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INSERTION OF SKEW QUADRUPOLES TO EXCHANGE 
x - Xl AND y - yl PHASE SPACES* 

David Neuffer 
Lawrence Berkeley Laboratory 

Some suggested HIF accelerators 1,2 require exchange of horizontal (x - Xl) 
and vertical (y - yl) emittances in beam stacking and bunching. This can be 
accomplished by a 90° rotation in a solenoid. The purpose of this note is to 
demonstrate that this can also be accomplished in a skew quadrupole transport 
system, and to demonstrate necessary and sufficient conditions for such a 
system. 

The skew quadrupole system considered is a normal quadrupole lattice 
rotated 45° in the transverse (x-y) plane. The equations of motion in the 
usual quadrupole coordinates 

x" - - Kx BI 
K =-

y" = Ky 
Bp 

are rotated _45° to the lab coordinates to become: 

x" - - Ky 
(1 ab) (2) 

y" - - Kx 

For our purposes it is simplest to express the problem in matrix terms. 
The effect of an arbitrary quadrupole transport system (not skew) can be re­
presented by a 4 x 4 matrix Q for (x, Xl, y, yl) as: 

B 0 0 x 
C Ox 0 0 

Q = x (3) 
0 0 Ay 

0 0 Cy 

The effect of a skew quadrupole array can be represented by a matrix QI where 

QI = R- 1 Q R 

and R is the matrix for a rotation of -45°. 
* This work was supported by the Offices of Laser Fusion and of High Energy 

and Nuclear Physics of the Dept. of Energy. 
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0 -1 

1 0 0 -1 
R ::; 

12 0 
(4) 

0 0 

Then QI becomes: 

Bx + By Ay - Ax 

QI _ 1 Cx + Cy Ox + 0y Cy - Cx 
- 2' 

A - A By - Bx Ax +Ay y x 
(5) 

C - C ° -° C + C 
Y x Y x x Y 

Complete exchar.~e of horizontal and vertical phase space can be accomplished if 

since then 

0 0 Ay 

0 0 Cy Q' ::; 

Ay By 0 

Cy 0y 0 0 

connects (x, x')final only with (y, y')initial and (y, y')final with 

(x, x')initial • 

If we represent (in betatron notion): 

(6) 

(7) 

(
Ax Bx] = I cos jJx + Jx sin jJx

' 
where J ::; (ex (3) (8A) 

Cx Ox -y -ex 

and 

(
Ay By]::; I cOSjJ + J sinjJ 
coy y y 
y y 

(8B) 
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and choose a FOOO quadrupole lattice such that ]..Iy = 2n 1T and ]..Ix = (2n - 1) 1T 

then: 

(9) 

and: 

(10 ) 

and: 

0 0 

~\ 0 0 0 
Q' = 

o ) 0 0 
(11 ) 

0 0 0/ 

Which simply exchanges (x, Xl) with (y, y I ). 

As an example, we note that this can be obtained by choosing a skew FOOO 
lattice with 90° phase shift per period in the skew-y plane and 45° per period 
in the skew x-plane and following 4 periods to ]..Iy = 360°, ]..Ix = 180°. Such 
a lattice can be constructed easily using SYNCH and allowing the F quads to be 
set at a lower field gradient value than the 0 quads. 

Necessary and Sufficient Conditions: 

For a quadrupole lattice skewed at 45°, equation 5 gives the proper trans­
fer matrix and the condition 

(6) 

must be satisfied if x and y phase spaces are to be comp'/etely exchanged. 
In place of (6), a lattice skewed at an angle 8 other than 45° requires con­
tradictory conditions of form 

A cos 2 8 + A sin 2 8 = 0 
x Y 

A sin 2 8 + A cos 2 8 = 0 x y 

(12 ) 

for A, B, C, and 0, which can be satisfied only if 8 = 45° (0° < 8 < 90°). 
Therefore, the 45° angle is necessary. 

With condition (6) expressed in the form of equation 8, we are 
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inmediately led to the requirement cos Ilx = - cos Py which requires either 
Ilx + Ily = n TI or Ily = Ilx + n TI where n is an odd in~eger. If Ilx + Ily = n TI 

(n odd). then sin Ilx = sin Ily and the condition Jx sin Ilx = -Jy sin Ily cannot 
be satisfied (since Sx. Sy > 0). 

Thus. a necessary condition is Py = ~~ + n 71 (n odd). Also. if sin Px" O. 
then equation (6) requires Jx = Jy• since Sln Ilx = - sin Ily. Therefore. we 
have two choices of a second necessary condition: Either: 1) Ilx = m TI 

(m any integer) as in the above example. or 2) Il can take any value but 
J x = Jy is required. We can demonstrate this pos~ibility by generating a FODO 
lattice as above (BF r -BD) and requiring that at the center of the F (or D) 
quad Sx = Sy instead of a requirement on Ilx. At this center point symmetry 
requires ax = a = 0; also y = lIS. Then Jx = Jy. The skew insertion would 
begin and end a~ such a center point. Such a lattice is not difficult to 
generate. In both cases 1) and 2) the condition Ily = Px + n TI (n odd) for 
the skew insertion must also be satisfied. 

We thank Lloyc Smith for suggesting the problem and useful comments. 
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