axis.  
p o t  anti a1 e quat i on8 

If we Pourier transform out the y-direction, t k x  

and 

0.T = I 
where I represents the  current  13cu~ce8,  beccme the transtuissicn 
surface equations 

http://pers.com
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where the A 
transforms : 

subscripted variables are defined by the  cosine 

The standard forms f o r  the transmission surface 
equations are 

a x  

,h) 



Comparing eyuati  om 
we note the equivalewes 

9 5  

( 3 )  - (5) with equati.0- (10) - (12) 

Q 3 )  

(14 1 

(I5 1 

0 6  1 

Now we wish t o  approximate the t r a n s n h s i o n  surface by 
a network. 
impedance and admittance to ground, p and y e by lumped 
c i r c u i t  a l e n m t s  

c e l l  (I,J> shown-in Figure 1. The network admittanhe 
element Yy o r  YH 
impedance elements i n  para l l e l .  x o r  example YV(I,T) is 
the parallel cornhination of the t w o  lumped impedance elements 
formed from half of t h e  neiflhboring (sJz+l) and (3,a) 

do t h i s  we must approximats t h e  distributed 

We w i l l  f o l l o w  this comyJtation tbzcugh f o r  the rebistfvity 

nay be viewed 86 equivalent to t w o  L\urped 

ce l l s  : 

4 AU( J) 
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Similarly 

The admittance element Y(1,J) from the node (T,J) t o  
ground is  found by-addin& t h e  lumped admittance of !+(4 of each 
of the  4 celis surrounding the (I,T)-the node. Thus 

We I J M ~  s o l v e  for t h e  values o f  the p o t e n t i a l s  i n  the 
h doxain for the f i n d  equivaent netgo& of Eigure 1 by 

invoking 
combinin$ the resultan' t  equatiom into a matrix equation, 

l i n e a x i z e d  least squax-es techniqne. 
technique requires  tha t  we find %-- 
receiver geometry. 

Kirchoff's current l a w  at each node and then 

Ye aril1 now formulate 2n inversicn a lgor i ths l ;  using fhe  
U t i l i z a t i o n  o f  this 

f o r  a given t r ansmi t t e r -  a P p  Now if we spec1 y uni t  current we have 
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where A$(i2j) is the drop i n  vol taee a t  p o r t  due t o  
un i t  c u r r e n t  a t  p o r t  j and k is t h e  geometric factor,  
But we m q  def ine  a c u r r e n t  drop i n  t h e  x domain, L$A(~,'J)- 

The p a r t i a l  d e r i  a t i ve  becomes 

The 
chain  r u l e  gives: 

8 

where indexes the 

ayL 
A =  I 
network branches that are connecQd +.e 

nodes (1-1~3-1)) (1 .. (1,T-l)  , or ( 3  J) aid yR 
is the a d m i t t a n c e  of the p--d %ranch, S ince  f o r  each 11 
t h e  functional dependence o f  ya on e(IJ3) i s  give& by 
equat ions 9) ) ( ao),o f @I), ~Y&/~(J(IJ) m a y  be found a n a l y t i c a l l y .  
TO evalua te  aA$,( i , j ) /aYA vie neect t o  c i t e  Cohn's s e n s i t i v i t y  
theorem (Nadden, 1972; Fenfield,  Spence, and Ih inkc r ,  1970) 
Th-e theorern sta tes  tha t  

, i c ;  the impedance for t b e  k--& brmch of t h e  &Q where 
network, Akaib: the  current induced i n  t h e  k--& 
u n i t  current in the i-l3. port, anla h'l, 
induced i n  t h e  

branch by 
i.3 the curren t  

k-&. branch by u n i t  c u r r e n t  i n  tire j-a port, 
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Since  - I = , w e  may write 

va 

3 YQ 

i 
where AVg is the v o l t a g e  in t h e  Q-.d; branch induced 

by un i t  c u r r e n t  i n  the L - t a  p o r t  and A Vn is def ined  
e imi l a r ly .  
the forward problem. 

We now hsve the equat ions  necessary t o  d e r i v e  the 
d e r i v a t i v e s  of the  p D t e n t i a l  d i f f e r e n c e s  wi th  r e s p e c t  t o  a 
c e l l  r e s i s t i v i t y .  

j 

But we have these q u a n t i t i e s  from the s o l u t i o n  of 

Computational d e t a i l s  should be a v a i l a b l e  soon. 
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T €I RE E - D I MEN S I 0 N AL EL E C T RO MA GN E T I C S CAT T E R I N G 

F. W .  J o n e s  

D e p a r t m e n t  o f  P h y s i c s ,  U n i v e r s i t y  of  A l b e r t a  
E d m o n t o n ,  A l b e r t a ,  C a n a d a  T 6 G  2 5 1  

D u r i n g  t h e  p a s t  f e w  y e a r s  a n u m e r i c a l  m e t h o d  h a s  

b e e n  u s e d  t o  o b t a i n  s o l u t i o n s  f o r  t h e  t h r e e - d i m e n s i o n a l  

e l e c t r o m a g n e t i c  p e r t u r b a t i o n  p r o b l e m .  M a x w e l l ' s  e q u a t i o n s  

h a v e  b e e n  s o l v e d  i n  t e r m s  o f  t h e  e l e c t r i c  f i e l d ,  a n d  t h e  

a s s o c i a t e d  m a g n e t i c  f i e l d  i s  t h e n  d e t e r m i n e d .  This a p p r o a c h  

l e a d s  t o  r e s t r i c t i o n s  o n  t h e  o r i e n t a t i o n  o f  t h e  s o u r c e  f i e l d  

f o r  m o d e l s  i n  w h i c h  c o n d u c t i v i t y  d i s c o n t i n u i t i e s  e x t e n d  t o  

t h e  b o u n d a r i e s  o f  t h e  r e g i o n  b e i n g  c o n s i d e r e d .  I n  o r d e r  t o  

make  t h e  n u m e r i c a l  m e t h o d  m o r e  g e n e r a l  i t  w o u l d  b e  u s e f u l  t o  

b e  a b l e  t o  s o l v e  t h e  e q u a t i o n s  i n  t e rms  o f  t h e  ' m a g n e t i c  f i e l d  

i n i t i a l l y  a s  w e l l .  

I f  w e  c o n s i d e r  e l e c t r o m a g n e t i c  f i e l d s  w i t h  a t i m e  

v a r i a t i o n  e x p ( i w t )  w h i c h  i s  s u f f i c i e n t l y  slow s o  t h a t  d i s p l a c e -  

m e n t  c u r r e n t s  may b e  i g n o r e d ,  w e  c a n  w r i t e  M a x w e l l ' s  e q u a t i o n s  

V x E = - i w H  - . - 

C o m b i n i n g  t h e s e  two e q u a t i o n s  by  t a k i n g  t h e  c u r l  o f  ( 2 )  a n d  

s u b s t i t u t i n g  f r o m  (1) w e  have a n  e q u a t i o n  i n  E :  

6 

e 
( 3 )  
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T h i s  v e c t o r  e q u a t i o n  may b e  w r i t t e n  a s  t h r e e  s c a l a r  

e q u a t i o n s  i n  C a r t e s i a n  c o o r d i n a t e s :  

a 2 E  Z - 
2 a x  

= llocTw. T h e s e  e q u a t i o n s  may b e  w r i t t e n  i n  f i n i t e  2 w h e r e  q 

d i f f e r e n c e  f o r m  a n d  s o l v e d  s i m u l t a n e o u s l y  f o r  E E a n d  E 

b y  t h e  G a u s s - S e i d e l  i t e r a t i v e  t e c h n i q u e  o v e r  a g r i d  o f  mesh  

x 7  Y z 

p o i n t s  w h i c h  e n c l o s e s  t h e  r e g i o n  o f  i n t e r e s t .  I n  t h e  f i n i t e  

d i f f e r e n c e  e q u a t i o n s  u s e d  t o  r e p r e s e n t  t h e  s c a l a r  e q u a t i o n s  

( 4 ) ,  ( 5 )  a n d  ( 6 )  n 2  i s  r e p l a c e d  by , t h e  w e i g h t e d  a v e r a g e  

o f  n 2  

- 
2 

f o r  a l l  t h e  r e g i o n s  s u r r o u n d i n g  t h e  p o i n t  b e i n g  c o n -  

s i d e r e d  ( s ee  B r e w i t t - T a y l o r  a n d  Weaver, 1 9 7 6 ) .  T h i s  i m p l i e s  

t h a t  c h a n g e s  i n  c o n d u c t i v i t y  a r e  made t h r o u g h  t r a n s i t i o n  z o n e s  

f r o m  o n e  c o n d u c t i v i t y  t o  a n o t h e r  a n d  t h e r e  a r e  g r a d i e n t s  i n  

c o n d u c t i v i t y  i n  t h e s e  z o n e s .  

The  m e t h o d  i s  s t r a i g h t f o r w a r d  a n d  may b e  a p p l i e d  t o  

m o d e l s  w i t h  g e n e r a l  c o n d u c t i v i t y  d i s t r i b u t i o n .  A f t e r  t h e  

e l e c t r i c  f i e l d s  a r e  d e t e r m i n e d ,  t h e  m a g n e t i c  f i e l d s  may b e  

a p p r o x i m a t e d  u s i n g  e q u a t i o n  ( 2 ) .  
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T h e  b o u n d a r y  a n d  i n i t i a l  v a l u e s  may b e  o b t a i n e d  f r o m  

a o n e - d i m e n s i o n a l  s o l u t i o n  when a u n i f o r m  o r  l a y e r e d  medium 

e x t e n d s  t o  t h e  e x t e r n a l  b o u n d a r i e s  i n  a l l  d i r e c t i o n s .  H o w e v e r ,  

when l a t e r a l  d i s c o n t i n u i t i e s  e x t e n d - t o  t h e  b o u n d a r i e s ,  a two- 

d i m e n s i o n a l  m o d e l  m u s t  b e  e m p l o y e d  t o  o b t a i n  t h e  b o u n d a r y  a n d  

i n i t i a l  c o n d i t i o n s .  F o r  t h e  a b o v e  5 - f i e l d  a p p r o a c h  t h i s  i m p l i e s  

t h a t  t h e  t w o - d i m e n s i o n a l  E - p o l a r i z a t i o n  ca se  ( J o n e s  a n d  P r i c e ,  

1 9 7 0 )  m u s t  b e  u s e d .  H o w e v e r ,  t h i s  r e s t r i c t s  t h e  o r i e n t a t i o n  

o f  t h e  s o u r c e  f i e l d  t h a t  c a n  b e  u s e d  for t h e  m o d e l .  

In an e f f o r t  t o  o v e r c o m e  t h i s  l i m i t a t i o n  on t h e  

o r i e n t a t i o n  of t h e  s o u r c e  field, a n d  t h u s  make t h e  m e t h o d  o f  

s o l u t i o n  m o r e  g e n e r a l ,  w e  h a v e  a t t e m p t e d  t o  s o l v e  t h e  e q u a t i o n s  

i n  - H r a t h e r  t h a n  E . 
From e q u a t i o n s  ( 1 )  a n d  ( 2 )  w e  c 2 n  o b t a i n  a n  e q u a t i o n  

i n  H , - 

T h i s  e q u a t i o n  i s  s i m i l a r  t o  e q u a t i o n  ( 3 )  i n  , e x c e p t  for t h e  

l a s t  te rm.  T h i s  t e r m  c o n t a i n s  VO a n d  w i l l  b e  z e r o  i n  a l l  

r e g i o n s  o f  u n i f o r m  c o n d u c t i v i t y  b u t  n o n - z e r o  in t h e  t r a n s i t i o n  

zones b e t w e e n  t h e  d i f f e r e n t  c o n d u c t i v e  r e g i o n s .  

I n  t h e  same m a n n e r  a s  b e f o r e  w e  c a n  w r i t e  e q u a t i o n  

(7) a s  t h r e e  s c a l a r  e q u a t i o n s  i n  C a r t e s i a n  c o o r d i n a t e s :  
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a 2 H  a H  

2 a x  a y  
X + x - a (2 + 

a 2 H  

a y 2  a Z  

a Z  = o  

These e q u a t i o n s  may b e  w r i t t e n  i n  f i n i t e  d i f f e r e n c e  f o r m  and  

s o l v e d  s i m u l t a n e o u s l y  f o r  Hx, H and  H Z  o v e r  t h e  mesh ,  a n d  t h e  

a s s o c i a t e d  e l e c t r i c  f i e l d s  n a y  b e  o b t a i n e d  f r o m  e q u a t i o n  ( 1 ) .  

I n  t h i s  c a s e  t h e  t w o - d i m e n s i o n a l  E - p o l a r i z a t i o n  c a s e  ( J o n e s  and  

Y 

P r i c e ,  1 9 7 0 )  may b e  u s e d  t o  o b t a i n  t h e  b o u n d a r y  and  i n i t i a l  

v a l u e s  f o r  t h e  g e n e r a l  case.  

The s o l u t i o n  o f  t h e s e  H - f i e l d  e q u a t i o n s  i s  n o t  a s  

s t r a i g h t f o r w a r d  a s  i n  t h e  - E - f i e l d  case .  The l a s t  te rm i s  v e r y  

s e n s i t i v e  to c o n d u c t i v i t y  c o n t r a s t s ,  a n d  t o  g r i d  s i z e s .  A l s o ,  

t h i s  t e rm g i v e s  r i s e  t o  d i f f i c u l t i e s  j u s t  a b o v e  t h e  s u r f a c e  

o f  t h e  c o n d u c t i n g  r e g i o n  w h e r e  o=O a n d  i s  n o n - z e r o .  



104 

To t r y  a n d  d e t e r m i n e  how some o f  t h e s e  d i f f i c u l t i e s  

m i g h t  b e  o v e r c o m e  a n d  t o  s ee  i f  w e  m i g h t  e x p e c t  t o  o b t a i n  

s e n s i b l e  r e s u l t s  f r o m  c a l c u l a t i o n s  o f  t h i s  k i n d ,  we have  t r i e d  

a v e r y  a d  h o c  a p p r o a c h .  I n  t h i s ,  w e  h a v e  a s s i g n e d  a c o n d u c t i v i t y  

v a l u e  t o  t h e  l e v e l  o f  n o d e s  i m m e d i a t e l y  a b o v e  our o r i g i n a l  s u r f a c e  

l e v e l .  T h i s  t h e n  p r o d u c e s  n o n - z e r o  0 a n d  - i n  t h e  l a s t  t e r m s  
a Z  

o f  t h e  e q u a t i o n  ( a l s o ,  t h i s  u s h o u l d  b e  i n c l u d e d  i n  t h e  f o u r t h  

t e r m  a s  w e l l ) .  The  p r o b l e m  t h e n  a r i s e s  i n  t h e  n e x t  h i g h e r  l e v e l .  

W e  m u s t  a t  some  p o i n t  c h o o s e  - - - 0 .  The  e f f e c t  i s  t o  smear 

t h e  b o u n d a r y  e v e n  m o r e .  T h e r e  may be some a l t e r n a t i v e  approach  

s u c h  a s  o n e - s i d e d  d i f f e r e n c e s  a t  t h e  s u r f a c e  ( a n d  p e r h a p s  a t  

i n t e r n a l  b o u n d a r i e s  a s  w e l l ) ,  o r  some m e t h o d  u s i n g  a d o u b l e  m e s h ,  

t h o u g h  t h i s  may b e  d i f f i c u l t  i n  p r a c t i s e .  

a z  

W e  h a v e  c o m p u t e d  a n d  c o m p a r e d  E - f i e l d  a n d  - H - f i e l d  

s o l u t i o n s  f o r  b o t h  s y m m e t r i c  a n d  n o n - s y m m e t r i c  m o d e l s ,  t h o u g h  

we h a v e  f o u n d  t h a t  s o  f a r  w e  m u s t  u s e  l o w  c o n d u c t i v i t y  c o n t r a s t s  

i n  o r d e r  t o  o b t a i n  r e a s o n a b l e  c o n v e r g e n c e  i n  t h e  - H - f i e l d  ca se .  

I n  t h e  s y m m e t r i c  m o d e l  t h e  two m e t h o d s  g i v e  g - f i e l d s  

a n d  - E - f i e l d s  w h i c h  a r e  c o m p a r a b l e .  I n  t h e  more c o m p l i c a t e d  n o n -  

s y m m e t r i c  i r r e g u l a r  m o d e l s ,  o n e  f i n d s  t h a t ,  a s  e x p e c t e d ,  t h e  f o r m s  

o f  t h e  f i e l d s  d i f f e r .  I t  i s  c l e a r  f r o m  t h e  r e s u l t s  t h a t  i t  i s  

i m p o r t a n t  t o  c o n s i d e r  b o t h  c a s e s ,  a n d  t h a t  r e s u l t s  f r o m  m e a s u r e -  

m e n t s  made i n  n o n - u n i f o r m  r e g i o n s  d e p e n d  g r e a t l y  on t h e  o r i e n t a -  

t i o n  o f  t h e  s o u r c e  f i e l d .  

c 



105 

References 

J o n e s ,  F.W. and A . T .  Price (1970) Geophys. J . R .  astr. SOC. 

- 9  20 317-334. 

Brewitt-Taylor, C . R .  and . J .T.  Weaver (1976) Geophys. J . R .  astr. 

SOC. 9, 375-396. 

n 



10 6 

ELECTROMAGNETIC WAVE SCATTERING BY BURIED OBJECTS 
Shu-Kong Chang 

EMtec Engineering, Inc. , and LuTech, Inc. 
. Berkeley, CA 94701 

SUMMARY 

A numerical technique is  introduced t o  solve the electromagnetic 
wave scattering by localized inhomogeneities buried underground. 
basic idea of the technique i s  t o  draw an a r t i f i c i a l  sphere which 
encloses the en t i re  volume of the scat terer .  
of the sphere are  solved by the Finite Element Method using the 
Dirichlet boundary conditions. 
s a t i s f i e s  the boundary conditions of the air-ground interface has been 
discovered t o  represent the f i e l d  ou t s ide  the a r t i f i c i a l  sphere. The  

expansion coefficients are solved by matching the boundary conditions 
on the sphere. 

The multipole expansions include a complete series of vertical  
e l ec t r i c  and maqnetic mu1 t ipoles plus a s e t  o f  rotating horizontal 
multipoles. 
the convergence of the expansions. 
satisfying the boundary conditions are derived i n  terms of  the 
general i zed Sommerfel d i ntegral s. 

sions o f  solutions i n  the en t i r e  space outside an a r t i f i c i a l  sphere. 
T h i s  enables us to  l imit  the e f fo r t  of the f i n i t e  element method only 
to the in te r ior  of the sphere. I t  i s  a l s o  more e f f i c i en t  t h a n  the 

integral equation approach for material bodies other t h a n  t h i n  wire 
structures , because the l a t t e r  approach usually involves a time- 
consuming process of generating the elements of a fu l l  mat r ix  which has 
to be inverted. 

The 

The f ie lds  i n  the in te r ior  

A new type of multipole expansion which 

The purpose of  adding the rotating multipoles is t o  ensure 
T h e  complete mu1 t ipole  fie1 ds 

One advantage of  the technique is  the use of analytical expres- 
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MODELING 03' THREE-DIMENSIONAL D.C. ELECTRICAL 
PROBLEMS USING INTEGRAL EQUATION SOLUTIONS* 

L. C. Par te l  
Thermal Processes Division 

Albuquerque, New Mexico 87185 
Sandia Lab o r  a t  o r i  es 

A Green's function in tegra l  equation technique has been developed t o  

calculate the  e l ec t r i ca l  potentials and apparent r e s i s t i v i t i e s  resul t ing from 

three-dimensional structures.  

used t o  take in to  account the earth 's  surface, and is given by 

The so-called half-space Green's function i s  

where 

- 1/2 
g+(x,x + 3' ) = [(X-X'? + (y-y')* + ( 2 7 2 1 ) 2 ]  . - 

G@,?) s a t i s f i e s  the  equation 

V 2 G(Z,?) = - 6 ( x - x ' )  6(y-y') [ I (z-z ' )  + S(z+z')] . 

Using Green's theorem, the  potent ia l  throughout the  ear th  half-space i s  given 

by 

* 
This work supported by the  U. S. Department of Energy. 

6 
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where #o i s  the  potent ia l  resul t ing from a source, t he  surface in t eg ra l  i s  

over all sinfaces of r e s i s t i v i t y  contrasts (excluding the earth 's  surface), and 

o i s  the  induced surface charge density on these surfaces. 

for t h i s  charge density i s  

The in tegra l  equation 

where 

- pout 
P *  

ICs = 
+ out 

The normal derivative of G i s  an outward normal, the  surface in t eg ra l  leaves out 

t he  point x = x , and "in" and 'tout't re fe r  t o  inside and outside the surfaces 3 3 /  

of resistivity contrast ,  respectively. 

have been adfiressed t o  date f o r  both point and three-dimensional current sources.  

Only t i m e  i:ndependent (d.c. ) solutions 

For the computer solutions t o  the in tegra l  equation, t he  surfaces of 

r e s i s t i v i t y  contrast a re  divided in to  f i n i t e  elements where the  normal derivative 

of the Green's function i s  integrated over these elements t o  improve the  accuracy 

of the  calculation, 

and the  potent ia l  a t+po in t  k become 

The resul t ing equations f o r  t he  charge density a t  point i 

and 
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1 where<>i = 

element. 

conditions, i s  obtained by solving a se t  of l inear  algebraic equations. 

dS i ,  ui = - <a>i, and Si i s  the  surface area of the  i - t h  

The solution f o r  the  charge density 0 ,  along with any constraint  
li &O 

4 

To i l l u s t r a t e  the  in tegra l  equation technique, the resu l t s  of an 

i l l u s t r a t i v e  model calculation are  shown i n  the  f igure,  

f o r  a half-Schlumberger survey over both an insulat ing and a conducting buried, 

f ini te-s ized,  dike-like structure.  

Shown are responses 

The emphasis on the  mDdeling work has been t o  describe f i e l d  r e su l t s  from 

using e l ec t r i ca l  methods t o  monitor the i n  s i t u  gasif icat ion of coal and re- 

to r t ing  of o i l  shale and t o  map hydraulic f ractures  i n  the o i l  shale and natural  

gas stimulation programs. 
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lm THEORY OF TI€E MAGNETOMETRIC RESISTIVITY METHOD 

R. N. Edwards 
Department of Physics 
University of Toronto 

Toronto, Canada 

4 The Magnetometric Res is t iv i ty  (MMR) method i s  based on the measurement 

of the low level ,  low frequency magnetic f i e l d s  associated with non-inductive current 

flow i n  the ear th .  

v i c in i ty  of one o r  more grounded electrodes.  

method are  described i n  Edwards (1974) and Edwards and Howell (1976), including 

the apparatus, the f i e l d  procedure, the fac tors  which influence the locat ion 

of the current electrodes,  the reduction and normalization of the observations 

and the in te rpre ta t ion  of the '1NR anomalies'. 

A component of the magnetic f i e l d  i s  measured i n  the 

The experimental aspects of the 

The mathematical aspects of the method are  presented in a review paper 

by Edwards, Lee and Nabighian (1978). 

MMR anomaly. A t  first, t h i s  seems strange f o r  c l ea r ly  the current flow in  the 

A horizontal-layered ear th  y ie lds  no 

ground i s  perturbed and may even be r e s t r i c t ed  t o  a t h in  layer  a t  the e a r t h ' s  

surface. However, the perturbation o r  anomalous currents s e t  up a re  poloidal 

and t o t a l l y  enclose the toro ida l  anomalous magnetic f i e l d  caused by them. 

This toroidal  f i e l d  can only be detected by lowering a magnetic f i e l d  detector  

through the layers .  

The contours of the magnetic f i e l d  amplitude about a single electrode 

embedded a t  the surface of a uniform ear th  a re  c i r c l e s .  They are  d is tor ted  in to  

e l l i p t i c a l  shapes i f  the ear th  i s  l a t e r a l l y  anisotropic,  the r a t i o  of the semi- 
axes of the e l l i p t i c a l  f igures  being the r a t i o  of two complete e l l i p t i c  i n t eg ra l s  

K(k)/E(k), where k i s  the coeff ic ient  of anisotropy. The cha rac t e r i s t i c  

anomalies fo r  ve r t i ca l  and dipping contacts, fo r  t h in  and th ick  dikes and semi- 

cyl indrical  and hemispherical depressions as w e l l  a s  'alpha' media are  described 

i n  t h i s  paper i n  some d e t a i l .  

Gomez-Trevino and Edwards (1978) describe an inexpensive rapid method 

fo r  computing a l l  three components of the magnetic f i e l d  due t o  current flow 

from a point electrode i n  the v i c i n i t y  of a conductive anomaly of i n f i n i t e  s t r i k e  

length and a rb i t r a ry  cross-section. 
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For  any three-dimensional s t ruc ture ,  the magnetic f i e l d  may be 

wri t ten as a sun1 of surface i n t e g r a l s  over boundaries defining changes in 
conductivity by a d i r e c t  modification of the Eliot--Savart law. 
o f  each surface i n t e g r a l  includes components of the e l e c t r i c  f i e l d  tangent ia l  
t o  the boundary, viz.  

The integrand 

where O h m ’ s  law, i n  the form J = - UZU , i s  obeyed in  the volume V. 

In  the case of a two-dimensional, cyl indrical  s t ruc ture ,  a reform- 
u la t ion  of the theory by taking a one-dimensional Fourier Transform along the 
s t r i k e  (y-direction),  r e s u l t s  i n  the  reduction of -the surface i n t e g r a l s  

necessary t o  solve the in tegra l  equation f o r  the f r e e  charge, and i n  those 
used t o  compute the poten t ia l  
in tegra ls  i n  wavenumber domain. 

and subsequently the magnetic f i e l d ,  t o  l i n e  

The numerical solut ion closely follows the work of Barnett (1972) 

The f i n a l  i n t e g r a l  f o r  the and i s  described f u l l y  i n  Gomez-Trevino (1977). 
anomalous horizontal  x-component of the  magnetic f i e l d  a t  the surface of the 
ear th  Z =  0 looks l i k e  

where 
H i ( X )  = I b ( h  { (x-x’)~ + Z e 2 }  ’) de’ 7 

element i 

i s  t h e  conductivity of the host medium; 
i s  the conductivity of a cy l indr ica l  inhomogeneity; 
i s  the d i rec t ion  cosine t o  the vex-tical of the l o c a l  
normal t o  the cylinder; 

1 

2 
nz i  

0 

5 

vi = CT lTU./I ; 
1 1  

V: = aldJ;/I where Ua i s  the difference betwe.en t h e  t r u e  K 
potent ia l  

conductivity 

and I 

U and the poten t ia l  due t o  the source i n  a medium of constant 

51 ; 
i s  the current from the electrode located a t  the or ig in  of coordinates. 
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The summations i and K are  respectively over the  contour of the cylinder, 

divided in to  N 
the ear th ,  divided i n t o  M s t r a igh t  line segments. 

s t r a igh t  l i n e  segments, and the contour of the surface of 

There a re  corresponding expressions fo r  the y and z components 

About ten wavenumbers, s t r a t eg ica l ly  chosen, are  suf f ic ien t  t o  define 

of the f i e ld .  

- B(A)  fo r  most models. 

polate g(A) in the form 
Fourier transform t o  obtain _B(y). 

The f i n a l  s t ep  in the numerical procedure i s  t o  inter- 
Rn (g((h)/A) and then take the numerical inverse 

Gomez-Trevino and Edwards compute type curves and cha rac t e r i s t i c  

They show tha t  i n  the presence of overburden, the form of the  
curves f o r  the model of  a c i rcu lar  cylincier buried beneath a th in  conductive 

overburden. 
MdR anomaly may be predicted i n  a simple manner from the corresponding anomaly 

i n  the absence of overburden. 
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A PLATE CONDUCTOR I N  A STFLATIFIED SPACE 

G.F. W e s t  

Department of Phys ic s  
Universi ty  of Toronto 

Toronto, Ontar io  M5S1P17 ,Canada 

J. J. Lajoie and G. F. West have published numerical 

model r e s u l t s  f o r  the T u r a m  EM method f o r  the carse of a v e r t i c a l ,  

rectangular, t h i n  p l a t e  conductor i n  a half  space of d i f fe ren t  conduct- 

i v i t i e s  and i n  a half space under a conductive overburdenlayer (1). 

The computation was done by the in tegra l  equation method and the sca t te r ing  

current i n  the p l a t e  was represented by separate scalar  p o t e n t i a l s  f o r  i t s  
solenoidal and i r r o t a t i o n a l  par ts .  The Green's :functions were computed by 

the FFT method ( 2 ) .  The model r e s u l t s  were well t e s t e d  and a r e  thought t o  

be very r e l i a b l e  i n  form and dependence on induction numbers 

not  necessar i ly  very accurate a s  t o  anomaly amplitude. 

although 

The work was the Ph.D. t h e s i s  of J. Lajoie ( 3 )  and the 

programs were never developed in to  general purpose forchso they a r e  not  

avai lable  f o r  d i s t r ibu t ion .  

of the e l e c t r i c  modes as the edge representation was c r i t i c a l .  

Considerable hand tuning w a s  required f o r  some 

Since Lajo ie ' s  work, we have been u s k g  a numerical method 

developed by P. Annan ( 4 )  f o r  routine calculat ion of p l a t e  models i n  f r e e  

space. This uses the Galerkin method with continuous b a s i s  functions for 
solving the in tegra l  equation. 

(non-interacting induced current systems i. e.  normal modes ) i s  computed, each 

of which has a simple, s ingle  pole, frequency response. Thus it has some 

important advantages i n  transforming e a s i l y  between frequency and t h e .  

A s  an intermediate s tep,  a s e t  of eigencurrents 
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We expect t o  reconstruct the f u l l  p la te  model t h i s  year using 

ideas from both these methods. 

components w i l l  be retained, but the choice of po ten t ia l s  may be a l te red .  
The Galerkin method w i t h  continuous bas is  functions w i l l  be employed, but the 

f u l l  orthogonalization procedure used by Annan w i l l  not l i k e l y  be used a s  it 
would have t o  be redone f o r  each change in host medium. 

The separation of i r ro t a t iona l  and solenoidal 
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October 1973. 
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Ph.D. Thesis, University of Toronto, 
(Also issued a s  Research i n  Applied Geophysics, 

4.  Annan, A.P. The Equivalent Source Method f o r  Electromagnetic Scat ter ing 
Analysis and Geophysical Application, Ph.D. Thesis,Memorial Univer- 
s i t y  of Newfoundland. 1974. 
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THREE-DIMENSIONAL INTEGRAL EQUATION MODELING 

Gerald W. Hohmann 
Department of Geology and Geophysics 

University of Utah 
Salt Lake City, Utah 84112 

Introduction 

I have been using a three-dimensional (3D) integral equation solution 

(Hohmann, 1975) for several years to simulate the response of the earth for 

various electrical prospecting methods. The computer program provides good 

results for OC applications, and f o r  EM problems at low frequencies and low 

conductivity contrasts. 

exploration for massive sulfides is limited due to the large amount of 

computer storage required for large conductivity contrasts. 

However, its application to electromagnetic (EM) 

Recently we have incorporated the integro-difference method (Harrington, 

1968) in the solution for greater accuracy, and have applied it to magneto- 

telluric (MT) modeling. 

indicate that the results are valid. Initial calculations show that 3D models 

are required for MT interpretation in complex environments. 

Convergence checks and comparisons with 2D models 

In this summary paper I briefly discuss the integral equation formulation, 

applications and limitations of the numerical solution, and initial MT results. 

Integral Equation Formulation 

The details o f  the integral equation formulation are given by Hohmann 

(1975) and will not be repeated here. An inhomogeneity is replaced by a 

volume of polarization currents, which are treated as the source of the 

secondary field. The secondary electric field then is given by 
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- - 
E, =-iw A - V$I, 

- 
where A and $ are vector and scalar potentials given i n  the earth by 

- -  - -  
and $(F) = -:1 Jvv J s ( r ' )  G ( r ,  r ' )  dv  ( 3 )  

- -  
where G ( r ,  r ' )  i s  a scalar, half-space Green's function (different for  [2] 

and [3]),  and where - - 
J s = A a E  

is  the polarization current, with Aa the difference i n  conductivity between 

the inhomogeneity and the half space, and E the to t a l  electric field. 
- 

- 
An integral equation for Js i s  obtained by adding the incident (homo- 

geneous-earth) and secondary electric fields and applying ( 4 ) .  I solve the 

integral equation via  the method of moments, w i t h  pulse basis functions and 

delta weight functions (Harrington, 1968). The secondary electric field 

outside the body i s  given by ( l ) ,  and the secondary magnetic field i s  given 

- 
H , = v X A  (5 )  

To achieve greater accuracy i t  would be desirable, b u t  very difficult ,  

t o  use higher-order basis functions. Instead, I have incorporated the integro 

difference technique (Harrington, 1968) , wherein b o t h  current and charge are 

expanded in pulse functions, and the derivatives in (1) are approximated by 

differences. This gives an effect similar t o  t h a t  of higher-order basis 

functions (Miller and Deadrick, 1975), b u t  i s  much easier t o  implement. The 

details of the formulation are given by Hohmann and T i n g  (1978). 
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I P  - Resistivity Modeling 

Resistivity and IP responses can be modeled by set t ing the frequency to 

zero. 

and Green's functions are simpler. Presumably a surface, scalar integral 

equation formulation would be more e f f ic ien t ,  b u t  my solution i s  more general 

i n  that  i t  can account for EM coupling. 

The DC s o l u t i o n  is easier ,  because the vector potential term drops out, 

Good self-checks and comparisons w i t h  other so lu t ions  (Hohmann, 1975) 

show t h a t  the resul ts  are valid. For example, Figure 1 i l l u s t r a t e s  two se l f -  

checks -- convergence and reciprocity -- which any numerical solution must 

sa t i s fy .  The model is  a conductive cube two units (dipole lengths) on a 

side; i t s  depth i s  one u n i t .  

is plotted i n  pseudosection form. Results are nearly identical when the 

body is  divided i n t o  8 and 64 cubes, indicating convergence. 

was t o  the l e f t  and the receiver to  the r i g h t  for each calculation. 

roc i ty  is  s a t i s f i e d :  results a r e  t h e  same when t r ansmi t t e r  and receiver a r e  

interchanged. 

I P  response, as percent of in t r ins ic  response, 

The transmitter 

Recip- 

Some Usefu 1 Approxi mati ons 

I t  is n o t  really necessary to  calculate apparent r e s i s t i v i ty  twice or 

t o  double the matrix s ize  by making i t  complex i n  order t o  compute IP. 

IP can be modeled by changing s l igh t ly  (perturbing) the r e s i s t i v i ty  of a 

polarizable body and recomputing apparent r e s i s t i v i ty ,  we can use a pertur- 

bation method t o  avoid the second matrix inversion, as suggested by Ted Madden 

Since 

( P . C .  I *  
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i t t 
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If we perturb the r e s i s t i v i t y  of a body, the matrix equation becomes 

. - -  - 
@+AT) (a+Aa) = S ,  

- 
where TK and Aa are  small changes in the matrix and solut ion,  respectively.  

Expanding , we obtain 

- -  
Neglecting second order terms (TK A;) and n o t i n g  t ha t  7 e a = s 

we obtain 

which i s  s imilar  t o  the original matrix equation. 

in the solution is given by 

T h u s ,  the perturbation 

(9 )  
- A; = -T-l (AT . a). 

B u t  the time consuming par t  of a solution i s  i n  computing the inverse matrix, 

X-l, which we already have done t o  solve the unperturbed problem. 

have obtained a f i r s t  order solution t o  the perturbed problem by simple matrix 

mult pl icat ions which take l i t t l e  computer time. 

- 
T h u s  we 

Two other approximations I shal l  discuss apply only to  integral  equations. 

Differential  equation solutions a re  "brute force" methods requiring l i t t l e  

mathematical theory, and as such they a re  eas ie r  t o  program on a computer. 

One advantage of integral  equation solutions is  t h a t  the mathematics a re  

carried further, and there a re  many poss ib i l i t i e s  f o r  approximations tha t  

s ign i f icant ly  reduce computer time b u t  s t i l l  y ie ld  r e su l t s  t ha t  a r e  accurate 

enough. If there are  no r e s i s t i v i t y  contrasts  i n  a model, the I P  response 



122  

can be calculated very simply even on a programmable calculator,  because 

/-- 

only the diagonal elements of the matr ix  are needed. 

s i g n i f i c a n t  interactions between ce l l s .  

T h a t  i s ,  there are no 

There a re  no computer storage limi- 

tations,  and very large models can be handled ea.sily. 

Computer time for  an integral equation solution involving two o r  more 

bodies can be reduced dramatically i f  interactions among them are  ignored. 

Figure 2 shows the errors caused by ignoring interactions between two conduc- 

t ive 1 x 4 x 5 bodies two dipoles apart. 

interactions, while the lower numbers do not. 

T h e  upper numbers account for  the 

The approximate values are close 

enough for geophysical purposes, considering t h a t  the earth i s  more complex 

t h a n  these simple models, and t h a t  da t a  always have some noise. However, 

because the fu l l  s o l u t i o n  requires double the number o f  c e l l s ,  and computer 

time increases as the cube of the number of ce l l s ,  the approximate solution 

is much less  expensive. 

Appl i cations 

Interpretation: A t  Kennecott Exploration, Inc. we used the integral equa t ion  

solution for  IF-resist ivity survey design and routine interpretation for  a 

number of  years. Often one needs to  interpret  a number o f  l ines simultaneously 

using an interactive computer terminal. 

specifying large ce l l s  a t  depth and away from the l ines.  

an interpretation is miniscule compared w i t h  the cost of collecting the data. 

Complex models can be designed by 

The cost o f  such 

A systematic catalog of 3D models must be available both  f o r  i n i t i a l  f i e ld  

interpretation and for  insight t o  apply i n  the interactive procedure. 

useful i l lus t ra t ions  from such a catalog are given by Hohmann (1977). 

Some 
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Electric Field Patterns in the Earth: Looking a t  IP i n  terms of  my mathema- 

t ical  modeling technique provides a nice in tu i t ive  feeling for IP  behavior. 

The measured potential i s  the sum o f  two potentials:  incident and secondary. 

The incident potential i s  what would be measured over a homogeneous earth of 

r e s i s t i v i ty  p 1  , while the secondary potential represents the c o n t r i b u t i o n  from 

I 

the inhomogeneity. The secondary potential consists of in-phase and quadra- 

ture components; they originate a t  polarization dipoles distributed through- 

out the body o r ,  equivalenty, a t  surface charges on the body. 

dipoles, a s  well a s  the in-phase dipoles for  a conductive body, are  oriented 

i n  roughly the same direction as the incident f i e ld .  

the in-phase dipoles are oriented i n  the opposite direction. 

The quadrature 

For a res i s t ive  body, 

To i l l u s t r a t e ,  Figure 3 shows the quadrature e l ec t r i c  f i e ld  (current)  

pattern in a cross section of the earth through the center of a 1 x 1 x 5 body. 

A corresponding pseudosection i s  shown; the bold numbers correspond t o  the 

particular transmitter dipole t o  which the e l ec t r i c  f ie ld  pattern pertains. 

The contoured numbers in the cross section are total  e l ec t r i c  f i e l d  phase; 

i . e . ,  to ta l  quadrature f i e ld  divided by total  in-phase f ie ld .  

the in-phase f i e ld  i s  the homogeneous earth f i e l d ,  because there i s  no resis-  

t i v i t y  contrast. Because the in t r ins ic  IP response of the body i s  100 mil l i -  

radians (mi ls ) ,  the numbers are B 2 ( % ) .  

f i e ld  direction, while the broken arrows show the in-phase f i e ld  direction. 

The dipole-dipole array measures the component of e l ec t r i c  f i e ld  along 

In th i s  case 

The solid arrows show the quadrature 

the l ine .  

(polarization) and in-phase f ie lds  are i n  opposite directions,  a n d  negative 

By convention, the I P  response i s  positive when the quadrature 

I 
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F i g u r e  3 .  T o t a l  E l e c t r i c  F i e l d  I P  Response ( B 2 % )  and Q u a d r a t u r e  F i e l d  
D i r e c t i o n  i n  t h e  E a r t h  f o r  1 x 1 x 5 Body w i t h  No R e s i s t i v i t y  C o n t r a s t .  

6d L a r g e  Numbers i n  P s e u d o s e c t i o n  a r e  I P  Response f o r  t h e  T r a n s m i t t e r  D i p o l e  

C o n s i d e r e d .  B r o k e n  Arrows Show D i r e c t i o n  o f  P r i m a r y  F i e l d .  
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when they are i n  the same direction. 

there i s  only one negative IP response: 

the l e f t .  T h a t  i s  where the quadrature f i e ld  changes direction. 

ture current is in the same direction everywhere to  the r i g h t  of the body, 

producing a relatively uniform IP response of 20 mils. Note the p o s i t i o n s  

of  positive and negative surface charges, from which the quadrature f i e l d  

originates. 

For the transmitter dipole of Figure 3 ,  

-1 mil when the receiver is a t  2-3 t o  

The quadra- 

Bipole-dipole models: Apparent res i s t iv i ty  patterns resulting from bipole- 

dipole e lectr ical  surveys are frequently complex and d i f f i cu l t  to  interpret  

intui t ively.  To ga in  i n s i g h t  i n t o  the interpretation o f  bipole-dipole data 

i n  geothermal prospecting we have computed a l ibrary o f  model resul ts  

for  simple prisms. 

I n  addition, we are us ing  the program in te rac t ive ly ' to  interpret  f i e ld  

d a t a  from geothermal areas. 

sidered, Figure 4 shows theoretical resul ts  for a complicated hypothetical 

geothermal model. 

system, both internal and external t o  the conductive body. 

res is t ive portions m i g h t  be due to  rock type changes, s i l i c i f i e d  zones, o r  

vapor-filled rock pores. 

sent a fracture zone. 

rates on the University of U t a h  Univac 1108 computer. 

To i l l u s t r a t e  the complexities tha t  can be con- 

The shaded blocks represent res is t ive portions of the 

Geologically, the 

A sa l ien t  extending from the main mass might repre- 

O u r  computer cost for  t h i s  model was $11.75, a t  night 

Downhole-electrode models: As exploration focuses on deeper targets ,  d r i l l  

hole geophysical techniques become more impor tan t .  Surface IP surveys face 
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fundamental l i m i t a t i o n s  i n  depth o f  exp lo ra t ion .  These l i m i t a t i o n s  can be 

circumvented, however, by p lac ing  a t r a n s m i t t e r  e ectrode i n  a d r i l l  hole.  

Numerical modeling r e s u l t s  i n  F igure  5 i l l u s t r a t e  the increase i n  I P  response 

as a t r a n s m i t t e r  e lec t rode i s  lowered i n  a d r i l l  ho le  near a responsive, 

conductive (p2 /p1  = 0.1) 1 x 3 x 3 body. These r e s u l t s  p e r t a i n  t o  t o t a l  

f i e l d  measurements w i t h  shor t ,  orthogonal d ipo les  a t  the  surface of t he  ear th ,  

and are shown i n  p l a n  view. 

( I P )  f i e l d ,  which o r i g i n a t e s  a t  charges on the  surface o f  the body. 

The arrows show the d i r e c t i o n  o f  the  quadrature 

When the e lec t rode i s  a t  t he  sur face o f  the  ear th ,  the  I P  response i s  

n e g l i g i b l e .  

approaches the  depth o f  the body. 

d r i l l i n g  program; a d r i l l  ho le  I P  survey cou ld  mean the  d i f fe rence between 

success and f a i l u r e .  

the t r a n s m i t t e r  e lec t rode on the  sur face o r  i n  another d r i l l  ho le .  

ho le i n t e r s e c t s  a s u l f i d e  zone, measurements w i th  an e lec t rode  i n  the zone 

can determine the d i r e c t i o n  of inc reas ing  m ine ra l i za t i on .  

ho le methods can be evaluated v i a  numerical modeling. 

However, the response i s  amp1 i f i e d  considerably  as the  e lec t rode 

I t i s  easy t o  miss a small body i n  a 

Measurements a l so  can be made i n  a d r i l l  ho le  w i t h  

I f  a d r i l l  

A l l  o f  these d r i l l  

Magnetic I P :  

use of numerical modeling. F igure 6, f o r  example, compares e l e c t r i c  (conven- 

t i o n a l )  I P  and magnetic I P  f o r  a conduct ive pr ism i n  an otherwise homogeneous 

ear th .  The pr ism dimensions are 100 m x 400 m x 500 m (W x DE x L), a t  100 

Evaluat ing new techniques such as magnetic I P  i s  an impor tant  

meters depth. 

d i c u l a r  t o  the  l i n e .  

The t r a n s m i t t e r  i s  a 100-meter grounded wi re,  o r i en ted  perpen- 

The r e s u l t s  a re  shown i n  pseudosection form, except t h a t  
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the transmitter and receiver ( p o i n t  measurements for  E and H) are  located 

halfway between the s t a t i o n  numbers shown. 

for each calculation; because reciprocity does n o t  apply, the resul ts  are  

n o t  symmetri c. 

The transmitter i s  t o  the l e f t  

For this case, magnetic IP response i s  smaller than conventional I P  

response. In f ac t ,  for a l l  cases I have studied - res i s t ive  and conduc- 

t ive  bodies a t  different  depths i n  an otherwise homogeneous earth -- the 

magnetic IP response always is smaller. 

conductive overburden on magnetic IP response, an obvious area for further 

research. 

numerical model i ng.  

I have not yet studied the e f fec t  of  

The possibi l i t ies  for  airborne IP also should be investigated v i a  

CONTROLLED SOURCE EM 

Control led-source EM resul ts  have been generally disappointing. Be- 

cause of  computer storage l imitations,  n o t  enough ce l l s  can be used t o  

simulate accurately the EM response of a massive sulf ide body. 

incorporating the integro-difference approach improves the accuracy some- 

what, the s o l u t i o n  s t i l l  is n o t  very useful for massive sulf ide modeling. 

Figure 7 i l l u s t r a t e s  the lack of convergence f o r  horizontal loop EM. 

Although 

The in-phase and quadrature responses, i n  percent of primary free-space 

response, are shown for a number of transmitter-receiver configurations, 

in pseudosection format. 

1 x 4 x 3 - 1 2  c e l l s ,  and 2 x 8 x 6 - 96 ce l l s .  

seems to be close t o  convergence, b u t  the in-phase values are much different 

Results are  shown for two discretization levels: 

The quadrature response 
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for the two cell  sizes.  This lack of convergence i s  n o t  surprising, because 

the larger ce l l s  are two skin depths ( i n  the body) across, while the smaller 

ce l l s  are one skin depth across. 

t o  be well approximated by a constant over such distances. 

worse, o f  course, for  higher frequencies and higher conductivities. 

We should not  expect the e l ec t r i c  f ie ld  

Results are  

We have checked horizontal loop calculations w i t h  the f i n i t e  element 

results of Pridmore (1978) and with Frishknecht's (P . c . )  scale model resul ts ,  

and obtain reasonable comparisons a t  low conductivity contrasts (230).  

comparison with Frishknecht's resul ts ,  we obtain a smooth peak over a 

shallow body rather t h a n  his double peak, probably due to  the ce l l s  being 

too large for t h i s  shallow body. 

I n  

EM Coupling: Electromagnetic ( E M )  coupling can be a serious problem in IP  

surveying. 

e lec t r ic  a n d  magnetic f ie lds  generated by the IP transmitter. These eddy 

currents vary with frequency, and t he i r  effects  are similar t o  those of a 

polarizable body. 

dimensional models. Unfortunately, there are no other published cases t o  

provide a cross check, b u t  our resul ts  appear t o  be reasonable. 

predicts the negative coupling encountered i n  the f i e ld  over very conductive 

bodies. 

Eddy currents are  created in the ground to  oppose changes i n  the 

We have calculated EM coupling for  a number of three- 

The program 

Figure 8, for example, shows theoretical EM coupling phase over a 

2000' x 3000' x 6000' ( W  x DE x L )  prism a t  a depth of 1000'. I t s  r e s i s t i v i ty  

i s  one ohm-meter, and the background r e s i s t i v i ty  i s  100 ohm-meters; the prism 

has no I P  response. The dipole length i s  1000 feet .  Results are  shown for  

three frequencies: 1.0 Hz, 0.5 Hz, and  0.1 Hz. For comparison, EM coupling 
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values for a homogeneous half-space of r e s i s t i v i ty  100 ohm-meters are  

shown a t  the side. 

the transmitter and receiver straddle the body a t  large separations. 

EM coupling i s  greater t h a n  half-space coupling when 

However, there are areas in the pseudosection where coupling due t o  the 

prism i s  negative, i . e . ,  less t h a n  half-space coupling. 

MAGNETOTELLURIC MODELING 

The MT source f i e ld  i s  a vertically propagating plane wave impinging 

on the surface of the earth. 

two vertical symmetry planes passing th rough  the center of the body, and i t  

Hence for a simple prismatic model there are 

i s  only necessary t o  solve for  one-fourth of the total  number o f  unknowns. 

Unfortunately, the new matrix i s  not  symmetric as in the general case 

for equal-conductivity and equal-size ce l l s .  Even s o ,  the computer storage 

and computation time are reduced considerably for  the MT problem. 

symmetry planes, 3N(3N + l ) / 2  - 9N2/2 storage locations are required, where 

N i s  the number of ce l l s .  With two symmetry planes, the storage requirement 

Without 

i s  - 3N x - = -  3N 9N2,1ess by a factor of 8. 4 4 16 
Figure 9 i l l u s t r a t e s  the reduction i n  computer time f o r  a two-symmetry- 

plane problem compared t o  one with no symmetry. 

factoring (LU decomposition) the matrix account for  most of the computer 

In each case, forming and 

time. Matrix factorization time i s  less by a factor of about 35 when symmetry 

i s  invoked. Also, the time required to form the matrix i s  less f o r  the 

symmetric problem, because only one-fourth of the mat r ix  elements need to  

be computed. 
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I n  the general case a maximum of 120 ce l l s  can be used on the University 

of Utah Univac 1108 computer, b u t  f o r  the symmetric problem the limitation 

i s  340 ce l l s .  This increase in the number of ce l l s  permits the use of smaller 

ce l l s  f o r  more accuracy, or, alternatively,  the modeling of larger bodies. 

Solution Checks 

Unfortunately, the only other published 3D MT resul ts  are those of Jones 

(1974) ,  Weidelt (1975), a n d  Reddy, e t  a l .  , (1977) ,  a l l  for  outcropping bodies 

which we cannot model accurately. 

and  Pri dmore (1978) for control 1 ed-source EM, comparisons w i t h  other sol utions 

for zero frequency (Hohmann, 1975), and  comparisons w i t h  2D models discussed 

l a t e r  i n  th is  paper lend credence t o  ou r  resul ts .  Also,  the general behavior 

of the 3D MT resul ts  is as  expected. 

However, qomparisons with Meyer (1976) 

The body t h a t  we have used t o  check convergence i s  shown i n  Figure 10. 

I t  i s  a 1 km x 2 km x 2 km conductive prism a t  1 km depth, and i s  elongated 

in the y direction. 

four frequencies, and  a t  three different discretizations:  1 x 2 ~ 2  = 4 c e l l s ,  

2 x 4 ~ 4  = 32 ce l l s ,  and 4x8~8  =256 ce l l s .  The cel l  sizes for  these three 

cases are 1 km, 0.5 km, and 0.25 km, respectively. The two excitation modes - 
E l l  a n d  El - are i l lus t ra ted  i n  Fig. loa. 

We have checked convergence a t  points A, B y  and C a t  

For E l l  excitation the incident 

e lec t r ic  f i e ld  i s  parallel t o  the long axis of the body, while for E,excita- 

t i o n ,  the incident e l ec t r i c  f ie ld  i s  perpendicular t o  the long axis.  

Figure 11 shows the convergence as a function of frequency a t  p o i n t  A 

Y X  
for  the E l l  mode. Results are given in terms of apparent r e s i s t i v i ty  ( p  ) 
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F i g u r e  IO (a . )  T h r e e  dimensional Model  for Convergence  
C h e c k s .  

( b , )  Plan View Showing the T’hree Observation 
P o i n t s  on the S u r f a c e  of the E a r t h .  
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a n d  phase ( E  

smaller ce l l s  are required t o  represent the current a t  the higher frequencies. 

phase - i d x  phase). The solution i s  convergent, a n d ,  as expected, 
Y 

A t  10 Hz the cell  sizes represented in Figure 11 are  2.8, 1 . 4 ,  a n d  0 . 7  

skin depths in the body. 

f inal  resul t  by the middle cell  s ize ,  the cell  sizes are  0.89, 0 .44,  0 .22 

skin depths in the body. T h u s  i t  appears t h a t  the minimum cel l  s i ze  for 

accurate resul ts  i n  this case i s  abou t  0.5 skin depths. Of course, larger 

ce l l s  may be adequate for particular interpretation problems, and computations 

would be less expensive. 

on conductivity contrast and  depth, i s  t h a t  the ce l l s  must be small enough 

t o  accurately represent the current even a t  very low frequencies, where the 

skin depth i s  large. 

larger t h a n  the depth. As a resul t ,  computations for  shallow bodies are 

expensive. 

A t  1 Hz, where the solution has converged t o  the 

Another cel l -s ize  c r i te r ion ,  which depends mainly 

As a rule o f  t h u m b ,  we require the ce l l s  t o  be no 

Convergence f o r  E lexc i ta t ion  i s  a l i t t l e  f a s t e r ,  as i l l u s t r a t ed  in 

Figure 12. 

The significance of these results i s  t h a t  we have been able t o  halve 

the cell  s ize  two times and demonstrate convergence for th i s  particular inte- 

gral equation so lu t ion .  In our previous controlled-source modeling there 

were no symmetry planes, so t h a t  only two discretization levels were possible, 

and i t  was impossible t o  determine whether the solution i s  convergent, except 

in the simple zero-frequency case. 

the same accuracy with fewer unknowns, b u t  they would be d i f f i cu l t  t o  implement. 

Higher-order basis functions would yield 
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COMPARISON WITH 2D MODELS 

Another useful check, and one which i s  enlightening fo r  MT interpre- 

t a t i o n ,  i s  comparison w i t h  2 D  models. 

the f ie lds  s h o u l d  approach those o f  a 2D model. 

As the length o f  the 3D body increases, 

Figures 13 and 14 show 

6 

comparisons between our 30 resu 

f i n i t e  element algorithm. The 

s t r ike  length ( 2 ,  4 ,  8, k m ) .  

Figure 13 shows the compar 

t s  and 2D resul ts  computed with Rijo's (1977) 

model i s  that  of Figure 10, w i t h  variable 

son for  E l l  excitation, which corresponds t o  

the 2D TE mode. 

Ey 9 Hx 9 H 9 Hz - are  present i n  the 3D case. b u t  a l l  f ive components - Ex,  

Apparent res is t ivi ty(p 

distance from the center o f  the body for  the three s t r ike  lengths and  for 

Only Ey , H x ,  and H, components are  present for  the 2D model, 

Y 
) and phase (Ey phase - H, phase) are plotted against 

YX 

the 2D body. 

Because there are no boundaries normal to  current flow to generate space 

charges i n  the 2D TE case, whereas there are i n  the 3D model , the resul ts  a re  

quite different.  

secondary e l ec t r i c  f i e ld  due t o  polarization charge a t  .the ends o f  the body 

i s  present even a t  zero frequency while t h a t  due t o  vo ume polarization 

current ( the only source of secondary f i e ld  i n  the 2D 

decreasing frequency. 

volume polarization current, also has a frequency-independent component. 

The difference is  particularly great a t  0.03 Hz. The 

ase) decreases w i t h  

The secondary magnetic f i e l d ,  which is  due only t o  

A t  1 Hz and above, apparent r e s i s t i v i t i e s  for the 8 km-long 30 body are 

very close t o  those of the 2D model. Phase seems to  converge t o  2D values 

as the length i s  increased, b u t  a body longer t h a n  8 km would be required 

for good agreement. 

c 
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Comparisons between our 3D E, resul ts  a n d  Ri jo 's  2D TM resul ts  are 

Space charges are included implicitly i n  the 2D TM shown in Figure 14. 

formulation, so t h a t  the two solutions do  n o t  diverge a t  low frequencies, 

as they do for E l l  excitation. However, except a t  the highest frequency, 

the 3D solution seems t o  converge t o  values s l igh t ly  different  from those 

of the 2D solution as the length of the body increases. For example, the 

apparent res i s t iv i ty  amplitudes d i f fe r  by a s  much as 15 percent a t  1 Hz. 

T h i s  discrepancy i n  the E, results could be due e i ther  t o  the 2D or 3D 

solution. 

verified by cross checks w i t h  other numerical solutions (Hohmann, 1971; 

S w i f t ,  1971),  we noted some discrepancies in comparing the TM f i n i t e  element 

results with those of Swift. 

the comparison i n  Figure 14 is adequate t o  give us confidence in our  3D 

results.  

While the accuracy of the 2D f i n i t e  element TE resul ts  has been 

This discrepancy i s  being investigated, b u t  
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ACCURACY OF IIETHODS IN GEOPHYSICS MODELLING 

Fraak Stenger 
Department of  Flathena t i c s  

Univers i t y  of  Utah 

1. 1NTP.ODUCTION 

In t h i s  paper we discr;ss the mthods of approximation tha t  have been used 

i n  this conference f o r  tile zppro-xinite solution of modelling problems, with 

emphasis on the order of the methods, especially i n  the presence o f  s ingular i t ies .  

While a l l  ra tes  of  convergence are given in terms of the order o f  t he  number of 

points, these r a t e s  a r e  nevertheless best possible with regards t o  order. Some 

of  the c l a s s i ca l  methods of approximation a re  found i n  Davis [2 ] ,  the method 

based on spl ines  in Ahlberg, Nielson and lnialsh [l] . The rate of convergence 

of some of these methods are found i n  Timn [ 7 ] .  

functions and their ra tes  of convergence are found in Stenger [4,5,6], Lundin 

and Stenger [ 31. 

The methods based on sinc 

L e t  us br ie f ly  summarize the various results. Throughout, we assume that 

we are approximating a quantity such as the electric f i e l d ,  by 

n 
E 1 Ei@i 

i=l 

where the Ei a r e  constants and the @i a r e  functions, depending on the par t ic-  

ular method of approximation that i s  being used. 

take on one or  products of the following fomms: 
i blore specif ical ly ,  the 4 

1. Polynomials 

2.  Splines: 
(a) Piecewise constant 
(b) Chapeau 
(c) Cubic 
(d) Trian,oular o r  tetrahedronal, l inear ,  o r  quadratic o r  cubic 
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3. Trigonometric functions 

4. Sinc functions 

These functions form the basis f o r  the approximate methods used in modelling. 

A l l  of these may be used for  purposes of interpolating o r  approximating a function, 

o r  for numerical integration (we simply integrate exactly the interpolation or 

approximation rule). 

local approximation via Taylor's formula. 

i f  we make piecewise constant appro-ximations in blamell's equation. 

Finite difference methods are usually obtained by means of 

The transmission l ine model is obtained 

A l l  of the 

above functions may be  used in Galerkin or moment methods. 

Several of the above approximations are used for  the approxirate evaluation 

The Fourier transforms is usually ekaluated via the FFT method, 

f over 

of  transforms. 

which is obtained by te rmise  integration of the sinc approximation of  

(-03,~)) , i.e. 

sin [ ; (x-kh)] N 

k= -N 
f(x) = 1 f(kh) 

(x-kh) 
(1 2) 

-m 

The Hankel transform is usually evaluated by means of the FFT method. 

evaluate the Hilbert transform we may agproximate f on (-..,a) by splines 

and then take the Hilbert transforms of the approximation, o r  else, we can 

take the exact Hilbert transform of the approximation (1.2), to get 

To 

6 
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"lie Laplace transform may be accurately evaluated by means of the forniula (based 

on s inc  approximations) 

kd-l kh e-stf(t)d: h 1 €(e ) eq [kh- se  3 
N 

k= -9 0 

2. ERRORS OF THE APPROXIFLATIONS 

The errors  that one makes in using various approximation schemes can be 

readily dedxed by looking a t  the errors that one makes in (1) using any o f  the 

one-dimensional bases l i s t e d  in the previous section. 

as the errors  of simple 2 dimensional appro-umtions. 

shall examine the errors o f  some 3 dimensional approximations. 

We state these, as w e l l  

In the next section w e  

2 .1  Error i n  Polynomial Approximation 

Let E denote the e l l i p s e  with foc i  a t  21 and sum of semi-axes equal t o  
P 

p . Let f be analytic i n  

E and set M(p) = max If(x) I . 
ZEE P '  

P 

b =  
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Thus the error of approximation of an analytic function w i t h  no singularities 

by a polynomial of degree n takes the form 

error = o (e-cn) 

2.2. Error of Approxination by Splines 

(a) Piecewise Constant Approximation 

(2.31 

where 

The error of the approximation (2.3) is  

provided that f is  differentiable on [O,l] . 
(b) "Chapeau" Spline 

Let Si(x) be defined as in the figure, i .e .  

(2.6) Si(x) = 

X 'i-1 i i+l X 
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(2 .7 )  
n 

i = O  
f(x) 1 f (  z )  i Si(") , 

The error fo r  two times differentiable functions on [0,1] is i where x = - i n '  

1 
n 

( 2  8) error  = O (  ) 

(c) Cubic Spline 

These approximations talc2 the form 

* n 

i=l 
( 2  9) f(x) 1 [f(xi)Si (x) + f'(xi)Ti(x))] , 

* 
where xi = i / n  , and where Si and Ti a re  cubic polynomials. The e r ror  

is 
1 
n 

(2. l o )  error  = O (  ) 

fo r  functions which a r e  4 times different iable  on [ O , l J  . 
(d) Piecer&e Linear Triangular Element 

Assume that we approximate a function olrer a f in i te  region in the  plane, 

triangular patches, over each of rihich the approximation is l inear.  w i t h  n 

The length of an edge of  the largest  t r iangle  is  a t  l eas t  O (  -1/2 ) , and the 
n 

error,  by (2.5) is  a t  l e a s t  O((- 1 )') , i . e .  1 / 2  n 

(2.11) e r ror  = O($ 1 . 

Similarly, using n tetrahedra in 3 dixensional approldmations, w e  ge t  

(2.12) error  = 0(-2/3) 1 . 
n 
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2.3 Approximation by Trigononietric Functions 

Let R > 1 , and l e t  AR denote the annulus i n  the complex plane, located 

between tlis circles of r ad i i  1/R and R . 
Let f be analytic i n  AR , and l e t  

(2.13) m x  If(z) I = N(R) . 
ZEAR 

Set 

27T 

0 

-hedo , n = O,kl, ... - - 1 j f (e ie)e  
(2.14) an 2TT 

Then 

(2.15) 

6 

That is, the error of n = 2N+1 - term Fourier approximation sat isf ies  

(2.16) error = . 

2.4 Sinc Functions 

Ex. Let Ild be the region in  the figure whose boundary consists of 

-1 

portions of circles, l e t  f be analytic in  Dd , and on ( - l , l ) ,  l e t  
l+x c If(x)I 5 C(1-x2)a 

‘k 

, CL > 0 , C > 0 . Then take $(x) = log (R) , 
= tanh(kh/2) , h = O(1/N1’2) , n = 2N+1 . This yields 
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Next, l e t  us br ie f ly  discuss what happens to  the above rates of convergence 

if s ingular i t ies  a re  present. Through this section, l e t  a be a posi t ive 

constant, such that 0 < c1 < 1 . A t  the outset, w e  consider s ingular i t ies  

a t  an endpoint of an interval.  

Ex. 2.1. Polynoinizls. Let pn be a polynomial of  degree 5 n . Then - 

h. 2.2. Splines. A l l  n-point approximations of (l-x)a(l+x) by splines 

I 1, on [-1,1] have errors Ci;, . 
n 

Fx. 2.3. Trigonometric Functions. The Fourier polynomial approximation of  

(~-x)"(l+x) on [-1,11 s a t i s f i e s  

ikrx = O(-$ 1 , n = 2N+1 . N 
(1-x)"(1+x) - 1 ak e 

k= -N n 

Ex. 2.4. Sinc Functions. The order o f  convergence of approximation of  

f (x)  = (1-x)"(l+x) on [-1,1] is given by (2.17). 

Notice that  s inc functions are the only ones not affected by the  occurence 
of s ingular i t ies  at  endpoints of an interval ,  and tha t  there is  a d ras t i c  
change of order fo r  the case of  polynomials and trigonometric functions, depending 
on whether o r  not s ingular i t ies  are present. 

If s ingular i t ies  occur in the interior o f  an interval,  such as, fo r  the 

case of the approximation of Ixla(l-x 2 ) on [-1,1] , then the order of con- 

vergence fo r  the various cases of approximation are respectively the  same as 
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those given in  Ex. 2.1, Ex. 2.2 and Ex. 2.3. 

f o r  the case of approxivation of  this function by sinc functions is then reduced 

also t o  O ( I I - ~ )  , n = 2i+1 . 
occur. 

Holiever, the order o f  convergence 

I t  is thus imporrant t o  know where singularit ies 

More w i l l  be said about this la te r .  

3. ORDERS OF CO?UERGEYCE OF "'HODS 

The ra te  of convergence of methods is  generally the same as the order to  

rqhich we can approximate a function. A slight difference occurs fo r  the case 

of quadratures, where, in e.g. one dimension the error is smaller by a factor 

of l / n  . 
is 

dimensional methods is O(Q(n1/3)) . 
methods of approximation are  summarized in the tables which follow. 

Whereas the order of convergence of n-point one-dimensional methods 

O(+(n)) , the order of convergence of  the corresponding n-point three 

The orders of convergence for the various 

The tables show that there may be drastic changes in  the orders of convergence, 

depending on the methods o f  approximation that are being used, SO that it can 

be valuable t o  know when singularities occur. 

singularities occur wherever the coefficients of the equation cease to  be 

analytic. 

analytic in  each variable, wherever the coefficients are  analytic in that variable. 

Thus singularities occur wherever the conductivity changes a b r q  t ly,  and wherever 

the boundary o f  the region has corners and wherever the data of the problem has 

singularities. 

usually not possible t o  determine the explicit  nature of the singularities. 

t h i s  l a t t e r  case no method can converge faster than the sinc methods [6 3 .  

For the case of l inear problems 

For example, for  the case of blamell's equations, the solutions are 

Although we can determine where the singularities occur, it is 

In 

c 
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3 . 2  soLurIoI\I 01: D I F F ~ Y T I A L  OR INTEGRAL EQUATIONS 

ORDER OF CONVERGENCE 

FEllUlD 

Finite difference 

1;biite elciiont 

Transmission l i ne  
c_ - - - - 

Trig. functions, 
Polynonuals 

- 

Sine methods 

FFT 

I 

(e-cn1'3) 
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\\re do not  wish t o  discourage the use of other methods, at  this point. 

difference and f i n i t e  element methods have the tremendous advantage that they 

lead t o  sparse matrix problems, whereas s inc methods lead t o  fuller matrix problems. 

The use of sinc methods in the approximate solution of 3 dimensional PDE problems 

is s t i l l  in the elperimental stage, andwhile som breakthroughs have already been 

made, indicating it may be possible t o  solve such problems w i t h  1/100 o f  the 

e f fo r t  required by use of other methods, an e f f i c i en t  method is ye t  t o  be found 

for solving the resul t ing system of l i nea r  algebraic equations. Theoretical 

analysis of the error indicates t ha t  the use of sinc methods should reduce the 

amount of e f f o r t  in  solving a problem by two orders of magnitude. 

Finite 
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APPLICATION OF THE SINC-GALERKIN METHOD TO THE 
SOLUTION OF THE 3D SOURCE - 3D BODY ELECTROMAGNETIC 

SCATTERING PROBLEM 

Bill Petrick 
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I .  Mathematical Formulation 

The most general representation o f  a n  electromagnetic f i e l d  i s  via 

Maxwell's equations. 

1. 
A -  - vxs  = E t\ + i i s  

2. oKG= 5 E; t T s  
t o t a l  e l e c t r i c  f i e l d  

to ta l  magnetic f i e l d  

magnetic source 

- 
Where: E = 

- 
M, = 

We will  cons 

space values toy 

Where 4~ re fers  

problem. 

Substi tuting 3. 

4 .  V G i  

h 

Y =  

e l e c t r i c  current source 

impedivi ty ( i w t )  

admi t t i v i  ty  ( C +b€) 

der only spacial changes in conductivity and assign f r e e  

4,) a n d  E ( G )  everywhere. W i t h  this assumption we can 

write 3 f o r  a 3D inhomogeneity in the ear th  a s :  

3 .  5 r  ( . G H + @ 6 + i w E )  * y , c A 6  

o the material properties associated with a half space 

n t o  2 .  we have: 

= (411 + Aa)C + 5, 
I f  we now define E and H as being made up of two components the f i r s t  

being E, a n d  H, ( f i e l d s  in the v ic in i ty  of a conductive half-space of con- 

duct ivi ty  G,) y the second being hE and A H  due t o  perturbations of 6, 

accounting for  the 3D subsurface s t r u c t u r e .  
- 

5. E = E , + n E  
- 

6 .  H =  g , + A f i  
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Substi tuting 5.  and 6 .  in to  1. a n d  4. we have: 

7 .  - v i  ( z , + A ? ) =  2 ( q H + A % )  + m s  

8. V K  (u ,+n$)=  ( ~ , + A 6 ) C ~ U + b E ) +  SS 

The half-s;ace f i e l d s  may be solved for ana ly t ica l ly  via 

9. - V %  E, - - SQ, 4- fig 
10. V %  c\, = ?&E, + s s  

h 
- 

The secondary f i e l d s  then must s a t i s f y  

11. -v x = 1 A q  
1 2 .  G'wA2 = (.G,, + A 6 ) A 3  + llc r u  

By subs t i tu t ing  1 2 .  i n t o  the curl of 11. we have 
- #. 

13. D ~ V X  A% -k 'AE = - t A C  E M  
r \ n  A h  Where : K'= - z y  = - t  ('ju+bU-) 

The inhomogeneous term in 13. (-ZA&,)may be interpreted as a source 

i n  existence only where A 6 i s  non-zero. 

Equation 13. may be solved over any region f o r  which we can obtain 

boundary conditions on A€. 

I have chosen t o  solve equation 13. i n  the ear th  only. The values o f  

a t  the a i r -ear th  in te r face  may than be obtained from 

14. 
- vo I 

Where: 1 s  = the volume sca t te r ing  current density.  

= half space dyadic Greens function. 

Note t h a t  14. need only be evaluated where A 6 i s  non-zero. If  we 

fur ther  assume t h a t  h a =  0 a t  the surface of the ear th  then 14. i s  never a 

singular in tegra l .  

c 
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15. 

1 6 1  

, Method o f  solution o f  equation 13. 

a )  Galerkins Method 

Consider the equation 

Lu = g 

where L i s  some integral or d i f fe ren t ia l  operator ( l inear  in our case) 

u are a s e t  o f  unknowns and g i s  a known forcing function at t r ibutable  t o  

applied sources or boundary conditions. 

We approximate u by some basis function presumably capable of  tracking 

the u n k n o w n  t h r o u g h o u t  the region of in te res t .  Let: 

16.  u =  $ U J  
k 

where f i s  the chosen basis function. Substitute 16. into 15. and  use 

l inear i ty  t o  obtain 

Subtracting g from b o t h  sides we f i n d  the error  4 

17.  
h 

T a k e  t h e  inner p r o d u c t  of  4 w i t h  a se t  of  weights a n d  s e t  this  projection 

t o  zero t o  obtain 

18. J L F w J V  = ( y J J d  
c r n 

This equatjon results in a s e t  of equations for U,. Once obtaining the L/&'s 

we may calculate u from 16. 

b )  Choice of Basis Functions 

I n  addition t o  being capable of adequately describing the behavior 
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of the unknown function the choice o f  basis functions (and  weights) i s ,  from 

a practical point of view, dependent upon the ease with which the inner 

product can be calculated. 

For our basis functions and weights we choose sinc functions 

Sir? [ ?  M(*) -LL j  

i s  sought t o  the interval (-e,&): For the solution in the earth we have: 

. q C X ) = X ,  Y 4 ( ( j ) z y  / Yca)=\k(SlvrL-+j 2; 

Another ' e ( t )  map which could be used i s  

Both the lnz a n d  I n  (sinh;) transofrmations specify a higher point 
Pet) = \h t 

density near z = o b u t  the sinh map has a n  apparent advantage of becoming 

equispaced for  large Z.  The constant c determines th i s  spacing. 

The specif ic  form for the associated inner products have been worked 

out .by Stenger (1979)*. They are: 

r' 

*Stenger, F. S. (1979) A "Sinc-Galerkin" Method of Solution o f  Boundary 
Value Problems: t o  appear in Mathematics of Computation, January 1979. 
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where: r i s  the coef f ic ien t  i n  the d i f f e r e n t i a l  equation 

The solution t o  13. will  be analyt ic  over a region i f  K 2  i s  ana ly t ic  

over the region. The s inc interpolants  a r e  analyt ic  a n d  we consider point 

evaluations of 66 ( a l s o  s inc  expanded) so t h a t  we are  considering conduc- 

t i v i t y  as being an ana ly t ic  function in the ear th .  

11. Numerical formulation a n d  assumptions 

Expanding  13. into i t s  vector components we have: 

h I I 7 3 
20. A€:, + - A € , ,  - &E,, 4- r'& El z A <  E, x component 

z component 

We solve t h i s  s e t  of equations u s i n g  Galerkins method w i t h  the s inc  

basis functions.  Iniplicit i n  the use of these basis functions a re  zero 

boundary conditions. 

we will  solve f o r  a function t h a t  is zero a t  z = L' and  add  to  i t  a boundary 

Since, a t  z = 0 ,  we have a non-zero boundary condition 

term obtained via 14 .  Define the following 
I B  - 0 t  

212 0 r 21. & E = = €  + L E  e 3. = \,z, 3 
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1 6 4  

t o  be solved f o r  and i s  zero on a l l  boundaries and  8 i s  a 

constant t o  be chosen. 

Continuity o f  normal J a t  z = 0 i s .  

3 3 
G7€,,7 = 6, E ear& 

3 3 

Go ( $a,r + = 6, E: ea7ik i- nE:ariL) 
Since the secondary f ie lds  must sa t i s fy  the same boundary conditions 

a s  the primary f ie lds  we have 
3 

e >  n E e , v \ L 3 0  *+ Z = O  AE3,,,il, ""/., &Ea,, Q O  
3 

SO we may se t  h ~ ' " i n  2 1  t o  zero. 

Substitute 21  into 20 and expand 

. 
+h-~5, 

' +- €2r3 - KY+ E: L,, + €*I = 5t3 
3 5 

If we choose p" = - tc: ( t h i s  corresponds physically t o  subtracting o u t  
n 

the planewave solution) then ( g * + t )  = - t h C  

a Galerkin solution are then: 

The equations t o  which we seek 

\ -'* LhS'] + ; A s  E, \ 

+E,: -u% - e I 1 
E;z = - E 3 3  + Err 

The bS ternis are evaluated v i a  the half space Greens dyadic. 

c 
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Ne define 

Subst i tut ing 24 in to  23 a n d  taking the inner product w i t h  s imi la r  weight 

functions we obtain f o r  typical terms. 

J 
which can be wri t ten as the matrix multiplication 

Simi l a r l y  3 

3 
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t .  
a n d  where the matrices [k 

level corresponding to  cr. i n  the earth. 

1 contain the u n k n o w n  coefficients a t  each 

We now have the following simultaneous s e t  of matrix equations to solve: 

6 1 
Equations 26, 27 and 28 are then solved i terat ively for  [Er] , I = 1,2,3. 
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Note added 7 / 7 8  

A t  the time of the conference I was unable t o  o b t a i n ,  i t e ra t ive ly ,  
a solution of the system represented by equations 26 thru 28. Since t h a t  
time I ' v e  determined the problem t o  be due t o  the underlined terms in 
equations 26 and 2 7 .  These terms have the effect  of generating large 
o f f - d i a g o n a l  eleirients i n  the system matr ix .  
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GENERALIZED THIN LAYER APPROXIMATION FOR MAGNETOTELLURICS 

AVD A MULTIPLE SCALE METHOD OF IMPLEMENTING 

THE NUMERICAL CALCULATIONS 

Theodore R .  Madden and Rambabu Ranganayaki 

Department of Earth and Planetary Sciences 
Massachusetts Institute o f  Technology 

Cambridge, Massachusetts 02139 

The thin sheet analysis introduced by Prof. Price can 

be generalized by making the sheet anisotropic to model the 

effect of layers within the sheet of different conductivity and 

also by generalizing the boundary conditions. 

and analytic solutions for such models show that the resistivity 

thickness product of the sheet has a profound effect on the 

magnetotelluric field and this effect influences the telluric 

field over very large distances. To accurately model 

magnetotelluric responses one must include regions many 

hundreds of kilome ers away. A multiple scale approach to 

these calculations is very appropiate as only average 

properties and fie ds are needed to describe the influence of 

distant zones. 

Calculations 

4 
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AN APPLICATION OF THE MODE MATCH 
METHOD TO BORE HOLE INDUCTION LOGGIE’G 

A. Q. Howard, Jr. 
Department of Electrical Engineering 

University of Arizona 
Tucson, Arizona 85719 

Abstract 

The mode match method relies on local orthogonality of 

modes. The approach is a specialized integral equation 

method which results ir, a matrix form of an integral equation. 

The expansion functions are total range and have exponential 

convergence properties when n, the number of modes is larger 

than /k4D 1 when k 
rock and D is the largest dimension of the anomaly that 

requires the useof integral equations. The application here 

is to obtain the dipole fieldsof the bore hole environment. 

is the complex awave number of the host 4 

The magnetic transmitterand receiver loops are in a vertical 

plane to best excite eddy currents in cracks around the bore 

hole which are also oriented vertically. 

\ 

Introduction 

For the purposes of this workshop, the emphasis of this 

paper is placed on method rather than results. It is true 

that the mode match formalism is not as general as direct 

finite element methods or finite difference methods. However 

when the modes can be introduced they result in an economy 

in computer usage along with an improvement in accuracy. 

price that must be paid is an increased amount of matrix 

element computation analysis and perhaps over simplified 

The 
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geometric models. 

Thus direct application of these methods is limited to 

highly specialized geometries and also as an analytic model 

which more general methods could be compared. 

However it is becoming apparent that direct computation 

and modelling of geometries of practical interest are 

straining our largest and fastest computers and that often 

the desirable halving of patch sizes or node lengths when 

we are approaching relative convergence on these machine 

codes is impossible. 

Hybrid methods which combine the best features of t w o  

or more methods will play a role of increasing importance in 

future electromagnetic modeling. 

the unimoment method of Professor K.K. P4ei.l 

student S. Chang applied the method to the buried sphere at 

this conference and discussed how it can be applied to more 

general buried bodies by circumscribing the body with a 

mathematical sphere. atside the sphere, known eigenfunction 

expansions are used and inside finite element methods are 

applied. 

An important example is 

His former 

In this context mode matching takes on new relevance. 

An example is that of the buried dyke. To surround this 

structure by a sphere may be very inefficient compared to a 

rectangular volume or truncated cylinder. If a mode match 

solution could be obtained fo r  such structures, the unimoment 

method could be eEficiently applied to the general dyke 

problem. Some work C l , Z l  indicates that this may be possible. 
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Th e o  r y 

The  b o r e  h o l e  problem h a s  s u f f i c i e n t  symmetry t o  r e n d e r  

t h e  mode matching ,  a t  l e a s t  f o r m a l l y ,  t o  be  r a t h e r  s t r a i g h t  

fo rward .  The purpose  o f  t h e  c a l c u l a t i o n  i s  t o  c o r r e c t  mag- 

n e t i c  l o o p  measurements t o  a c c o u n t  f o r  t h e  s o u r c e  c a v i t y  as shown 

i n  F i g u r e  1. The c a v i t y  i s  assumed t o  be f i l l e d  w i t h  a i r .  I n  

r e g i o n  1, the m a g n e t o - s t a t i c  f i e l d s  of t h e  l o o p  dominate  t h e  

p r imary  f i e l d s .  

c o n d u c t i v e  

o f  t h e  secondary  e l e c t r i c  f i e l d .  

However, t h e  b o r e  h o l e  i s  f i l l e d  w i t h  a h i g h l y  

f l u i d  so t h a t  t h e r e  i s  a s t r o n g  a x i a l  component 

For  a t i m e  dependence e- iwt,  t h e  pr imary  magne t i c  f i e l d  

i s  due t o  a loop as shown i n  t h e  f i g u r e  i s  computed as f o l l o w s :  

F = - i w p l m o  i g. 

H e r e ,  i n  ( 2 )  and ( 3 )  ~ ~ , p ,  and k are  t h e  d i e l e c t r i c  c o n s t a n t ,  

p e r m e a b i l i t y ,  and wave number a p p r o p r i a t e  f o r  t h e  c a v i t y  o r  

gap r e g i o n .  The q u a n t i t y  m = IT b 

moment o f  t h e  loop and i 

t h e  l o o p  as shown i n  F i g u r e  1. 

1 

i s  t h e  magne t i c  d i p o l e  Io 0 

i s  t h e  o r i e n t a t i o n  u n i t  v e c t o r  of 
A 

m 

The f u n c t i o n  g s a t i s f i e s  t h e  c o n d i t i o n s .  

Lj az = o  

The a p p r o p r i a t e  s o l u t i o n  t o  g when D / a  i s  l a r g e  is g i v e n  

approx ima te ly  by: 
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1 

f ( z , z  ) = 
cos h(a(D/2-z > )  COS h (nZ<)  , a = a 01 

s inh  (aD/2) 

and a 

The i n t e r i o r  s c a t t e r e d  f i e l d s  are r ep resen ted  by a Fourier 

= 2.4048 ... i s  t h e  f i r s t  zero  of Joe 
01 

series : 

where  
271 - B, = ( A m  - (k l2 I4 ,  R e ( B m )  2 0 ,  A m  - - D m. And, 

I1 i s  a mod.ified Bessel func t ion  of t h e  f i r s t  k ind  of o r d e r  1. 

The  e x t e r i o r  f i e l d s  ( p  2 a)  are expressed  as a Fourier  t r a n s -  

form on z wi th  an unknown r Fourn ie r  ampli tude a ( h ) .  
m 

r 

The s o l u t i o n  f o r  t h e  unknown mode ampli tudes bm as de f ined  i n  

( 4 )  are ob ta ined  by matching H cp and EZ on p = a.  One o b t a i n s  

t h e  fo l lowing  ma t r ix  equat ion .  

a = fm c Lmn n n=o 

2 where am = B, I l ( B m a )  bm 
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m (-1) x sin x 
2 2 T (x) = - m x - (mn) 

Details of the solution and numerical information will be 

published elsewhere. ( 4 )  

Figure 1 Model Geometry 

I 
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Introduction 

lation of magnetic fields produced by steady-state 

current distributions has application in several geophysical 

techniques. The usual method of calculating the magnetic field is 

to use Ampere's law when the problem is sufficiently symmetric, or 

the Biot-Savart law for problems lacking the requisite symmetry. 

The volume integration required by the Biot-Savart law can be 

quite expensive when done numerically. In this paper, a technique 

will be demonstrated which reduces.the calculation of the magnetic 

f i e l d  to the evaluation of surface integrals over all conductivity 

boundaries, thereby reducing the computational effort. An added 

benefit of this formulation is that the components of the magnetic 

field that will be produced can be determined simply by inspection 

of the conductivity structure. 

Theory 

The magnetic field produced by a steady-state current system 

is given by the Biot-Savart law 

Using operator notation, (1) can be rewritten as 

Q =  vxpotp-3  

where the potential operator is defined by 
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9 A and r =$’ - x where 2‘ = (x’,y’,z’) is the magnetic field 

observation point and x = (x,y,zl is the source location. 

Numerical evaluation of the volume integration in (2) can be 

d 

expensive. We now follow an exercise first described by Heaviside 

(18921 , which provides a means of simplifying the computation. 

More importantly, the alternative formulation very clearly shows 

what controls the magnetic field. 
a 

Consider a divergence-free vector 2 ,  from which a chain of 

wectors is constructed by taking the curl of the previous element 

of the chain. 

a 4 J 
A, B, ani C are replaced by their curl representation 

respectively, - i.g.t v x  ?, v x  %, and V x  g .  The expression 
v x v x ( ) becomes - f (  ) since v.( ) = 0. Recognizing that 

(4b-d) are vector Poisson’s equations, the solutions are given by 

Thus ,  we have established that the operator vx v x  ( ) is the 

inverse of pot ( ) .  

Substituting (4d) into (5c) and (5b) into (4b) gives, 
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respectively, 

/-- 

proving the commutativity of pot ( ) and v x  ( ) .  Note the only 

assumption made is that the vectors involved are divergence free. 

For the case of the magnetic field we can write 

(7 )  

For the non-operator-inclined reader this result can 

alternatively be proved by starting with (1). Then, 

"s$+ V'SX (x'9 = v'rJ{idv Y T  r =, l[[AVv'y k e )  ( 8 )  
Y V 

I where v denotes differentiation with respect to the observation 

coordinate. Recognizing that I7 x Z ( x )  = 0 

The integrand in (9) can be written as 

Finally, using a generalized Gauss theorem [Nadeau, 

on the rightmost term gives 

and 
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D. V. Fitterman 

where S is a surface enclosing all current and 2 is the outward to 
this surface. As the volume of integration becomes infinite, the 

surface integral vanishes, since the current density approaches 

zero at least as fast as l/r, yielding the same result as in (7). 

To demonstrate the advantage of this formulation, we write 

the current density as 

Taking the curl of (13) gives 

( 1 4 )  V * I =  - V b Y V +  
For Earth models constructed of homogeneous regions of differing 

conductivity, V x  ? will be zero except at conductivity, 

boundaries. The magnetic field is then given by 

where St represents the conductivity boundaries, A r -  is t h e  

change in conductivity at the boundary, a- is the conductivity on 

the side of the boundary where J is specified, and h is the unit 
normal to S;. Notice that the computation has been reduced from a 

A 

volume integration to a sum of surface integrations--a 

considerable computational savings. From (14) we see that two 

orthogonal components of $ will be produced by a planar boundary. 

The magnetic field will be increased by orienting the current 

sources such that most of the current is flowing parallel the 

conductivity boundary. 
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An Example--Electrokinetic Currents 

The flow of fluid throu'gh geologic materials results in a 

charge separation because of the differential interaction of the 

ionic species in solution with the charged mineral grains. T h i s  

generation mechanism is called streaming potential. For geologic 

materials, the pressure field is independent of electric effects; 

therefore, the electric field can be solved for from a known 

pressure distribution. An analysis of the governing equations can 

be found in Nourbehecht [1963] or Fitterman [1978a, 1978bl. We 

I 

will consider the case of two quarter-spaces in contact w i t h  each 

other Occupying the region 2 > CI. (See Figure 1.) For a pressure 
source of constant intensity within the region a z 5 b and 

-1/2 - < x . <  - 1/2, the surface potential is given by 

I where 

So is the source intensity, and the conductivity crL takes the 

value GL for y > 0 and b;J for y < 0. 
J 

3 A 4 On the surface of the half-space, V x  J = -i Jj + 3 Jx and 

the resulting magnetic fields are given by 
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and 

where R2 = ( x  -x) + (y' -y>" and t h e  s u b s c r i p t  and comma denote  

d i f f e r e n t i a t i o n .  Equation (18) is evalua ted  numerical ly  using 

adapt ive  Gaussian and Gauss-Laguerre quadra tures .  The  s i n g u l a r i t y  

a t  R = 0 is a n a l y t i c a l l y  inyegra ted .  A t  t h e  c o n t a c t  between t h e  

The c o n t r i b u t i o n  due  t o  t h i s  s u r f a c e  c a n  be a n a l y t i c a l l y  

i n t e g r a t e d  t o  o b t a i n  

and 

The s e l f - p o t e n t i a l  and magnetic f i e l d  component maps a r e  shown i n  

Figures  2,  3 ,  4 ,  and 5 .  I n  Figure 2 we see t h a t  t h e  l a r g e s t  

g r a d i e n t  of + is  i n  t h e  y-direction. From ( 1 4 )  we know t h i s  w i l l  

pr'oduce an x-component of  magnetic f i e l d  (F igure  3 ) .  The 

x-component of f i e l d  produced by t h e  v e r t i c a l  i n t e r f a c e  is small  

compared t o  t h e  c o n t r i b u t i o n  of t h e  ho r i zon ta l  su r f ace .  
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E x t e n s i o n  To 2 -d imens iona l  NIMR Anomal i e s  

Magne tone t r  i c  r e s i s t i v i t y  (MMR) a n o m a l i e s  h a v e  b e e n  

c a l c u l a t e d  for  some ra ther  simpie g e o m e t r i e s  u s i n g  symmetry  

c o n d i t i o n s  [ S t e f a n e s c u ,  1958;  S t e f a n e s c u  and  N a b i g h i a n ,  1 9 6 2 ;  

Edwards, 1974 ; Edwards a n d  Howell, 19761 . The t e c h n i q u e  

described a b o v e  i s  w e l l  s u i t e d  f o r  t h e  c a l c u l a t i o n  o f  t h e s e  

a n o m a l i e s .  Let u s  c o n s i d e r  a 2-D c o n d u c t i v i t y  s t r u c t u r e  ( c o n s t a n t  

a l o n g  s t r i k e )  t h a t  i s  r e p r e s e n t e d  b y  r e c t a n g u l a r  r e g i o n s  bounded 

by v e r t i c a l  and  h o r i z o n t , a l  s u r f a c e s .  F o l l o w i n g  a t e c h n i q u e  

descr ibed  b y  Madden [ 1 9 7 1 ] ,  t h e  c u r r e n t s  a l o n g  t h e  edges of t h e  

r e c t a n g l e s  c a n  be d e t e r m i n e d .  Then ,  from (15)  it f o l l o w s  t h a t  t h e  

m a g n e t i c  f i e l d  produced b y  a h o r i z o n t a l  i n t e r f a c e  is 

while a v e r t i c a l  i n t e r f a c e  produces t h e  f o l l o w i n g  componen t s  

where  t h e  v e r t i c a l  i n t e r f a c e  occupies c - < z L d a n d  t h e  h o r i z o n t a l  

i n t e r f a c e  l i e s  i n  t h e  r a n g e  a - < x b. 

A s s u m i n g  t h e  c u r r e n t s  are c o n s t a n t  i n  t h e  x and  z d i r e c t i o n s  

a l o n g  t h e  e d g e s  of  a c e l l ,  ( 2 0 )  c a n  be i n t e g r a t e d  t h u s :  
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It should be kept in mind that the current densities are described 

by inverse cosine transforms: therefore, (21) actually involves 

double integration. 

Conclusions 

A new method of calculating the magnetic field has been 

discussed which requires surface integration along conductivity 

boundaries. T h i s  method has the advantage over the classic 

Biot-Savart formulation in that the order of integration is 

reduced by one dimension. It is by no means a panacea for 

calculation of magnetic field, as the resulting surface integrals 

are usually done numerically with all of the attendant problems. 

There are situations, however, when one or more of the 

integrations can be done analytically, thus reducing the computer 

time required. The most important advantage of this approach to 

the calculation of magnetic fields is that by inspection one can 

determine the components of the field that will be produced for a 
6id - 

given orientation of a conducting boundary. 
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Figure 1 Geometry of rectangular constant source model. Inside 
rectangle the source has an intensity of 1 v o l t  and the 

outside it is zero. 
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Figure 2 S e l f - p o t e n t i a l  sur  face map for r e c t a n g u l a r  
c o n s t a n t - s o u r c e  model. Depth e x t e n t  is 1 ,  l e n g t h  is 1 ,  
and d e p t h  i s  1 .  The c o n d u c t i v i t y  i s  1 S/m o n  b o t h  s i d e s  
of t h e  c o n t a c t .  The s o u r c e  i n t e n s i t y  i s  1 V .  The 
c o n t o u r  i n t e r v a l  is  5 mV. D i s t a n c e s  a r e  d i m e n s i o n l e s s .  e 
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Figure 3 Bx s u r f a c e  map. Parameters a r e  t h e  same a s  Figure 2.  
Contour i n t e r v a l  is  5 nT. 
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O 0 0 

c d m 

Figure 4 By s u r f a c e  map. Parameters a c e  the same as  Figure  2 .  
Contour i n t e r v a l  i s  1 nT. 

6 
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X 

F i g u r e  5 Bz surface map. Parameters are the same as Figure  2 ,  
Contour interval is 2.5 nT. 
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SUMMARY 

D. F. Pridmore 
W.R. S i l l  

The bulk of the  p re sen ta t ions  covered the  app l i ca t ion  of t he  

c l a s s i c a l  numerical modeling techniques (f .e . ,  f i n i t e  element,  f i n i t e  

d i f f e rence ,  i n t e g r a l  equat ion,  and mode matching) t o  t h e  problems 

addressed a t  the  workshop, 

modeling, only one au thor  discussed s c a l e  modeling; t he  o the r  papers  

d e a l t  with some aspec t  of numerical  modeling. 

r a t i o  reflects the re la t ive  amount of research  being c a r r i e d  o u t  on the 

two types of modeling. 

Of t h e  twenty-three p re sen ta t ions  on 

We f e e l  t h a t  t h i s  

Solu t ions  t o  t h e  three-dimensional e lectromagnet ic  s c a t t e r i n g  

problems were repor ted  i n  a l l  t h e  se s s ions  on t h e  c lass ical  techniques.  

Don Pridmore showed s o l u t i o n s  obtained wi th  t h e  f i n i t e  element method, 

Walter Jones discussed s o l u t i o n s  obta ined  wi th  t h e  f i n i t e  d i f f e r e n c e  

method, and J e r r y  Hohmann and Ed Mozley presented r e s u l t s  from i n t e g r a l  

equat ion methods. 

a r i s i n g  from t h e  l a r g e  matrices which need t o  be  assembled and inve r t ed ,  

a l though t h e  d i f f i c u l t i e s  w e r e  no t  too  severe i n  t h e  i n t e g r a l  equat ion 

s o l u t i o n  f o r  models cha rac t e r i zed  by compact bodies  wi th  low conduct iv i ty  

A l l  t h e  au thors  repor ted  computational d i f f i c u l t i e s  
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c o n t r a s t s .  Most of t h e  au thors  noted t h a t  higher-order b a s i s  func t ions  

would be a use fu l  ex tens ion  of t h e i r  work, a l though none were o p t i m i s t i c  

t h a t  such func t ions  would remove t h e  computational d i f f i c u l t i e s  asso- 

c i a t e d  wi th  t h e  three-dimensional problem. 

Solu t ions  us ing  t h e  d i f f e r e n t i a l  equat ion  techniques were repor ted  

f o r  t h e  three-dimensional-source, two-dimensional-earth problem. John 

Stodt  and K i  H a  Lee  discussed t h e i r  work wi th  t h e  f i n i t e  element method, 

and Charles  Stoyer  repor ted  on h i s  earlier work wi th  t h e  f i n i t e  d i f f e r -  

ence method. 

problem is  making an  e f f e c t i v e  choice f o r  t h e  va lues  of t h e  Four ie r  

t ransform v a r i a b l e .  

It w a s  c lear  t h a t  t h e  e s s e n t i a l  d i f f i c u l t y  i n  t h i s  

Gordon West presented r e s u l t s ,  obtained wi th  an i n t e g r a l  equat ion  

method, f o r  a t h i n  p l a t e  of f i n i t e  length-extent ,  exc i t ed  by a three-  

dimensional source.  

Alan Howard showed a s o l u t i o n  t o  a r o t a t i o n a l l y  symmetric e l e c t r o -  

magnetic problem, a d ipo le  i n  a borehole  environment, us ing  t h e  mode 

matching method. 

John Kuo presented t h e  formalism f o r  t h e  genera l  three-dimensional 

time-domain problem us ing  f i n i t e  element, and gave some r e s u l t s  f o r  t h e  

scaler problem o f  an i n f i n i t e  dyke exc i t ed  by a l i n e  source.  

Several  s o l u t i o n s  t o  t h e  D.C. electrical problem, us ing  the classi- 

c a l  techniques,  were discussed.  Louis Bartel r epor t ed  on a three- 

dimensional s o l u t i o n  us ing  an  i n t e g r a l  equat ion method, and Roy 

Greenfield presented a f i n i t e  d i f f e rence  s o l u t i o n  t o  t h e  axisymmetric 

problem. Dave Fi t terman and Nigel Edwards showed how magnetic f i e l d s  

could b e  ca l cu la t ed  from t h e  scalar e lectr ic  p o t e n t i a l .  The au tho r s  
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pointed out that the integrations required to evaluate the magnetic 

fields need only be carried out where the gradient of the conductivity 

is non-zero. 

Several presentations were made on what might be called non- 

classical techniques. 

solutions to the electromagnetic scattering problem. 

elements in a central core, and termination of the finite element mesh 

before the behavior of the field variables is known, were the common 

features of the two papers. 

using the appropriate Green's function to evaluate the boundary fields, 

while Chang used an eigen-function expansion in the exterior region to 

obtain a solution to the rotationally symmetric problem. 

Will Sheen and Steve Chang presented hybrid 

The use of finite 

Scheen solved the three-dimensional problem 

Frank Stenger summarized the different species of basis functions 

which may be used in numerical methods, concluding that the relatively 

obscure sinc functions offer the best order of approximation. Bill 

Petrick reported on how these sinc functions may be applied to the 

three-dimensional electromagnetic scattering problem. 

approach is fundamentally different from most of the other numerical 

techniques described at the workshop in that the basis functions are 

The sinc function 

non-zero over the whole domain, instead of being non-zero over just a 

small section of the domain. 

Gordon West briefly described an image technique which might be 

useful for calculating the electromagnetic response of a layered earth 

in which one or more of the layers have a somewhat irregular shape. 

West expected this approach to be significantly cheaper than the 

analysis carried out by a full finite-element or finite-difference e 
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solution. 

lower crust on magnetotelluric measurements, and pointed out that a 

"multiple scale" approach is an important aid for calculation of such 

effects 

Ted Madden illustrated the profound effect of a resistive 

Phil Wannamaker*illustrated the inadequacy of one- and two- 

dimensional solutions in the interpretation of a detailed set of magneto- 

telluric observations made in a geothermal area in southern Utah. 

Al Tripp showed how Cohn's sensitivity theorem may be used to 

calculate, trivially, the perturbation in D.C. potential due to a 

perturbation in the conductivity structure, once the solution for the 

unperturbed model is known. The important application of this result 

is in the inverse problem, where such derivatives are required. 

Terry Killpack presented the results of an investigation into the 

suitability of mini-computers for multi-dimensional modeling algorithms. 

The author pointed out that the limited addressing capabilities of most 

mini-computers would make it impossible to simply transfer a working 

program from a large main-frame computer to most mini-computers. 

ever, the recent development of mini-computers with virtual memory 

removed this restriction. Killpack noted that It was difficult to 

determine, a priori, the cost effectiveness of a mini-system, but a 

crude analysis indicated that a large mini-computer, such as the 

VAX 111780, may be the most cost-effective approach, 

How- 

- 

Brian Spies reported on a novel approach to scale modeling of 

transient electromagnetic data. By using materials with a relatively 

high conductivity, Spies noted that it was possible to simulate earth 

conditions in a relatively small laboratory facility. 
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I 

Our conclusions on the state-of-modeling of electrical and electro- 

magnetic modeling are as follows: 

(i) The classical techniques give satisfactory solutions to the 

scalar electromagnetic problems, and one-, two-, and possibly three- 

dimensional resistivity problems. By satisfactory, we mean that the 

solutions are relatively well documented in the literature, and that 

they can be solved on available computers, without excessive effort. 

Solutions to the vector electromagnetic problems, such as the three- 

dimensional-source, two-dimensional-earth, and the full three-dimensional 

problem, can require significant computational resources when approached 

via the classical techniques. Research into hybrid techniques, the use 

of different basis functions, and special methods for certain restricted 

models, is urgentiy needed for this class of problem. 

(ii) It is clear that, in the near term, accurate solutions to a 

wide class of three-dimensional models will come only from either scale- 

model studies or from numerical solutions generated by using unprece- 

dented amounts of computer time. 

The participants drew up a set of recommendations, which follows. 
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RECOMMENDATIONS 

The fol lowing recommendations and comments were made and approved 

by p a r t k i p a n t s  a t  t h e  workshop. 

1. Dedicated Mini-Computers f o r  Modeling 

Prel iminary i n v e s t i g a t i o n s  i n d i c a t e  t h a t  32-bit mini-computers 

(such as the  VAX 11/780 might o f f e r  a more cos t - e f f ec t ive  way t o  

conduct l a r g e  modeling exe rc i se s  than t h e  f a s t  main-frame computers 

(such as t h e  CDC 7600). 

c o s t l b e n e f i t  s tudy and comparison is needed. 

t h a t  a dedicated mini-computer had t o  b e  a c c e s s i b l e  via remote 

te rmina ls  t o  many use r s ,  and t h a t  i t  b e  loca ted  a t  a f a c i l i t y  where 

con t inu i ty  and support  of opera t ions  is assured ,  e .g . ,  a Nat ional  

Laboratory. 

F u l l  D i f f e r e n t i a l  Equation Methods Should B e  Pursued 

Although d i f f e r e n t i a l  equat ion methods (e.g. ,  f i n i t e  element, 

f i n i t e  d i f f e rence ,  s inc-galerkin methods) u sua l ly  r e q u i r e  g r e a t e r  

computational e f f o r t  than  i n t e g r a l  equat ion,  hybrid,and a n a l y t i c  

It w a s  agreed t h a t  a c a r e f u l  and complete 

It w a s  a l s o  agreed 

2 .  

methods, i t  i s  t h i s  c l a s s  of s o l u t i o n s  which is amenable t o  t h e  

complex geologica l  condi t ions  most o f t e n  found i n  na tu re .  

I n t e g r a l  Equation, Hybrid,and Analy t ic  Methods Should Be Pursued 

These methods are p re fe r r ed  t o  t h e  f u l l  d i f f e r e n t i a l  equat ion 

3. 

methods f o r  r e l a t i v e l y  simple geometries,  s i n c e  they are less 

expensive,  computationally,  and are very u s e f u l  f o r  gaining an 

understanding of  t h e  physics  of t h e  problem. 
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4 .  Encourage t h e  Development o f  Innovat ive and Inexpensive Techniques 
t o  Handle Spec ia l  Problems 

5. Increase  Sca le  Modeling E f f o r t s  

Sca le  modeling e f f o r t s  need t o  be  increased  t o  ob ta in  an under- 

s tanding  of  t h e  phys ics  i n  t h e s e  problems and as a check on t h e  

numerical  modeling algori thms.  

6 .  Standard Model S u i t e  

A s tandard  model s u i t e  w a s  adopted f o r  t h e  purpose of comparing 

ca l cu la t ed  r e s u l t s  from d i f f e r e n t  programs. 

t h r e e  models suggested during t h e  Workshop on "Electromagnetic 

Explorat ion i n  Deeply Weathered Terrains"  he ld  i n  Sydney, 

A u s t r a l i a  i n  November 1977. I n  add i t ion ,  a r o t a t i o n a l l y  symmetric 

model was  added t o  t h i s  set. 

2,  and 3. 

Technology Transfer  Should B e  Improved 

A major e f f o r t  i s  needed t o  r e f i n e ,  optimize,and document e x i s t i n g  

programs, so  t h a t  they  are r e a d i l y  useable  a t  c e n t e r s  o t h e r  than  

It included t h e  same 

The models are shown i n  F igures  1, 

7. 

t he  development s i te .  

t o  document programs a t  p re sen t .  

It w a s  agreed t h a t  no t  enough i s  be ing  done 

Programs are o f t e n  l o s t  o r  are 

unuseable when graduate  s t u d e n t s  depar t ,  and follow-on s tuden t s  

must e i t h e r  s ta r t  a l l  over  o r  do a major program rev i s ion .  

8. Explore Inverse  Problems 

Simple y e t  d i r e c t ,  low-cost i nve r se  s o l u t i o n s  should be  sought 

f o r  t h e  low-frequency e lec t romagnet ic  problem. 
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Body I (blohrnonn) 

t 

6 

@h 

t f -. 

XBL 787-1400 

B o d y 2  (Cube) 

For Body 1 and 2 

d = 30m, 60m 
at = 1 s/m 

= 0.01, O.ls/m 
Frequency = 30, 100, 300, 1000, 3000 Hz 

Slingram spacing = 30, 60, 120m 
Crossed E dipoles = 30m. long a t  120m from y-face 

Figure 1 :  Standard models adopted by the workshop. The rectangular 

geometry i s  e a s i l y  approximated by the usual three-dimensional 

modeling algorithms. 

Hohmann. 

These models a r e  based on the work by 
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Body 3 (Frischknecht) 
H t  source(O.l5 Hertz) H t  receiver 

I I 

t 

= O.O73s/m *h 

XBL 787-1399 

Figure 2: Standard model adopted by t he  workshop. Model used by 

Fr ischknecht  i n  sca le  model ing experiments. 

6 



199 

Body 4 

XBL 787-1402 

For Body 4 

d = 30m, 60m 
at = 1 s/m 

‘h = 0.01, 0.1 s/m 

Slingram spacing = 30, 60, 120 m 
Frequency = 30, 100, 300, 1000, 3000 Hz 

Figure 3: Standard models adopted by the workshop. Rotational ly 

symmetric model which can be easily approximated by the 

usual two-dimensional model ing a1 gori thms . 
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