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John Clarke
Department of Physics, University of California
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The dc SQUID (Superconducting QUantum Interference Device) [1] is a very
sensitive detector of changes in magnetic flux, and is becoming widely used
as a magnetometer and as a voltmeter. This paper summarizes the noise limi-
tations of the device, and makes projections of its ultimate performance. A
more detailed account of this work is to appear elsewhere [2].

The dc SQUID consists of two Josephson junctions [3] connected in parallel
on a superconducting ring. When the current, I, through the junctions is
increased from zero, no voltage appears across the SQUID until the current
exceeds the critical current, I.. For I>Ic, the voltage, V, increases
smoothly with I; it is essential that the I-¥ characteristic be non-hysteretic.
In operation, the SQUID 1is biased with a constant current, Ig, greater than
Ic. When the magnetic flux, ¢, threading the ring is changed, the voltage across
the SQUID oscillates with a period of one flux quantum, ¢, = h/2¢ ~ 2x10* 15y
Thus, the SQUID could be used as a digital flux-meter, but, in practice, it 15
a]most invariably used as the null-detector in a feedback system. A voltage
change across the SQUID is amplified by suitable room temperature electronics,
the output of which is fed back as a current into a coil coupled to the SQUID.
Thus, a flux change in the SQUID is cancelled by the flux generated by the
feedback current; this current is directly proportional to the applied flux.
In this way, changes in flux corresponding to a small fraction of a flux
quantum can be detected.

- The most sensitive dc SQUID currently available [4] uses two Josephson
tunnel junctions resistively shunted to eliminate hysteresis on the 1-V
characteristic (see Fig. 1). It is fabricated on a 3-mm diameter quartz
tube in the following steps: (1) A gold shunt is deposited; (2) a lead
band is evaporated around the tube; (3) two niobium strips are sputtered
(these make superconducting contacts to the lead band); (4) the niobium
films are oxidized; (5) a lead tee is evaporated to form two Josephson
junctions with the niobium strips; (6) a slit is made in the lead band;

(7) the device is covered with a thin insulating layer, and a superconducting
ground plane (lead) is deposited over the narrow strips of the SQUID to lower
their inductance; - (8) copper leads are attached with pellets of niobium.
The inductance of the SQUID, L, is about 1 nH, the resistance of each shunt,
R, is about 0.6 @, and the area, critical current, 1y, and capacitance, C, of
each junction are about 10%um?, 2uA, and 500pF, respectively. The critical
current is chosen so that 2LIg > ¢0, the opt1mum operation condition [5], and
the shunt resistance is chosen so that 2nIyR2C <¢,, the condition for the I-V
characteristic to be non-hysteretic [6]. When the SQUID is operated in the
feedback mode, the spectral density, Sy, of the flux no1se is_white at fre-
quencies above about 10-2Hz, with a value of about 10-9¢92Hz-1. This cor-
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responds to an rms magnetic field noise of about 10-14THz-%, and an energy
resolution per Hz, Sy/2L, of about 2x10-30JHz-1. The room temperature elec-
tronics is appropriately matched to the SQUID so that its noise temperature,
1K or less, is well below the temperature of the SQUID, usually 4.2K. Thus,
the performance of the SQUID is lTimited by intrinsic noise.

We now give a brief discussion of the-theoretical intrinsic noise limi-
tations of the SQUID. A detailed computer analysis [5] shows that, when the
flux in the SQUID is ~(2n + 1)¢,/4 and the current bias is optimized, the
flux-voltage transfer function has its optimum value

oV R, (1)

3¢ L ' '
~1uV/éo. The voltage noise, VN(t), across the SQUID has a spectral density
Sy = Yy4kgT(R/2), where Yy~ 8 for typical SQUID parameters [5]. ‘Thus, the
equivaYent flux noise has'a spectral density S¢ = Sy/(aV/3¢)? ~ Yy2kgTL?/R.
Taking T = 4.2K, L = 1nH, and R = 0.6Q, we estimate an rms flux noise of
about 2x10“5¢on‘%, in reasonable agreement with the measured value. The
energy resolution per Hz, ¢/1Hz = Sy/2L ~ vykgT/(R/L), is of the order of the
thermal noise, kgT, divided by the ?requency R/L = 0.6GHz. This is approxi-
mately the frequency of the ac Josephson supercurrents at the voltage at which
the SQUID is biased. The energy resolution can be written in an alternative -
way using the constraints 2LI5 = ¢ and 2nIgR?C = ¢4:

1 1

e/1Hz = ¥ 4n’k T(LC)™ | | (2)

From (2), it is evident that the energy resolution can be improved by
reducing L, C, and T. In practice, it is undesirable to reduce L signifi-
cantly because it becomes increasingly difficult to couple external circuits
effic}ent]y as L is reduced. If one were to reduce the junction area from
10%m? to 1um , the capacitance would drop by a factor of nearly 104, (some-
what less, because the barrier thickness would have to be reduced slightly to
maintain the same critical current), and e/1Hz should decrease by nearly two
orders of magnitude. One could also improve the performance by reducing the
temperature, although it would be necessary to use a preamplifier with noise
temperature less than the SQUID temperature, for example, a second SQUID. In
the 1imit where kgT/2e is less than the bias voltage, ~IgR, the shot noise in
the tunnel junctions becomes greater than the Johnson noise in the resistive



shunts. The ? sctral density of the vo]ta?e noise produced by the shot noise
currsnt is Syls) = v(s)2e(21,)(R/2)2 §IOR2 %the numerical value of

has not yet been comthod) Thus, (s) = vy(s JeloR?/(R/L)? =y sklgL?,
and

e/MHz = v (S)eIOL/.? ~h, (3)

)
where we have assumed YV( S)~y V~8, and set 2LI, = h/2e. Thus, the tltimate
resolution per Hz appears to be of the order of Planck's constant.

In many applications, the SQUID.is inductively coupled to an input circuit.
It is then necessary to take into account not only the voltage noise across
the SQUID, but also the current noise in the SQUID ring which induces noise
into the input circuit. As an example, we consider the SQUID voltmeter shown
in Fig. 2. The input circuit consists of a voltage source, Ei(t)- of zero

R Li

V F1g; 2 SQUID used as vo1tmeter

°

impedance, in series with an input resistance, R;, and an input. inductance, .
Ly, coupled to the SQUID. In the Timit w << R/L, the impedance is Zj =

Ri + jul;; in this Timit, the reflected contribution of the SQUID is negli-
gible for all practical circuits. A current, I(t), in the input circuit
induces a flux M;I(t) in the SQUID, where Miz = a?ll; (a? is the coupling
coefficient), and thus produces a voltage change V(t} Mj(aVv/ae)I(t) = Z¢I(t)
across the SQUID, where Zf is the forward impedance.

The current noise in the SQUID, Iy(t), has a spectral density Sy(f) =
Y1 2kgT/R, where vy is a constant that has been computed numer1ca{1y [2].

IN(t) produces a real flux noise, and hence a voltage noise across the SQUID:
Part of Vy(t) arises from this source [4], and In(t) and Vy(t) are thus parti-
ally correlated. We take their correlation spectral density to be SVI(f) =
Yy12kgT, where Yyp has a]so been computed [2]. Iy(t) induces a voltage noise
in the input circuit, Ey(t) = MjdIy/dt, with a spectral density SE(f) =

2M 2s (f). This vo]tage noise 1nAuces an additional voltage noise, Vy(t) =

} Z3) across the SQUID. These results are summarized in Fig. 3, which

gLows the equivalent circuit of the input circuit and SQUID. The output im-
pedance of the SQUID, Z, is approximately R/2. It has been assumed that the
amplifier does not load the SQUID, and that the noise of this amplifier is
negligible. .

The signal-to-noise ratio of the voltmeter is calculated as follows. An -
input signal, E4, produces a mean square voltage output ‘

V2> = <EiE> )2 | (@)

The total noise at the SQUID output has a spectral density
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Fig. 3 Equivalent circuit of SQUID voltmeter showing signal and noise voltages

The signal-to-noise ratio is thus

VA ) TR - . - (p)
S(F) S(F)]Z,]7 + wPM7L2S (F) + 20PM L, 2.5, (f)

We can define a noise temperature, Ty, by sgtting Vo2 /S7(f)B = 1 with
{E52) = 4kgTNR;iB, where B is the bandwidth. This leads to

= 23,21 2 2m 27 2 2
N [Sv(f)(R. to L. ) +tw M. Zf SI(f) +. 2w M L. ZfSVI( )]/4kBR].Zf . (7)

TN s opt1m1zed by setting 8Ty/8R; = 0. Substituting for the spectral den-
sities and for Zf, we find -

t . ‘ L : , .
R1. (opt) . w_L'i(] + ZQZYVI/YV + aL‘YI/YV)z, . : (8) |
(opt) _ _YV “wl 2 Y atty ‘ »
YTy

For the dc SQUID described above, we compute [2] Yy~ 8, Y] = 5.5, and
YV{ ~ 6. With these values, and taking o2 = 0.5, we find TN(Opt)NZZ[w (R/L)]T
~ luK at 1 Hz with T = 4.2 K. If one regards R/L as the pump frequency, the
expression for TN(opt) is of the form expected for a parametric amp]1f1er

One can also estimate TN( opt) for the shot noise-limited SQUID by substi-
tuting elgR? for ZkBTR (assuming the y's are unchanged). Setting 2LIg = ¢q,
TS(opt) 17hw/ky ~10-9K at 1 Hz.

I am indebted to C. D. Tesche for performing the computer calculations.

This work was supported by the Division of Materials Sciences, Office of Bas1c
Energy Sciences, U. S. Department of Energy.
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