
at 
Standards 

Gaithersbur -
November 12:, 

A. Evans 

Energy 

TWO-WEEK LOAN COPY 

This is a library irculating Copy 
which may be borrowed for two weeks. 

for a personal retention copy. call 

Tech. Info. Diuislon, Ext. 6782 



NOTICE---------
This report was prepared as. an account of work sponsored by the 
United StatesA3overnment Neitherthe United States nor the Depart-

'ment.of Energy; norany of their employees, nor any of their con
tractors, subcontractors, or their employees, makes any warranty, 
express or impl any legal liability or responsibility for 
the accuracy, or. usefulness of any information, appa-
ratus, product , or represents that its use would 
notJntringe ights. 
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The mechanisms of material removal during abrasive wear have been examined, 
and preliminary analyses presented. Primary emphasis has been placed on the 
lateral fracture mechanism, in an attempt to elucidate both its realm of impor
tance and the concomitant material removal rates. Thermal stresses induced by 
plastic penetration have also been shown to be a potential source of material 
removal, especially at low levels of the normal force. 

1. Introduction 

The abrasive wear of ceramics has been the subject of extensive empirical investi
gation [1]. 1 For example, material removal rates have been measured on various materials 
as functions of the normal force, Pn' the horizontal (frictional) force, Pt' the wheel 
speed, etc. However, the detailed mechanisms of material removal have only been cursorily 
explored. Yet, some understanding of mechanisms is an essential prerequisite to optimi
zation (especially for complex processes such as abrasive wear). The intent of the present 
paper is to examine possible mechanisms of abrasive material removal, as a prelude to 
suggesting research studies that should elucidate details of the various removal processes. 

Several investigators [2-4] have recently recognized the important role of lateral 
fracture in abrasive material removal. This mechanism of wear is explored in some detail, 
to determine both its realm of importance and the parameters that might influence the re
moval rate. Other potential mechanisms of material removal are then examined to assess 
their significance as alternative or superposed influences. 

2. Lateral Fracture Mechanisms 

2.1 Regime of influence 

Studies of indentation conducted under quasi-static [4], sliding [2,3] and impact 
conditions have indicated a threshold for lateral crack formation. A definition of this 
threshold is of great significance, because it defines the lower limit of pertinence of 
the lateral fracture mechanism of abrasive wear. A transition to another mechanism may 
also obtain under very severe grinding conditions [2]. However, this regime could be just 

l 
Figures in brackets indicate the literature references at the end of this paper. 
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another manifestation of lateral cracking (perhaps involving a multiplicity of lateral 
cracks as observed during projectile impact [5]); consequently, this "transition" is not 
afforded specific consideration in the present analysis. 

During "steady-state" grinding conditions, a ceramic will contain a distribution of 
microcracks, formed as a consequence of the stresses produced by the penetration of the 
grinding particles. These pre-existent microcracks are considered to be the sources of 
lateral fracture. The pre-existent microcracks will develop into lateral cracks when the 
grinding stresses attain the requisite level. The tensile stresses that induce lateral 
cracks develop primarily during load removal [6,7] (i.e. residual stresses), and exhibit 
a maximum either within the plastic zone (in work hardening materials) or at the elastic/ 
plastic interface (in non-hardening materials). It has recently been demonstrated [8] that 
elastic/plastic indentation fields can be approximated in the immediate vicinity of the 
plastic zone by the elastic/plastic solution for a spherical cavity,t and remote from the 
·indentat·ion by the elastic solution for a half-space: the intermediate stresses being ob
tained by interpolation. This procedure also provides estimate~ of the residual tensile 
stress, cr~z' obtained by subtracting the elastic unloading stresses from the elastic/plas
tic stresses at peak load. In particular, the residual stresses in the elastic zone (the 
zone of primary interest for fracture analysis [4]), are obtained at zero load by matching 
the elastic stress at the indenter interface, &~z' to the equivalent elastic/plastic stress 
at peak penetration, a, (i.e. to the hardness H), viz; 

(l) 

where 

and then subtracting this stress from the elastic/plastic stress, o~2 ; 

( cr ) ( r )
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(z > 0) 

By noting that, oy- H/3 [4,6,10], and that, rp- a [4,5], the residual stress o~z at zero 
load becomes; (3) 

tWith the obvious exception of crzz stresses near the surface, which are poorly predicted 
by the spherical cavity solution. 
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The spatial dependence of the residual tensile stress along a plane through 
the intersection of the plastic zone with the penetration axis: the 
stresses were estimated from an analytic elastic/plastic solution for a 
spherical cavity and an elastic solution for a half space. 



The peak axial value of this stress, 

&R H/2 zz 

occurs at the elastic/plastic interface, and is appreciably larger than the peak stress at 

maximum penetration [8] (- H/12). Note, however, that &:z decreases rapidly as the rela
tive plastic zone size increases, e.g. o:z = 0.27H at rp = 2a. 

The spacial variation of the stress along a plane through the location of maximum 
tension is plotted in Fig. 1. The stresses can be approximated by 

R o(l - r/2a) (r < 2a) 0 zz ~ 

R 0 (r > 2a) 0 zz 

A 

(5) 

where o ·is the peak stress. A stress-intensity factor solution for an axisymmetric crack 
located in such a linearly varying stress field has recently been derived by Lawn and 
Evans [11]. This solution demonstrates the existence of an absolute minimum p* in the nor
ma·! force required for crack activat·ion. For the stress field represented by eq. (5), p* 
is given by 

(6) 

where K is the toughness of the material, B is a parameter related to the shape of the c 
indenting particle [11] (e.g. B = 2/u for a Vickers indenter) and ~ = H/&. In a material 
that contains a wide size distribution of pre-existent microcracks, there will be a rela
tively high probability of ·latera·! crack nucleation at P*. However, more generally, p* 
wn l need to be exceeded: by an amount re 1 a ted to the size range of microcracks in the 
vicinity of the indentation. The parameter Kc''/H 3 in the expression for P* is considered 
to afford a reasonably accurate relative measure of the influence of the material variables 
on the fracture threshold, as indicated by recent observations on radial fracture [12]. 
However, the magnitudes of the coefficients - being strongly dependent on the value of the 
peak stress - could be appreciably in error and should only be regarded as order of mag

nitude estimates. 

2.2 Material removal rates 

The amount of material removed by the passage of each abrasive particle that exceeds 
the fracture thres ho ·1 d force p* is deterrni ned (in part) by the extent of the lateral frac
ture. Most observations of lateral fracture indicate that the fracture extent is related 
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to the extent of the prior radial fracture (4,5]; but the generality of this result has 
not been substantiated. Nevertheless, the present analysis of ~aterial removal rates will 
assume a relationship between lateral crack extension and the more extensively character
ized radial crack extension, C. The average depth of the lateral cracks, < h >, also in
fluences the material removal (Fig. 2a). The only available analysis of lateral crack 
depths indicates that< h > is proportional to the plastic zone radius rp. This relation
ship will also be assumed in the present analysis. 

The maximum volume Vi of material that could be removed by the passage of an abrasive 
particle is (Fig. 2); 

(7) 

where 21 is the distance of motion. 
ations in the material removal rate. 

This expression will be the basis for estimating vari-

The plastic zone radius rp is related to 
dynamic [5] and quasi-static [4] conditions. 
rpc<a, so that, 

< h > ;JJa 

the plastic contact radius a, under both 
We will use the direction proportionality, 

(8) 

where l/J is a constant • 1. However, the radial crack extension C differs appreciably 
under quasi-static and dynamic conditions [5]: being more extensive (for the equivalent 
contact area) under dynamic conditions. For typical abrasive wear situations, both quasi
static and dynamic conditions can obtain. A preliminary analysis that embraces both 
quasi-static and dynamic influences is attempted herein. The analysis considers the exten
sion of the lateral cracks normal to the motion of the abrading particle (Fig. 2a), since 
this distance defines the width of the potential material removal zone. The situation to 
be modelled is defined in Fig. 2b; it consists of an abrasive particle subjected to normal 
force Pn, moving with a prescribed lateral velocity v~. 

If the velocity v
2 

is very low, the consequences of the lateral motion can be approx
imated by a quasi-static lateral force P£ = 11Pn (where 11 is a friction coefficient). Al
though this condition is rarely encountered, it is instructive to examine the influence of 
the lateral force, vis-a-vis the normal force. The normal force dictates the penetration 
according to the normal hardness relation [11]; 

(9) 

tenuous rationale for this observation is that the presence of the radial cracks en
hances the stress intensity factor at lateral cracks toward the limit of their extension, 
by relaxing the circumferential constraint and permitting additional z-displacements. 
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Fig. 2 a) A schematic indicating the nature of the lateral cracking that leads to 
material removal 

b) A schematic indicating typical conditions that apply to an abrading 
parttcle during abrasive wear. 
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Both the lateral and normal forces are expected to influence the stress field. By analogy 
with the equivalent elastic problem [13], it is anticipated that the lateral force will 
tend to rotate the stress field in the direction of P£' in the sense that the tension is 
enhanced behind the contact zone and suppressed ahead of the contact. But, there should 
be no appreciable influence on the stresses contained in the plane normal toP£. The lat
ter have the primary effect on the lateral crack extension normal to the motion of the 
abrading particle. It is thus concluded that under quasi-static conditions, the width of 
the lateral fracture zone should be relatively insensitive to the magnitude of the lateral 
force. The zone width may, therefore, be approximately characterized by a relation similar 
to that obtained for radial cracks under conditions of normal penetration; viz., for a 
Vicker's indenter [14], 

(lOa) 

where F1 is a function, which for c/a > 2 reduces to; 

(
K )-2/3 

F
1 

~ 0.29 _c_ 
H/a 

(lOb) 

g'iv"i ng; 

(lOc) 

Combining equations (7), (8) and (lOc) yields the quasi~static material removal rate; 

(11) 

More generally, the lateral motion of the abrading particle will lead to dynamic ef
fects. These dynamic effects arise both from the prescribed motion v£ of the particle, and 
from local instabilities. The instabilities dccur following a fracturing event and result 
in an abrupt increase in the local particle velocity. They are manifested as the lateral 
for.ce oscillations typically observed in studies of the motion of abrading particles. The 
impact events that result from the instabilities ·are likely to have impulse components 
both ·normal and parallel to the surface. The normal component will affect the penetration, 
but both components will influence the dynamic stress field. We will assume that, as in 
the quasi-static case, the lateral component of velocity does not generate stresses that 
significantly influence lateral crack extension in the direction of present interest (Fig. 
2a). The effect of the normal particle velocity vn can then be assessed from experimental 
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results obtained for projectile impact [5]; 

C " r 2 v 2 /K I ]2/3 

p n c (12) 

where rp is the radius of the projectile and A is a constant. The normal component of the 
velocity acquired by the abrading particle depends on the magnitude of the normal force Pn 
and the height z that the particle rises above the surface during the instability (Fig. 2b); 

(13) 

Where m is the mass of the grinding wheel. The height~ will be influenced by the detailed 
character of the instability, the ·imposed 1 atera 1 velocity v 

2 
and the friction coefficient 

~· The influence of normal velocity on the extent of the fracture will be assumed in the 
present analysis to be equivalent to that found for projectile impact. This assumption is 
based on the premise that the stresses which influence the fracture relate to the condi
tions that prevail soon after initial contact: 5 as dictated by the impedence, the initial 
velocity mismatch and the dynamic hardness. Clearly, experimental studies of the velocity 
dependence of Care needed to assess the utility of this assumption. The crack extension 
obtai ned from eq. ( 12) is then; 

(14) 

where F is an undetermined function. It is interesting to note that the dependence on the 
normal force is identical to that obtained for quasi-static indentation (eq. 11). Now, 
assuming that eq. (9) still affords a reasonable estimate of the contact radius, equations 
(7), (9), and (14) can be combined to give; 

e(:£·11) J 2j3 l),i (15) 

c 

This result is quite similar to the quasi-static result except that influences of the 
lateral velocity and the friction coefficient emerge, through the instability height z. 
No information is presently available concerning the magnitude of the instability; this is 
clearly an important parameter for future study. 

A comparison of the predictions of the present simplified analysis with available 
results should provide a basis for assessing the merits of this approach to abrasive ma

terial removal. The dependence of the lateral crack width on the normal force has pre
viously been examined by Veldkamp et al [3] in MgZn ferrite, and shown to approximately 
conform with the predicted Pn

2
/

3 
relation (Fig. 3). The dependence of the material removal 
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3 
A plot of the lateral crack width as a function of the normal force , 
indicating the Pn 2 / 3 relation. 
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Fig. 4 A plot of the material removed as a function of the applied force . 
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A plot of the inverse of the material removal against the material dependent 
parameter Kc2/3 Hl/2 predicted by the lateral fracture analysis. 
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on the normal force has been explored by Hartley and Wilshaw [15] (Fig. 4). A non-linear 
force dependence with an exponent ranging between 1.07 and 1.3 was found, similar to the 
predicted dependence of P716

• The important dependence on the Material properties Kc and 
H can be ascertained from the study of Rice and Speronello [16]. A comparison of their 
results with the predicted material dependent quantity, H1

/
2 K/1 3

, reveals a consistent 
trend (Fig. 5). However, variations of the instability height with the material type have 
not been incorporated in the comparison, and these could account for some of the residual 
trends in the experimental results. 

The reasonably good correlation of the available abrasive wear results with the lateral 

cracking model encourages further study. These studies would include the characterization 
of lateral cracking under conditions that simulate abrasive wear, and estimations of the 
zone of material removal vis-a-vis the zone of lateral fracture. 

3. Other Mechanisms 

3.1 Thermal stresses 

It is widely recognized that heat is generated during a grinding operation. This heat 
derives primarily from the plastic work expended by the penetration of the abrading parti
cles. An upper bound (adiabatic) estimate of the thermal stresses that develop as a conse
quence of the heat generation is derived in this section. The potential influence of the 
thermal stresses upon material removal are then assessed. 

The plastic work Wp expended during indentation can be estimated from the macroscopic 
force-penetration curve, (Fig. 6) as; 

p 

w " (Pdo p w p (16) 

0 

where op is the plastic penetration. The plastic penetration is directly related to the 
contact diameter 2a through the profile of the penetrator. For a penetrator of fixed pro
file (Fig. 6); 

(17) 

The penetration pressure (i.e. the hardness, H) for a fixed profile indenter is independent 
of the penetration. Hence, for an axisymmetric penetrator, combining equations (9), (16) 

and (17) and integrating gives; 

W _ cote P ['3/2] 
P - 3(sn)l/2 Hl/2 

(18) 

It is interesting to note the inverse dependence on the hardness. This arises because the 
plastic penetration decreases more rapidly with the increase in hardness than the 
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A schematic indicating the elastic o and plastic op penetrations by a 
fixed profile indenter. 1 
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concomitant increase in the penetration force. 

The work expended during a lateral traverse of an abrading article depends very sen
sitively on the details of the traverse. In the presence of instabilities in the lateral 
motion, individual impacts will occur at various sites along the traverse. The plastic 
work at each impact site will be given approximately by eq. (18). Under adiabatic 

conditions, if all of the plastic work is converted into heat, the temperature T generated 
within the plastic zone at each impact site is; 

(19) 

where cp is the specific heat and p is the density. Setting rp a and combining with eq. 
(9) then gives; 

(20) 

Note that the temperature rise is independent of the applied force. Heat flow during pene
tration will clearly reduce this temperature, as dictated by the differential equation; 

k (
dT \ 
dt) 

where k is the thermal conductivity. 

(21) 

The local increase in temperature will generate thermal stresses.t By assuming the 
plastic zone to be a spherical enclave in an infinite body (Fig. 7), the thermal stresses 
are analogous to the stresses that develop due to thermal expansion mismatch [17], viz, 

3 

0 = _ 2Eo:T (~) 
rr 3(1 - v) r 

Eo:T (~r )3 
aee 3(1 - v) 1 

(22) 

where r is the distance from the center of the plastic zone. An upper bound value for the 
tensile stress generated by the local plasticity, obtained from eqs. (20) and (22) is thus; 

tAn elastic solution is not strictly valid, because the thermal shear stresses, which are 
a maximum at r , superimpose on the penetration stresses and extend the plastic zone. p 
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A plastic enclave in an elastic matrix indicating the stresses developed 
by heat genrat"ion in the plastic zone. 
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_ S cote (ap.HCPE ) 0 e e - 4\l----::v·) 
(23) 

Inserting some typical values forE, p, cp and a into eq. (23) yields values of ~ 88 in the 
-2 -1 range - 10 to 10 ·H. These stresses approach the stresses that result from plastic 

penetration (eq. 4). Thermal stresses should thus be regarded as a possible source of ma
terial removal, particularly in materials with large values of thermal expansion coeffi
cients, elastic modulus and hardness, and low values of specific heat. Since the thermal 
stresses are independent of the normal force, the thermal influences should be particularly 
effective at low force levels. The thermal stresses could either enhance the lateral 
fracture just above the threshold force P*, or perhaps, provide an independent mechanism 

of material removal below P*. 

3.2 Elastic stress pulses 

Impact events can, in certain situations, lead to the generation of Rayleigh waves 
[18]. The Rayleigh wave can produce large amplitude, short duration tensile pulses, 

which introduce circumferential cracks that link together to cause material removal [19]. 
A similar mechanism could apply in abrasive wear, under analogous circumstances, e.g., the 
wear of very hard mater·ials at low force levels. An important feature of this mechanism 
is that crack development ·is impeded by large values of the elastic wave velocity. 

4. Summary 
Some mechanisms of material removal during abrasive wear have been assessed. A pre

liminary lateral fracture model has been developed. The model indicates that a minimum 
force is required to initiate lateral fracture. The threshold force is determined pri
marily by the fracture toughness and the hardness. 

The material removal that occurs by lateral fracture above the threshold has been 
estimated to depend on the normal force, the hardness and toughness as well as on the 
the lateral velocity and fric'cion coefficient (through local instabilities caused by the 
fracture process). A comparison of the predictions that emerge from the preliminary model 
with available data indicates encouraging correlations. Further development of lateral 
fracture models thus appear to be a promising course for future studies of abrasive wear. 

An upper bound estimate of the thermal stresses that result from plastic grooving 
indicates that these stresses can be appreciable. The stresses are, to a first approxi
mation, independent of the normal force, suggesting that the thermal stresses are likely 
to be most important at low force levels, i.e., when the lateral fracture mechanism is 
1 east effective. The therma ·1 stresses are enhanced by large va 1 ues of the therma 1 expan
sion coefficient, elastic modulus and hardness and small values of the specific heat. 
Thermal effects are most likely to emerge in materials with th$e properties. Thermal stre~ 

ses can either enhance the extent of lateral fracture just above the thresho1J, or provide 



an alternate material removal mechanism. 
Finally, one other mechanism has been suggested, by analogy with impact problems. It 

entails the growth of cracks by elastic tensile stress pulses generated by deformable par
ticles. However, no specific estimates of the realm of importance of this mechanism have 
yet been obtained. 
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