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SUMMARY

This paper presents an analytical and experimental study of the
earthquake induced sloshing response of water in annular tanks which are
being use in Boiling Water Reactors. The theory developed here is equally

applicable to cylindrical tanks.
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ABSTRACT

The sloshing response of water in annular as well as in cylindrical.
tanks under horizontal earthquake ground motions is studied. A linear
analysis, developed for the general annular tank problem is based on
'potent;.ial flow theory; and the predicted values of natural frequencies,
surface displacements, and dynamic pressures are compared with measured
data from shaking table tests. Experimental studies were conducfed on
1/80th and 1/15th scale models of a 120 ft. (36.6 m) annular tank, and
correlation data is presented for both sinusoidal and simulated earthquake
motions. Test results fram the sloshing of wéter in a 12 ft. (3.66 m)
diameter cylindrical té.nk show that the annular tank solution is also
applicable in this case. The range of surface displacement within which

linear theory gives satisfactory results was established experimentally.



INIRobucrI_ON

The problem of the sloshing of a liquid in an annular cylindrical
tank (Fig. 1) under horizontal ground motions is encountered in the
possible effect of an earthquake on water surface level in the pressure-
supression pool of a Béili.ng Water Reactor (BWR). A cross-section through
the annulus of a typical suppression pool design is shown in Figure 2;
the inner and outer diameters of the pool are 80 ft. (24.4 m) and 120 ft.
(36.6 m) respectively, the water depth is approximately 20 ft. (6.1 m),
and the highest inlet dpening is 5 ft. 10 in. (1.8 m) below the water
surface. The sloshing probelm arises due to the danger of superheated
steam escaping if under dynamic conditions the water level at the inner
wall were to drop low enough to expose the inlet pipe (level c-c in
Figure 2). Hence it is important to be able to predict the maximm water
surface displacements for any prescribed earthquake, particularly how far
it may drop.

The sloshing of liquid in simple cylindrical tanks has received |
considerable attention, and both experimental and theoretical studies
have been reported in the literature (1-4, 6,8-10, 12-15). Most of this

deals with steady-state response and little with response under arbitrary

~ground motions. The annular tank problem has not been studied to this

extent. Bauer's analysis (5) deals with steady-state harmonic ground motion,
but neither analytical nor exerimental data has been found for the
arbitrary ground motion problem of the kind that exists under earthquake

condtions.



This investigation presents the results of both analytical and
experimental studies on the sloshing of liquid in annular tanks subjected
to both harmonic and arbitrary ground motions. The primary object of the
study was to determine the time-history of water surface displacements
for any applied ground motion; as in the BWR suppression-pool this
represents' the greatest potential danger in an earthquake. Experimentally
the response characteristicsv were first studied on a 1/80th scale plexi-
glass tank mounted on a small table capable of applying horizontal
_sinuséidal motions (Figure 5a). Subsequently a 1/15th scale steel model
vwith.glass viewing windows was used on a large shaking table to study
the response of the water to seismic-type horizontal ground motions
(Figure 5b). The analytical study is based on linear theory, and the
limits for small-displacement response were studied experimentally.
ANALYSIS
‘Assumptions

The following analysis is based on three assumptions:
1. Displacements are small and hence linear theory is applicable.
2; The tank is assumed to be rigid, the heavy structures used for

suppression pools makes this a ‘realistic assumption and even

in more flexible tanks the assumption may still be valid as the

primary sloshing response is a low frequency phenomenon.
3. Water is assumed to be an incompressible and non-viscous fluid,

and thus the flow remains irrotational.

\

Basic Equations and Boundary Conditions

As the flow is assumed to be irrotational, there exists a velocity
potential ¢ which will satisfy the Laplace eguation which in a 3-D

cylindrical coordinate system (Figure 1) is



2

2 _
M+i%¢i +__l2.3¢+3
or r oor r- 99

Iet a and b be the outer and inner radii of the annular tank and

h be the depth of water, then the following boundary conditions must be
satisfied
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where x = 3 = tank wall velocity, and t = time. Also, the linearized

free-surface boundary condition is given by the following egquation [16]

_2+g-§——=0 at Z =0 ©© o o o o 2 o o o o o o . (5)

where g is the acceleration of gravity.

Solution of the Eigenvalue Problem

To determine the natural sloshing frequencies and mode shapes, it
is necessary to solve the free vibration problem with homogeneous boundary
conditions but non-zero initial conditions.

Assuming



o = R(r) 0(0) 2(z) T(t) . . . . . . . s e e e e e e . ’(»6)_

in which T(t) is harmonic. The solution to Eq. (1) (substituting for. cb" ’
into Eg. (1) and using separation of variables) subject to the following |

boundary condtions

3% ' 3¢ 3% -
—T = = = O .............. (7)
or r=a or r=b 9z z=-h
is given by the following equation.
o © iw t ’ hE 2 b. c (& r .
¢ = Z el o [c, sinmd) +Dmcos(me)] o (a +.:) m( mas ... .. (8)
= =t cosh(E;lm_l -;) Y:;(gmn)
in which
(¢ I) - £y g 5 A 9
cm(gmn a) B Jm(gmn a) Ym(gmn) Jm(gmn) Ym(gmn a )
iw t
and T(t) = e ™ . The values of Emn are given by
i ] ¥ ] .
I (Emn) Y (““’mn) Ym(«im) Jm (Kimn) O =« o o o o o« o « o o (9a)

in which K = b/a
To determine the natural frequencies, we apply the free—surface

boundary condition
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i%-+ g%% = 0 at 2=0
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Substituting for 3%¢/5t® and 3¢/3z, gives

© L) iw t 3 z
Z Z - wz e ™ [c_ sinmb + D__ cos mb] m( mn 2
mn mn '
m=0 n=0 Ym(Emn)
@ ® qp ot c (e EMteamn(z B)
+ %Z z: e ™ £ [c sinm® +Dmrf:osm9] m(mna: (mnal = 0
m=0 n=0 Ym(Emn)
and comparing the coefficients, this gives
2 g h '
wmn = (;) gm tanh(gmn -a—) ...... ¢ © s @ ® e o s e e ¢ o o (10)

Equations (10) and (9) give sloshing frequencies and mode shapes of water
in a circular annular tank. Ecuation (8) gives the velocity potential

for free vibration and the values of the constants Cmn and Dﬂn will be
determined by initial cénditions. Equations (8), (9) and (10) are similar
to the ones derived earlier in reference (5).

Velocity Potential Under Arbitrary Ground Motions

The general solution for sloshing response due to arbitrary horizon-
tal gfound motion is derived by solving equation (1) for the velocity
potential ¢ for the boundary conditions given in equations (2), (3) and (4).
¢ can be used to derive displacements, velocities and pressures anywhere

in the fluid.



As the boundary conditions are non-homogeneous, assume a solution

of the form
¢(rlelzlt) = ¢1 (r,0,z,t) + ¢c(rr@pt) ............. .(ll
¢c is taken independent of z because of the rigid tank walls.
L 9¢
9 .
5% = -—a-r—l'FEc— = x cos 9 at r=a and r=>»
Let
acbc .
— = x cos 0
or
then
3,
— =0 at r=a and r=>=>
or
Substituting Eq. (11) into Eqg. (1), we have
o', 9%e. ] | [ee, % Lo, %] 0%
[ar; ' BrZCJ tx [T"_ ’ —af]" = 'ae21 ! zaevzc ! :5z21 -0
or
%, %, , 3%, 3%
+ - e— o — = 0 ® o s e s o e o o e s o
2 r r r2 362 822



with the boundary conditions

3 3 3

1 = L1 = —* = 0. v o e b e e e e e e e e (13)

or r=a or r=b 0Z z=—h

and

3%¢ 3%¢ 3%¢

B < Y (14)

or2 Y ar  r? 992

with the boundary conditions

a¢ ad) .

ng 559- = R COSD e e e e e e e e e e e e e e e e . (15)
r=a =b

The solution satisfying equations (14) and (15) is given by

¢c = X T COSE + v ot e e e e e e e e e e e e e e e e e e e e e e (16)

Now consider the free-surface boundary condtion

2
_a_.%-}-g —g% = 0 ~at 2=0
ot
3%, 87¢, 30,
z T2 t95 =0
ot ot
3%¢ 3% %%
1 1 = - —S - _% e e e 6 )
> Y973, 5 x r cos B
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Equation (12) must be solved with the additional boundary condition at
the free surface given by Eq. ‘(17). '

Equation (12) is similar to Eq. (1) and the boundaxy conditions at
the walls and bottam of the tank are homogenecus in both cases. Therefore
the general form of the solution in these two cases will be similar except
that the time function T(t) will be different for the solution of Eg. (12)
which was simply harmonic for the free vibration case. Thus the solution

of Eq. (12) will be of the form

cosh £ (23+2)c(e Z)r (v
[c_ sinmd + D cosm8] ° mn(a» a) m( mn a’ mn e e e s e s (18)
m m Y (5 ) cosh(& p-) '
m mn - \’mn &

o
m=0 n=0

6= X

-

This is the general solution and covers all typesvof modes. It
should be noted, however, that the horizontal ground motioﬁ under
consideration does not excité all types of modes. It will excite only
antisymmetric modes which correspond to an m value equal to 1. Therefore
the sum of m can be dropped and it is understood that all subsequent
equations refer only to the class of modes which correspond to m=1 and

~which are antisymmetric about an axis perpendicular to the axis of

excitation. Thus ¢1 becomes

h r .
[Cn sin® + D, cos 8] cosh En(g + ;)Cl(gn 3) Tn(t)

= S _ )
o T2 ¥ (€ ) cosh(E_ %)

n=0

in which
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X - r ] ) [ r .
cl(gn E) = Jl(gn 'a') Y€ - 31 () Yl(gn T) e e e e (20)
and En are the roots of the equation.

Jl(g) Yl(KE) - Jl(KE) Yl(E) = 0 L e e e e e e e e e .. L (21)

T, (t) are the time functions yet to be determined. C, and D, are
the constants to be determined from the initial conditions. Applying
the free-surface (z = 0) boundary conditions given by Eg. (17), gathering

like terms and dividing by a gives

[;i‘n * % En témh(gn 2) Tn]

¥ (En)

Lol
%;:0 <, sind cl(gn -]ai)
- 1

. g h
= [T + =& tanh (£ LK ]
+ ':'E Dn COSe Cl(gn ':—) Lo 2 'n na nd = - E cos 8 x e & o e *
n=0 Yl(gn)

Using the orthogonality property of Bessel functions

_§=;::()Ancl@ng)......................(23)

in which
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2 _
2 [TTE 1<cl (KEn)]
A = 422n_2 — R . §)
-;2—' £ (€ -1) + Cl(KEn)[l-K gn]

Substituting for r/a into Eq. (22), and comparing the coefficients,

. g h '
E[Tn+a€ntanh(gn5)-Tn] R o 1-
a ' n

Yl(En)
T 2 = -2 y' % = W e e e e e e e e e s s (26
Tato, T, D ¥y (&) Apx = Enxv (26)
in which
2 _ 9 h
wn-ggntanh(gn-é-)......................(27)
and
E = == Y UEDA «uutiee .. Y ¢1: D)
n Dn 1 ">n n

The general solution for Tn (t) is given by

-
G
i

E t
. n .. s
F sinwt + — si ! :
n [ n n Gn cos wnt + m sin wntj x ('T) cos wn‘r dt
n
0
E

t
-Ep—coswtf X(T) sin W T AT |+ o o o o o o « o o . . (29)
n n 0 n
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Thus the solution for d)l becomes

o cos 8 cosh En (i— + 2) Cl(En E) Tn(t)

6, = :E: ......... (30)

n=0 Y:'L(En) cosh (En 2)

Using Egs. (11), (16) and (29)

x  cosb cosh & (‘:‘ + 2) Cl(En g_

¢ = r cosb x + T (£). . . . . (31)
[} h n
n=0 Yl(En) cosh(En ;)
Applying the initial ("at rest") conditions, namely ¢(r,6,z,0) = 0 and
o¢ - - _
T (r,06,z,0) = 0, Fn = Gn = 0., Thus
E t E t ,
Tn(t) = [Z); sin w t] X cos w T dt - Fn- cosw t X sin w T 4T |. (32)
0 0
Substituting for E and rearranging Eq. (31)
o g (20 2)e,(6, 5
d = cosbBlrx - a A = . Tn(t) ..... (33)
=0 W cosh (En E—)
in which
t t
T (t) = |sinwt X cos W T AT - cos W t X sinwTadt]|. - -(34)
n n n . n . n
0 0
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Equation (33) is the general expression for the velocity potential
in an annular-circular tank.

Displacements, Velocities and Dynamic Pressures

Once the expression for the velocity potential is known, the fluid
displacements, vvelocitie's, and dynamic pressures anywhere in the fluid

can easilv be derived. Iet

§ = fluid displacement
Ur = fluid velocity in the direction of r
Ue = fluid velocity in the direction of 6
U, = fluid velocity in the direction of z
p = dynamic pressure
then
13
§(r,8,z,t) = - (‘J‘a—i‘ (rrerzrt)
U_(r,8,2,8) = 2 (r,0,2,t)
r rYyreg ar v rer
p(r,8,z,t) = -p°2E 8.2t

ot

in which p = density of the fluid. Fram Eq. (33) we have the following

general expressions for 6§ and p

h r
hd cosh £ (2 +2)c (e L
6(x,0,2z,t) = - Szie_{rsé - aZA “("" a)hl( L a)
g =0 " cosh (En ;)
t t
. [cos wntj Xcos w T dT + sin wntj X'sin © T d'r]} SRR (35)

0 0
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cosh En(g + 2) c, En%

p(r,0,z,t) = - pcosb {rii - az A A
n=0 cosh (En ;)

t
. [coswtf 3‘(cosw‘rd‘r+sinwtf
n n n

0 0

t

'SEsinwanT]}' ... ﬂ. . . .(36)

Similar expressions can be derived for velocity components Ur’

Ue and Uz.

Steady-State Response

Iet the ground acceleration X X sin u)ot, where x = amplitude

o

of the ground acceleration, and Wy circular frequency of the ground

motion. Substituting for X in Eg. (35) and simplifying, gives

z h r
: o [ g, Sl DS
(r,8,z,t) = - ——4rx -a A h
g o n cosh(E a)
X sin W t X sinw t
[.0 o , o n]} e e e e e e e e . (3D
W \2 w w
B2} -3 . e
(m) w W
[ o . n

If the transient term in the above equation is neglected, the .

expression for the steady state displacement response § becomes

§(r,8,z,t) =

_ cosp ) ai A cosh E;n' (-§-+ 2) C1(€n§
0 n

r xo sinw 5
n=0 cosh(E_‘,n ;)

X sinw t
o [e)

)y -1
o

. (38)
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Similarly, the steady-state pressure response will be given by

cosh £(2 + )1 (5, §)

cosh (En 2)

[%Tmf—t” ..... e (39)
(52) - |

o

(-]
p(r,8,z,t) = - pcose{rxo sin W, = a E An
n=0

Mode Shapes and Sloshing Response Analysis

A time-history analysis of sloshing and pressure response under
earthquake ground motions was caﬁied out by computer. A progfarn was
written to solve for mode shapes and frequencies as well as to print
and plot the time-history respohse of water displacements and pressures
along the axis of ground excitation.

Figure 3a shows the first and second anti-symmetric mode shapes and
Figure 3b gives the associated water surface profiles for an annular tank
in which h:b:a = 1:2:3 at Section A-A Figure 1. The profile at any
other section can be determined by multiplying with cosb. For a typical
prototype structure [a = 60 ft. (18.3 m), b = 40 ft. (12.2 m), h = 20 ft.
(6.1 m)], the first and second natural frequencies are 0.079 and 0.36 Hz
respectively. Figure 4a shows the time~history of water displacements
at the inner and outer walls of the prototype tank under El Centro 1940
earthquake. Similar plots were obtained for the pressure response and
Figure 4b shows the impulsive dynamic pressure variation with depth at
the inner and outer walls of the prototype structure at the time of peak

ground acceleration of 0.34 g.
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MODEL STUDY

To verify the analytical results, tests were carried out on both
vsmall and large scale models as follows: |
1. Smal_l Scale-Models

These tests were conducted on a 3 x 4 ft. (.92 x 1.22 m) shaking
table capable of applying harmonic motions (Fig. 5a). Two 18 in. (45.71 cm)
outside diameter plexiglass models were studied: model 1 had an inside
diameter of 12 in. (30.5 cm) and was thus a 1/80th scale model of the
prototype; model 2 had an inside diémeter' of 6 in. (15.24 cm). In both
tests the water depth was 3 in. | (7.62 cm).

| The models were instrumented to measure the surfacé wave heights near

the imner walls. The frequency of the table motion was known from the
function generator and the amplitude of table motion was measured with
an accelercometer. Natural sloshing frequencies and water displacements
under steady state sinusoidal table motion were determined and the
measured and equivalent analytical results are given in Tables 1 and 2.
These forced vibration tests show a good agreement with the analytical
values.
2. Iarge Scale Tests

These tests were conducted on the 20 ft. x 20 ft. (6.1 x 6.1 m)
shaking table at the Earthquake Engineering Research Center at the
University of California, Berkeley (Figure 5b). 2An 8 ft. (2.44 m)
diameter steel tank with plexiglass observation windows and an inside
diameter of 5 ft. 6 in. (1.67 m) represented a 1/15th scale model of the
prototype suppression poo‘l.. Tests were conducted using time-scaled

accelerograms of the El Centro (1940) and Parkfield earthquakes. Wave
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heights and dynamic pressures were recorded at the locations shown in
Figures 6 and 7 at a sampling speed of 100 per second.

Figures 8, 9, and 10 show the wave-height comparisons for increasing
intensities of the El1 Centro earthquake, the form and duration of the
earthquake‘remaining the same in all cases and the peak accelerations
for the three tests being 0.24g, 0.31g, and 0.44g respectively. Figure 11
shows the computed and measured dynamic pressures at gage 1 at the bottom
of the outer wall for the El Centro earthquake with 0.3lg peak acceleration.

The wavé—height tests indicate that even for a strong earthquake of
the form of the El Centro accelerogram with sigﬁificant long period energy
the linear theory provides a reasonably accurate means of computing water
surface displacements. In Figure 8 for a peak acceleration of 0.24g
the correlation is extremely good indicating that the response is well
within the linear range. In Figure 9, at the actual El Centro intensity,
the results are still acceptable even though the effect of a slight
nonlinearity is beginning to show: the response is not as sinusoidal
in that the positive upward displacements are greater than the downward
and there is a slight increase in period with amplitude. This effect is
even more noticeable in Figure'10 which shows the response due to a ground
motion of intensity 40% above the actual El Centro motion. Even in this
extreme casé however the computed values may be adequate for design
purposes remembering that the most irmportant response value is the
maximum downward displacement at the inner wall.

The range of linear behavior will,'of course, depend on the pre-~

dominant response mode as well as on the geometry of the tank, and the
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values shown for the El Centro earthquske indicate the range of linearity
for one particular tank when the response is primarily in the second
mode. The maximum water surface gradient in this case taken as
26max/(a—b) is approximately 1/5 which would indicate a linearity range
for cases where radial modes predominate. |

APPLICATION TO SIMPLE CYLINDRICAL TANKS

The theoretical results for the general annular tank problem can
also be applied to a cylindrical tank as this is a limiting case of an
annular tank as the inner radius approaches zero.

In order to check the validity of this solution, a comparison was
made with test results obtained from another study(7) conducted on
flexible cylindrical tanks. 1In this study the flexibility of the tanks,
though having a significant influence on the stresses in the tank walls,
had little effect on the overall sloshing response of the liquid. The
test results shown in Figure 12 are for a 12 ft. (3.66 m) diameter tank,
and for a water depth of 5 ft. (1.53 m). Both measured and computed
time-histories are shown for the water-surface at the outer wall for
the El1 Centro earthquake increased in intensity to a peak of 0.5g. The
correlation between the two is very close indicating that the general
annular tank solution is applicable to this case also and that the
response is essentially within the linear range. It should be noted
that in this analysis the inner radiﬁs cannot be made zero, and in the
solution given it was made small enough (0.1 in.) to have a negligible

effect on the overall response.
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CONCLUSIONS
A good correlation between the test and computer results shows that

the linearized small displacement theory can accurately predict the
sloshing displacements and dynamic pressures in annular cylindrical
as well as simple cylindrical tanks under earthquake motions. The range
of linearity is quite large even in annular tanks of the type under
consideration and the analysis gives satisfactory results as long as
displacements remain within approximately 30 in. (76.2cm) for the
prototype being studied. The linearity range for simple cylindrical
tanks of the same size is much larger.

The second mode is the dominant sloshing mode of vibration in the
prototype tank for all of the earthquake motions studied, namely El Centro,
Pacoima Dam and Housner's (11) artificial accelerogram Al, A2, Bl, B2.

The maximum displacement always occurs at the inner wall.
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Test and analytical frequencies of Models 1 and 2
for Depth of Water h = 3 in. v
Mode Model 1 Model 2 |
Nurber Test Theory Test Theory
1 0.70 0.70 0.90 0.88
2 3.20 3.17 2.30 2.31
3 4.50 4.47 3.20 3.22
4 5.50 5.47 3.90 3.92
TABLE 2. Sloshing response of water in Models 1 and 2
under sinusoidal ground accelerations (h = 3 in.).
Maximum Displacement at Inner Wall (Inches)
Frequency| Acceleration Model 1 Model 2
(Hz) (9)
Test Theory Test Theory
0.6 0.00585 0.167 0.153 0.040 0.042
1.2 0.0312 0.184 0.180 0.308 0.321
2.0 0.0530 0.168 0.174 0.580 0.586
3.7 0.0742 0.271 0.237 0.196 0.201
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APPENDIX IT-—NOTATION

a = Quter radius of the tank
b = Inner radius of the tank
g = Acceleration of gravity
h,H = Depth of water in the tank
qm. = Bessel functions of first kind and order m
J! . .

m = Derivative of Jm

p = dynamic pressure

r = _Radius

t =  Time

Ur = Velocity in r direction

U = Velocity in 6 direction
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Velocity in z direction

Ground displacement

Ground velocity (&/dt ~ dot means derivative w.r.t.t)
Bessel functions of second kind and order m
z-Coordinate direction

Velocity potential

6~Coordinate direction

Sloshing frequency (circular)

Ground frequency (circular)

Water displacement

Maximum water displacement
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