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I. Introduction 

Various aspects led geothermal watet into 
been studied by many authors. One 

calculation of reinjection 

economical feasibili e project. On the other hand, they 

of plugging may be occurring and remedial action would have to be 
taken . 

n the one hand determine the 
Important inputs to the technical and 

As time goes on, ff the pressure used as baseline data. 
omes much in excess of the calculated values, some kind 

For isothermal cases where the inje d water is at the same 
temperature as the reservoir water, the pressure change is simply given 
by the Theis solution in terms of an exponential integral. 
shows that this pre 
viscosity. It turn 
temperature. Over range of temperatures from lOOOC to 250°C, the 

The solution 
ure change is directly proportional to the 
out that the viscosity is a strong function of 

ater changes 

is a moving 
enclosing the injection 

and on the outsid 
hot water. , The boundary is, of course, not sharp because of heat 
onduction between the cold water. The width of the boundary 
epends on the aquifer ductivity and capacity, and it increases 

with time as the boundary (or cold temperature front) mves outward 

uch a problem. 

A sample of calculated results is 

In an earlier 
model "CCC" developed at 
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Figure 1 also indicates that the temperature boundary effects 
show up in the pressure change as a function of time. 
pressure data may be analyzed to obtain reservoir transmissivity, 
storativity, and other reservoir parameters. For such purposes, the 
numerical modeling approach is limited in its utility because of the 
complexity of calculations. 
prove more advantageous for such a well-test analysis. 

Thus, the 

The present analytical approach will 

Derivation of the governing equation, including temperature effects, 
Will be given in the following section where the qermeability-viscosity 
ratio is assumed to be an arbitrary function of r /to 
this function will be represented by a Fed-Dirac function, whose 
parameters are determined based upon physical considerations. The 
solution for the pressure change is analytic except for the final 
step, where a numerical integration is called for. We discuss the 
results and implications of our calculations in Section IV. 
and concluding remarks are contained in Section V. 

In Section 111, 

Summary 

If. Derivation 

We start with the three equations: 

(1) 
a 

%(Pb) - - v p!!, Eq. of continuity 

Darcy's law 

Eq. of state p = A(T)eBP, (3) 

where the pertinent variables are p(density) , 4(porosity), z!(velocity) , 
k(penneability), p(viscosity), B(compressibi1ity) and P(pressure). 
variable K is defined in terms of the permeability and viscosity (K = k/p). 
The porosity and compressibility of the medium is assumed to be constant 
in the following derivation. 
and combining equations (1) , (2), and (3), one obtains: 

A new 

Working in the cylindrical coordinates 

For water, the percentage variation of density with temperature IS much 
smaller than the corresponding viscosity variations over the same temperature ~ 

range. 
with other terms in the equation. 
pressure is "smooth," it is customary to neglect the 
Then, Eq. (4) reduces to: 

Under these conditions, we may consider atnA/at to be small compared 
Furthermore, when the variation of 

ap/ ar) 2 term. 

. .  



ound a line 

lim P(z) = Po. 
2- 



Iff .  Solution 

We assume 
function given 
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that K(z) = k/p may be represented by a Fermi-Dirac 
by: 

The function takes on t h e  values of KI, KR, and (KI + K R ) / ~  respec- 
t i v e l y  a t  z - 0 ,  z = 6, and z = d (see Figure 2a). 
var'ies appreciably only i n  the  neighborhood of z = d; the  parameter 
a 
d i f f e ren t  from KI and KR. 
function about z = d. 
t h i s  point may be shown t o  be 3.52 a (see Figure 2b). 
havior of K(z) may be understood as follows: 
t he  function takes on the  value of K = k/v = KI, equal t o  tha t  
of in jec ted  water; and i t  takes on t h e  value KR, equal t o  t h a t  
of the reservoi r  a t  l a rge  r a d i a l  dis tances  from the w e l l .  I f  
we  assume a sharp temperature f ron t  between the  cold in jec ted  
water and the  hot  reservoi r  water, then the  locat ion of th i s  
t r a n s i t i o n  from KI t o  KR is given by: 

The function 

character izes  the  range of z over which K(z) is appreciably 
The der iva t ive  dK/dz i s  a symmetrical 

The full-width half-maximum of dK/dz about 
This be- 

Near the  wellbore 

2 'aCa Qt = w r  h - 
PWCW 

where pw, &, P a ,  Ca are the  dens i t i e s  and heat capac i t ies  of water 
and aquifer ,  respectively.  Eq. (12) implies a constant value for 
.*It.= d, given by: 

QpwCw d =  
nhPaCa 

which I s  the  same parameter d used i n  the  F e d - D i r a c  function. 
t h a t  the  temperature f ron t  is not sharp i s  accounted f o r  by the  width of 
va r i a t ion  from KI t o  KR, given earlier by the  parameter a. 

The f a c t  

Avdonin has solved the  problem of the  propagation of temperature 
f ron t  with the  in j ec t ion  of hot water i n t o  cold water i n  an aquifer .  
In  the  l i m i t ,  where there  is no v e r t i c a l  heat l o s s ,  Avdonin's so lu t ion  
is given by: 

. V e Q CWpw/4?rhKa 

where Ti =- i n z t i a l  aquifer  temperature 

TI ='temperature of i n j ec t ion  f l u i d  

K = aqui fer  conductivity.. a 
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2 We note that in Eq. (14) the temperature again varies as r /t, 
Since the vlscosity’is a ’function of temp- as in the case of K(z). 

erature, one expects the variation of K(z) = k(z)/ir(z) in Eq. (11) 
to be intimately related to (T-TR)/ (T1-TR) here. 
we may relate the widths of dK(z)/dz and (d/dz)(T-TR)/(TZ-TR). The 
full-width half-maximum of the curve d/dz(T-TR)/(TI-TR) is governed 

In particular, 

(15) 

etical model for K(z), to 

0 

Thel!, Eq. (17) reduces to 

m 

1 + exp(b(z’-d)/a) - *  1 (19) & exp(*)l 4KI. % + KI exp(-(z’-d)/a) z’ 
2 

(l/KI - 1/%)ca/4 1% + KI exp(-(z’-d)/a)] . 
e x p ( 2  2’) 

41k 
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Eq. (19) is integrated numerically. 
of P(z) - Po with z for various values 
the parameters wed. 

Figures 3 and 4 show the variation 
Table 1 summarizes of d and a. 

IV. Results and Discussion 

The most interesting feature of these plots is that the curve 
follows, for small values of t/r2, a Theis line with parameters corresponding 
to those of the native hot water, and for large 
parallel to a Theis line w i t h  parameters corresponding to those of the 
injected vater. 
be expressed in terms of the flowrate, heat capacities, and reservoir 
thickness (see E q .  13). Thus, injection vel1 test data can yield the 
transition point d and the separation h. 
when coupled with the two which are nonnally obtained (transmissivity kh 
and storativity 4Bh) affords the possibility of determining the parameters 
h, 0, and k separately, provided the heat capacities are known. 

t/r2 it approaches a line 

The transition occurs at z = d, or t/r2 = l/d, where d may 

These two additional parameters, 

To make the solution more transparent, we break up the K function 
into three sections as shown in Figure 2. Thus: 

Here, (d - w, d + w) detines the 
KI to Kg, and Kn, represents the 

Now Equation (17) gives the 

With K given by Eq. (ZO), we have 
. -  

J -& dz' = - 4. for z <d-w 
0 

interval in z where K changes from 
Fermi-Dirac function given in Eq. (11). 

general .pressure solution: 
r Z  

(d-w) +J - d-w< z dCw 
0 



2 For large z or small t/r , the solution behaves as a constant times 
This con- the Theis solution using reservoir water parameters (Eq. 22). 

stant is approximately one, since w and a are "small" quantities des- 
ckibing the transition width from KI to KR. 

On the other hand, for small z or large t/r2, pressure behaves as 
the Theis $elution with injected water parameters, but with a constant 
shift, A, given by the first term in Eq. ( 2 4 ) ,  i.e., 

A = P2 (d-w) -Po 

Ei (- % (diw)) -exp (- -(d-w) I d * +  
m d-w 

4 t: 9, 
4sh 

exp ($&:) dzl 

where the second term may be obtained by numerical integration 
(see Eq. 19) o r  by assuminq the integrand to be approximately 
constant dver the interval (d - w, d + w). 



I n  well-test analysis ,  Figures 3 and 4 may be used d i rec t ly .  The 
ea r ly  data  may f i r s t  be compared with the  curve f o r  t/t2 = l / d  yielding 
kh and QBh values. 
which h may be estimated (see Eq. 13). 
Of course, i n  ac tua l  f ield-data analysis  o ther  possible e f f ec t s  (e.g. # 

boundaries) may enter  and great  care has t o  be exercised. 

Matching of later da ta  w i l l  give parameter d from 
Thus, k ,  QB, and h are evaluated. 

v. summary 

A governing equation is obtained assuming temperature-dependent 
viscosi ty .  
be a Fermi-Dirac function of r*/t. 
re la ted  t o  the  cold water in jec t ion  problem by a comparison with 
Avdonin's solution. The r e s u l t  displays an in t e re s t ing  transient 
pressure curve which i n i t i a l x y  (small t/r2 values) follows the  Theis 
solut ion with parameters corresponding t o  reservoir  hot water and 

' a t  l a r g e  t / r 2  values, turns  and becomes p a r a l l e l  t o  the  Theis 
so lu t ion  with cold water parameters. 
cold water in jec t ion  well-test analysis  is  b r i e f l y  discussed. 

The so lu t ion  is obtained by assuming-the parameter k/v t o  
The constants i n  the function are 

Use of these results f o r  

Work performed under the auspices of the  U.S. Departmeat of Energy. 
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