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t' 

Ronald S. Longacre t 

Lawrence Berkeley,Laboratory 
. University of California 
Berkeley, California 94720 

October 1973 

ABSTRACT 

, 
Starting with partial wave amplitudes for iTN ->- Nll' and 11'N - sev-

eral isobar model states of Nll'll', we are -able to. apply the constraint of 

unitarity (using the K-matrix). This permits the removal of the overall 

< phase ambiguity of the,isobar amplitudes at each energy. The K-

matrix fits generated a smooth prescription for the T-matrix amplitudes, 

enabling us to search the complex energy plane for poles., The uniquen

ness of these poles was d~monstrated by doing Breit-Wigner refits to 

the fitted T-matrix amplitudes. The success of the refits and the ob

vious int~rpretation justified a ~imple determination of coupling signs 

for which there can be checks with theory. This thesis corresponds 

'closely to a forthcoming paper submitted to Physical Review. except 

that here the K-matrix is based on a 19,72 solution "A" isobar-model 

fits to NiTTT data, and in the final paper we use solution "B. " 

t' , 
Present address: D. Ph. P. E., CEN Saclay, 91 Gif-Sur-Yvette, France.' 
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1. INTRODUCTION 

1.1 Recently partial wave amplitudes in the context of the isobar 

model have becoIfle available for the reaction lTN - NlTlT.1 Here we 

present the results of a K-matrix fit to both these amplitudes and the , 

1 t
o" • d 2,3 e as IC amphtu es, lTN -+ lTN. In addition we extract from the ampli-

tudes of the K":matrix fit resonance parameters (mass, widths, 

coupling s, pole s). 

NlTlT partial wave analysis
1 

spans the center'-of-ma~s (co m. ) 

energy l' ange130? < E < 2000 MeV, except for a 100 -MeV gap 

1540, < E < 1650 MeV, where the data are not yet available to us. We 

utilize the data in the most efficient manner, making simultaneous 

maximum l~kelihood fits 
4 

to the three major channels at each energy: 

- + -IT p- IT IT n, 

- IT -lTop, IT p-

- + 
IT p- IT lTop ,.. 

The inelastic partial wave cross sections we obtain are in excellent 

agreement with the predictions from elastic phase shift analyses 

(EPSA). 2,3 

The isobar final states that we have' specificilly considered are 

lTN - lT4 

P N s 

-+ EN. 

The subscript s refers to the spin of the pN system (s = 1/2 or 3/2), 

referred to as P1 or P3' Since between the energies 1.3 to 2.0 GiN NlTlT 

is the most important inelastic reaction, it is fruitful "to use unitarity 

to describe both elastic and inelastic processes together. For this 

purpose a coupled channel K-matrix equation was used, We assumed 

one could describe the resonant states as poles in the K-matrix and 

I 
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then fit for the pole position and residues. Where the data indicated, 

th~ need for large additional" co~tributions, we adde,d the appropriate' 

poles, thus providing additional evidence for poorly established reso-

nance sta~e s. 

Another motivation for doing the K-inatrix fits was to de~ermine 

the one overall phase at each energy of the isobar amplitudes. Once 

this phase is'determined, Argand diagrams are then possible .and we 

can establish .the relative ~ignsof the couplings for different channels 

and resonances from resonance region to resonance region. 

Finally the p"roblem of determing relia'ble resonance parameters 

from the amplitudes of the K-matrix fit is discussed. Several different 

ways of estimating resonance parameters, notably the widths, 'are con

sidered. 

1.2 Relation between this thesis and a forthcoming paper: 

This thesis is the same as the Physical Review paper except for input 

isobar amplitudes, some tables, and appendices. The input isobar 

amplitudes for this thesis come from unpublished LBL/SLAC partial 

° 1 4 5 
wave analysis r~ferences. ' , 

2. K-MATRIX FORMALI::iM 

In this section we will discuss how three"-particle cross sections 

can be described in ter~s of the isobar model amplitudes. We also 

discuss how an integral K-matrix equation can be reduced to analge-

" bratic equation. Furthermore we introduce the parametrization of our 

K-matrix which is used to describe. simultaneously NlT -+ NlT and 

NlTlT -+ NTTlr partial wave amplitudes. 

The cros s section for 2 -+ 3 particle processes in our normaliza-

tion is 
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(1) 

where P is overall four-momentum and q. is the four-momentum of 
1 

the gh particle in the final state: 

qi = (e i , qi)' (2) 

F is the M~ller invariant flux factor: 

(3) 

Here, Q
1 

is the c. m. mome'ntum of the beam particle and.JS is the 

c.m. energy of the system. Finally T 23 is the invariant matrix ele

ment for the Z - 3 particle process. 

We are interested in the cross section 'of an incoming angular mo-

ment.um state and want to use the isobar model amplitudes determined 

in Ref~ L We follow the notation of Ref. 1. The three -particle fillal 

state has four independent varia,bles at each value of s. Let us choose 

them to be two diparticle masses (squared) (s and s ) and two angles 
n m 

(8 and <1». We will denote these variables as a vector <:i. We then 

assume T Z3 «(;) to be, a sum of contributions from isobar partial wave 

amplitudes, 

where the subscripts include both isobars (.6., p,E) and partial wave 

(JP) indic~~. For details see Ref. 5. Inserting this partial wave 

(4) 

decomposition into Eq. (1) and integrating over the angles 8, <1>, we find 

+ ~ ~'JT J1* (s ,s) n m n n 

n-:/ 

cl>.T T 1
J 

(s ,s) ds ds J' nm m m n m 
(5) 
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where n is the value of k which is fed by a single incoming wave J, 

Q
1 

is the beam momentum, Q the isobar momentum, and q the 
n n 

momentum of the iS9bar decay products. (Q1' Qn are in the center of 

mass, but qn is evaluated in the isobar rest frame). Finally the <1>~m 

are the usual recoupling coefficients (Ref. 6 and Appendix C i~ Ref. 13). 

We ha,ve completely changed the subscripts and introduced the following 

notation: T~n represents the partial wave amplitude from the Nrr state 

(labeled 1) to a final state n, formed by an isobar (the !!th isobar) and 

remaining particle. Notice that we have not yet integrated over the 

diparticle mass (Dalitz plot) s ,s . 
n m 

We now introduce a K-matrix representation for T. Graves Morris 
7 

has shown that given an amplitude T. f(P. , qf ), where i is the in-
1 101 13 

coming state of up to three particles (a:s 3); f is the outgoing state of 

up to three particles (13 :s 3), and'p, q are the four-momenta of the 

particles, one can write a function K. f(P. ,qf ) which is free from all 
, , 1 101 13 

two particle cuts and is related to T. f(P. ,qf ) by an integral equation. 
1 101 13 

i(J 
T, f(P. ,qf ) - K. f(P· ,qf ) = 2m~1 J rr 

1 101 13 1 101 13 ' k=1 

d 3; 
k 

ZE
k 

T. ,(p, ,P I 
'1m 1 m, 

01 (J 

(6) 

If K. f(P, ,qf ) is Hermitian then T i f(pi ,qf ) is unitary. [This is shown 
1 101 , 13 - a 13 

from Eq. (13)]. If we expand Tif in a partial wave decomposition as 

we did above, we obtain (y = two-body; j,k = three-body states; 

1 -+ several n isobar; and f -+ several m isobar for a given? state) 

+"'2 

Q 
~ T J ,-.::L K J 

"2 y ny 4..[5 "1 m 

J J 

J
T .Q.q',K, 

~ nl J I Jm 

j 4..[5 4~ 
J 

i J J J J ds), + T ~ ~ T, cl>'kKk ds,' dsk , 
, ' j k nJ) m, J . 

, j-:fk (7) 
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If we include the stable two-body states and also the diagonal elements 

of the three-body states in ~~)( we may rewrite Eq. (7) as 

T - K = -2 l; . T ~,K, ds ds, J J i }J J J 
nm. nm , '{>-., n'{ '{I\ I\m· '{ f\ 

(8) 

J 
here the stable two-body ~'{>-. are 

For the diagonal three-body states we will'still use the subscript '(I 

and they be come 

J Q>-.q>-.o >-.o(s -s>-.) 
JfI. _ V V 
'" >-. -

(10) 
'{ 4.JS 4~ 

Hen'ceforth we shall discuss a single partial wave. ,so we will drop the 

superscript J. 

As 'it stan,ds. Eq. (8) iS,an integral equation. We shall now make 

certain factorization assumptions that will reduce Eq. (8) to a matrix 

equation. , It is clear that a matrix equation will be easier for practical 

calculations (i. e .• fitting the isobar amplitudes). Indeed, the fac,toriza-

tion assumptions we make are already inherent in the isobar model._ As 

in the is obar model, ,we as sume T al3 to factor: 

* T 0:13 = 'T al3 fa ,fl3' • (11) 

where f depends on barrier factors and final state factors of the iso
a 

bar decay and 'T al3 is only a function of s. 

In addition we assume K A can be factored in the same way: 
a~ , 

* Kal3 = kal3 faf l3 • (12) 

where kal3 depends only upon s and is free from all branch points. In 

the spirit that the isobar model is describing particle states, we shall 

take ka~ to be a real function of s (or W = ...ra). If the several final 
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state resonance bands did not overlap, then a'real k-matrix implies a 

symmetric T -matrix. 

We can reduce the integral Eq. (8) to a matrix equation by substitu-

tion of Kal3 and T al3; we thus obtain 

'Tal3 - kal3 = i ~>-. "-a'{D.'{>-. k>-'I3' (13) 

"-
where for- stable two-body states 

_ Q>-.o >-.If>-.12 
D. '{ = ---:';...-.JV....:..;...--:..;.._ 

>-. 4.JS 
(14) 

i. e., diagonal with value proportional to Q times barrier. and for three-

body states 

, (15) 

one easily shows that Eq. (13) implies the usual unitarity relation. 

'T - 'T + = i'T + A'T; see Appendix 1. 

We now discuss the barrier factor f>-." For the terms which only 

involve stable pa~icles. we aS,sume that If~12 is the Blatt--Weisskopf8 

barrier factor. Our confidence in these factors has recently been in

creased by Von Hippel and Quiqq, 8 who showed that they can be derived 

from general properties of spherical harmo-nics and are not limited to 

square wells. But since our isobar. dges not have a fixed mass, we have 

to'take its production barrierBa (Qa' ~a) weighted over the Dalitzplot. 

To be consistent with the isobar model used to obtain the amplitudes, 

we describe the final state interaction by the Watson final state interac
io 

, ( a , < /1+1/2)W hon e Sln u ,q . 
a a a 

The 0 is the phase shift for the elastic a 

scattering amplitude A , representing the a isobar (lTN - lTN or. lTlT - lTlT), . a _ 

-h 1+1/2 , . 1 h' f' h b were qa 1S approx1ma,te y t e square root 0 : qet 'hmes t e arrier 

for the elastic scattering. For a complete s -channel diagram showing 

all important factors see Fig. 1. Theref6re, the form of f becomes 
a 
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(16) 

where Ba is the square root of the Blatt- Weisskopf barrier, La the 

production angular :mornentu:m of the isobar, and Q a the c. m. prod~ction 

:momentum of the isobar. 

For the stable two body, f is equal to Band W is equal to one. a a a 

In the case of the is'obar, W becomes 

w = a 

a 

A (s ) a a 

'B2(q ,1 ) 4"rs-
a a a a 

2 (m
1
+m

2
) 

,1/2 ' (17) 

where Aa is the elastic scattering Argand amplitude [0 < I Aa I < 1 ], I 

B (q ,.£ ) is the square root of the Blatt-Weis skopf barrier for for:ma
a a a 

tion, q is the c. in. :mo:mentu:m of particles that :make up the isobar, and 
a 

1a is- the angular-:mo:mentu:m,of the particles that :make up,the isobar. 

The nor:malization is done because we treat Wa as a weighting function. 

For the Aa we take a Breit- Wigner for:m, 

If we define 

where E 
a 

Er~-.JS":, -i'( q B2(q ,1 ) 
~ ~ aaaaa 

A (E ) 
T (E ) - a a 

a a 1/2B ( .£)' 
q a qa' a 

rs then f becolnes 
a a 

(1S) 

(19) 

-S-

(20) 

In our Breit-Wigner form [Eq. (1S)] Er and'{ are constants given in / 
a a i.. 

units of pion masses. See Table I for a list of values used. 

The diagonal terms of the ~ :matrix beco:meforisobar a, 
" 

~ = aa (21) 

We see that the nor:malization was chosen so that L1 is essentially an 
, eta ' 

average ofQ B2 / (4.[5), which is a di:mensionless quantity. Therefore , a a ' 

Ka(3 in Eq. (13) is a di:mensionless nu:mber, and in fact the whole 

Eq. (13) is di:mensionless. 

In this paragraph we give an alternative prescription for L1 which 
aa 

we did not use. This prescription will only change the K-matrix pa-

rameters and not the T-matrix which we fit to. One can think of the 

isobar being d~scribed by a relativistic Breit- Wigner resonance where 

the" typical" fIlomentum of the is~bar is given by / 

Q 
a 

(22) dE 
a 

, 
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The Breit-Wigner is 'normalized all the way out to .[S = 00 such that 

00 

In this case, ~aa would become 

r2 
total 

q 
~ dE = N. 2 a 

(23) 

Qq 
~B2dE . 

2 a a 

, (24) 

In making this assumption one is relying on the fact that as the width of 

the Breif- Wigner goes to zero it beconies a delta function. We have 

chosen our particular definition of ~aa' Eq. (21), because it depends 

on the measured Argand amplitudes and is independent of model assump-

tions, unlike Eq. (24). 

We assume that kaf3 is real with, no bran~h points and can be des

cribedby simple factorizable poles (which represent the formation of 
• f. 

'N~ resonance) plus nonfactorizable background terms which are poly-

nomials in,,[S. The K-matrix program Kanal which was written to do 

the fits had the possibility for three regular poles and a background 

linear in ,,[S '(which from now on we will call W).' That is, 

3 

k = \ 
af3 ,L 

r=1 

(25) 

-10-

We may express the cross section in terms of the reduced ampli

tudes T 1n' Starting with Eq. (5) and taking only one part,ial wave and 

isobar, we obtain 

By substitution of Eq. (11) and (20) into Eq. (26), we get 

(11n(W) IT (H ~) 
16Q1 W

2 
q 
2.. dE 

2 n 

Noting that T 1~(W) and B~are independent of En' this becomes 

(1,1n = 4~ 2 (H ~)hn(W)12 ~11 ~nn' 
1 

If the partial-wave S-matrix is defined by 

S p.= li ~+2iA p." 
,at-' at-' at-' 

the cross section is given by , 

4lT(J+ I) 1 A1n 12 
(1 = 

1n , Q2 
1 

Therefore, 

(26) 

(28) 

(29) 

(30) 

(31) 

The A
1n 

amplitudes are the results of the isobar-model fit to NlTlT,t 

and the Ai1 amplitudes come from" EPSA" (elastic phases shift 

analysis) .. 2,3 The program Kanal was ~ritten to fit the A's by a X
2 
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method, using the K-matrix parametrization of Eq. (Z5). 

Before leaving the K-matrix formalism we indicate how we dealt 

with the fact that there are two delta isobars in the NTTTT final state 
/ ' 

(NTT 1'TT Z = A
1

TT
Z 

+ AZ'TT1). ,Vfe treated them as separate channels with the 

same coupling. This coupling was 'VA /..rz where 'V A is the total delta 

coupling. Once we calculated the T's for the individual delta's, we 

added the amplitudes together as 

3. DETERMINATION OF THE OVERALL PHASE AND 
SCALING OF ERRORS 

(3Z) 

In this section we discuss how we use the K-matrix to scale our 

statistical errors to more reasonable values. We also show how the 

intrinsic overall arbitrary phase of our is'obar model amplitudes, at a 

given ~nergy can be removed by the K-matrix. 

3.1 Scaling of Errors 

In order to use the K-matrix, we needed to supplement our NmT 

amplitudes Ain with elastic amplitudes AU' Two sets- were available, 

those of CERNZ and those of Sac1ay. 3 We made two separate fits, one 

using A11 (CERN) and one using A11 (Sac1ay). However, it is well 

known that the deviation between the two solutions are greater than the 

statistical errors; so we used larger errors in these fits. The errors, 

6 (Ai1 ). were calculated by taking the rms (root mean square) deviation 

between the two A11 solutions. For a few waves at some energie s this 

external error was too sITlall. so the statistical error claimed by Sa clay 

analysis was used [no statistical error is quoted by CERN
2

]. For the 

inelastic errors it would be nice to again use external errors. However, 

our analysis is the only existing inelastic analysis available. Instead of 

-12-

usl"g our statistical errors which w~ felt were too small, we decided 

to Kcale our errors so that the inelastic and elastic data would con

tribute equally to the overall multichannel X
Z 

For the p~rpose of 

scaling, errors w~ wanted to select a wave (or waves) that has one clear 

resonance in the elastic phase shift and where our inelastic fit is in', 

good agreement with the elastic phase shift prediction. Resonances in 

the 1500-MeV region are not good candidates. because we are missing 

* inelastic data from 1540 - 1650 MeV. Resonances in the 1900 MeV are 

also poor candidates, since we have limifed ourself to F waves in our 

model. This means we were unable to satisfactorily describe the 

peripheral production of pions, that become important in this energy 

region. 1 The 1700-MeV resonance region seems ideal. In this region 

there are four resonance~ that ar.e clearly seen in the EPSA: the S31, 

D33, D15. and F15. Since S31 and D33 resonate 'near 1650, they cannot 
/ 

be used because of the energy gap (see footnote). The D15 is not in as 

good agreement with EPSA as the F15. ,For this reason we only took the 

2 - 2 1 .. K t' f't F15 wave to scale x -elastic with x -ine ashc In our -ma rlX I s. 

The procedure was to adjust !~e errors on the inelastic amplitudes 

for the F15untH the X Z per energy bin was equal for the elastic and the 

inelastic contributions. We used only one pole and a constant background 

as parameters in the K-matrix and fit in the F15 partial wave energy 

region from 1585 to 1810 MeV with the inelastic amplitudes have .one 

free phase at each energy. Notice that at this' point we are only using the 

K-matrix to describe the moduli 01 the inelastic amplitudes. 

"'In our isobar model fits, we had a complete set of NTTTT data from 

1310 - 1970 MeV except for a gap of data from 1540 - 1650 MeV. 

if 
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When we first fit with external errors on the elastic and raw sta-

'b ' 2 tistical error on the inelastic. by. far the greatest contn uhon to X 

the inelastic channels. As we scaled up the statistical errors on the 

inelastic amplitudes. the X 2 began to shift to the elastic channel. At a 

scaling of three on the inelastic errors the X 2 per bin of energy became 

equal for the elastic and inelastic contributions. Three seems like a 

large factor. However. if one looks at the statistical errors quoted by 

. . 3.' 
Bareyre at BataVia and compares them with the externalerrors. one 

also finds a factor of from 2 to 4. So for the rest of the partial wave fits, 

we used three times tl1~ statistical errors for the iriela'stic amplitude 

and the external errors for the elastic. 

3.2 Overall Phase 

, At each energy all the inelastic amplitudes are well determined 

,j with respect to each other but have an overall arbitrary phase. With 

the unitary constraint relating the elastic amplitudes to the inelastic 

amplitudes. we are now in a position to determine this phase at each 

energy. For this purpose we only consider dominant partial waves. 

See Fig. 2, which shows (1-1l) for the dominant waves. The D15 and 

the F15 which are two such. d<;>minate partial waves in.the energy 

region from 1585 - 1810 MeV; they show good resonant motion in the 

elastic channeL so we expect to see motion in the inelastic channel.. 

This was our starting poin:t for determination of the overall arbitrary 

'phases in this energy: region. 

Our fitting program (Kanal) had the ability to fit with an unknown 

overall phase <Pi at the Eh energy bin for the inelastic data. First we 

obtained a solution forF15, and D1S from 1585 to 1810 MeV (8 elastic 

+ 5 inelastic bins). _Here'we used a single pole, and. a constant back-

ground as Pcarameters in the K-matrix, with a free phase at each energy. 

-14-

This fit was performed separately for both C.ERN and Sac1ay EPSA 

solutions for the elastic channel. Th:is gave us five phases for CERN 

D15 and five phases for Sac1ay D15; we also had the same number of 

phases for Ff5. At this point we have four sets oCpha,ses at each 

energy. We want to r~duce' these four sets to only one set of phases 

that will equally describe the data for the different inputs: D15 (Sac1ay). 

F15 (Sac1ay). Di5 (CERN). F15 (CERN). We accomplished this goal 

through an iterative process. 
, ' 2 ' 

First we minirilized the total D15 CERN and D15 Sac1ay X by in-

troducing a single parameter Y. It had the property that if Y = O. the 

phases are equal to D15 CERN phases, and if Y ='1. the phases are 

equal to D15 Sac1ay phases. The specific parametrization of the <l>i 

in terms of Y was 

<Pi = <p(D15 CERN)i + Y (<p(D15 Sac1aY)i - <p(D15 CERN)i)' (33) 

We assumed that X2 1 (sum of tw~ X2) is a quadratic function of Y: 
. ~~ , 

(y_y2) t X2 (0) (2y2 _3Yt1). 

(34) 

where X 2(1) is the true total X 2 at Y = L X 2.(1/2) is the true total X 2 at 

Y= 1/2 and X 2(0) is the true total X 2 at Y =0. The solution to the 

2 
quadratic equation~ (34) that minimizes total X is 

Y _ X 2(1) - 4x 2(1/2) + 3x 2(0) 

- 4X 2 (1)- 8X 2 (1/2) + 4X 2 (0) 
(35 ) 

By going through this procedure we arrived at one set o£.phases 

that minimized X 2 for DiS CERN and D15 Sac1ay. The same procedure 

was repeated for the two sets of Fi5 phases (CERN and Sac1ay). We 

thus reduced the four sets of phases to only two. A final iteration using 
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Eqs. (33) and (35) yielded one set of phase·s. See FI'g 3 h' h ' • • W IC gives 

~ flow diagram. of this iterative process. 

Next we looked at the F35 and F37 waves which went from. 1730 to 

1970"in energy. In the overlap region (1730 - 1810) we m.inim.ized all 

four waves. each with-two com.binations. leaving the 1850 - 1970 phases 

free for the F35 and F37. However. this procedure did not change the 

overlap phases very m.uch from. the valves obtained by just considering 

D15 and F15. 

After finally arriving at a set of phases from. 1650 to 1810 we de

term.ined the phases from. 1850 to 1970 just using F35 and F37. wher~ 

one pole and constant backgr'ound were again used in the K-m.atrix. 

Thus. we were able to arrive at nine phases for our nine upper energies. 

We then turned to the lower energies from. 1310 to 1540. In this 

region theD13 and P11 are dom.inant waves and are ideal for determining 

the phases. The problem. here. however. was to find a solution that 

would continue across the energy gap. The D13 at 1540 is very in

elastic, but by 1650 it is no longer very inelastic. On the other hand. 

the P11 stays very inelastic all the way through the energy region. For 

this reason the P11 was the only partial wave that could be used to m.ake 
" 

the connection across the gap. Once we continue across the gap we m.ay 

use, as above. both D13 and P11 to determ.ine phases below the gap, 

With the upper energy phases fixed on the values determ.ined above. 

we param.etrized the K-m.atrix by two poles and a constant background. 

The pole positions in the K-m.atrix were initially set and held at 1490 

and 1770 MeV (nom.imtl positions of P11 resonances), and the lower 

phases where left free to vary, We fit over the entire energy range 

from. 1370 to 2010 MeV in order to continue across the gap. This gave 
J 

us a solution which was alm.ost the sam.e solution as the final onc for the 
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Pit given in this paper. We later added a linear term to the back-

ground and let the pole positions in the K-m.atrix vary. 

At the 1972 Batavia conference. Bareye
3 

announced thatJhere m.ay 

be two P11 resonances, one at 1390 and another at 1540. This possi

bility could spoil our ability to bridge the gap. 

If we assu~ed another re~onance at 1540; it, m.ight create an addi-

tional 180· rotation across the gap in our Argand diagram.. To test this 

we added another pole and rotated the upper energies by 180·. The re-
r ' 

, 2 
suIts of the fits are shown in Table n. We see that X per degree of 

freedom. is worse with the extra pole. 
2 

Also the X of- the elastic chan-

ri~l alone is worse. In fact the increase in X 2 for the elastic channel 

comes from. the energy region. where we are m.issing inelastic- data. 

For these reasons we have rejected the-1540 resonance of the Pi1if we 

consider it would cause a 180- flip of our upper energy solution with re-

~pect to our lower energy solution. When m.ore inelastic data become 

avc:ilable. a m.ore precise statem.ent can be m.ade about the second P11 

resonance. 

Having provided a continuation across the gap. we turn to the' D13 

solution which was also fitt~d in the sam.e range (1310 to 2010) as the 

P1t. For the D13 we used three poles and a constant and linear back-

ground. At this point the lower phases were determ.ined with essentially 

the sam.e procedure as was used in the upper energies [Eqs. (~3) and (35)]. 

However. we broke the lower region up into two regions to give m.ore 

2 
flexibility to our sim.ple m.odel of :tninim.izing total X (Notice that there 

are nine energies below the gap and nine above. ) 

4. K-MATRIX FITS 

In this section we give the results of the K-m.atrix fits. 

In order to fit the K-m.atrix to ,the elastic and inelastic am.plitudes. 

; 
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we used two different~minimizing methods, one due to Rosenbrock 9 and 

the other to Davidon. 10 When the fit was fa~ away from solution wt",' 

2 
used the Rosenbrock method, which was more economical. As the X 

came close to a minimum the Davidon method was use~. This method 

converges simultaneously toward the minimum and toward the true 

variance matrix (error matrix)., 

For a summary of the results of the K-matrix fitting, see Table III, 

2 
where the X ' energy range, K-matrix parameters, pole position, and, 

partial widths ,are listed for each wave fitted by the K-ma~rix. In 

Fig. 4 we display Argand diagrams and partial wave cross sections for 

the elastic and inelastic channels. The smooth curve on th.e Argand 

diagrams is the amplitude obtained from the K-matrix when the de-
, , 

scription was possible. For the P31 and the P33, we did not try; to 

make a K-matrix fit, .because there was no evid,ence for resonances 

and we did not ~ee all the inelasticity N1T1T channel. Cross -hatched 

marks on the,curve correspond to energies D, E, and F, etc. The 

arrows indicate the known resonances from EPSA. 2,3 To the right 

inelastic Argand diagram, we give the variation with energy of the 

square mod~lus of the wave. The total inelastic contribution in each 

elastic wave is compared with the sum of the inelastic contributions 

( +) we observe (* ), where the ,elastic amplitudes are those of 

CERN. 2 All Argand diagrams are now determined to Within one overall 

sign. We have chosen the APP11-to be up. 

5. POLES IN THE T-MATRIX 

In this section we discuss how Eqs. (13) and (11) are analytically 

continued into the, complex energy plane. This continuation naturally 

leads to an analytic T-ITlatrix except for complex branch points associ-

ated with the isobars and poles due to S-channel resonanCeS. 
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5.1 Kinematics 

Once the K-matrix fits were completed, we searched in the complex 

energy plane for poles which are identified with the different resonance 

states. Because the K-matrix generates simple poles in the T"':matrix, 

the residue of the pole is factol'izable. A simple p~oof of t?is is given 

in Appendix II. 'The residue ITlatrix of the T-matrix pole is identified 

with the coupling of the resonant state to the different channels. One 

would like to relate this coupling matrix with the usual partial widths, 

r of the resonance. The partial width is equal to the coupling times a 

kinematic factor. The question is, sho~ld this kinematic factor be eval

uated at the pole or on the real axis? We decided to take the kinematics 

calculated on the real axis, because for a simple Breit-Wigner with 

narrow width, the partial width will be more real and the sum of ,the 

partial widths will be closer to the total width. See Appendix .g:r. 

5.2 Analytic Continuation 

In order to search the complex energy plane for poles, we had to 

continue analytically the Amn ITlatrix into the complex plane. The off

diagonal terms of Amn matrix tu'rn out to be fro~ 5% to 20% of the 

diagonal elements. Also they do not seem to add any additional analytic 

sheet structure, and it is very tiille-consuming to evaluate them many 

times. When we did the pole search, therefore, we set the off-diagonal 

terms of the A matrix to zero, ITln 

In order to continue the Amn matrix, to compleX'ellergy W, we have 

to do a contour integration.in the cOITlplex diparticle mas s Ea plane re

lated to a given isobar. Equation (21) 
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Q q 
~B2dE 

2 a a 

(36) 

When we are on the real axis, all terms in the integral are real. Since 

we want all terms to be analytic in E , we must be able to expand them a -

in a Taylor series with real coefficients as a function of "Ea' 'Every 

term in the integral is obviously analytic except 1 TO' 12. However, we 

know that TO' is analytic. In fact, TO' can be related to a function rna' 

which is free from cuts, by 

T = 
a 

1 (37) 

Recall that TO' is essentially the 2 - 2 scattering amplitude, so that rna 

is an inverse K-matrix. Therefore. 1 T 12 can be written as 
a 

which is obviously analytic. 

5.2.fThe Pole in 1 Tal2 

(38) 

Next we derive Eq. (41) to show that I TO' 12 has a pole. and that it 

occurs exactly where the sheet II pole o~curs for the amplitude T 6f 
. a . 

Eq. (37). We use the standard definition of sheets; the imaginary part 

of qa > 0 [< 0 ] corresponds to she~t I [II]. Therefore, dropping the 

a index, we have the usual relationships: 
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1 

* * = - qlI (E ). (39) 

From Eqs. (38) and (39), we have 

1 (40) 1 
-2::----..,.2~- = 
m (E) +qI (E) 

2 2 
m (E) + q n(E) 

This can be writt~n in a symmetric form. using. both sheets: 

IT 12 1· 1 * * 
m(~) - iqI(E) * * * * 

= TI(E) TIl(E ) 
m (E ) + iqn(E ) 

1 
/ 

1 * * = m(E) - iqn(E) * * ** 
= Tn(E) TI (E ) (41) 

m (E )+ iq lI(E ) 

Since T(E) is the two-body elast~c scattering amplitude of the particles 

that make up the isobar, it will have a pole on sheet II that is properly 

identified with the is obar, as we set out to show. 

5.2.2 Contours of Integration' 

Notice that both integrals in Eq. (36) are path dependent because of 

the pole in IT 12. We can take many paths of integration. We are, 
/ a· 

however. only interested in the paths that go most directly to the end 

point of integration, because they lie near the physical region, which is· 

just the. real axis. 

In Fig. 5 we have drawn three different paths of integration and 

labelled them with the symbols .6. • .6.',.6." as used for the integrals 

themselves, and in Fig. 6 we have deformed the three contours to 

show that they differ only by circles around the pole. Also in Fig. 6 

we show a branch cut coming to the end-point of integration which is due 
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to the factor Q in the integr.al in the numerator of Eq. (36). Along Do' 

we want Q to be continuous; but this means that Q is on a different 

sheet when the integration passes near the pole: So in order to define 

on what sheet, Do is evaluated; we must specify both the sign of the aa 

imaginary part of Qat the lower limit of int~gration' and also the path 

(D.,D.', Qr D.") of the integration. In sum.rna'ry of Figs. 5 and.6, we 

find six sl1eets generated by three contours '(D., Do',D.") and two possible 

signs for !mQ. However, we only expe-ct to find poles on the sheets -with 

ImQ < 0 for reasons of causality. 

5.2.3 Sheets in W Plane 

Next we point out that all values of D., tl, and D." approach zero if 

the end-point of ,integration (W-m3 ) approaches E
pdle

' To see this, 

consider Eq •. (36), which we write as Do == I/D, Eq. (43). Then D di- . 

verges as the end-point approaches the pole (in ITa 1
2

). But the inte

gra:q.d of I contains a factor Q which always goes to zero at the end

point and cancels the divergence of ITa 12. So at the end-point D. 

equals a finite number divided by infinity, which is equal to zero. So 

as a function 'of W we have shown that the values of Do (Do, D.', Do") all be

come equal at W = E I + m3 so that E I + m3 is the beginning of a 
po e po e . 

branch cut (see Fig. 7). There is, of course, also a conjugate branch 

cut at E = E* I + m 3 , also drawn on Fig. 7. po e . 

Soon we shall discuss hunting in ,W, looking for a pole in T. Sup-

pos e we find a ~ole at W, on the D. sheet; 'there will in general be 

" shadow poles" at W' on the Do' sheet and at W" on Do" , 'where W, 

W' , W" may be close. Hence we must understand the W sheet struc-

ture pf Fig. 9 to decide which of the poles is most influential at real 

axis. 
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To understand Fig. 9, it is helpful to consider Fig. 8, a sketch of 
'. ' 

cont~ur s in the E plane. In Fig. 8, a dashed line starting at E pole 

corresponds to the branch cut starting at E pole + m3 in Figs. 7 and 9. 

This line is no barrier to the contours 'Do, D.', D.", but we cannot move 
1 

the end -point W -m3 acros s this line without changing the names of the 

contour (changing sheets in the W plane). 

Note that if W -m3 is near the real axis the only short contour is D.. 

Consequently the W sheet connecting to the physical region in Fig. 9 is 

labelled Do. 

To go further we need Fig. Sa, through Sd. In Fig. Sa, the end 

point of the integral is below the dashed line. As we deform the con

tour from Fig. Sa to Fig. Sd, the end-point of the integral moves 

around the pole in the E plane. In Fig. 8d we are above the dashed 

line. If we consider point 3 in Fig. 9a and move it continuously up 

'through the branch cut, we will change sheets. We see that the D. con

tour in Fig. Sa deforms continuously into D.' contour in Fig. 8d. Thus 
, . , 

point 3 of Fig. 9a would,move from the Do sheet to the Do' sheet, e. g. , 

point 2 of Fig. 9b. 

. In Fig .. 9a through 9c we show three points on each of 'the D., D.", 

and Do" sheets. For each point we have drawn continuous paths leading 

to the physical region. In Fig. 9b and 9c, when we pass onto the D. 

sheet (the only sheet connected to the physical region) the lines are 

dashed. The length of the line s in F~g. 9a through 9c are a measure of 

how close a point is to the physical region. Therefore if vJe' find a pole 

on Do, Do', or Do", we can uS.e Fig. 9 to tell us how cl'ose it is to the , 

physical region. 

In practice it is necessary to calculate only one contour integral. 

We now show how this is done. From Eq. (21), making energy 
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dependence explicit. we have 
W-m 3 .;. j [T(EliZQ(w. E) ~ BZ(W. E)dE 

m
i 
+m

2 

where the path bf integration is ~ (see Fig. 5). Let us define· 

A = ...!.. ... - n ' 

(42) 

(43) 

where I is the main integral and n is the denominator of Eq. (42). 

respectively. Call the denomi.nator residue Rn; then. by using 

Cauchy's integral formula for co~tours .0. and.o.", we obtain 

- 2 ~ 
(Epole -E) I T (E) I 2 

I - I" = 21riQ(W.E 1) B2(W,E 1 )Rn · 
po e . po e 

(44) 

We must be sure that we evaluate Q(W', E l) on the correct sheet. It 
. po e 

is clear, if we know .0.. Rn' and n. that we can evaluate .0." by 

I" 
.0." = n" 

1- 21riQ(W.E 1 )B
2

(W,E 1 )Rn 
po e po e 
21ri Rn 

n(i - n ) 

Thus it is clear from Eq. (45) that 

.0." 
.0. - 21riQ(W.E 1 )B

2
(W.E 1 )Rn/D 

= po e . po e 

1 - 21ri RD/D 

(45) 

In the case of.o.' the spi;al around E 1 is counterclockwise (see 
po e 

Fig-s. 5 and 6), so 2rri -- - 2rri, and that is the only change in the de-

nominator D. 
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In addition In the main integral!' Q changes sign because it. is on the 

other sheet (see Fig. 6), so we obtain 

'- 2 . 
.0. -21riQ(W.E l)B (W,E J )Rr/D 

AI = po e po.e 
1 + 21ri RD/D . 

(47) 

[In this aside we compare the sheet structure generated by Aaa of 

Eq. (24) (reliance on re~ativistic Breit- Wigner). It is clear that the 

sheet structure we have discussed so far generated by Eq. (21) is a 

spiral sheet structure. We see that since·Eq. (24) does not have a de

nominator, .0.' would be equal to .0.". Therefore this sheet structure 

would be square root irinature.] 

Another property which may be demonstrated is that 
, , 

* .o.(W) = - .o.(W ) (48) 

for all three contours .0.. ~, ~.. and both signs of Q. It is also clear 

that Q in the integral .0. has the property 

. *( *E*) Q(W. E) =- Q W-, 

for a given imaginary part of Q. This follows from 

. 2 2. * * Q (W,E) = \..l{W, E ). 

(49) 

(50) 

All other terms that appear in the integral, Eq. (21),- are Hermitian. 

Thus they are the complex conjugate of the value above ~he real axis 

when they are integrated below the real axis. So from Eq. (21). it is 

clear that 
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/ 

, w~'-m2 j I TIE) 12QIW;E).'llfl B2IW~E)dE 
m 1+m2 

..sQti dE 
2 

* 

Therefore Eq. (49) ,is tr~e by the way we constructed our integrals. 

5.3 Poles 

(51) 

To demon'strate sheets and poles in our model, we will take the 

F15 amplitude as an example. The F15 resonance lies near the pN 

threshold which is .JS = (1700 - i54) MeV as shown in Fig .. 10. When we 

did the T pole search we found F15 poles on each (6,6', b1~, for ImQ < 0) 

sheet. The pole on the sheet generated by the 6, contour is dos est to 

the physical region. Figure 10 shows the sheet structure and continuous 

paths going to the different poles on the diff,erent sheets. The poles and 

corresponding sheets are (1672-i77)6, (1682-i54)6', and (1682-i84)6". 

The path from the physical region to the pole on the 6" sheet is drawn 

in such a way as to reveal the path moving from the 6 sheet to the 6" 

sheet as it crosses the branch cut. All poles that we report in this 
\ 

paper are the closest poles to the physi«al region. 
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Once the pole position was found, we propagated the error matrix 

fr()~ the K-matrix fit to an error matrix for the pole position by dotting 
\ 

the Jacobian matrix and its transpose into the K-matrix fit error matrix 

a - -- a ---.!:l l 
Pij - ax!U !Um aXKm) 

(52) 2 (aXpi]T 2 (axp . \ 

where a~m is the K-matrix 'fit error matrix, and a;ij is the pole 

position 2X2 error matrix (real and imaginary), X pi is the pole position 
I 

vector (only two components). XK1' is the K-matrix variable, and 

aXp/axK[ is the Jacobian matrix which was evaluated numerically. 

This procedure 'gave errors that were much too small when compared 

with the ,difference in pole position obtain from CERN and Saclay elastic 

,inputs. The reason for this may be that the Davidon error matrix may 

not describe the true errors of our complicated space. 

, Table IV gives a summary of the T-matrix poles and the partial 

width calculated from coupling residue matrix times the kinematics 

on the real axis. The sign in"the upper right corner of the box where 

. the partial wi,dth is shown comes from the off-diagonal terms of the 

residue matrix and is related to the sign of the coupling. Since the' 

Argand diagrams are determined to within one overall sign. the same 

is true for off-diagonal residue terms. We defer further discussion of 

these parameters until Sec. 6. 

6. BREIT- WIGNER REFIT 

In this section we discuss how we refit the smooth T-matrix ob-

tained form the K-matrix fit with an amplitude which is a sum of a 

unitary background and a Breit- Wigner, rotated in such a way as to 

insure unitarity for the total amplitude. Once we have done the refits, 

we compare resonance 'parameters obtained from the K-matrix, the 
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T-matrix poles. and the Breit-Wigner refit. The motivation for these 

comparisons was to find, out how sensitive resonance parameters are 

to the pre,scription from which they are' optained. 

6.1 U(UB + BW) Amplitude 

In the past, resonances were parametrized by the Breit-Wigner 

form. The Breit- Wigner by itself is unitary. Since there is always 

a'background present due to other singularities, the T-matrix is in 

general a sum of Breit-Wigner plus background. Because this is not 

a manife stly unitary pre scription, we have turned to the K-matrix. Now 

that we have made K-matrix fits and obtained smooth description of the 

data, we would like to know what the Breit-Wigner parameters are for 

comparison with theoretical predictions. For this purpose we used a 

unitary amplitude which was a Breit-Wigne r plus a unitary backgrounc;l 
I' . , 

with no local poles. For convenience we denote this amplitude by 

U(UB + BW). We believe that the background should not be affected 

locally by the presence of the resonance. Therefore. the assumption 

that it is unitary with no local poles seems reasonable. In order to 

construct ,u(UB + BW). we let the Breit-Wigner be rotated by energy 

dependent phases (we b~lieve that the Breit-Wigner not the back-

ground must accommodate itself to unitarity). These phases are calcu-

I db h D . B 11. G ate y t e aVles- aranger constralnt equation;, also. see oebel' 

11 
and McVoy. Once we have made a K-matrix fit. we then refit using 

U(UB + BW) to the smooth T -matrix in the region of the pole. in order 

to extract the Brcit- Wigner parameters. 

Let us aSSUITle .we have a unitary background S matrix B, '. and a 
, 1 J 

Breit- Wigne r given by 

R .. = 
1J 

1 . 
-2 r. r. 

1) 

i 
(ER-E) - "2 
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where r. 
J 

1 'e 2" 1, 

Q. 'I.e 
J J 

(53) 

where all terms are real except r .. and Q. is the same as the diagonal 
J J 

terms of the 6. .. matrix used in the K-matrix (see Eq. 21). 
1J 

The Davies-Baranger constraint equation is 

B .. r:" = r .. 
1J J 1 

Let us recall B .. in term of the background T -matrix T: 
1J 

_" . 1/2 1/2 B .. -o .. +21Q. Q. T ... 
.1J 1J 1 J 1J 

(54) 

(55) 

Now if we substitute Eqs. (53) and (55) into Eq. (54). we obtain 

1/2 1/2 1/2 -ie. 1/2
i8i 

!;(o .. +2iQ. Q., T .. )y.Q. e J =y.Q. e 
j . 1J 1 J 1J J J 1 1 

which can be shown to equal to 

-ie. 
,{.sine. = ~Q.y.T .. e J 

1 1 J' J J 1J 

The right-hand side of the Eq. (57) seems at first to be a complex 

(56) 

(57) 

number, hut the left-hand side is real. So we can set the imaginary 

part of the right-hand side equal to zero; i. e .. 

!;Q.,{. Imag(T. ,)cose. 
j J J 1J J 

~ Q.y. Real(T .. )sine. O. 
j J J 1J J 

At this point we assume that Q{ is real. This means we must 

restrict ourselves to energies .such that the ith channel is open 

2 
(Q, > 0). We now define the vector.s 

J 

(

Sine1 \ 

(Sin) = sin e2 \ 

· I 
· / 
· / 

and the matrices 

and (Cos) = (! ::::~ \ 
\ : ) 

(58) 

(59) 

) 
t 
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and 

, (!mag) 

(60) 

Equation (58) then becomes 

(Imag) (Cos) - (Real) (Sin) = 0 (61) 

or 

(Cos) = (Imag)-1(Real) (Sin) (62) 

In addition we have the added constraints between the sine and the 

cosine. 

2' . 2 
Cos e. + Sm e. = 1. 

1 '1 
(63) 

Unfortunately,we were unable ,to solve these transcendental equations 
/ 2 

in general. Therefore we imposed Eqs. (62) and (63) by a X con-

straint and parametrized e. as a polynomial in W. 
1 

We were also interested in iooking for the'pole in T = U(UB + BW), 

(which is just the pole in the Breit- Wigner term) in the complex W plane. 
\ 

Since the U(UB + BW) amplitude 'must be Hermitian, e
i 

must have the, 

saine re'al axis cut structure as Q,[or 6 .. ; see Eq. (48)}. Therefore a 
, 1 II 

natural parametrization for e. would be 
1 

e.(W) = Q,(W) 
1 l' 

m 
~ 

n=O 

6.2 01·5, F35, and F15 Refit 
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,Having established this machinery, we performed a series of 

(64) 

K-matrix fits and Breit-Wigner refits on three well-established reso-

nances which were coupled fo two, three, or four channels; We used 

the 015, F35, and F15 resonances. The results of,these fits and re-

fits are given in Table V. In line one of Table V we have identified the 

po~e term of the K-matrix with Breit-Wigner -like resonance param

eters: the mass is the location of the pole, Er, the i:!h partial width 

is just (kinematiCS)X'l'~' and the total width is the sum of the partial 

widths. From this K-matrix fit we looked 'at the T-matrix pole where 

the real part of the pole position is identified with a mass; twice the 

imaginary part is identified with the total width (pole position is re

corded in the mass column of Table V). From the residue of the T-

matrix pole we defined the partial width as discussed in first part of 

Sec. 5. We record the real part, the imaginary part, and the modulus 

, of partial width in Table V. For the total width we record the sum of 

the real parts! the imaginary parts, and the moduli of each partial width. 

For this T -matrix we do a U(UB + BW) refit from one-half width before 

the pole (in the T-matrix) to one-half width after the pole. W~ then ob-

tain Breit-Wigner parameters (mass, partial widths, total width) 

which we record in Table V. For the Breit-Wigner term of the refit" 

we look at the pole i~ the complex W plane thus recording the pole 

position and ,residue-related partial widths as we did for. ,the T-matrix. 

Next we refit'the T-matrix again, but this time relaxing the Oavies-

Baranger constraint, thus performin:g a UB t BW refit where the e
i
,; 
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are now constant with energy. From this Breit- Wigner refit we re-

cord the Ii tted parameters and the pole para~eters. Finally we went 

back to the K-matrix fit and took out all the inelastic amplitudes, thus 

performing a fit only to the elastic d~ta. 2,3 In order to absorb the 

inelastic part we added an unconstrained 6.1T channel. We then went 

through the same series of refits and pole searches except for leaving 

out the U(UB + BW), since we only wanted to fit the elastic channel. 

Figure 11 shows the Argand diagrams obtained from the U(UB + BW) 

refit to the F35 wave. The soli,d line is the total amplitude from 1740 

to 1900 MeV (one -half width below T -matrix pole to one -half width 

above). The dashed line is the background for the same energy range. 

Arrows show the direction of increasing energy. Let us define '6.0. as 
1 

the change of rotation angle 0. of the Breit~ Wignerover the range of 
1 

refit. Then 

6.0.::0.(W 'IW ll)-o.[w::lw "1-2Im(W .)] 
1 1 po e 1 pole pole 

(65) 

where W pole is the pole position in the T -matrix. 6. 0i is plotted next 

to the elastic Argand diagrams of Fig. it. 

The results' for the three resonances for both CERN andSaclay 

EPSA input ~re listed in Table V. Note that the pole position and' 

residues for the T-matrix from both the K-matrix and U(UB + BW) are 
I 

very close to each other. This is similar to the observation of Ball 
. 12 

and Shaw for the P33 resonance of the Nrr system. Also, the K-

matrix paramete,rs for the F35 have very little to do with the actual. 

resonance parameters. This is because the background term in the 

K-matrix is very large, and we have shown_in Appendix V that the back-

ground term couples directly into the pole position of the T:"matrix. 

The resonance parameters obtained from T-ma:trix poles' and 
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U(UB + BW) refits are the best candidates for checking theoretical 

predictions. Since they disagree by factors of 2 with each other, we 

would not expect theory to do any better. 

7. SIGN OF COUPLINGS 

In this section we discuss one possible prescription for extracting 

the signs of the couplings to the different channels from the total T-

matrix near the resonant energie s. The determination of these is 

important for the purpose of comparison with theory. 

In order to understand what the sign of the resonance couplings is, 

one must know the exact Clebsh-Gordon coefficients that go into the 

isobar model fitting program. For all sign conventions l;Iee Chasmore

He'rndon-Soding. 13 Once these conventions are known it might be pos

sible to read the signs off the Argand amplitudes shown in Fig. 4. How-

ever, one sees that the resonilt;ce is not necessarily pointing up or 

down. In these cases one could do a unitary Breit-Wigner refit to de-

termine the sign of the resonance coupling. However, this is really 

not necessary, because if we can see the resonance. shape we should' 

be able to guess the angles 0i that the resonance is rotated by. We see, 

from Eq. (54) that the angles should be measureable by comparing the 

. elastic and the inelastic channels. In the elastic channel (A1t) the 

resonance is rotated. by 201' and in the inel~stic channels (A1i) the 

resonance is rotated by 01 +Oi. It is clear that 0i has a range from 

-90· to 90·. Thus by determining these angles we will determine the 

sign of the couplings. We have seen that once we have made the uni-

tary Breit-Wigner refit, the total T -matrix produced by this method is 

very close to the T-matrix produced by the K-matrix. 

Thus we shall employ the simple in terpretation of U(UB + BW) 

but det'ermine the coupling sign directly from' the T-matrix elements' 

, , 
i. 
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produced by the original K-matrix fits. In fact for all resonant waves 

which have been fitted, we have looked at the T -matrix for all the 

elastic (including, e. g., t.1T -- t.11') and inelastic channels and determined 

by eye what the nominal values of the e's are. 'Table VI gives a list of 

the signs of the couplings and the angles from this eyeball-fit. If the 

nominal value of e is within ±30·, we think we are safe in determing the 

sign; But if the value of e is greater than ± 60·, the sign is question-

able. 

8. PREDICTED CHANNELS 

In this section we discuss 'two K-matrix fits in which we introduced 

, an extra channel in order to make up for the lack of cross section ob-

.y 

served in the N1T1T system. 
14 

In the S11 wave we know, there must be 

a component of NT). In the F37 waVE: we assumed that the additional 

channel was N1T1T1T. 

The uppe~ right~hand plot for each incoming partial.wave in Fig.4.1 

through 4.16 gives the unitary check, i. e. , a comparison bet~een 

2 / 2 2' 
'TT~ (Hi 2) (1-T) ) from EPSA (CERN) and N'TT -- N'TT'TT cross section con-

tributed by each of the channels plotted in the right-hand column. Of 

the 13 incoming partial waves, plotted, unitarity is well satisfied in 

10 cases.' We now discuss the other three. 

The P31 has no evidence for resonance structure and such a small 

section observed in the isobar amplitudes, that we did not do a K-matrix 

fit. 

Around 152,0 MeV a sizeable amount of cross section goes ,into 

NT) (i3-bout 4 mb). In our K-matrix fit to S11 we included the NT) chan-

14 d' nel as a pre lcted channel {i. e. , no input amplitude to constrain the 

, 2} X . Our results are consistent around 1520 with a'n the NT) cross sec-

tion going into the S11 wave. Figure 9 shows the total NT) cross 'section 
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plotted along with the S11 cross section of the NT) channel from the 

K-matrix. The S11 amplitude for the NT) predicted from the K-matrix 

is se(on in Fig. 4.2. We believe that the moments of the NT) can be ex-

plained by an,introduction of a few percent in cross section of P, D. and 

F wave~ in the region 1520 to 1590 (see Appendix VI). 

In the 1900 region we do not saturate the inelasticity of t~e F57 

wave by 3mb. so we introduced a predicted chann,el. In this energy 

region. 190~-2000 MeV. ,the N1T1T1T cross section grows from 4 to 6 mb~5 

so we made the predicted channel an F37 decaying by t.p with ~ngular ' 

momentum in a P wave. Thus our analysis forces a prediction of the 

amplitude for F37 decayi~g into the N1T'TT1T via a t.p decay in a P wave. 

The predicted Argand amplitude is shown in Fig. 1.16. 

9. CONCLUSIONS 

We were able to apply the, constraints of unitarity (using the K

matrix) to isobar-model-generated amplitudes. We obtained a good 

representation of the Argand diagrams in almost all. channels. These 

permitted us to remove the overall phase uncertainty of the inelastic 

amplitudes at each energy. 

With a good repre'sentation of the T-matrix we then could extract 

the pole parameters associated with resonant behavior in the Argand 

diagrams .. The uniqueness of the pole parameters was demonstrated 

by doing Breit-Wigner refits to the fitted T-matri'x amplitudes. Thus 

we found the same pole parameters in'this alternative prescription. 

However, these refits showed it was not possible in general to relate 

pole parameters unambiguously to the parameters of the Breit-Wigner. 

Furthermore, the success of the refits and the obvious interpretation 

of the amplitude U{UB + BW) {of Sec. 6} justified a simple determination' 

of coupling signs from the fitted T-matrix (K-matrix-generated) ampli

tudes. 
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Since the isobar model amplitudes may not be the final set the 

world accepts, the numbers presclJ.ted here arc subject to some changes. 

The biggest change may come from NIPr data in the energy gap. In 

addition theoretical predictions are stimulating searches for new solu-

tions, using additional partial waves that may have been removed by 

the techniques described in Ref. 1. 
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APPENDIX I 

UNITARITY OF THE 'T-MATRIX 

In this appendix we show that the 'T/-matrix as defined in the text by 

Eq. (13) is unitary, since we relate 'T to S by Eqs. (29) and (31): 

S = 1 + i~ 'T ~ 

(with no factor 2 in second term), the ~itar~ condition to be tested is 

( + ? + 
'T - 'T = 1 'T t::.'T (1.1), 

'Equation (13) from Sec. 2 is 

'T - k = i/2 'Tt::.k, (1.,2) 

By definition the k-matrix is real.and the t::.-~atrix is Hermitian. As 

seen from Eq. (15) of Sec. 2: 

t::.yA =} iI>YAf~fAdSydSA / (1. 3) 

iI>YA' which is the recoupling coefficient has 'the property that 

iI> - iI> * (Ref. 6). If 1 E (1 2) yA - Ay 'fie so ve q. . for the 'T-matrix, we obtain 

'T = k (1-i/2 t::.k(1 • (1.4) 

Let us substitute Eq. (1.4) into the left-hand Side' of Eq. (1.1); we get 

k(1- t t::.k)-1 - (1 + ~ kt::.+)-1 k k i'T+t::.'T 
( -

(1. 5) 

The next step is to introduce the unit matrices within [ ], in the appro

priate places in the left-hand side of Eq. (1.5): 

--? +' i'T t::.'T. (1. 6) . + -1 ' 
-We have (1.- I kt::.) at the left of both terms, and a similar common 

factor on the right; factoring these out. we h;:l.Ve 

Simplifying, we obtain 
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(1. 8) 

Since I:::. is a Hermitian matrix. we have 

i(1 tikI:::. +) -1 kl:::. k (1 - tl:::.k ) -1 = iT + I:::.T (1. 9) 

Finally. from Eq. (1.4) we note that the matrices following I:::. are 

/ + 
just T and the matrices prec~ding I:::. are T. Indeed Eq. (1.1) is 

satisfied. " 

APPENDIX II 

FACTORIZABLE RESIDUES 

In this appendix we show that ~imple poles in the T-matrix have 

factorizable residues. 

The first step is to demonstrate that a factorizable matrix has only 

one non-zero eigenvalue. Consider a matrix B which has only one non-

zero term B
11

• 

such that 

Let U .. be a unitary matrix. Consider the matrix' B' 
1) 

(II.t) 

Using the condition that only the B11 term is non-zero. we obtain 

, * B'ij = UtiB 11 U1j (II.Z) 

or. rewritten'another way. 

(II. 3) 

It follows from Eq. (II.3) that 

B',.B' .. (B' .. ).2. 
11 JJ IJ 

(II.4) 

We shall use this result shortly. 

It is clear that when we have a pole in the T-matrix, the deter-

. f T -1 . 11 b W d' l' T -1 . th . mlIl,ant a WI e zero. e may lagona lze WI. a unItary 

matrix U. 
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\ 

o 
\ . 
I 
I 

I 

(II. 5) 

The determinant -1 
Det(T D ) become s 

-1 , Det(T ,) = At A
Z

A
3 (II. 6) 

If we have a simple zero at complex total-center-of-ma~s energy 

E'= EO' then only one eigenvalue is equal to zero. By contrast a dipole 

(higher order pole) would have two (many) zero eigenvalues.' Therefore 

we may assume that one eigenvalue is given by 

A = C(E - E ) 1, 0 

and the others are non-zero. 

Therefore the diagonal T- 1 -matrix can be written 

and the inverse is 

T -D -

=( 

The diagonal residue matrix is defined as 

RD = lim (E - EO) T D' 
E- EO 

From Egs. (11.9) and (11.10). we get 

(II. 7) 

(II.8) 

(II. 9) 

(II.10) 
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. (E-E ) o 

-0 
o 

o 0 

Notice that the non-diagonal residue matrix is just 

From Eq. (III.4) we know that it factorizes. 

APPENDIX III 

POLE AND RESIDUE FOR A SIMPLE BREIT - WIGNER 

(lI.11 ) 

(lI.12 ) 

- In this appendix we discuss the shift of the pole parameters from 

the mass and width param~ters of the Breit-Wigner. Also we discuss 

possible,definitions of the r~sidue and how it is related to the width. 

For simplicity we take a single-channel T-m~trix which is gen-

erated by a K-matrix: 

T = K 
1-iD.K 

(III. 1 ) 

where D. is the kinematic factor. If we want a simple S-wave Breit-

Wigner. we need a simple pole in the K-matrix without any barrier 

factors. Therefore we have 

K = r/z 
ER - E 

(III. 2 ) 

where E is the total c. m. energy and ER is the K-matrix pole posit~on. 

For D. let us take' a form that has a square root behavior and is equal 

to one at E = E R : 

(III. 3) 

Substituting Eqs. (III. 2) and (III. 3) into (II!. 1 ). we obtain 
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T = 
1 (III.4) 

. IE 
- 1 --
, ~ER 

,We know that we will have a pole in T when we have a zero in 

D(E). the denominator of T. Let Ep be the value of E where D(E) is 

equal to zer'o: 

Therefore 

ER:-Ep - ·ffaP 
rJ2 - 1 E' 

R 

Squaring both sides of Eq. (III.6), we obtain 

which can be solved by the binomial theorm 

(ill. 5) 

(III. 6) 

(IlL 7) 

(III. 8) 

If we, make the' narrow width approximation (E
R 

> > r). Eq. (III. 8) 
( 

becomes 

Ep = ER ~ -8:~) • i[ (, -3~;i) . (III. 9) 

Taking the root with the minus sign because we want the pole to be on 

th' conect'::': Ew:r t;t)E~ ~ '(i:': b; .. ) . 
, " \ 8ER ' 32ER 

(III. 10) 

The ,real part of the' pole position ~as been shifted by ,-r2/BE
R 

from 
\ 

the K-matrix pole position. Also the'width as been reduced in size by 
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Next we expand D(E) in a Taylor serill~ about Ep. 

aD FE (Ep-E) + •.. , 
Ep 

(III. H) D(E) = 

recalling that D(Ep) = O. Differentiation of D (E) and Eq. (IV.11) yields 

(III. 12) 

Ifwe'substitute into Eq. (III.i2), the expression Ep[Eq. (III.10)] and 

assume ER> > r we obtain 

(
2 i/2 ) D(E) = r + -

roJE
R 

(E
R 

-ir /2 

Simplifying, we get 

D(E) =(. '.2 2 )\ (Ep -:::) 
r-~ 

, 4ER 

The residue of the pole is defined by 

Therefore we see tha( 

(Ep-E) 

D(E) 

(Ep-E) • (III. 13) 

(III. 14) 

(III.1S) 

(lII.16) 

'The residue of the T-matrix'is related to the coupling of the reso-

nance. We may define the coupling such that rtotal = 2b.X (coupling). 

But the question is what momentum should we use in calculating the 

total width. For the coupling we used the residue of the pole, so one 

might think that the momentum at the pole should be used. ,On the other 

hand the momentum on the real axis tells us how much of the coupling 

is physically seen. 
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We also know that the total width is associated with twice the imag-

inary part of the pole position, which is equal to 

. r3 

rtotal = 2X Imag(Ep) = r - 16E2 

R 

(III. 1 7) 

Using the b. on the real axis evaluated at Real(Ep ) and the residue 

equation (III. 16 ) , weobtain

S2 E '--R '8E 
r = 2, R 
, total . ER 

Using, ER > > r, we see 

ir2' 
r =I'-total . - 4ER 

Next, we use t:;. at the pole osition: 

(
.!:' _ ir2) 
2 8E,' 

R 

r2 r -r3 

E R- 8ER - 2: + -~4-E-2- ( ) 

T'total = 2 -----::E=-R------::R;.:..... r:' i[:R • 

where ER > > r. Thus 

(III,l~) 

(III. 19) 

(III. 20) 

(III.21) 

It is clear that b. on the real axis gives a total width with smaller imag

inary part and magnitude Closer to twice the imaginary' part of Ep' 

APPENDIX IV -

DEPENDENCE OF POLE POSITION ON 
K-MATRIX PARAMETERS 

In this appendix we demonstra:te that the pole and background pa-

rameters of the K-matrix become mixed together in the pole parameters 

of the T-matrix calculated from the K-matrL'C. 

In order to demonstrate this point, we will take a single-channel 

S-wave K-matrix written as 

'1" 

,. ,. 
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K = i(~ + B. 
R 

(IV. 1) 

Here E is the total-center-of-mass energy. ER is the pole position. 

r/2 is the coupling.· and B is the background.T is given by 

K 
T = ....,1~-:;.:.i.6.~K • (IV.2) 

where .6. is the kinematic factor which we win take the same 'as in 

Appendix~: 

.6. = J:R . 
(IV.3) 

Substituting Eq. (1V.1) into (Iv.i). we get. 

'T 1 (IV.4) 

If we aSSUIl.le I B 1« r. then 

T = (IV.S) 

We know that we will have a pole in T when we have a zero in D(E). the 

denominator 'of T. Let Ep be the value of E 'where D(E) is equal to zero: 

(IV.6) 

Then by substitution Qf Ep into Eq. (IV,6), we obtain 

2 2 
_ B(ER -Ep) ) = 

. r 2/4 ' 
(IV.7) 

\ 
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or 

(IV. 8) 

, . 2/ 4 . ' 
where we have dropped the factor of B r. If we assume 

ER > > r > > I B I andlB I < < 1. then a solution of Eq. (IV.S) is 

rZ i~r;{2'" 
- BE: - T 1 -R>E: . . 

R R 
(IV.9) 

In this approximation we see. from Eq. (IV.9), that the real part oJ the 

pole position has been shifted by rB/2 fro~ the normal Breit-Wigner 

pole (see Appendix IV) due to the presence of the backgroUnd., We also 

should note that the shift can be either up or down in energy. depending 
\ . 

on the sign of the background. For a na~row resonance with a small 

, ba~kground the shift ,will be to first order in the real part' of .the pole 

position. 

APPENDIX V 

S-WAVE DOMINANCE OF THE l1N CROSS SECTION 

In this appendix we estimate the minimum partial wave cross sec-

tion for the IT-p - l1n by using moments and the assumption ofS-wave 

dominance around the iS20-MeV c. m. energy region. 

If we assume that only S11. PH, DB, Di5' and F1S waves contri-

bute to t~e l1N channel and that they all have the same phase, we then 

will obtain the minimum amount of these waves necessary to generate 

the moments. From Ref. ,16 we, obtain the moment expressioIfs: 
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Co = I s111
2 

+ I PHI
2 

+ 21 013_1
2 

+ 31 01s1
2 

+ 31 F1 5 1
2

, 

C1 = 21 SHII PHI + 41 PHil 0131 + 7.21 013 11 F1S1 + 0. 515 1 01SI1 F151, 

C2 = 41 S11110131+ 61 s111101SI+6jPHI1F1SI+ 21 ~1312+ 1. 7141013IIF1SI 

+3.429101512+3.429IFlsI2; , 

C3 = 61 S1111 F151+ 61 P11110151+4.81 01311 F151+3.21 Di511 F1SI 

(V.l) 

From our K-matrix fits to th~ S11 wave, we know that most of the 

cross section goes into S11 around 1520. Therefore we will assume 

S-wave dominance. Dropping all terms except those which have S-

waves in them. we get for the moments: 

Co = 1 s111
2

, 

C 1 = 21 S11 II PH I. 

C 2 = 41 S11 II 013 1 + 61 S11 II 015 1 • 

C3 = 61 S1111 F1SI· 

(V.2) 

W~ now can eCl,sily show that the ratio of the cross section of P11. 013. 

or 015. F1S to Sll can be written as 

. 2 
'""\ 

O'p11 I P111 2 (C1 ) 
O'S11 = I s111 2 = 2 Co . 
0' I 

_ 21 013 12. _ (2~~ ) 

2 
013 (on11) 1 , - - 2 CTS11 I sl l 1

2 

( 2 ~~ )2 
(V.3) 

0' - _ 31 015 12 _ 1 015(only) - - 3" O'S11 I s ll 1
2 

O'F1S =~ = 1 (C 2 3 ' 
2 Co) " O'S11 S111 2 3" 

A summary of these cross-section ratios taken from the moments of 

Lemoigne et al. 14 are shown in Table VII for-1S20 to 159'0 MeV. We 

conclude from Table VII and Fig. 9 that the S11 TIN -is reasonably 
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predicted from (,ur K-matrix fit and small (- 5 % ) total contribution of 

higher waves (n(,t pez:mitted in our fit) to this channel could well de-

f. 
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Table 1. Parameters of Breit- Wigner used m 
Watson final state factor s equation (18). 

Isobar, a Mass, Er Width, y Orbita~ angular 
a a 

(pion masses) (di~ensionless) momentum, 1. 
a 

Delta 8.83 0.40 1 

Rho 5.464 . 0.20 1 

Epsilon 6.0 0.8 0 

/ 

/ 

I 
~ 
-.0 



Table II. Comparison of P11 solutions of Sec. 3.2 
with two poles and three poles. 

P11 solution with two poles P11 solution with three poles 

2 
X perdeg. 1.47 

2 
X per deg. 1.62 

of freedom of freedom 

elastic+ inelastic elastic+ inelastiC 

2 1 . X e astlc 45 2 1 . X e ashc 58 

" 

I 
U1 
o 
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Table III. K-matrix parameters of all waves, in sequence S, P.D, F. 
(The parameters are defined in Eq. (Z5).] 

Wave 

E.nergy range 
(MeV) 

Z 
X 

Degrees of free
. dam 

Channel 

Channel Z 

Channel 3 

Channel 4 

1- Pole 
'Y 1 - Channel 

1 Pion 
'Y2(mass) 

1 Pion " 
'Y3(mass) 

1 Pion-, 
'Y4(mass) 

2 - Pole 
'Y 1 _, Channel 

Z(Pion) 
'Yz mass 

Z(Pion ) 
'Y3 mass 

Sll, CERN 

1310-1810 

88.7 

6Z 

N IT, L = 0 

N E, L = 1 

NP1/Z' L = 0 

,NT],L=O 

• 345± .009 

3.798±.035 

1.351± .092 

-Z.539± .022 

3.431± .004 

-1.676± .005 

2.329±'.010 

Table IIIa 

S11" Saclay 

1310-1810 

57.Z 

6Z 

N IT, L = 0 

N E, L = 1 

NP1/Z' L=O 

NT], L = 0 

-.047± .020 

3 .Z35± .161 

.531± .100 

~3.535± .037 

3.358± .002 

-Z.273± .040 

1.876±.050 

S31, CERN S31, Saclay 

1310-1810 1310-1810 

136.4 141. -;-

73 '73 

N IT, L c' 0 N IT, L = 0 

6 IT, L Z 6 IT, L Z 

NP1/Z' L = 0 NP1/Z' L = 0 

1. 786± .01Z . Z.000±.013 

-4.93Z± .Z15 ·-5.784±.166 

-2.80Z±.149 -Z.85Z± .142 I 
U1 
~ 

I 



-' 

Table IIIb 

S11, CERN S11, Saclay S31, CERN S31, Saclay 

2 Pion 
'Y 4./ ITlass) -1.688:1:: .009 -2.209:1::.0216 

Pole 1 (MeV) 1493:1::.6 1483:1::2.4 1598:1::2.9 1602:1::.4 

Pole 2 (MeV) 1691:1::.06 1691:!:: .2 

C
i1 

30.62:1:: .013 30.55:1:: .023 19.30:1::.085 20.44:1:: .033 

C
12 

-56.53:1:: .189 -59.70:1::.690 -1.26.28:1:: 2.370 -88.42:1:: .675 

C
13 

-5.61:1::.117 -3.<'.1:1:: .074 3.54:1:: .828 - 22 .64:; .374 

C 14 
6.55:1:: .094 .37£.062 

C 22 
157.27:1:: 2.35 100.52:!:: 1.970 -2046.18:1::14.030 -2318.66:1:: 5.574 

C 23 
66.43:1:: .147 70.69:1:: .469 -703.34:1:: 3.162 -1346.85:1::3.207 

C 24 
-64.08:1:: .112 -63.96:1:: .193 

C
33 

33.16:1:: ,.169 37.44:1:: 1.173 

C 34 
-19.27:1:: .130 -12.34:1::2.021 

I 

C 44 
97.65:1:: .271 98.18:1:: .964 U'1 

N 

B Pion 
-1 

11 (ITlas s) -1.85:1:: .003 -1. 71:1:: .002 _3.68:1:: .010 -3.86:1:: .002 

B Pion 
-1 

12(ITlass) 5.32:1:: .017 5.73:1:: .031 14.02:!:: .114 10.76:1:: .024 

I· 



.:""" ',}, U ,f M . i 
\..,1 '.r. .,. ' \.., VI .) .) J ~$ ~ 

Table lIIc 

511, CERN 511, 5ac1ay . 531, CERN 531, 5ac1ay 

B (Pion) 
-1 

13 mass 
.34:1: .006 .46:1:.010 -.39:1: .059 2.14:1:.016 

B Pion 
-1 

14(mass) 2.94:1: .011 3.97:1: .011 

B Pion -1 
-12.14:1:.231 -7.19:1: .022 173.60:1: .976 280.0 :I: .298 )' 22(mass) ( 

B (Pion )-1 
23 mass 

-4.63:1: .017 -4.23:1: .044 64.25:1: .233 120.29:1: .252 

B Pion-l 
24(mass) 3.47:1:.011 3.61:1: .008 

B ' . (Pion)-1 
33 mass - 5.31:1: .038 -4.29:1: .109 68.65:1: .940 109.29:1: .344 

B Pion-1 
34(mass) 2.76:1:.032 2.67:1:.179 

B Pion-1 
-l4(mass) -3.55:1: .020 -2:76:1: .050 

Partial width 1 1.216 .022 35.703 44.793 
(MeV) 

Partial width 2 . 43.738 30.799' 33.096 46.878 
(MeV) 

Partial width 3 7.754 1.186 33.587 34.684 
(MeV) 

Partial width 4 12.255 0.000 I 
(MeV) U1 

( W 
Total width 64.963 32.007 102.386 126.'355 

(MeV) 

Partial width 1 139.976 134.071 
(MeV) 

Partial width 2 12.693 23.324 
(MeV) 



" 

Partial width 3 
(MeV) 

Partial width 4 
(MeV) 

Total width 
(MeV) 

I 

Table IUd 

S11, CERN 

21.215 

23.282 

197.166 

S11, Sac1ay 

13.768 

39.847 

211.009 

I 
U1 
,j::. 



\raye 

Energy range 
(MeV) 

Z 
X 

Degrees of 
freedom 

Channel 

Channel Z 

Channel 3 

1- Pole 
'I -Channel 

1 (Pion) 
'IZ mass 

1 Pion) 
'I3(mass 

2(Pion) 
'11 mass 

Zt ion ) 
'12 mass 

Z(Pion) 
'13 mass 

Pole 1 (MeV) 

Pole 2 (MeV) 

P11, CERN 

1310-Z010 

15Z.6 

98 

N 71", L," 1 

. ~ 71", L" 1 

N E, L ",0 

4.919:1: .047 

5.935:1: .135 

--Z.347:1:.111 

5.838:1:.192 

-4.831:1: .155 

4.915:1: .170 

1477:1:1.5 

1870:1:4.9 

Table lIIe 

P11, Saclay 

1310-Z010 

160.6 

98 

N '71", L " l' 

~ 71", L = 1 

N E, L = 0 

4.871:1: .01A 

6.386:1: .OZ6 

-1.848:1: .039 

5.Z77:1: .015 

-4.176:1: .018 

4.,59Z:I: .010 

1476:1: 1.2 

1869:1:.7 

P13, CERN 

15Z0-Z010 

11 j'.6 

47 

N 71", L " 1 

NP1jZ' L=1 

Z.497:1: .044 

- 7.465:1: .088 

1809:1: 5.4 

~' 

P13, Saclay 

15Z0-Z010 

89.1 

47 

N 71", L = 1 

N P 1 jz' L = 1 

Z.541:1: .039 

-7.506:1:.092 

1809:1: 4.9 

I 
\Jl 
\Jl 
I 

/ 



P11, CERN 

C
11 

-8.61± .500 

C 12 
22.85± 4.903 

G
12 

24.38± 4.440 

C 22 
144. 54± 2.038 

C
23 

19 .28±- .146 

C
33 

-6.92± 3.168 

B Pion 
-1 

11 (m.ass) -.18±.047 

B Pion 
-1 

12(m.ass) -.40±.402 

B Pion -1 
-3.48± .376 

13(m.ass) 

B (Pion)-1 
22 m.ass 

-9.02±.154 

B (Pion )-1 
23 m.ass -.21±.047 

: 1 
B Pion .88± .273 33(m.ass) 

Parti al width 1 200.045 
(MeV) 

"-
Partial Width 2 66.999 

(MeV) 

Partial Width 3 27.561 
(MeV) 

Table IIII 

pi1, Sa clay PD, CERN 

-12.28±.730 -8.78± .130 

14.4 7± .242 - -8.26±.106 

15.54± .128 

93.08± .144 -179.10± 1.593 

46.34±.491 

42.92± .930 

.43± .056 .17±.001 

-.35± .021 1.02± .033 

-2.74± .024 

-.82±.056 14.81± .026 

.81± .035 

-.89±.044 

196.060 71.998 

77 .285 235.844 

17.091 

~ , 

P13, Saclay 

-12.82± .090 

-2.88± .495 

-219.70±1.038 

.49± .005 

.58±.003 

17.90±.031 

74.574 

238.951 

I~ 

\J1 

'" 



·0 a "j" U 1.~. I.. 
. t 
• .. J a d 

Pli, CERN 

Total width 294.605 
(MeV) 

Partial width i 407.369 
(MeV) 

Partial width 2 171.665' 
(MeV) 

Partial width 3 182.936 
(MeV) 

Total width 761.971 
(MeV) 

i~_'1 t) 
, , 
.,) ,::~ 

/ 

Table lUg 

Pi1, Sa clay 

290.435 

332.702 

128.176 

159.541 

620.419 

P13, CERN 

307.842 

./ 

v 

P13, . Saclay 

313.525 

I 
U1 
--.I 



Wave 

Energy range 
(MeV) 

2 
X 

Degrees oJ 
freedom 

Channel ,1 

Channel 2 

Channel 3 

Channel 4 

Channel 5 

1 - Pole 
YJ .-' Channel 

1 Pion) 
'Y2(rnass 

1 'Pion) 
Y3(mass 

y~(Pion ) 
mass 

1 (Pion) 
'i5 mass 

2 Pion) 
Y1 (l~ass 

., 

D13, CERN 

1310-2010 

202.0 

142 

N. n, L = 2 

,(\. n, L = 0 

N P 3/2' L = 0 

N c, L = 1 

.3 n, L = 2 

3.587± .015 

-2.640± .092 

1.933±.134 

.027± .044 

-6.367± .203 

-4.009± .065 

Table III h 

D13, Saclay 

1310-2010 

225.4 

142 

N n, L = 2 

,(\. n, L =' 0 

NP3/2' L = 0, 

N E, L c 1 

6 n, L c, 2 

3.605±.023 

-2.673± .049 

1.929±.081 

.084± .027 

-6.947± .166 

-3.813± .053 

D33, CERN 

lHO-J810 

110.0 

52 

N n, L 2 

6 n, L ~ 0 

N 'P 3/2' L =0 

2.024± .03 

5.340± .156 

4.297± .296 

D33, Saclay 

1-[40-1810 

119.1 

52 , 

N n, L 2 

.3n,L c O 

N P 3/2' L ~ 0 

2.2'7'l±.013 

6.182± .038 

4.353± .078 
I 

U"1 
00 
I 
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Table III i 

DB; CERN D13, Saclay 
I 

D33, CERN D33, Saclay 
" 

2 Pion 
'Y2(mass) -9.624±.211 -8.989±.176' 

2 Pion 
'Y3(mass) -3.859± .087 -3.498± .239 

2 Pion , 
'Y4(mass) 19.339± .255 20.7.64±.563 

2 Pion 
'Y 5(niass) -11.453± .920 -13.464±.37.5 

3 Pion 
'Y 1 (masJ 2.1 22± .028 1.67.9± .082 

3(Pion) 
\ 2, 111a 5 5 

-2.17.1± .156 -3.3~4± .381 

3 Picin 
'Y3( mass) - 7. 734± .006 -8.463± .134 

3 Pion 
'Y4( mass) 9.484± .247 11.548±.262 

, '3 Pion 
11.465± .399 13.381± .139 'Y 5 (mass) I 

U1 
-.0 

Pole 1 (MeV) 1·508±1.0 1510±1.0 1697±6.1 1704±.9 

Pole 2 (MeV). 1878±.6 1908± 6.5 

Pole 3 (MeV) 2218±3.9 2261±7.8 

, C
11 

-11.18 ± .~43 -10.52 ± .167 51.26± .033 51 .33± .076 

C 12 
-17:82 ± .150 -16.38± .433 -8. 76± 1.640 -5.23±.065 

C
13 

-6.45 ± .215 -8.62 ±.678 -65. 73± .078 -65.39± .055 



Table IIIj 

D13, CERN D13, Saclay D33, CEH.:"J D33, Saclay 

C
14 

53.Z0± .634 55.Z9± .806 

C
I5 

-35.10±.495 35.1 o± .663 

C
Z2 

-60.00± 2.964 -67.08± 5.070 545.88±.196 545.94±.798 

C 23 
-36. (4± :658 -36.20± 3.261 -32.61± .710 -31.98± .263 

C
24 

162.92± 2.459 179.76±2.486 

C
25 

ZO.48± 1.102 47.78±5.253 

C
33 

-59.50±4.885 -44.Z8± 5;015 204.29± 1.036 208.41±.609 

C
34 

85.85± .117 89.84± 5.895 

C
35 

-91.71±2.Z98 -80.34± 4.699 

C
44 

-60.93±3.446 -65.51 ± 1.842 

C
45 

2.55± 5.885 > 1.881± 6.090 I 
0' 

-293.10±8.500 -315.52±6.746 0 
C

55 
I 

B Pion 
-1 

11( mass) .65± .005 .71±.011 -4.85± .025 -4.88± .008 

B Pion 
-1 

12( mass) .06± .017 .24± .014 - .95± .182 -2.33± .008 

. -1 
B Pion .58± .012 .82± .047 6.25± .074 6.18±.003 13(mass) 

./ 

1. 



l' , ,', • J' ... ; ',;, i., 
, , i I,:} L; ~, y 

D13, CERN 

B ,Pion, -1 

l-i(mass J -2.13::1: .047 

B Pion 
- 1 

1 5( ITla s s) .23::1: .014 

B Pion 
.-1 

22( ITlass) 3.70::1:.15'2 

B Pion 
-1 

23 (ITlas s) .75::1:.064 

B Pion 
-1 

24(mass) -3.32::1:.126" 

B Pion 
-1 

25(mass) -1.86± .192 

B Pion 
-1 

33(mass) 1.12±.350 

B Pion 
-1 

34(mass) - .35::1: .090 

B Pion 
-1 

35(mass) - .62::1: .2i5 

. -1 
B (Pion) -15.30::1: .474 

44 mass 

B Pion 
-1 

45(mass,) 15.15::1:.058 

B Pion 
-1 

55(mass) -7.98::1:1.29 

Partial width 1 6.9.150 
'(MeV) 

Partial width 2 32.126 
(MeV) 

Partial. width 2, 16.021 
(MeV) 

u 

-

...) 
.. ;1 

" 
'J 

Table lIIk 

.' 
() 

D,13, Sa clay 

-2.45::1:.041 

.41::1: .013 

4.88::1: .332 

1.07::1: .421 

- 5.52::1: .238 

-2.68::1: .184 

- .02::1: .245 

-.95::1: .370 

- .89::1: .259 

-15.88::1: .421 

15.34::1: .055 

-9.98::1: 1.100, 

70.211 

33.114 

15.967 

D33, CERN D33, Saclay 

-51.18::1:.268 - 52.06::1: .080 

-16.25::1:.238 -16.59::1: .057 

I 
0'-... 

33./27 ' 42.142 

201. 740 273.255 

72.634 75.4 7.1 



Ta ble III I 

D13, CERN D13, Saclay D33, CERN D33, Saclay 

Partial width 4 .002 .022 
(MeV) 

Partial width 5 20.633 25.116 
(MeV) 

Total width 137.932 ,144.420 307.502 390.868 
(MeV) 

Partial width 1 160.157 148.584 
(MeV) 

Partial width 2 810.063 725.494 
(MeV) 

Partial width 3 105.730 92.888 ' 
(MeV) 

Partial width 4 2322.352 2800.493 
(MeV) 

Partial width 5 652.554 967.023 
(MeV) 

Total width 4050.857 4734.482 
(MeV) 

I 
Partial width 55.182 35.100 0' 

(MeV) N 

Partial width 2 51.273 124.672 
(MeV) 

Partial width 3 642.319 789.966 
(MeV) 

Partial width 4 815.626 1246.676 
(MeV) 

Partial width 5 1097.227 1551.926 
(MeV) 

Total width 2661.627 3748.340 
(MeV) 



" 

U d, ;J 

Wave 

Energy range 
(MeV) 

2-
X 

Degrees of free
don) 

\ 

Channel 

Channel 2 

Channel 3 

Ghannel 4 

1 - Pole 
''i 1 - Channell 

1 (Pion) 
'i2 mass 

1 Pion) 
'i 3 (mass 

1 Pion) 
'i4(mass 

Pole 1 (MeV) 

C
11 

C 12 

. , I 1:;11 
U .~~ 0 , . 

i) 

DiS. CERN 

1585-1810 

58.7 

20 

N rr P. =2 

6 rr f 2 

2.890:1: .047 

-6.265:1: .154 

1684:1: 3.3 

-.59 :1:.620 

- 5.22 :I: 1 .834 

, .~ 
..) '/ 

I' •. :: .J 

Tabl e HIm 

D1 5. ~Saclay 

1585-1810 

69.6 

20 

N rr f 2 

6 rr P 2 

2.840:1: .055 

-6.064:1: .163 

1683:1: 3.2 

-1.02 :I: .607 

.93 :1:1.841 

/ 

F15, CERN 

1585-1810 

44.2 

31 

Nrr.'p 3 

6 rr I 

. N P 3/2 P. = 1 

N EO P. = 2 

4.427:1: .035 

1.000:1: .053 

5.007:1: .205 

2,684:1: .186 

1684:1: .8 

4.71 :I: .338 

-8.34 :I: .126 

" 

F15. Saclay 

1585-.1810 

30.9 

31 

N rr f 3 

o6rrP, 

NP3/2P.=1 

N EO f" '2 

4.362:1: .034 

1.147:1: .053 

4.843:1: .200 

2.588:1: .182 

1682:1: .8 

3.64 :I: .261 

-7.86 :1:1.273 

.\ 

'" w 



Table III n 

D15, CERN Di5, Saclay FJ5, CC:HN FJ 5, Saclay 

Co -1.49±1.055 --LOO± 1.045 

Cf4 - .15± 1.911 -1.80± 1.952 

C
22 

' 6.2Z± 8 .612 -1.54±8.808 -27 .OO± 5.100 -23.52±4.662 

C 23 
53.41± 2.753 50.26±2.131 

C Z4 
9.26± 2.881 7 .30± 2.867 

C33 
-40.67± 5.886 ' -40.31± 6.029 

C 34 
-39.64±8.290 -40:08±8.032 

C 44 - -- 15.03±10.089 14. 5-l± 1 0 .22~ , 

Partial width 1 66.192 63.815 83.458 80.647 

Partial width 2 95.488 89.133 5.177 6.772 

Partial width 3 53.153 49.731 

Partial width 4 15.293 14.154 
I 

Total width 161.680 152.948 157.080 151.305 0' 

*" 



,. ". " ( ~.J ,U '), J U .... , v 

Wave F35, CERN 

Energy range 1730-2010 
(MeV) 

2 
26.5 X 

Degre'es of free- 34 
dom 

Channel N Yr, L = 3 

Channel 2 Cl Yr, L = 3 , 

'! ' , ',1 n '., ;,~ .} V ;:) 

Table lIlo 

F35, Saclay 

1730-2010 

20.7 

34 

N Yr, L = 3 

Cl Yr, L = 3 

Channel 3 N P 3/2' L = 1 N P 3/2' L " 1 

Channel 4 

14 - Pole 
4.282± .263 4.1 79± 1.691 'Y1~ Channel 

1 (Pion) 
'Y2 mass 2.938± 5.451 5.178± 1.509 

1 Pion 
'Y3(znass) -18.321±4.391 -15.666±7.688 

1 Pion 
'Y4(mass) 

Pole 1 (MeV) 2169±60.5 2136± 125.9 

C J 1 -4.16 ± .473 -3.80 ± 3.319 

C
12 

-3.79 ±7.217 -6.42 ± 6.268 

-' 

F37, CERN F37, Saclay 

1770-2010 1770-2010 

23.0 9.5 

23 23 

N Yr, L = 3 N Yr, L = 3 

Cl Yr, L = 3 Cl Yr, L = 3 

N P3!2' L 3 N P 3/2' L = 3 

Clp, L=1 Clp,L=1 

3. 794± .030 3.513± .005 

9.019± .084 6.099± ;142 

-4.S02± .101 -3.296± .128 

I 
0" 

7 .238± .183 8.041± .033 ~ 
I 

1941±1.2 1921±.8 

2.82 ± .073 '3.08 ± .286 

2.74 ±.714 6.59 ± .919 



Table III P 

F35. CERN F35. Saclay F37 •. CERN 'F37. Saclay 

C
13 

'6.68± 3.579 5.97± 13.788 3.27± 1.50 8.74± .400 

C
14 

-15.191± .555 -17.07±.670 

C 22 -169.24± 28.034' -142.68±SO.356 173.02±7.348 156. 74± 4.31 0 

C 23 
-57.69±53.152 -31.04± 2.096 -56.51±3.496 39 .39± 3.748 

C 24 
-115.81±3.850 -78.08± .922 

C 33 
-127.87±48.838 . '101. 78± 65.735 - 221.14±.7 .150 -308.52± 5.43 

<::34 154.91±8.074 190.03± .890 

C 44 
- 51.1 7± 7.081 - 23 .62± 4.058 

Partial width 1 177.921 164.775 108.736 90.432 
(MeV) 

Partial width 2 46.503 135.129 234.350 98.772 
(MeV) 

Partial width 3 3176.717 2245.710 34.511 15.721 I 
(MeV) 

, 0' 
0' 

Partial width 4 112.206 137.436 
I 

(MeV) 

Total width 3401.141 2545.615 489.803 342.361 
(MeV) 

, , 



Real 

Imag 

Mod 

Real 

Imag 

Mod 

Real 

hnag 

Mod 

Tabfe IV. T-matrix poles and residues for all waves in sequence S, P, D, F. 
(Poles and partial widths (residues) are in MeV). 

Table IVa 

S 1 1 CERN, Fir s t Po Ie 

Real = 1503.2 ±.8 / Twice Imag .~ 64.8 ± 1.8 

r(N Tt) r[Nc(p)] r 
[Np 1i2 (S)] 

r . 
. [N1J(S)] 

r 
(total) 

7.2 23.0 + 6.5 + 2.3 + 38.9 

- 5.8i 35.4i .2i .9.7i 39.5i 

19.21 1-12.21 
16.5 I 110 .0 I 168.01

a 

S 1 1 Saclay, F,irst Pole 

Real = 1491.4 ± 2.9 / Twi~e Imag = 57.5± 3.3 

r(N Tt) r[ N €(p)] 
r 

[ Np 1i2 (S)] r [ N1J(S)] 
r 

(total) 

.8 11.7 + .4 1 - .8 + 12.0 

-13.4i 28.1 i' 1.4i 14.1 i 30.2i 

'1 13.41 130.51 11.41 114 .1 I 159.4l
a 

,-

S 1 1 CERN, Second 'Pole 

Real = 1652.4 ± .2 L Twice Imag = t'00.3±.8 

r(N Tt) r(NE(p)] r 
[Np 1i 2 (S)] r[ N~(S)] r (total 

26.1 -2.3 -2;6 + 4.7 25.9 

-36.8i -3.7i -S.9i - 31 .9i -81.2i 

145 .1 I I:lAI 19.21 132 . 3 1 190.91 

a Modulus of r (total) is sum of moduli of Ii' 

Real 

Imag 

Mod 

Real 

!mag 

Mod I 
0' 
-.J 
I 

Real 

Imag 

' Mod 



Table I V b 

S 1 1 Saclay, Second Pol e 

Real 164.4 ± 0.4 / Twice Imag 103.6 ± 2.1 
I , 

. r(N TT) r[N-E(p)] r 
[Np 1/2(S)] r[ NI7(S)] r(total) 

- 2. 7 + ' 
--, 

Real 18.8 - 0.4 8.4 24.8 Real 

_Imag -41.2i -7.9i - 5.0i - 31 .0 i -85. Ii Imag 

Mod 145.31 17 .91 15.71 132 . 1 I I ,a 9.1.0 I Mod 

S31 .CERN, Pol e 

Real = 1600.3 ± 4.8 
I 

Twice Imag 79.2 ± 10.4 

r(N TT) r[.6TT(D)] r[ N p 1/2 (S)] l(total) 

-=:: 
Real -3.2 22.0 - 5.3 13.4 Real 

Imag -19.5i 15.8 i 101.9i 98.2i [nlag 

Mod 119.8 i 127 . 1 I 1102 .0 I 1148 .91
a Mod 

S31 Saclay I 

'" 00 

/\ I 

Real = 1602.4 ± 3.9 Twice Imag 74.1 ± 6.1 

r(NTT) r[ .6 TT(D)] r 
[Np 1/2(S)] 

r 
(total) 

Real - 4.2 24.5 -56.6 -36.3 'Real 

Imag -19.2i 7.0i 56.4i 44.2i Imag 

Mod 11 9.71 125 . 5 1 179.91 1125.11a Mod 

aModulus of r (total) is sum of moduli of r i '. 

I.. 

/ 

',' 



'-

Real 

Imag 

Mod 

Real 

Imag 

.Mod 

Real 

Imag 

Mod 

~ (] :.3,:) u . f 

':.) 8-- ;J 
(:'~,. ,) 

t',-I 

~ 9 

f 

->' 

Table IV c 

Pil CERN, First Pole -- ---·--7-~--~-----------~----
Real 13H4.8±Z..8 TWLc,'InMg 234.7±·1.3 

r(NTi) r l6Ti (p) ] r[NE(S) ] r(total) 

36.0 21.0 + 5.1 - 62.1 Real 

-109.2i -25.5i -S.U - 139. 9i Imag 

11 ~5.0 I ! 33.0 I 1 7 . 2 1 [155.~2[ a Mod 

------------------. 
Plt Saclay, First'Pole 

Real = 1391.0 ± 0.5 1 ." Twice Imag = 206.3 ± 1.8 

r(NTi) r[ 6Ti(P)] r[NE(S)] r(total) 

29.5 29.5' + 2.0 61.0 Real 

-85.4i -30.9i 0.6i -11S.7i Imag 

[ 90.31 [42.8[ ! 2.1[ [135.1 [ a Mod 

P 11 CERN, Second Pole 

Real = 1724.5 ± 5.5 

,-. 

r(NTi) 
[' 
,[ 6Ti(P)] 

-39.4 46.6 -
:-11S.0i 5.3i 

[121.3[ 146.9[ 

I 
['[NE(S)] 

31.0 + 
-SS.9i 

[63.9[ 

_Twice Imag = 282.6 ± 8.2 

'r 
(total) 

38.1 Real 

-165.6i Imag 

[232.3[ a Mod 

aModulus of ['(tot~l) is sum of moduli of ri' 

I 
0' 
-.0 



Real 

Imag 

M~d 

Real 

Imag 

Mod 

Real 

Imag 

Mod 

Table IV d 

P11 Saclay, Second Pole 

Real = 1744.1 ± 1.0 

r(N1T) r[~1T(p)] 
I 

-22.6 38.4-

-126.3i 3.7i 

1 128.3 1 1 3 8.61 

r[ NE(S)] 

60.5 + 
-57.6i 

1 83 . 5 1 

/ Twi'ce Imag 293.7 ± 5.0 

r (total) 

76 Real 

-1S0.2i Imag 

! 250.41 a Mod 
--------

P13 CERN Pole 

Real = 1728.2 ± 2.3 

r(N1T) r J NP1/2(P)] 

0.5 42.3 

-25.3i -72.7i 

1 25. 3 1 1 84. 1 1 

Real = 1727.7 ± 2.1 

r(N1T) 

1. 5. 

-26.0i 

1 26.0 I 

r 
[ NP1/2(P)] 

38. 5 ~ 

-69.8i 

1 7 9.71 

/ Twice Imag 15<).3 ± 5.6 

r(total) 

42.8 Real 

- 97. 9i Imag 

1 10 9. 3 1 a Mod 

P13 Saclay Pole 

7 Twice Imag 156.9 ± 4.9 

r(total) 

40.0 Reed 

-<)5.8i Imag 

!i05.Bl
a

Mod 

aModulus of r(total) is sum of moduli of rio 

'-

.. 

I 
-J 
o 



" 

Real 

Imag 

IvIod 

Real 

Imag 

Mod 

Real 

Imag 

,0 .J. lJ tJ r 

.. ) 
n 
C9 d i:: ... ;,) ,t,j iJ ,. 

Table IV e 

D13 CERN, First Pole 

Real = 1514.6 ± 2.1 7 Twice Imag 142.1 ± 5.4 

r(Nrr) r[D..rr(S) ) r r[NE(p)) r[D..rr(D)) r (total) - , [ NP 3L2(S)) 

88.1 5.1 33.7+ -3.4 3.2 126.7 

12.5i 35.9i 5.7i 0.3i 13.5i 67.9i 

! 89.0 I " !36.3j j 3_4.2j j 3.4j 113.81 I 176.71 a 

D13Saclay, First Pole 

Real = 1514.9 ± 4.8 / Twice Imag = 148.9 ± 6.4 

r(Nrr) r[D..rr,(S) L r 
[ NP3/2(S)) r[ NE(P)) r[D..rr(b) ) r(total). 

91.3 7.9 35.6 + -4.0 3.3 134.2 

10.4i 40.1i 5.3i 0.3i 14.3i 70.5i 

j 91. 9j j40.9j j36.0 j j4.0j ! 14.7j 1187.5!a 

D13 CERN, Second" Pole 

Real = 1646.9 ± 6.5 I 
r(Nrr) r[D..rr(S)) r 

[ NP 3/2(S)) 

5.3 ' -8.0 + -.7 

-14.9i -22.2i 3.6i 

Twice Imag = 116.6 ± 5.4 
'\ 

r[ NE(P)) r[D..rr(D) ) r (total) 

- 56. 9 - 0.3 -60.0 

-31. 7i -2.4i -67.5i 

Real 

Imag 

Mod 

Real 

Imag 

Mod 

Real 

Imag 

Mod 1 15.8'! !23.6j j 3.7j ! 65.1j ! 2.4! !110.7I
a

. Mod 

aModuluB of r(total) is sum of moduli of ri" 

I 
--.J ... 



Table IV f 

D13 Saclay, Second Pole 

Real" 1650.4 ± 12.4 7 Twice Imag " 125.4 ± 6.7 

L(N7T) L[ .6.7T(S)] L 
[ NP3/2(S)] L[NE(P)] L[.6.7T(D) ] L(total) 

Real 5.0 -9.2 + -.5 -63.3 0.2 -67.8 Real 

IITlag -12.6i -23.1i 4.1i -39.8i -1.3i - 72. 8i IITlag 
/ 

Mod 113.61 1 24.91 1 4.1 I 1 74 . 8 1 .11. 3 1 1118: 6 1 a Mod 

D 13 CERN, Third Pole 

Real " 1971. 0 ± 11. 5 Z Twice IITlag " 452.1 ± 37.4 

L(N7T) L[ .6.7T(S)] L 
[ NP 3/2(S)] L[NE(P)] L[.6.7T(D)] L(total) 

-----
Real -1.9 -48.0 + 110.6 - -2.0 + 8.3 + 67.0'- Real 

Imag -87.2i 51.0i -177.9i 1.3i -27.4i - 240. 3i Imag 

Mod 187. 2 1 1 70.1 I 1 20 9.51 12.41 128.61 1397.81
a Mod 

I 
--J 

D 13 Saclay, Third Pole N 

Real = 1970.7 ± 32.0 / Twice IITlag " 401. 8 ± 52.4 

L(N7T) L[.6.7T(S)] L 
[ NP3/2(S)] L[NE(P)] L[.6.7T(D) ] L 

(total) 

Real 14.1 -48.3 + 82.7 -1.0 + 0.6 + 48.2 Real 

Imag - 54. 8i 47.3i -170.2i 0.4i -25.9i -203.1i IITlag 

Mod 156.61 1 67 . 6 1 ,1 189.21 11.1 1 1/25 .91 1 340.31 a Mod 

aModulus of L(total) is SUITl of ITloduli of L i . 

" ., 



Real 

Imag 

Mod 

Real, 

Imag 

Mod 

Real 

Imag

Mod 

u , • 'I j l 
.• U ,\"} 

I. V" 
,) '(J u i.~:" ' .. ) (~4 

Table IV g 

D33 CERN Pole 

.. 

Real = 1656.7,± 5.3 / Twice Imag = 109.3 ± 2.3 

r(N1T) r[ .c:.1T(S)] 
I 

6.9 -6.6 + 
-3.4i -45.1i 

1 7,.71 145 . 5 1 

Real" 1654.4 ±1.4 

r(N1T) ~ 

6.9 

-4 .. 2i 

1 8.11 

r[.c:.1T(S)] 

-8.9 + 
-49.3i 

1 50.11 

Real = 1665.7 ± 2.8 

r(N1T) 

67.7 

,-13.8i 

1 69. 1 1 

r[ .c:.1T(D)] 

91.0 

-10.4i 

191. 6 1 

r[ NP3/2(S)] 
r . (total) 

35.9 + 36.2 

7.5i -40.9i 

136. 6 1 1 8 9.81
a 

D33 Saclay Pole 

I Twice Imag 117.5 ± 2.4 

r 
[ NP3/2(S)] 

r' 
(total) 

36.0 + 34.0 

8.5i -44.9i 

1 37 . 0 1 1 95.11 

D15 CERN Pole 

'/ Twice Imag 159.0 ± 11.1 

r (total) 

158.8 

-24.2i 

: 160.71 a 

aModulus of r(totan is sum of moduli of rio 

Real 

Imag 

Mod 

Real 

Imag 

,Mod 

Real 
\ 

Irnag 

Mod 

I 
-.J 
W 
I 



Table IV h 

D 15 Saclay Pol e 

Real = 1662.1 ± 2.2 / Twice Imag = 139.7 ± 9.2 

, , 
r(Nrr) r[ll.rr(D) ] r(total) 

Real 55.8 71.2 - 127.0 

Imag -18.2i -21.2i -39.4i 

Mod J 58.71 174 . 3 1 1133.01a 

F 1 5 CERN Pol e 

Real = 1672.0 ± 2.4 I Twice Imag = 154.6 ± 5.2. 

r(Nrr) r[ll.rr(P) ] r 
[ NP3/2(P)] r[NE(D)] [' (total) 

Real 99.3 5.3 + 32.5+ 14.5 + 151. 6 

Imag -17.1i 10.6i -27.0i -15.7i -49.1i 

Mod 1 1 0 0 .71 111. 91 142 . 2 1 121.41 1176.21
a 

F15 Saclay Pole 

Real = 1668.6 ± 2.0 7 Twice Imag 145.0 ± 4.8 

r(Nrr) r[~rr(P)] r 
[ NP 3/2(P)] r[NE(D)] r (total) 

Real 88.7 7.4 + 29.9 + , 11. 7 + 137.6 

Imag -20.4i 9.2i -24.9i -14.9i - 51. Oi 

Mod I 91.0 I 111. 81 1'38.91 118.91 1 160 . 6 1 

aModulus of r (total) is sum of moduli of r i' 

Real 

Imag 

Mod 

Real 

Imag 

Mod 

Real 

' Imag. 

Mod' 

I 
-J 
~ 



Rcal 

Imag 

Mod 

Real 

Imag 

Mod 

Real 

Imag 

Mod 

·" tj 
r .~ t.:i 'p I I l \vI g !. .. J .J' .• 

Real" 182 .. 1. 1 ± 7.5 

r(NTT) r[ATT(F) ] 

36.3 19.1 + 

-25.5i -17.7i 

144•3 1 I 26.11 

U l"~ ~) 
.. " ~ 

~t.~ ~ 

Table IV i 

F35 CERN Pole 

/ 
r[ NP3!2(P)] 

-20.3 

-104.7i 

1 106.71 

Twice Imag 282.1 ± 25.6 

'\ 

r . 
(total) 

3:;.1 

-148.0i 

1177.1 I'l. 

F35 Saclay Pole 

Real'= 1831.9:1: 20.7 / Twice Imag = 277.'3:1: 34.9 

f(NTT) 

36.2 

-24.8i 

143 .91 

r[ATT(F) ] 

15.7+ 

-19.2i 

1 24 •8 1 

Real = 1866.1 :I: 5.8 

r(NTT) 

78.2 

23.0i 

I 81: 6 1 

r[ATT(F)] i 

12.0 + 

54.7i 

1 56 . 0 I 

r[ Np 3!2(P)] 

-17.1 

-107.7i 

1109.0 I 

r(totaI) 

34.8 

-151. 7i 

I 177.8I
a 

F37 .CERN Pole 

r 

/ 
[ NP3!2(F)] 

.-34.9 + 
22.4i 

. 141.41 

Twice Imag 254.9:1: 21.4 

r[Ap(p)] r(iotal) 

51.8 + 107.1 

-84.2i 15.9i 

198.81 1277.81a 

aModulus of r(total) is sum of moduli of rio 

/ 

Real 

Imag 

Mod 

Real 

Imag 

Mod 

Real 

Imag 

Mod 

I 
--J 
U1 



Table IV j 

F37 Sac lay Pole 

Real = 1876.8 :!: 6.2 Twice Imag = 297.8:!: 30.2 

r(NTT) r[~TT(F)] r 
[ NP 3/2(F)] r[~p(p)] r (total) 

Real 48.5 92.3 + -9.1 + 58.0 + 189.8 

Imag -37.ii 26.0i 50.0i -29.2i 9.Si 

Mod 1 61. 1 I 196.01 1 51.01 164.91 1272• 8 1 a 

aModulus of r(~otal) is sum of moduli of rio 

Real 

Imag 

Mod 

I 
-J 
0' 
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Table V. Comparison of parameters of K-matrix. T-mat·rix. and' Breit- Wigner refit. all in MeV. 

Table V a 

2Channel. Small Background. 015 CERN(EPSA)+N1T1T 

Parameter 

........ 
Mass r(total) r(N1T) r[~1T(D)] 

Origin ....... 

K-matrix 
pole Real '1684 161 66 95 

from Table III 

T-matrix Real 1666 159 68 91 
-159i pole a Imag -24i -14i -10i -2-

from Table IV Mod I 161 I 1691 1921 

Unitarized 
(UIHBW) 

, 
Real 1692 176 71 105 

BW parameter 

Unitarized Real 1666 156 68 . 88 

(UB+BW) Imag -158i 
-24i -12i -1ii -2-

BW pole a Mod 1 158 1 1691 1 8 91 

UB+BW Real 1683 167 68 99 BW parameter 

UB+BW Real 1659 134 57 77 -
-150i Imag- -2- -45i -22i -23i 

BW pole a Mod 11411 I 61 I 1 80 I 
015 CERN (EPSA) Only 

Parameter 

"-
Mass r<.total) r(~1T) r[Ll1T(D)] 

Real 1682 156 64 ,92 

T,,-matrix Real 1660 125 54 71 ( 

Imag -140i -43i -20i -23i -2-
pole a Mod- 1 133 1 I 58 1 1751 

UB+BW 
BW parameter. Real 1682 153 63 90 

UB+BW Real 1661 55 
-140i Imag -2- -18i 

BW pole
a 

Mod 1581 

aT-matrix pole has complex po'sition and partial width (r,). Modulus of r(t t 1) is the sum 
of the moduli of r.. 1. 0 a 

- 1 

Real 

Real 

Imag 

Mod 

Real 

Real 

Imag 

Mod 

Real 

Real 

Imag 

Mod 

Real 

Real 

Imag 

Mod 

Real 

Real 

Imag 

Mod 

I 
-....I 
-....I 
I 



Table V b 

2 Channel. Small B,;,ckground. D15 Saclay(EPSA)+N"[TTT 

Paran,eter 

Mass r(total) r(N1T) If L\1T(D)J 
.Origin --....... ) 

K-matrix 

>< 
pole Real 1683 153 64 89 Rl'al 

'': from Table III 
~ ---.---
E T -matrix Real 1662 127. 56 71 Real 
I 

pole
a -140i 

::<:: Imag -2- -39i -18i -21i [mag 

from Table IV Mod 1 133 1 . 1 591 1741 'Mod 

Unitarized 

~ (UB+BW) -Real 1684 153 64 89 Heal 
ill BW parameter 
+ 
ill Unitarized Real 1663 130 56 74 Real ;:J 

5 (UB+BW) I Imag 
-140i -36i -18i -18i Ima~· -2-

I BW pole
a 

Mod 11 35 1 1591 1 761 Mod 

UB+BW Real 1684 153 64 89 Rl'al 
~ BW parameter 
ill 
+ UB+BW Real 1662 127 55 71 -~ . .' 
ill :"\.<:... .!.-

;:J In,ag -140i -40i -18i -22i r Ill~l.g 

1 
-.2-

a Mod 113 3 1 1 581 1 751 !\\"d BW pole I 
-.J 

D15 Sac lay (EPSA) Only 00 

Parameter 

Mass r (total) r(N1T) r[ L\1T(D)] 
Origin ~ 

.~ 
K-n1atrix 

R{'al 1682 154 64 90 Real 

'" 
pole 

, , ~ 
E. T -n1atrix Real 1660 122 53 69 Real 
I -138i 

::<:: Imag --2-,- -44i -20i -24i lmag 

I 
pole a Mod 1 12 91 1 5~ 1 I 73 1 Mod 

UB+BW ~ Real· 1684 150 62 88 RC'al 
ill B W paramete r +. 
ill 
;:J UB+BW Real 1663 56 Real 

Imag 
-143i 

-15i [mag -2-

BW pole a Mod I 581 Mori 

aT-matrix pole has complex position and partial width (r.), 
of the moduli of r.. l 

1,1odulus of r(total) is the sum 

1 
----------



" 

Table V c '-

3 Channel, Large Background. F35 CERN(EPSA)+NmT 

M'ass r(total) r(N1T) ~ " r 
l~1T(F)] . INP.3/2(P)] 

..., 

K-matrix. 
47 + 

~ 
pole Real 2169 3401 178 3177 Real 

'i: from Table III 

'!ii\ S T-matrix Real 1824 35 36 19, + -20 Real 
I 

polea -282i 
~ Imag --2- -148i -26i -17i -105i Imag 

~ from' Table IV Mod 11771 1441 126 1 110 7 1 Mod 
! 

Unitarized 
~ (UB+BW) Real 1907 325 51 55 + 219 - Real 
I%l BW parameter 
+ 
I%l 16 + - -6 -P Unitarized Real 1824 53 43 Real 
5 , (UB+BW) Imag -282i 

-2- -143i -27i -12i -:99i Imag 

BW pole a Mod 1 173 1 I 51 1 1 23 1 1991 Mod 

UB+BW Real 1957 391 75 41 + 275 Real ;;t BW parameter 
I%l 
+ 
I%l UB+BW Real 1783 13 37 18 + -,42 Real 
p -386i 

1 
Imag -2- -304i -62i -36i -20bi Imag 

I 
BW pole 4 Mod 1323 1 Inl 1411 1 21 0 I Mod -J 

..!) 

F35 CERN (EPSA) Only 

Mass r(total) r[~1T(F)l 

.!:S K-matrix Real 2042 1746 154 1'592 Real' .. pole ... 
'" S T-matrix Real 1810 ,33 Real 
I -Z75i ~ Imag -2- -25i Imag 

polea 
Mod 1421 Mod 

UB+BW 
Real 1891 300 36 264 Real 

;;t 
BW parameter 

I%l 
UB+BW Real 1815 20 Real + 

I%l -222i P Imag \-2- -13i Imag 

~WPolea Mod 1241 Mod 

~ -matrix pole has complex position and partial width (r.). Modulus of r(total) is the sum , 1 
of the moduli of r,. . 

1 



Parameter 

~ 
Origin 

K-matrix 

.~ 
pole 

~ 
from Table III 

-:;; 
E T -matrix , 

pole a ::t: 
from Table IV 

Unitarized 
~ (UB+BW) 
~ BW parameter 

>!1 
!:l 
!:l 

Unitarized 

( UB+BW) 

BW pole a 

UB+BW 
;:: BW parameter 
>!1 

~ UB+BW 
!:l 

1 ' a BW pole 

Table V d 

3 Channel. Large Background. F35 Sac lay (EPSA)+Nrrrr 

Mass 

Real 2136 

R('al 1832 
: 2 7!li 

Ima~ -2-

Mod 

Real 1911 

Real 1833 

Imag 
,-282i 
-2-

Mod 

Ro>al 1942 

Real 1798 

Imag 
-363i 
-2-

Mod 

r 
(total) 

2545 

35 

-152i 

1178 i 

320 

50 

-146i 

I 180 I 

395 

-10 

-290i 

1 316 I 

r(Nrr) r[ll.rr(F)] 

165 135 + 

36 16 + 

-25i - 19i 

i 44! 
" I 125 1 

50· 50 + 

46 15 + 

- Z 5i -14i 

I 53 ! , 1 I 21 1 

7.0 47 + 

39 15+ 

-52i -36i 

1
65

1 1 39! 

E'35,Saclay (EPSA) Only 

r[ NP3/Z(P)] 

2'246 

-17 

~ 108i 

1 1 091 

220 

- I 1 

-106i 

i 1061 

278 

-'64 

-Z02i 

1 212 I 

Parameter 

~ _____ ~as~ __ r(to~--=~~~_~ ___ :[ 6rr(~~.,_~ _____ ~ ________ ._ 

~-ma-trix Real 2062 1808 156 1652 
::: pole 
" -:;; 

T -matrix Real 1822 35 r 
~ -283i , 

Imag ,.26i :::G -2-

~ 
pole 

a Mod 
1

43
1 

UB+BW 256 ;:: BW parameter 
Real 1901 291 35 

>!1 
+ 
>!1 UB+BW Real 1833 22 !:l -219i 

lma~ -2- '- 1 Ii 

BW pole a Mod I 241 

aT-matrix pole has complex position and partial width (r.). Modulus of r(t t I) is the sum 
of the moduli of r.. loa 

1 

"1 

R('al 

Real 

Inlag 

Mod 

Real 

Real 

Inla~ 

Mod 

Real 

Real 

Irnag 

Mod 

Heal 

Heal' 

Imag' 

Mod 

Ho>al 

Real 

Inlag 

Mod 

I 
00 
0 
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Table V f 

4 Channel, Medium Background, F15 Saclay (EPSA)+Nrrrr 



~ l) 

Wave 

Channel 

Sign 
coupling 

Angle 

(,,1 u , l 
i • .J .3 8 u ,,,) /J ... .;J, 

/ 

Table VI. Sign of all couplings froITl Breit- Wigner refit ITlade by 
eyeball in sequence S, P, D. F. 

'Table VIa 

S 1 1 CERN, First pole 

(a) 
N TT, L o N E, L 1 N P 1/2' L = 0 N li, L o 

+ + + + 

-20° 10° -10° 40° 

J 



Table VI b 

Wave S1 1 'Saclay, Second Pol e 

Channel N TT, L 0 N c, L = 1 N P1/Z,L=0 N 11, L " 0 

Sign + coupling. 

Angle ZOo -40° -40°· -ZOo 

S31 CER'N 

Channel N TT, L 0 ~ TT, L = Z N p 1/Z' L = 0 

Sign 
+ coupling 

Angle -45° 0° 45° 

I 
00 

S31 Saclay \~ 
I 

Channel N TT, L=O ~ TT, L = Z N P 1/Z' L = 0 

·Sign 
+ coupling 

_-\ng Ie -45° \ 0° 45° 

, 



I, 

Wave 

Channel 

Sign 
coupling 

Angle 

Wave 

Channel 

Sign 
coupling 

Angle 

Wave 

Channel 

Sign 
coupling 

Angle 

.. 

. \ 
;) . I U \..J II 

N 11, L 1 

+ 

-30° 

N 11" L 1 

+ 

_30° 

N 11"L' = 1 

+ 

- 50° 

" 

8 u .< ~ J \,) 
J .""'l tJ 

i 

Table VI c 

P11 CERN, First Pole 

'6. 11, L 1 N E, L 0 

+ 

-60°, _40° 

P 11 Saclay, Fir s t Po,le 

6.11, t..'=1 N E, L = 0 

+ 

_60° -40,° 

P11 CERN, Second Pol e 

6. 11, L = 1 N E, L = 0 

+ 

-10 0 -40° 

I 
00 
U1 

I 



~ 

Table Vld 

Wave P 11 Saclay, Second Pole 

Channel N TT, L 1 ~ TT, L N E, L 0 

Sign 
+ coupling 

-I 

Angle - 50 0 -10 0 -30 0 

Wave P13- CERN 

Channel 

Sign 
coupling 

Angle 

Wave 

Channel 

Sign 
coupling 

Angle 

N TT, L -

-45 0 

N TT, L 

- 45 0 

Np1/2,L~1. 

- 45,/ 

P 13 Sac La y 

1 ,N Pi!2' L =·-1 

-45 0 

" , 

I 
00 
0' 

/ 



" . , . ... ; 

Wave 

Channel 

Sign 
coupling 

Angle 

Wave 

Channel 

Sign I 
coupling 

Angle 

Wave 

Channel 

Sign 
coupling 

Angl e 

. , 
~r~ d u 

N IT, L = 2 

+ 

5° 

N IT, L 2 

-1 

5° 

N IT, L 

+ 

- 20° 

Z 

'-

.J s u . .f 
::! .... 

D 13 CERN, 

t;, IT, L=O 

35° 

),J . ) ,.,'§ 7 

Table VI e 

Fir s t Pol e 

N p 3/~' L ::0 0 

+ 

5° 

N c, L 

+ 

-65° 

D 13 Saclay, Fir s t Pol e 

t;, IT, L = 0 N P 3/2' L " 0 N c, L 0 1 

+ 

35° 5° - 6 50 

D 13 CERN, Second Po I e 

t;, IT, L=O N P3/2,L=0 N c, L= 1 

-1 

-60° 70° _80 0 

t;, TT , L Z 

_ 50 

.6 TT, L Z 

_ 50 

t;, TT, L Z I 
00 
-.J 

- 60 0 



Table VIf 

Wave D 13 Saclay, Second Pol e 

Channel N TT, L = 2 6 TT, L = 0 N P3/2,L=0 N c, L 1. 6 TT, L 2 

Sign + + coupling 

Angle _ 20 0 _60 0 70 0 -80 0 -GO° 

Wave / D 13 C'ERN, T h i r d Pol e 

C],annel N TT, L = 2 6 TT, L = 0 NP 3/2,L=0 ·N E, L 1 6 TT, L 2 

Sign 
~ f ? ? 

coupling 

Angle -40 0 80 0 _40 0 ? ? 

Wave D 1 3 Sac 1 a y,' T h ir d Pol e 
I 

00 
I 00 
Channel N TT, L 2 6 TT, L = 0 N P3/2,L=0 N E, L = 2 6 TT, L , 2 

Sign + coupling + ? ? 

Angle -40 0 80 0 -40 0 ? ? 

( 



U l~.,; 
, 

t.J f U t) 4j a ~.J .J .:1 ... , d 

Table VI g 

Wave" D33 CERN 

Charmel N rr~ L 2 6. rr, L :: 0 NP3/2,L::0 

Sign + coupling + + 

Angle -30° - 60° 0° 

Wave 
," 

D 33 Saclay 

Channel N rr, L 2 6. rr, L :: 0 N P 3/2' L:: 0 

Sign 
+ + coupling 

Angle -30° - 60° 0° 

Wave D 1 5 CERN I 
00 
-..0 

Channel N rr, L 2 6. rr, L :: 2-

Sign 
coupling 

Angle -10° _20° 



\Vave 

Channel 

Sign 
coupling 

Angle 

Wave 

Channel 

Sign 
coupling 

Angle 

'vVave· 

Channel. 
, 

Sign 
coupling 

Angle 

N n, L 2 6 n, L 

+ 

-10° -20° 

N n, L = 3 6. n, L 

+ + 

-10° 10° 

N n, L ~'3 6 n, L 

+ 

_10° 10° 

,\ 

Table Vlh 

Dj 5 Saclay 

2 

F 1.5 CERN 

1 N P 3/2' L == 1 N E, L " 2 

+ + 

-10° -30° 

F,j 5 Sa c I'a y I 

'" 0 
1 N P 3/2' L = 1 N(:, L 2 I 

+ ·f 

-10° -30 0 

. , 



Wave 

Channel 

Sigri 
coupling 

Angle 

Wave 

Channel 

Sign 
coupling 

Angle 

Wave 

Channel 

Sign 
coupling 

Angl e 

l' 11· " ! , r ir:il 
J ~,7 ,) Vi ~) V U ':-; LI (J ., 

Table VI i 

F 35 CERN 

N TT, L 3 !::;. TT, L 3 N P 3/2' L = 1 

+ + "-

:- 25° - 50° -75° \ 

F 35 Saclay 

N TT, L ~ 3 !::;. .TT, L 3 N P;3/2,L=.:1 

+ 

- 25° - 50° -75° 

F 37 CERN 

N TT, L 3 . !::;. TT, L 3 N P 3/2' L = 3 !::;. p, . L 

-t -t 
a 

_10° 20(0 -80° _40° 

a !::;. P channel is not in N TTTT; it s sign has been defined as positive. 
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Table VI j 

3 NP3/Z,L=3 6.p ,L := 1 
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-80 0 -40 0 

a 6 P channel is not in N1T1T; 'its sign has been defined as positive. . . 
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Table VII. Cross-section ratio for Y]N, assuITling 
S-wave dOITlinance at 1520 -1590 MeV, c. ITl. 

--

Energy 1520 1530 1540 1560 1590 

Co .120 .125 .125 .130 .10 

'-. 

C 1 .025 .025 .025 .01 0.0 

ap11 .01 .01 .01 .0015 0.0 

aSH 

C
2 .01 .045 .055 .07 .06 

aD13 
.001 .016 ' .024 ' ,.036 .0.45 --, (only) 

aSH 

aD15 .001 " .010 .016 .024 .03 --(only) I' 

aSH ...0 
4J 

C
3 

0.0 0.0 0.0 0.0 - .05 

aF15 
0.0 0.0 0.0 0.0 .02 ,aS11 

/ 



FIGURE CAPTIONS 

Fig. 1. S-channel diagram for isobar a outgoing and isobar f3 incoming, 

where B(q, 1.) is square root of Blatt-Weisskopf8 barrier factor for 

momentum q in an angular momentum state i.. W is the Watson 
a 

final state factor for the a isobar. A is the, elastic Argand ampli-a ' 

tude for particles that make up the isobar, 

Fig. 2. Diagram of 1 ~r,z fO,r the six different res onance s used in de ~ , 

termining the overall phase. 

Fig. 3: Flow diagram ~or the reduction of four sets of <Pi's to one set 

of cp.'s, using Eqs. (33) and (35). 
1 

Fig. 4.1. Argand diagrams and,partial 'Fave cross sections for the 

elastic and inelastic channels. The smooth curve on the Argand 

diagrams is the amplitude obtained from the K-matrix when the 

description wa,s possible. Cross-hatched marks on the curve 

correspond to the energies D, E, F, etc. the arrows indicate the 

known resonances of Table V. The total inelastic contribution in 

each elastic wave (,) is compared with the sum of the inelastic con

tributions we observe pl(). Facing each inelastic Argand diagram, 

we give the variation with energy of the square modulus of the wave. 

(This caption also applies to Figs. 4.2 through 4.16. ) 

Fig. 5. 1;'hree different paths .6., .6.' , .6." in the E plane. E is the di

particle mas s that makes up the isobar. W is the complex '~ 

(three body) where one searches for poles in the three-body 

T-matrix. 

Fig. 6. The paths of Fig. 5 deformed so that they only differ QY inte-

gration around the pole. 

Fig. 7." The branch cuts in the ~ or W plane (total co m. energy) 

generated by the pole in the final state interaction of the isobar. 

I 
-..0 
.p. 



" 

Fig. 8. Three different paths of integration in, the E plane at four dif

ferent values of W. The da~hed line is the projection of the branch 

cut from the W plane which' is not crossed by W -m3 as it moves 

from (a) to (d). 

Fig. 9. Three points on the A, AI, and A" sheets and how one has to 

travel from them to the physical region ina continuous way. 

Fig. 10. The poles of the F15 T -:-matrix which li/es near pN thre shald. 

Each sheet is generated. by the pN cut. 

Fig. 11. Argand diagrams from U(UB + BW) refit to F35 wave. Solid 

line is the U(UB + BW) amplitude, while dashed line is the unitary 

background UB. Energy range is from 1740 to 1900 MeV, where 

arrows point direction of increasing energy. AB. is the change af 
. 1 

rotation angle of Breit-Wigner in th~s energy range. See Eq. (65). 

Fig. 12. K-matrix prediction for N71 S11 first moment plotted against 

total cross section. 
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