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ABSTRACT

The computer mbdel of Tesche and Clarke used'to calculate fhe voltage
noise across the dc SQUID is extended to calculate the cifculating current
noise around the SQUID loop, and the correlation between the circulating.
current noise and the voltage noise across the SQUID. The parameters
chosen are B = 2LI, /%, =1, T = ZHkBT/Io®° = 0.05, and an applied flux
of ¢°/4 (L is ﬁhe'SQUID‘inductance, I, 1is the critical current per
junctien, T is the teﬁperature, and éo is the flux quantum). Aﬁ frequenéies
'-Well below the Josephson frequency and at the optimum currént bias, the_”
voltage power spectral density is approximately 16 k#TR, the current power
spectral density is approximately 11 kBT, and the voltage-current cor-
relation spectral density is abproximately 12 kBT, where R is the resistance

per junction.



I. INTRODUCTION

The dc’SQUIDl’2

(Supefconducting Quantum Interference Device) can
_be used eithef}directly as a magnetémeﬁér, or in conjunctioﬁ with various
input circuits as a magnetémeter, gradidmeter, or voltméter. In a
previous paper,3 we develdped a éomputer model for the isolaﬁed SQUiD,
énd calculated the voltage noise at the SQUID output as a function of the
devicé parameters. Thus, we determined the valﬁes of these parameters.
"that_optimized the energy resolution of the isolated SQUID. However, in
addition to the vdltage noise, the SQUID also generates a circulating
‘current ﬁoise that induces noise into any input circuit coupled to it.

To prbperly optimize the input circuit and SQUID, it is essential to
include this.additional noise. ‘In this paper, we extendvour computer
model3 to calculate the current noise as a function of the épproPriaté
SQUID paraﬁeters; In the following paper,4 the results will be applied

to practical circuits used for magnetometers and voltmeters.
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II. COMPUTER MODEL FOR CURRENT NOISE IN THE dc SQUID

Our model for the isolated dc SQUID consists of two resistively
shunted Josephson tunnel junctions5 mounted.on a superconducting ring
(Fig. 1). This'model was diséﬁssed in detail in an earlier paper3; here,
we restrict the discussion to a symmetric SQUID with a loop inductance L,
and with critical current Io and shunﬁ resistance R per junction. As
before, we neglect the junctioﬁ capacitance. The SQUID is biased at a
constant current I and threaded by an applied flux @a. The voltage
across the SQUID is'V, and the current around the SQUID is J. The phase
differences across the juhctionéiare 51 and 62. The Johnson noise
génefated-in the shunt resistofs is modeled by the noise voltages VNl
anleNz.  Welusé_the foliéﬁing”dimensionless'units: voltage, v, in units
of IoR;’ cuffénts, i and j, in.units of I;; flux ¢, in units of the
flux duantum; and time, §, in'units of ¢,/2nL,R. We define
B = 2LI§/¢0. ‘It is straighfofﬁard to show that the dimensionless SQUID

equations are

N2°

j = (61 - 62 - Zﬂd)a)/‘”Sa (1)
19 19 o
v 2 de 2 do °
g - 2" d-sind 4 VN1 (3)
and
s,
— = + j - sin Gé-+ v (4)

=
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We solve»thése equations nyperically on a computer by integrating:
the phases in‘Eés. (2) and (3)'stepwiée in tiﬁe; "For brevity we Confine
ou¥ calculétions to the value B8 =1 thét was‘fOund3 to optimize the
enefgy résolution, and to the case T = ZNkBT/I°¢° = 0.05. The Johnsdﬁ

noise voltages, v and VNZ, are modeled by two uncorrelated trains of

N1
voltage pulses of constant duration.3 Thé random pulse heighfs are
Gaussianvdistributed about a iero mean.with voltage power spectral
.-densities satisfying S§.='4F. From the computed_values of 61(6) and
'162(9) we calculate v(§) and j(8) from Eqs; (1) and (2). The voitaée
v power spectral density, Sv(f), the circulating current power spéétral
densitf, Sj(f), and the real part of the‘corfelation power_specfral
density, Svj(f)’ are then computédvas fupctiéné of the bias current, i,
and épplied flux,’¢a. v The spectral densitieg have noise—broadéned
resonances at the Jésephsoh frequency fJ ='(v)/2ﬂ. and its harmonics
(év) is the time-éveraged voltage). At freqﬁencies below the resonance
at f& (say, f < fJ/;O), the:spectral densitiég are white. ﬁe define
Sg, Sg, and 83‘ to.be'thé low frequency values of Sv, Sj’ and Svj'
Figures 2 to 4 show Ss, S;, and ng as functions of i for several
| values of ¢a. (Figﬁre 3.dup1icates Fig. l4(a) of the previous pape;.?)‘
~ The pérameters B=1and I = 0.05 correspond,tb' L = 0.3nH, IO==3UA;
and T = 4K. ALl of the SQUID responses are periodic in ¢, with unity
period. 1In addiﬁion, for the symmetric SQﬁID the spectral densities
are unchanged if ¢a + - ¢a and j + - j. For each value of ¢a, thé

"spectral densities peak approximétely at the corresponding noise-free

critical current,_ic, which decreases as ¢a increases. For i >> ic,
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where the juﬁctions contributé négligibly to thé noise spectral densities,
83 and S; tgnd to the.Johnson ﬁo;se values: S: + 2T = 2 kTR/(I R®y/2m),
and.Sg > 2T ='(2kBT/R)/(Io¢o/2ﬂR). - Furthermore, since thé voltage and
circulating curreﬁt noises produéed.by the'Johnsonvnoise in two parallel

resistors are uncorrelé;ed, Sv + 0 for i>> ic. Near ic, the effect of the

3
junc?ions and loop is to increase both Sg and S; aobve the value for the
resistors, 2I'y, and, in additiqn, to corrrelate the voltage and current
noises. Thé correlation can be understood qualitatively from the fol+
lowing argument. The total flux through the SQUID is ¢T = ¢a ; Bj/2.
Thus, Johnson noise superimposed on j produces a noisé in the total flux
that is simiia; to an externally abplied flux noise. The_SQUID transfer
fupction,_ 8;73¢a? relates changes in the time averaged voltage 'V to
changes in ¢a’ and'thus relates tﬁe effective flux noise due to poise
in j to the total voltage noise. For i ~ ic’ 3v/op # 0 andbtﬁe voltage
noise is correlatéd with the current noise. For i >>ic, 3;/3¢a > 0 and
no correlation is introduced between the voltage and current noises.
Note that in the special case ¢a =0, 0.5, 8;78¢a'= 0, and Ssj =0

for all values of bias current.

As ¢a is increased from 0 to 0.5, Ss decreases in a way that is

consistent with the corresponding decrease in the dynamic resistance of
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- the SQUID. On the other hand, the maximum value of S; increases as

¢a is increased from 0 to 0.5. 1In addition, for ¢a = 0.5, S; rises

 rapidly as i is lowered below ic. This behavior can be understood by'”

examining the stable configuratiohs of the noise-free SQUID below ic.

For the case ¢a = 0.5, two such states exist, one with j < 0 and the

‘other with j < 0. The Johnson noise generated in the shunts not only

produces small excursions of the circulating current about the noise-free

value, but also induces transitions between the two states at random times.

This switching behavior is illustrated in Fig. 5 for i = 0.9, ¢a = 0.5,
B=1.0, and T'= 0.05. As the current Switches,(Fig. 5a), a corfesponding
voltége pulse_abpeats across the SQUID (Fig. 5b). Both Ss and S; are
dbmina;ed by the switching noise at bias currents well below ic.' In-

most applications, the SQUID is biased at i - ic and - ¢a'~.0.25, and o

~ the 1atge current noise at i << ic, ¢a ~ 0.5 is not observed.



III. SUMMARY
We have computed low frequency voltage power spectral densities,

s%, current power spectral densities,, S°, and correlation power spectral
v 73
densities, Ssj, vs. bias current for the dc SQUID operated at B = 1 and
' = 0.05. At the operating bias current, we find in dimensioned units

0 .. 0~ 0 . - - .
S" = 16kBTR, SJ ~‘11kBT/T, and SVJ b~ 12kBT. These values are used in the
following paper4 to calculate the noise temperature of SQUID voltmeters,
and the energy resolution of SQUID magnetometers.

This work was supported by the Division of Materials Sciepces,

Office of Basic Energy Sciences, U. S. Department of Energy.
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FIGURE CAPTIONS

Fig. 1. ,Modei for the isolated symmetric dc SQUID.

Fig. 2. Normalized 10w‘frequency voltage power spectral density, Ss/ZF,
vs. bias current, i, as a function of applied flux, ¢a.

Fig. 3. Normalized.low frequency current power spectral density, Sg/ZF,
'vs. bias current, i, as a_function of applied flux, ¢a.

. Fig. 4. Normalized low frequency correlation power spectral density
SJH/ZI‘ vs. bias current, i, as a function of applied flux, ¢a.

Fig. 5(a). Circulating cu;rent, j, and (b) voltage, v, as fundtioﬁs

of time 6 for‘biés égrrent i = 0.9, and applied flux ¢a = 0.5.
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