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ABSTRACT 

The behavior of a layered  aqui fe r  under t h e  inf luence  of a pumping w e l l  
i s  a problem of i n t e r e s t  i n  t h e  f i e l d s  of  hydrogeology, geothermal engineer- 
ing,  and petroleum engineering. Numerous papers have been wr i t t en  on var ious 
aspec ts  of t h i s  problem. Hantush and Jacob (1955) have presented so lu t ions  
for  s teady s ta te  flow t o  a w e l l  d ra in ing  one of t h e  l a y e r s  of a two-layered 
bounded aqui fe r .  Lefkovi ts  e t  al. (1961) s tud ied  t h e  t r a n s i e n t  performance 
of a s t r a t i f i e d  bounded r e se rvo i r  where t h e  producing w e l l  i s  completely pen- 
e t r a t i n g  and t h e r e  i s  no crossflow. Papadopulos (1966) has s tud ied  t h e  same 
problem f o r  only t w o  l a y e r s  of i n f i n i t e  areal ex ten t .  A s i m i l a r  problem, bu t  
with crossflow between adjacent  layers ,  has  also been inves t iga t ed  by Katz 
(1960) and Russel l  and Prats (1962) f o r  t h e  case of  constant  head a t  the  w e l l -  
bore, and by Jacquard (1960) f o r  constant  flow r a t e .  

In  add i t ion  t o  t h e  above works, which are a l l  based on t h e  a n a l y t i c a l  
approach, many au thors  have appl ied  numerical as w e l l  as analog models t o  
handle problems of flow i n  layered  aqu i f e r s  (Vacher and Cazbat, 1961; P izz i  
e t  a l . ,  1965; Javandel and Witherspoon, 1968, 1969; Neuman and Witherspoon, 
1969; Kazemi and Seth, 1969). Recently, Javandel and Witherspoon (1979) 
s tud ied  t h e  problem of flow t o  a p a r t i a l l y  pene t ra t ing  w e l l  i n  a two-layered 
aqu i f e r  where t h e  w e l l  is  open i n  t h e  top l a y e r  and t h e  l o w e r  l a y e r  i s  consi-  
dered t o  be i n f i n i t e l y  th ick .  

In  t h i s  paper w e  s h a l l  p resent  an a n a l y t i c  so lu t ion  t o  t h e  problem of 
t r a n s i e n t  flow t o  a p a r t i a l l y  pene t r a t ing  w e l l  t h a t  i s  open i n  e i t h e r  l a y e r  
of f i n i t e  th ickness  i n  a two-layered system. Crossflow i s  permi t ted  a t  t h e  
i n t e r f a c e  between the t w o  layers .  Closed form solutions have been obtained 
which can e a s i l y  be evaluated numerically. Simplif ied forms of t h e  so lu t ions  
f o r  small  and l a r g e  values  of t i m e  have been developed from t h e  main so lu t ion .  
It  has a l s o  been shown t h a t  t h e  so lu t ion  reduces t o  t h e  case of s i n g l e  l a y e r  
pa r t i a l  pene t ra t ion  once w e  a l l o w  t h e  permeabi l i ty  of t h e  nonperforated l a y e r  
t o  vanish.  The approach here  i s  t o  s t a r t  with t h e  problem when t h e  pumping 
w e l l  is  open only i n  t h e  t o p  layer .  A second so lu t ion  i s  also developed when 
t h e  w e l l  i s  p a r t i a l l y  pene t r a t ing  only i n  t h e  l o w e r  l ayer .  A numerical eval-  
ua t ion  of t h e s e  so lu t ions  and t h e  app l i ca t ion  of t h e  r e s u l t s  t o  t h e  interpre- 
t a t i o n  of f i e l d  problems w i l l  be presented  i n  a subsequent paper. 
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The behavior of a layered aqu i f e r  under t h e  inf luence of a pumping w e l l  

i s  a problem of i n t e r e s t  i n  t h e  f i e l d s  of hydrogeology, geothermal engineer- 

ing,  and petroleum engineering. 

aspec ts  of t h i s  problem. Hantush and Jacob (1955) have presented so lu t ions  

Numerous papers have been wr i t t en  on var ious 

f o r  s teady s t a t e  flow t o  a w e l l  d ra in ing  one of t he  l a y e r s  of a two-layered 

bounded aqui fe r .  Lefkovi ts  e t  a l .  (1961) s tudied  t h e  t r a n s i e n t  performance 

of a s t r a t i f i e d  bounded r e s e r v o i r  where t h e  producing w e l l  i s  completely pen- 

e t r a t i n g  and the re  i s  no crossflow. Papadopulos (1966) has s tud ied  t h e  same 

problem f o r  only t w o  l a y e r s  of i n f i n i t e  areal ex ten t .  A similar problem, bu t  

w i t h  crossflow between ad jacent  l aye r s ,  has also been inves t iga t ed  by Katz 

(1960) and Russel l  and Prats (1962) f o r  t h e  case of constant  head a t  t h e  well-  

bore,  and by Jacquard (1960) f o r  constant  flow rate. 

In  addi t ion  t o  t h e  above works, which are a l l  based on t h e  a n a l y t i c a l  

approach, many authors  have appl ied numerical as w e l l  as analog models t o  

handle problems of flow i n  layered aqu i f e r s  (Vacher and Cazbat, 1961; P i z z i  

e t  a l . ,  1965; Javandel and Witherspoon, 1968, 1969; Neuman and Witherspoon, 

1969; Kazemi and Seth,  1969). Recently, Javandel and Witherspoon (1979) 

s tudied  the  problem of flow t o  a p a r t i a l l y  pene t r a t ing  w e l l  i n  a two-layered 

aqu i f e r  where t h e  w e l l  i s  open i n  t h e  top l aye r  and the  lower l a y e r  i s  consi-  
. r  

dered t o  be i n f i n i t e l y  th ick .  

In  t h i s  paper w e  s h a l l  p resent  an a n a l y t i c  so lu t ion  t o  t h e  problem of 

t r a n s i e n t  flow t o  a p a r t i a l l y  pene t ra t ing  w e l l  t h a t  i s  open i n  e i t h e r  l aye r  
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of f i n i t e  thickness  i n  a two-layered system. Crossflow i s  permit ted a t  t h e  

i n t e r f a c e  between t h e  t w o  layers .  Closed form so lu t ions  have been obtained 

which can e a s i l y  be evaluated numerically. Simplified forms of t h e  so lu t ions  

f o r  s m a l l  and l a r g e  values of time have been developed from t h e  main so lu t ion .  

+ r  

The approach here i s  t o  s ta r t  with t h e  problem when t h e  pumping w e l l  i s  open 

only i n  t h e  top layer .  A second so lu t ion  i s  also developed when t h e  w e l l  i s  

p a r t i a l l y  pene t ra t ing  only i n  t h e  lower layer .  A numerical evaluat ion of 

these  so lu t ions  and t h e  app l i ca t ion  of t h e  r e s u l t s  t o  t h e  i n t e r p r e t a t i o n  of 

f i e l d  problems w i l l  be presented i n  a subsequent paper. 
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Figure 1. Schematic diagram of a two-layered aqu i f e r  with 
a p a r t i a l l y  pene t r a t ing  w e l l  i n  t h e  upper layer .  
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WELL OPEN I N  THE TOP LAYER 

Let us consider an aqu i f e r  cons i s t ing  of t w o  l aye r s  t h a t  is  contained 

above and below by impervious l aye r s  a s  i l l u s t r a t e d  on Figure 1. Each l aye r  

has i t s  own flow p rope r t i e s ,  i s  f i n i t e  i n  thickness ,  and extends r a d i a l l y  t o  

i n f i n i t y .  The i n t e r f a c e  between t h e  two l aye r s  i s  an open boundary, meaning 

t h a t  no d iscont inui ty  of p o t e n t i a l  o r  i t s  gradient  is  allowed across  t h i s  

surface.  The t o p  l aye r  of t h e  system i s  p a r t i a l l y  penetrated by a wel l  of 

i n f i n i t e s i m a l  r ad ius  f o r  a length  I, from t h e  t o p  of t h e  aqui fe r .  If  t h e  w e l l  

i s  pumped a t  a constant  r a t e ,  Q, we are i n t e r e s t e d  i n  determining t h e  value 

of drawdown, s ( r ,  z, t ) ,  a t  any po in t  a f t e r  pumping starts. The d i f f e r e n t i a l  

equations and i n i t i a l  and boundary condi t ions t o  descr ibe t h i s  problem can be 

wr i t t en  as :*  

2 a si 1 + - = - -  

a a t  

3s a si 
2 

' d s  i 1 i  + - -  - 
2 

i ar r ar az  

( r ,  -h2, t )  = 0 2 as 

dZ 
- 

lim s i ( r ,  z, t )  = 0 
r-m 

* Note: Explanation of a l l  terms i s  given i n  t h e  Notation. 
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Q 

lim ( r $ ) =  dS 0 

r +O 
f o r  -h < z < (h  - 2 )  2 1 

In order  t o  handle t h e  nonuniform boundary condi t ion  along the  a x i s  of  t h e  

w e l l ,  one can a r b i t r a r i l y  d iv ide  t h e  top l aye r  of t h e  aqu i f e r  i n t o  t w o  sepa- 

rate l a y e r s  by consider ing an imaginary i n t e r f a c e  a t  the  e l eva t ion  of 

z = h - k. The system i s  then  made of t h r e e  l aye r s ,  two of them having t h e  

same flow proper t ies .  Let us  then  designate  t h r e e  d i f f e r e n t  symbols f o r  draw- 

down: s for  t h e  top  l a y e r  i n  t he  zone between the top of the  aqu i f e r  and an 

imaginary plane pass ing  through t h e  e l eva t ion  a t  t h e  bottom of t h e  wel l ;  s 

f o r  t h e  bottom l aye r ;  and s f o r  t h e  zone between the  e l eva t ion  a t  t h e  bottom 

of t h e  w e l l  and t h e  top of t h e  lower layer .  

1 

1 

2 

3 

The so lu t ion  of t h e  problem can be obtained by successive app l i ca t ion  of 

Laplace and Hankel t ransformations over t and r ,  respec t ive ly .  I f  we ind i -  

cate t h e  Laplace transform of si(r, t )  by gi(r, p)  and t h e  Hankel transform 

of s i ( r ,  p )  by s i ( h ,  p ) ,  then equat ions 1 through 9 become: 
- - 

> d s ,  - - u s  2- = -Q 
2 1 1 2'rrXKlp 

dz 

2= 
d s2 

dz 

2= u s  = 0 - -  
2 2 2  

f o r  ( h  - E) < z < h l  1 

f o r  -h < z < 0 2 

f o r  0 < z < (h  - 1 1 )  1 

(11) 

( 1 2 )  
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Equations 10 through 12 a r e  now simple, ordinary d i f f e r e n t i a l  equat ions 

whose so lu t ions  may be r e a d i l y  wr i t t en  as: 

Note t h a t  condi t ions  13 and 14 have a l ready  been considered i n  wr i t i ng  

equat ions 19 and 20. 
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Constants A, B, C1,  and C can be found through application of boundary 2 

conditions 15 through 18. Substituting the expressions for the above constants 

in equations 19 through 21 and performing the Hankel transform inversion, one 

can obtain: 

. K2u2 sinh(u h )cosh[w (h - + Klwlcosh(w2h2)sinh[ul(h - all 2 2  1 1  1 

FF(wl, 

OD 

K2w2 sinh(u h )sinh(w z )  + K w cosh(w h )cosh(wlz) 2 2  1 1 1  2 2  

where 

FF(dl, w2) K w sinh(U h )cosh(ulhl) + K cosh( h )sinh(w h 1. 2 2  2 2  1 1  w2 2 1 1  

Equations 22 through 24 represent the Laplace transform solutions for drawdowns 

in the aquifer. 
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TO obta in  t h e  inverse  so lu t ions  of equations 22 through 24, l e t  us  f i r s t  

consider 

. K 2 2  W s i n h ( u  2 2  h )cosh[Ul(hl  - % ) I  + K 1 1  cosh(w2h2)sinh[w,(hl - L)] 

If t h e  zeros  of g(p)  a r e  shown by p l f  p2, pjr  . . . I  p n t  ... such t h a t  each of 

them has a d i f f e r e n t  value,  provided t h a t  P(pn)  # 0 and g ' ( p n )  # 0,  then the  

inverse  transform of G ( P )  may be obtained from the  fol lowing formula, 

Jaeger  ( 1949 ) : 

Any of the  summation terms i n  equation 26 may be replaced by 

The zeros  of g ( p ) ,  as def ined i n  equation 25 a r e  p = 0, p = -C2a,, (equiva len t  

t o  u = 01, as w e l l  a s  a l l  zeros of 
2 
1 

- FF( W 1'  w 2 )  - K2a2sinh(co 2 2  h )cosh(wlh,)  + KIOlcosh(W 2 2  h ) s inh(wlh , )  = 0 ( 2 7 )  

Depending on the  na ture  of w and w four d i f f e r e n t  cases  should be considered. 
1 2 '  

Case 1. When both (I, and u, are real. The l e f t  hand s i d e  of equation 27  

i s  always g rea t e r  than zero and, as a r e s u l t ,  t h e  equation has no zeros f o r  

1 L 

such a case.  



8 

C a s e  2. I f  both w and (0 are pure ly  imaginary, then w e  may introduce 

t h e  fol lowing change of va r i ab le ,  

1 2 

2' 
w = f iy /h  2 and 1 w = +ib/h 

1 

where 6 and y are both rea l  and pos i t i ve .  Equation 27 may now be w r i t t e n  as  

Ay tany + d tanp = 0 n n n n 

where 

A = -  K h  Klh2 2 1  and 'n =/hL[.( a l  3 + E . )  - 6.1 

Equation 28 has an i n f i n i t e  number of zeros  such as y 1'  Y 2 '  Y 3 r  * * e  y,, * . . I  

and t h e  corresponding va lues  of p are given by: n 

C a s e  3. When w i s  real  and w i s  pure ly  imaginary, then one can set  

w = kpn/hl and B = f i y  /h where again,  and f3 are real  and p o s i t i v e  

numbers. In  t h i s  case equat ion 27 becomes: 

1 2 

1 2 n 2  Yn n 

Ayntanyn - Vntanh6n = 0 

Gquation 30 usua l ly  has a l imi t ed  number of zeros.  

C a s e  4. When w i s  pure ly  imaginary and w i s  real, then l e t  w = +i6n/hl and 

IJJ = ky /h where, y and 6 are both real and pos i t i ve .  Here equat ion 27 

may be w r i t t e n  

1 2 1 

2 n ' 2 '  n n 



AY tanhY - 6 tan6 = 0 
n n n n 

9 

Equation 31 also has a l imi ted  number of zeros.  

Depending on the  parameters of t h e  problem, zeros  of e i t h e r  one o r  t w o  of 

t he  las t  t h r e e  cases descr ibed above should be considered. mce t h e  zeros  are  

found, corresponding terms i n  t h e  summation i n  equat ion 26 can e a s i l y  be ca l -  

culated.  In equat ion 26 t h e  t e r m  corresponding t o  p = 0 i s  

and t h e  t e r m  corresponding to  p = -<'a is  
1 

Therefore,  equation ( 2 6 )  may be w r i t t e n  as: 

OD 

e e 1 
G ( t )  = f ( 6 )  - - 

n= 1 c2 

where p are now only r o o t s  of equat ion 27. 
n 

Noting that 
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t h e  inverse  Laplace transform of equat ion 22 may now be  wr i t ten  

Introducing t h e  following dimensionless parameters: S = 4nKlhls/Q, D 

D =  U / U  
z = z /h l f  1 '  2 1 '  H = h2/h 

1' 
R = %/h 
D 

L 
D t,, = U l t / r  , r = r/hl , ,  

A = K h /K h 

D 

and x = 6hl ,  equat ion 36 becomes 
2 1  1 2 '  

OD m ( 3 7  1 
2 

D X 

0 

where 

n= 1 

cosh[x(  1 - z,)] AH tanh(Hx)cosh[x( 1 - 11 + s i n h [ x ( l  - R D ) 1  
(38) 

D 

AH tanh(Hx)cosh(x)  + s i n h ( x )  f + X )  = 2 
X 

If both 
2'  and t h e  expressions f o r  A'  and B' depend on t h e  na ture  of W and 0 

W and are imaginary, then  

1 1 

1 2 



1 1  

If either 

be replaced by (il5 1 or (iy ) ,  respectively. 

or W becomes real, then f i  
1 2 n 

or yn in equations 39 and 40 should 

n n 

- - 
One can find the inversion of s and s in a similar manner. In dimen- 

2 3 

sionless forms, the solutions become: 

m - 

m 

S = ’ xJ0 
3 

0 
‘D 

where, 

m 
2 

2 A’ exp{-(: + x$Dr3D/ldx 
n= 1 

L 
3 

A’ 

- B’ e x p 1 - G  + x$Dr$.) 

n= 1 

cosh[x(z + H)]sinh(xRD) 1 D f (x) = - 
2 2 

x AH sinh(xH)cosh(x) + cosh(xH)sinh(x) 

sinh(xR 1 AH sinh(xH)sinh(xz ) + cosh(xH)cosh(xzD) D D 
f ( x )  = 
3 2 

X AH sinh(xH)cosh(x) + cosh(xH)sinh(x) 

and when W and are both imaginary, 
1 2 

dx 

(41) 

(42) 

(43) 

( 4 4 )  

Here, too, if either “1 or w2 becomes real, then 6 

46 should be replaced by (i6 ) or (iv ) ,  respectively. 

or Yn in equations 45 and 
n 

n n 
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so lu t ion  f o r  s i n g l e  l a y e r  case 

The so lu t ion  f o r  a s i n g l e  l a y e r  aqu i f e r  with a p a r t i a l l y  pene t r a t ing  w e l l  

can be obtained from t h e  t w o  l a y e r  so lu t ion  by l e t t i n g  t h e  permeabi l i ty  of t h e  

lower l a y e r  vanish. Le t t ing  K2 = 0 ,  equat ion 22 becomes 

SJo(Sr)dS ( 4 7 )  

OD 

cosh[w ( z  - h 11 s i n h [ o  ( h  - 1 1 1 3  
1 1 1 1  

PU 2 sinh(wlhl 1 
1 1 2wLK PO 

' 0  

Using t h e  t a b l e  of t h e  Laplace t ransformation,  one can f ind  

sinh[w ( z  - h l ) l  

w 

sinh[w ( h l  - a ) ]  
s inh(wlhl  1 

1 1 

1 

OD 

nnR s i n  - h l )  5 c exp [-alt (- + t.)] s i n  nm(z - 
h l  h l  

n= 1 
h l  

I n t e g r a t i n g  equat ion 48 with respect t o  z g ives  

cosh[o ( z  - h l ) l  s inh[wl(h  - 211 
1 1 

2 s inh(wlhl  1 w 

m 

1 c exp [-ult  (5 + 5')1 1 s i n  - nTIa cos  nsr(z - h l )  
2 2  2u - -  

h l  h l  TI n 
n= 1 h l  

cosh[w ( z  - h l ) l  sinh[w ( h  - % ) I  1 1 1  

s inh (  wlhl)  L-l { 2 
P l  

nTrX n r ( z  - h l )  lL exp[-alT (- + 6 2 )  2ul c 1 s i n  - cos  

0 
h l  h l  TI n 

n= 1 

( 4 8 )  

(49  1 

dT (50) 





14 

Noting t h a t  both t anh(x )  and coth(x1 are almost equal t o  un i ty  f o r  a l l  values  

of x greater than 3 ,  t he  r i g h t  hand s i d e  of equation (52) may be s impl i f ied  t o  

cosh[du ( z  - h l ) l  s inh[wl(h ,  - a l l  1 
2 s inh(  wlhl 1 

Pw 1 

provided t h a t  w2hZ > 10 and wl(hl - X )  10. As a r e s u l t ,  under t h i s  con- 

d i t i o n ,  equation 22 may be w r i t t e n  as 

S J o ( S r )  dE 
- Q 1 cosh[wl(z - h l ) l  s inh[wl(h l  - !+)I 

Pw 2 1 sinh(w,h, 
0 

which is t he  same as  equation 47 which l eads  t o  t h e  so lu t ion  f o r  t h e  s i n g l e  

l aye r  partial  pene t ra t ion  problem. 

The above condi t ions  may be expressed i n  terms of dimensionless t i m e .  

Recall ing t h e  d e f i n i t i o n  of w w e  can write 2' 
- 2  

In  t e r m s  of dimensionless parameters, t h i s  becomes: 

€I2 tD < - 2 
1 O D r  

(53) 

Simi lar ly ,  t h e  corresponding condi t ion f o r  w (h  - X )  > 10 l eads  to:  1 1  

2 
(1  - 2,) 

(54 )  2 
D 1 O r  tD ' 

D. Condition (53) or ( 5 4 ) ,  whichever i s  smaller, g ives  an approximate value of t 

lit earlier t i m e s ,  t h e  aqu i f e r  behaves as i f  t h e  lower l a y e r  were absent .  
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Solut ion f o r  l a r g e  values  of t i m e  

To ob ta in  a so lu t ion  f o r  l a r g e  values  of t i m e ,  w e  s h a l l  examine the  case  

One may note t h a t  a t  l a r g e  values  of t ime, provided r >‘,l, when p i s  s m a l l .  

only small  values  of t make a major cont r ibu t ion .  
D 

Since s inh  x E x and 

cosh x z 1 when x < 0 .01 ,  f o r  s u f f i c i e n t l y  l a rge  values  of time and r > h i ,  

equation 22 may be s impl i f ied  to: 

m 

Jo(Cr)< dc (55 )  3 h K  W 2 + K W  2 ( h l  - i )  

h K W 2 + K,Wlhl 2 

1 2 2 2  1 1  
2 

2 2 2  P W 1  PW1 
0 

After  s impl i f i ca t ion  equation 55 becomes 

m 

Using t h e  t a b l e  of Laplace t ransformations one can e a s i l y  f i n d  

Equation ( 5 7 )  may be wr i t t en  a s  (Javandel ,  1979),  

Q 
4n(Klhl + K h 1 s =  

2 2  
1 

V 

where 
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In t h e  form of dimensionless parameters w e  have 

m 

Since we are dea l ing  with l a r g e  values  of time, equation 59 may be approxi- 

mated by 
2.25(1 + T2/T,)  

1 + s2/s1 l0gtD + l o g  
2.3 

N S N 

1 + (T2/T1) Dl 

(60)  

This i s  a very i n t e r e s t i n g  r e s u l t  because it i n d i c a t e s  t h a t  a p l o t  of dimen- 

s i o n l e s s  drawdown, S , versus dimensionless t i m e  on semilogarithmic paper 

w i l l  become a s t r a i g h t  l i n e  when t h e  pumping t i m e  becomes s u f f i c i e n t l y  l a rge .  
Dl 

The s lope of t h i s  l i n e  i s  

2.3 m =  
1 1 + T2/T 

and t h e  value of t corresponding t o  s = 0 i s  
Dl  D 

1 + s2/s1 
- 

tD - 2.25(1 + T2/T1) 
0 

(61)  

provided r > 1. Although equation 62 holds f o r  r > 1, (61 )  i s  t r u e  f o r  a l l  D D 

values  of r Another important r e s u l t  t h a t  one be drawn from equation 58 i s  

t h a t ,  i f  w e  introduce a new set  of dimensionless d e f i n i t i o n s  f o r  drawdown and 

D* 

t i m e  i n  t h e  following form: 

and 
... t ( T 1  + T 2 )  
t =  

D r 2 ( S 1  + s2)  

then  plots  of versus  
D Dl  

1 S (63)  

(64 1 

f o r  two-layer aqu i f e r s  a t  l a r g e  values  of t i m e  

w i l l  be paral le l  t o  t h e  Theis curve. 
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WELL OPEN IN THE LOWER LAYER 

When t h e  pumping w e l l  i s  open along t h e  length  9. a t  t h e  upper p a r t  of'- 

t h e  lower l a y e r  (Fig.  2), then  fol lowing t h e  same approach as above, one can 

e a s i l y  f i n d  t h e  so lu t ion  i n  t h e  Laplace t ransform domain of each of t h e  t h r e e  

d i v i s i o n s  as  given b e l o w .  

sinh[w (h ,  -k)]  [K w coshw h coshw z-K w sinhu z s i n h w l ~ l l + ~ , w 1 ~ ~ ~ h w l ~ l ~ ~ ~ ~ ~ ~ 2 ~ z t . h 2 ~ ~  
2 2  2 2  1 1  2 1 1  2 

m 

cosh[w ( 2  + h 2 ) l  
2 - 

2n XK2 2 

-K w sinhw h + K w s i n h  h c o s h  9. + K w coshulhlsinhw2R . 1 1  1 1  1 1  1 1  2 2 2  
FF(wl, w2) 



1 8  

XBL 797-7574 

Figure 2. Schematic diagram of a two-layered aqu i f e r  w i t h  
a p a r t i a l l y  pene t r a t ing  w e l l  open only i n  t h e  
lower layer .  

It can be e a s i l y  v e r i f i e d  t h a t  equat ions 65 through 67 s a t i s f y  t h e  

appropr ia te  boundary condi t ions  of t h e  problem. The Laplace invers ion  of t h e  

above expressions can be r e a d i l y  obtained through t h e  same procedure discussed 

above. f o r  example, no te  t h a t  t h e  nonremov- 

ab le  zeros  of t h e  denominator of t h e  integrand a r e  p = 0 as  w e l l  as a l l  t h e  

roots of FF(w o ) = 0 ,  which have a l ready  been discussed above. F ina l ly ,  t h e  

so lu t ions  f o r  s s and s i n  t h e  nondimensional form a r e  

I n  regard t o  t h e  invers ion  of s 1' 

1' 2 

1' 2' 3 
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where 

A A A A A A  A -  A A  A A  A A  A A  

sinh[x( 1 - k 1 1  [cosh(xH)cosh(xz )-(H/A)sinh(xz )sinh(xH)] + (H/A)sinh(xH)cosh[x(zD+l 1 3  
D D D 

A -  

cosh ( xH ) sinh ( ; ) + ( ;/A ) sinh( i; ) cosh ( ;; ) 
cosh[s(i + l)] 

h D 
-2 

. K (XI = 
3 

and when o and w are both imaginary, 
1 2 
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+ y n 2 cos0 n COSY n ( 1 +  +)I (77 1 

I f  ei ther W 1  o r  W z  becomes real  then 6 or Y 

should be replaced by ( i t 5  1 o r  ( i Y n ) ,  r espec t ive ly .  
n 

i n  equat ions 74 through 77 n n 

Examination of equation 66 r evea l s  t h a t  i f  w e  l e t  t h e  permeabi l i ty  of t h e  

top l aye r  vanish,  t h e  so lu t ion  f o r  s converges t o  t h e  one f o r  s ing le- layer  
2 

partial penet ra t ion .  However, i n  t h i s  case, due t o  the  d i r e c t  con tac t  with 

t h e  top l aye r ,  t h e  so lu t ion  a t  small  va lues  of time cannot be c lose ly  approxi- 

mated with s i n g l e  l a y e r  so lu t ions  unless  t h e  ra t io  of K /K i s  very small. 
1 2  
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CONCLUSIONS 

Analytic so lu t ion  t o  t h e  problem of t r a n s i e n t  flow toward a p a r t i a l l y  

pene t ra t ing  w e l l  i n  a two-layered aqu i f e r  has been presented. A so lu t ion  has 

been given f o r  both cases:  

a s  t he  case when t h e  w e l l  i s  open i n  t h e  lower one. These so lu t ions  e a s i l y  

lend themselves t o  numerical evaluat ion.  It has  been shown t h a t  t h e  so lu t ions  

would reduce t o  t h e  case of s i n g l e  l aye r  p a r t i a l  pene t ra t ion  once w e  al low 

t h e  permeabi l i ty  of t h e  nonperforated l aye r  t o  vanish. Asymptotic so lu t ions  

for  s m a l l  and l a r g e  values  of t i m e  have been deduced from t h e  transformed form 

of so lu t ion .  Furthermore, it was shown t h a t :  

when t h e  w e l l  i s  open i n  t h e  upper l aye r  a s  w e l l  

( 1 )  t h e  behavior of t h e  pumped l a y e r  a t  e a r l y  t i m e s  is  exac t ly  s i m i l a r  t o  t h e  

behavior of a s ingle- layer  aqui fe r ;  

( 2 )  f o r  l a r g e r  values of time t h e  p l o t  of dimensionless drawdown s versus  
Dl  

dimensionless time t on a semilogarithmic paper becomes a s t r a i g h t  l i n e  

whose s lope i s  only a funct ion of t h e  r a t i o  of t r a n s m i s s i b i l i t y  of the 

two layers .  

D 
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NOTATION 

Dimensions 

-- 
K2h 1lKlh2 

a2/a1 

thickness of the top layer 

A 

D 

L 

L 
h l  

h2 
thickness of the lower layer 

h2/h 1 

d h 2  

Bessel's function of the first kind and zero order 

H 

H 
A 

Jo(x)  

K K  

R 
1' 2 

permeability of upper and lower layers, respectively 

L depth of penetration 

RD 

RD 
A 

L-1 

1 

R b 2  

Laplace transform inversion operator 

T' Laplace transform parameter P 
L ' j / ~  rate of discharge 

radial distance 

Q 
L r 

'hl 
r/h 

drawdown of different layers 

D r 

rD 

i 

A 

S 
L 

4'fR h s /Q, dimensionless drawdown l l i  S 

Di 

4lW h s /Q, dimensionless drawdown 2 2 i  
A 

S 
Di 
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.., 

1 
SD 

sl' s2 - 
S 
i 

i 

- - 
S 

t 

t 
D 

A 

tD 

T1' T2 

-. 
t 
D 

X 

A 

X 

Z 

Z u 
A 

Z 

W C L  
1 '  2 

n b 

''n 

4 

1 

2 

UJ 

w 

4n(T1+ T 2 ) s l / Q  -- 

s torage  c o e f f i c i e n t  of t h e  upper and lower l aye r ,  r e spec t ive ly  

Laplace transform of s. 
1 - 

Bankel transform of s 

time 

u t/r , dimensionless time 

cr2t/r , dimensionless t i m e  

i 

2 

2 
1 

L t ( T  + T )/r ( S  + S 1, dimensionless time 

t r a n s m i s s i b i l i t y  of t h e  upper and lower l aye r ,  respec t ive ly  

1 2 1 2 

&h l ,  dummy va r i ab le  

Eh2, dummy va r i ab le  

v e r t i c a l  coordinate  

z/h 

z/h2 

d i f f u s i v i t y  of l a y e r  1 a d 2, respec t ive ly  

2 2 2  2 2 %  
h,[a2/al(%/h2 + u 1 - u 1 

roo t s  of c h a r a c t e r i s t i c  equation 2 8  

Hankel transform parameter 

i d h  

i V h 2  

L-1 
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