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Abstract: We suggest that the absence of torsion in conventional gravity could in
fact be dynamical. A gravitational Meissner effect might produce ingbanton-like
vortices of nonzero torsion concentrated at four-dimensional points; such torsion
vortices would be the gravitational analogs of magnebic flux vortices in a type IT
supercenductor, Ordinary torsion-free spacetime would correspond to the field-free
superconducting region of & superconductor; a dense phase of "borsion fosm' with
vanishing metric but well-defined affine connection might be the analog of a normal
conductor,

INTRODUCTION

The discovery of the instanbton solution [1] to Huclidean SU(2) Yang-Mills
theory has led to a new understanding of the Yang-Mills path integral guantization
[2] and a new nonperturbative picture of the vacuum [3]. The instanton is char-
acterized by finite action and by a self-dual field strength which is concentrated
at a four-dimensional point and falls off rapidly in all directions.

The interesting properties of the Yang-Millg insbanton naturally led to a
search for analogs in Einstein's theory of gravitation. The most promising gravita-
tional instanton seems to be the metric IT of Eguchi and Hanson (L], This Euclitesn
metric hag self-dual Riemannian curvature concentrated at the origin of the msnifold,
is asymptotically flat, and has vanishing action., Furthermore, it can be shown to
contribube to the spin 3/2 sxisl anomaly [5]. However, the manifold of this metric
is not asympbtobically Buclidean (Sﬁ at ©), bub is only asymptobically locally
Euclidean (ALE); the 3-manifold at « is &7 with opposite points identified [6].
Gibbons and Hawking 7] have now Ffound an enbire series of "multiple gravitational
instanton" solutions which asymptotically describe Sj modulo the cyclic group of
order k; the curvatures for these golutions are self-dusl, have maxima in the

interior of the manifold, and fall off rapidly at o, Hitchin (8] vas in fact

suggested the existence of an even larger seb of manifolds admitting self-dusl

.X,
Research supported in part by the High Energy Physics Divigion of the United
States Department of Energy.

Research supported in part by the National Science Foundation Grant Wo. LOTABX,

e



metrics which asymptotically describe all possible lens spaces of S

5, 3

57 modulo

the cyclic group of order %k, the dihedral group of order k, the tetrahedral group,

the cubic group and the ilcosahedral group.

These manifolds may provide a complete

classification of asymptotically locally Euclidean gravitational instantons with

self~-dual curvature,

In sumwary, we list the parallels between the Yang~Mills instanton solution

of ref. [1] and the Einstein metric of ref,

Yong-Mills [1]

Self-dual field strength
Au - pure gauge at «

Wo singularities

Finite action

Gives spin 1/2 anoma.ly

Tinstein [U4]

Self-dval curvature
g > ALE at
WV
Geodesically complete
Zero action

Gives spin 3/2 anomaly.

GRAVITATTONAL MEISSNER EFFRECT
The concept of gravitational instanbton which we have Just discussed involves
clagsical Fuclidean vacuum Einstein solutions with localized bumps in the curvature.
We would now like to explore the idea that other interesting instanton-like objects
might oceur in a wore general Fuclidean Einstein-Cartan theory of gravity. The

Cartan gtructure equations for a manifold with a metric are

3
2 a, _ MooV
ds” = i e e, = guv(x)dx dx
a,=
, 2 a a b
torgion = T = de + o b~ e
a, =3 A c
curvature = R = 4B, + ® A © (1)

R R 2 .
are vierbeln one-forms and the o are the connection one-forms.

b

The standard Einstein theory is based upon the use of the Levi-Civita connection on

where the ea
a Riemannian manifold. The torsion-free condition and the metricity condition,

3 a b )

uniquely determine the Levi-Civita connection.
Now we would like to agk whether the condition that the torsion Ta vanlsh

is necessarily fundamental. Ts 1t possible that this could be a dynamical effect of




a more general theory, much as the vanishing of the field in a superconductor is a
dynamical effect of the Landau-Ginzberg theory?

In order to exhibit the possible parallels between gravity and supercon-
ductivity, we recall that the Landauv-Giuzberg theory contains a Maxwell field

coupled to a scalar field obeying the equation of motion

D, Mo - gcp(lq)lg - 2. 3)

Near the broken-symmetry vacuum, the magnitude of ¢ is consbant,

lol = ». (&)
Far from walls and impurities, one finds in the static 1limit that ¢ is covariant
consbant,

D9 = O, +ieh)o = 0 (5)

Applying a second covariant differentiation to Eg., {5), we find

fDH, 1o = ieF, o = 0, (6)

s0 we conclude that either © or Fuv must vanish. In a type II superconductor,
we obtain the Melssner effect: Fuv = 0 almost everywhere with the exception of

Abrikosov vortices. Therefore we have

A= -2y 0
") e

10
¢ = nNe', ()

where 6 is a phase. Now consider a circular peth parametrized by 0 65 2w .
Such & circle st necessarily encloses a vortex line since as the circle shrinks to

Lo u{1) changes homobopy type; this is possibly only if ¢ = 0

zero, the map S
somewhere inside the circle.
A gravitational apalog of the Melssner effect might therefore arise from

some obJect which is & covariant constaunt in a "superconducting reglon' where

Binsteln's theory of gravity is valld. We suggest that the appropriate object is

the vierbein one-form 1tself, whose covariant constancy iluplies vanishlng torsion:

™ = pe = 0. (8)

Requiring the exterior derivatbtive of the torslon also to vanish results in the

cyclic identity:




-4 -

R = 0,

a a b a
~ Cebed T bea (9)

Hence ordinary spacetime, which is torsion-free and whose curvature satigfies the
bA 7

cyclic identity, would be analogous to the field-free region of a superconductor.

We are thus led to the following table showing the parallels bebween

gravitation and superconductivity:

Gravity Superconductivity
Bundle Group so(k) C ol R) v@) C ¢
Connection l-form B A
Field Strength Rab = dwab + Oy~ Oy F =dA
e” ean(h, R) ¢e g
Covariant Constant
ObJject ® - ped = 0 DY =0
N a b
Meissner Effect R p~e = 0 Fo = 0
Topological Object Torsion Vortex Megnetic Vortex (Line)
(Pointlike)
Enclosing Manifold 55 = three-sphere Sl = circle
Tnside Vorbex 4o, ® A Lo 70
Vortex Map Iwasawa Decomposition u(l): o = kP]elQ
a
of e "
Topological Charge Euler and Quantized Flux of F

Pontrjagin numbers

Pundamental Equation ? Tandau=Ginzberg

It is very important to realize that ™ =0 is the condition which locks
together the SO0(4) gauge group and the group of coordinate transformatbions.
™ = 0 determines a rigid relation between the 80(4) principal bundle and the
tangent bundle of the underlying manifold. In this case, the topological invariants
of the 80(4) bundle are identifiable with the Euler characteristic and Hirzebruch
signature of the base manifold. The latber correspondence may no longer be true if

7 4 0; as we shall now show, near a (point) torsion vortex, the 50(4) principal

bundle is unglued from the tangent bundle and the topological invariants of the two



bundles no longer coincide. A torsion vorbtex in a localized region of Buclidean
spacetime would thus combine essential features of both gravitational and Yang-Mills
instantons.
CONNECTIONS WITH TdRSION
We can make s sinple example of a system with torsion by modifying the Levie-
Civita comnection of a flat Fuclidean metric. ILet (x“} be coordinates on Rq .

2
We let p = xu xp and introduce Fflat-space vierbelns in a nonstandard coordinate

systemn,
® = 2x ax = a(¢)
[
1 g - el
e = Xy dxl Xy dxo + Xy dx5 XB dx2
= p2 o cyelic. (10)

The one-forms ea obey the gbructure equations

de” = 0O, de” = p“e(eo ~e € ed A ek)

3k (11)

3

and the o, can be expressed in polar coordinates on 87 1if desired. We remark

k
that our coordinate system was chosen to give vierbelns ea which are Coo (nave
infinibely differentiable coefficients). The Levi-Civita connection one-forms

obtained by applying BEgs. (1) and (2) to Eg. (10) are self-dwal and singular at the
origin:

of = ol = 0 o R eyelic, (12)
The torglon vanishes by construction and the curvature vanishes because the metric

was in fact flat.

Now we may inbroduce torsion by choosing a new regularized comnection,

wlo = wak = @(pg)el 5 eyclic, (13)

where @(pg) is some C function regular at the origin and falling like l/p2

a2t infinity:

o() —5~> (regular), (o) 5> 1/ (1)

p._>o e gl

The torgion two-forms become



T = 0, ™ = (=0 + l/pg)[eo ~e ot eijk ed ¥l (15)
and so fall off rapidly away from the origin. The curvatures are
1 2 2 2,2
Ry = R 5 = (o' + ofp )eo,\ er +2(<p/,o2 - )" A & , cyelic.
(16)

It can now be verified that both the torsion and the curvature are Coo forms
everywhere, even at the origin. Clearly the conmnections with torsion do not provide
a solution to the vacuum Einstein equations. The appearance of nonvanishing torsion
is a necessary consequence of the presence of a zero in the vierbein and the
regularization of the connection at the origin.

A typical choice for ¢ such asg

2
9 = 02 - e /N @)

in fact gives finite action,

—

z b 1 ab c d. .2
R g4 x = “E R ABE A2 eabcd = A /.l6 ° (18)
M

(If one chooses @ so that o

, corresponds to the SU(2) Yeng-Mills instanton

connection, the action turns out to be infinite.) The topological invariants of
our manifold and the bundle for which (13) is the connection are now drastically
altered. So long as @ £ pgg, we £ind that the "Buler characteristic" volume term

and surface correchtions are [9]

Xy o= 1 Xy o= 1. (19)

While our original flat iR)+ connection had X = 1, our new system has

1

o= Xy kX o= 0. (20)

Similarly, we find for the new Pontrjagin number

1
P1:=m82 TrRAR = +2 . (21)
5
The flat connection had Hirzebruch sigpature 7 = Pl/5 = 0, The altered

topological invariants prove that our new S0(L) principal bundle is not isomorphic

to the bundle of orthonormal tangent-space frames of Euclidean space.



CONCLUSTIONS

We remark that there may be two phases of the system we have described.
Since the presence of too many magonebic field vortices will cause a superconductor
to undergo a phage trangition to the normal state with () = 0, we can also
concelve of a dense phase of torsion vortices With <eau> = 0 everywhere. In the
presence of this "torsion foam, " we may no longer have s sensible mebric; only the
S50(k) affine comnection would remain well-defined., Fhysically, the "torsion foam"
phase might dominate in the early universe or at very short distances [101.

The problem now is to develop a dynamical theory which has a stable torsion
vortex as a solubion. Such theories could of course include mechanisms {(e.g.
localized nonmetricity) more general than those discussed here. We would expect a
theory with torsion vortices in the Fuclidean regime to have a profound effect on

our wnderstanding of guantum gravity and its relation to elementary particle physics.
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