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Abstract
Conformal Field Theory on Affine Lie Groups
by
Kenneth Sherman Clubok

Doctor of Philosophy in Physics
University of California, Berkeley
Professor Martin B. Halpern, Chair

Working directly on affine Lie groups, we construct several new formulations of the
WZW model, the gauged WZW model, and the generic affine-Virasoro action. In
one formulation each of these conformal field theories (CFTs) is expressed as a one-
dimensional mechanical system whose variables are coordinates on the affine Lie
group. When written in terms of the affine group element, this formulation ex-
hibits a two-dimensional WZW term. In another formulation each CFT is written
as a two-dimensional field theory, with a three-dimensional WZW term, whose fields
are coordinates on the affine group. On the basis of these equivalent formulations,
we develop a translation dictionary in which the new formulations on the affine Lie
groﬁp are understood as mode formulations of the conventional formulations on the
Lie group. Using this dictionary, we also express each CFT as a three-dimensional
field theory on the Lie group with a four-dimensional WZW term.

Martr, K. Helgene., Chacr
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Chapter 1

Introduction

1.1 Overview

Affine Lie algebra, or current algebra on S*, was discovered independently in math-
ematics [1, 2] and physics [3]. A large class of conformal field theories, including the
affine-Sugawara constructions [3-7], the coset constructions [3, 4, 8], and the generic
affine-Virasoro construction [9, 10] are constructed from the currents of the affine
algebras. In these constructions, the energy-momentum stress tensor is expressed
as a bilinear of the affine currents. Passage from the Hamiltonian formulation to
the action-formulation of these theories yields their world-sheet descriptions. In this
way, the affine-Sugawara construction is equivalent to the WZW model [11, 12], the
coset constructions are equivalent to the gauged WZW model [13-17], and the generic
affine-Virasoro construction is equivalent to the generic affine-Virasoro action [18]. In
all these world-sheet descriptions, the conformal field theories have been described in
terms of variables on the Lie group manifold. See Ref. [19] for a more detailed history

of affine Lie algebra and conformal field theory.

Affine Lie groups, which are generated by the afline algebras, are infinite dimen-
sional generalizations of Lie groups. This thesis discusses equivalent reformulations
of the WZW model, the gauged WZW model, and the generic affine-Virasoro action
in terms of coordinates on the corresponding affine Lie groups. These reformulations
of conformal field theory are based on recent work by Halpern and Sochen [20], who
used the coordinates on the affine Lie group G to construct a new first-order differ-
ential representation of affine g x g. In Ref. [21], that representation was used to
construct several reformulations of the WZW model. This work repeats the treatment
" of Ref. [21] for the WZW model, and then goes on to generalize the treatment to the
gauged WZW model and the generic affine-Virasoro action.



An outline of this thesis is as follows. The remainder of this chapter presents
a brief review of affine Lie algebra and its role in conformal field theory. The fol-
lowing three chapters are devoted respectively to the affine-Sugawara constructions
and the WZW model, the coset constructions and the gauged WZW model, and the
generic affine-Virasoro construction and the generic affine-Virasoro action. In each
of these chapters, the formulation on the Lie group is first discussed, followed by the
translation onto the affine Lie group.

The overall picture which emerges is a quartet of equivalent formulations of each
conformal field theory,

constraint
§(z(7)) §(z(r,0))

modes modes

constraint

g(z(r,0)) g9(z(7,0,5)) (1.1.1)

where g is a Lie group element, § is an affine Lie group element,  is the target space
coordinate on the group or affine group manifold, and 7, o, and G are the appropriate
base space coordinates for each formulation. This picture shows that the operation

of moding is a partial transmutation between the base space and the target space.
This picture is discussed in detail in Section 2.8.

As the picture makes clear, this work presents a plethora of formulations of
conformal field theories. All told, there are twelve such formulations: four each for
the WZW model, the gauged WZW model, and the generic affine-Virasoro action.
(In addition, many of the formulations are expressed in several different ways.) Two
of those formulations — the conventional formulations of the WZW model and the
gauged WZW model — are not at all original to this work. Four of the formulations
— the new formulations of the WZW model and the original formulation of the
linearized generic affine-Virasoro action — were first presented in previous papers
[21-23] on which I collaborated. The other six formulations are completely original
to this thesis.

1.2 Preliminaries: Affine Lie algebra and conformal field

theory

Mathematically an affine Lie algebra [1, 2, 3] § is the loop algebra of a finite di-
mensional Lie algebra g (maps from S' — g) with a central extension. The genes-

ators of the affine algebra, called the affine currents, can be represented as J,(o),
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a =1...dimg with o the angle pareimetrizing S1. The Fourier modes J,(m), m € Z,
of the currents are often used as a convenient basis. See Ref. [1] for a detailed discus-

sion of affine Lie algebras in mathematics.

The mode algebra of untwisted simple affine g is
Ta(m), Jo(n)] = ifart Jo(m + 1) + MENebSmgno , Mm € Z (1.2.1)

where a,b,¢c = 1...dim ¢, and f,;° and 7, are respectively the structure constants
and Killing metric of g. In terms of the local currents J,(o), the algebra is written

[Ja(0), (0" = 27t fasT(0)6(0 — ) + knep0,6(0 — 0')] (1.2.2a)
Ja(0) =D 7™ Jo(m) (1.2.2b)

where 0 < o < 27 For simplicity, the discussion in this thesis is restricted to simple
compact g.
The currents of affine Lie algebras are used to generate conformal field theories

via the affine-Virasoro construction [9, 10],

T=L%J,J,: (1.2.3a)
Lab = ZkLachdeb _ LCdLeffceafdfb . LCdfceffdf(aLb)e (123b)
¢ = 2knap L°® (1.2.3¢)

where (1.2.3b) is the Virasoro master equation. The master equation is a large set
of coupled quadratic equations for the inverse inertia tensor L?. For each solution
L of the master equation, one obtains a conformal field theory with central charge ¢
given in (1.2.3c). Generically-irrational central charge, even on positive integer levels
of the affine algebra, is an immediate consequence of the quadratic structure of the

master equation. Some important properties of the master equation are as follows:

a) Affine-Sugawara construction [3-7]. The affine-Sugawara construction is the sim-

plest solution of the master equation, with

ab 2kdim g
[=_"1__ = o9 1.2.4
g 2]9 + Qg 3 Cg 2k + Qg ( )
where 7% is the inverse Killing metric, and Q74 = — fac? foa®-

b) K-conjugation covariance (3, 4, 8, 24, 9]. A central feature of the master equation

is that its solutions come in K-conjugate pairs L and L, where

LP+ 1% =1% | ct+é=c, (1.2.5)

3



The corresponding K-conjugate stress tensors T and T,

T(2)T(w) =1eg. , T(z)+T(z)=Ty(2) (1.2.6)
commute and sum to the affine-Sugawara stress tensor Tj,.
K-conjugation is used to generate additional solutions, as in the familiar case
of the coset constructions [3, 4, 8] T + Ty/n = Ty. At the level of dynamics, K-
conjugation also provides the minimal local symmetry of any ICFT, as discussed
below.
c) Semi-classical solutions [25, 26]. On simple g, the generic solutions of the master

equation live in level-families L?(k) whose high-level forms are

=B opry |, o= ou (12.7a)
T 2k ’ 2k -
ab
ab jab _ rab _ Zl_ k=2 2
L+ L Lg % + O(k™%) (1.2.7b)
c=rank P+ O(k™) , é=r1ank P+ O(k™) , ¢, =dimg+O(k™) (1.2.7¢)
P’=p | P’=pP | PP=0 , P+P=1 (1.2.7d)

where P and P are the high-level projectors of the L and the L theory respectively.
Here, high-level is taken to be synonymous with semi-classical because 1/k takes the
role of 7.

The partial classification [27, 28] of ICFT by graph theory is based on these high-
level forms, and it is believed [19] that the generic level-family is generically unitary
on positive integer levels of g.

d) Dynamics and gauge theories [18, 29, 22]. The basic Hamiltonian of the generic

affine-Virasoro construction is
Hy=Lo+ Lo = L“b( wJady + A o (1.2.8)

where the barred currents J are right-mover copies of the left-mover currents J. In.
general, this basic Hamiltonian must be gauged, according to the local symmetry
group of Ho. v

For the g/h coset constructions the symmetry algebra of Hj is affine H, which
leads to a world-sheet description by spin-one (or Lie-algebra) gauged WZW models
[13-17]. The coset constructions and gauged WZW models are discussed in Chapter
3.

In the space of all conformal field theories, the coset constructions are only special

points of higher symmetry. For the generic affine-Virasoro comstruction L, the

4



symmetry group of Hy is Diff S; x Diff S;, generated by the left- and right-mover
stress tensors
T=L®*LJ0: , T=1L"*:JJ: (1.2.9)

of the K-conjugate theory L. As a consequence, the world-sheet action of the generic
ICFT is a spin-two gauged WZW model [18, 22], as discussed in Chapter 4.



Chapter 2

Affine-Sugawara Constructions
and the WZW Model

We begin with a description of the conventional WZW model. The purpose of this
section is to illustrate the general approach to conformal field theory that is em-
ployed throughout this thesis. The strategy is to begin with a classical Hamiltonian
constructed from a high-level solution to the Virasoro master equation. Using a
canonical representation of the classical affine currents, this Hamiltonian 1s written
in terms of canonical variables. It is then straightforward to make the transition to

the action formulation of the theory.

After discussing the conventional formulation of the WZW model, we move to.
the formulation on the affine Lie group. This discussion is divided into three parts.
In Part I, we discuss the first-order differential representation of affine g x ¢ from
Ref. [20]. Part II applies this representation to construct the formulations of the
WZW model on the affine Lie groups. Part III presents a translation dictionary
between the formulations on the Lie group and those on the affine group.

The affine-Sugawara constructions were first studied in [3-7], and the WZW
action was first studied in [11, 12]. The steps shown in Section 2.1 are largely taken
from Ref. [30]. The remainder of the chapter (Parts I-III), discussing the formulation
of the WZW model on the affine group manifold and the relations among the various

formulations, gives results that were presented in Ref. [21].



2.1 The WZW Model on the Group Manifold

We begin on the group manifold G with group element g(z) € G in matrix represen-
tation T,
[Ta, Tp) = tfap°y, Tr(ToTh) = XNab, @,0,c=1...dimg (2.1.1)

and a set of coordinates z'(o,7),7 = 1...dimg. We take the base space to be a
cylindrical worldsheet, with 7 € IR and 0 < ¢ < 27. Introduce the left-invariant and

right-invariant vielbeins ¢;, &; and the antisymmetric tensor field B;; by

e, =—ig 09 =e°T, &= —190ig™! = &°T, (2.1.2a)
6‘[,-ej]“ = eibejcfbca, 8[,-61-]" = é-ibEijbca (2.1.2b)
iTr(ei[ej, ek]) = -—;Z(-Tr(éi[éj, ék]) = 3,'Bjk + 8]‘Bki + akB,'j. (2.1.20)

We also introduce inverse vielbeins e,’ and &,'. The left- and right-invariant vielbeins

and inverse vielbeins are related by the adjoint action € of g,

9(@)Tug ™ (2) = QJ(@)T,  Qz) = g7H(T*, ) (2.1.32)
éla = —B,bea, éal = —(Q—l)abEbl (2.1.3b)
Q2 nea? = Tt (2.1.3¢)

where g~}(T°%, z) is the group element in the adjoint representation.

In terms of these quantities, one can write the canonical representation[30]

. k . - ‘ k ;
E, =2re/'p;(B) + Enabeibﬁgac’, E, = 2nep(B) — Ena,,é,.”a,x’ (2.1.4a)

k .
pi— 4—7rBz'jaa$J (2.1.4b)

2
&y

S’
1]

of the affine currents, which satisfies the bracket (classical) form of affine g x g,
{z'(r,0),pi(r,0")} = i6;'6(0 = 0'),  {z'(r,0),27(r,0")} = {pi(7,0),pi(7,0")} = 0

)

{E.(7,0), Bp(7,0")} = 2xi[far° Ec(7,0)6(0 — 0") + knap8,6(0 — o')] ( )
{E,(7,0), E(7,0")} = 27i[fus° Ec(7,0)6(c — 6') — knapd,6(c — o')] (2.1.5¢)
{EG(T7 0)7 Eb(T7 U,)} =0 ( )



In terms of these currents, one constructs the classical affine-Sugawara Hamilto-

nian
’ 27
Hwzw = A doHwzw

1 _
Hwzw = ZF’LZ?OO(EaEb'FEaEb)

2w i, E -
= %Wabealebjpi(B)pj(B) + gnabei“e,-ba,x‘aoxf

1ab

ab __
Lg,oo - 2—]677

b

al
where L 00

The corresponding WZW action [11, 12] is given by

SWZW = /deO'[,WZW

g

. . . . k . .
Lwzw = g;nabe,-“ejb(a,.x’ 27 — 0,2’ 0y’ + 4—7T-B,~j6.,ac'0¢,:cJ

where the last term is called the WZW term.

is the high-level form of the affine-Sugawara construction on g.

(2.1.6a)

(2.1.6b)

(2.1.6¢c)

(2.1.6d)

(2.1.7a)

(2.1.7b)

The WZW term can be rewritten as a three-dimensional term, using the identity

Tr(g~tdg)® = d®¢e*BCTr(g 94997 0899~ dcg) = 630, W4
WA = —%XEABCBBxiacJ,‘jBij
A= (r,0,p), d*¢ = drdodp, %12 = 41
/ Tr(g~1dg)® = / drdoWe(1,0,p = 1) = =3y / drdod,z' 8,27 By;

(2.1.8a)

(2.1.8b)

(2.1.8¢c)
(2.1.8d)

where 0 < p < 1 is the radial coordinate of the cylinder bounded by the worldsheet

at radius p = 1.

Using (2.1.8), we obtain the g form of the conventional two-dimensional WZW

action with a three-dimensional WZW term,
Swaw = 5 [ drdoTe(g™ 0997 3) ~ o [ Te(g™do)?
27 x 127y

where 8 = (8, + 8,)/2 and 3 = (8, — 9,)/2.

(2.1.9)



Part 1

Affine Lie groups and affine Lie
derivatives

2.2 First order differential representation of affine g x g

In this section, we review the first-order differential representation of affine Lie algebra
recently given by Halpern and Sochen [20].
We begin with the current modes J,(m) of untwisted simple affine Lie g [1-3],

[Ta(m), Jp(n)] = i fac Je(m + 1) + MENasbmino (2.2.1a)
a,b=1...dimg, m,n€Z (2.2.1b)

where £ is the level of the affine algebra and f,;¢ and 74, are the structure constants

and Killing metric of Lie g. It is convenient to write the affine algebra as an infinite

dimensional Lie algebra,

[T, Tu) = i frar™ T (2.2.2a)
Jr = (Ja(m), k), L = (am,y.) (2.2.2b)
Jampn® = fabc6m+n,pa fampn?* = —tMNapdm4no (2.2.2(:)

where L is the general tangent-space index. Here the central element k£ is included
as a generator, and the non-zero structure constants fr" are given in (2.2.2c). The
summation convention in (2.2.2a) is generally assumed throughout this paper. The

adjoint matrix representation of the affine algebra,
(TN = —ifind™,  (T2Y, Tof) = ifraN TRY (2.2.3)

is constructed from the structure constants as usual. |

We also introduce the object 7jra
7?am,bn - 77ab(5m+n,0a ﬁy. L = ﬁL,y. =0 (224)

which will be called the rescaled Killing metric of the affine algebra. The relation
of the rescaled Killing metric to the formal Killing metric of the affine algebra will
be discussed in Section 2.7, which also discusses other formal issues of this nature.



\

The rescaled Killing metric can be used to obtain the totally antisymmetric structure
constants of the affine algebra,

fuun = funFien (2.2.5a)
o fam,bn,cp = fabc6m+n+p,0 (225b)
(T5Y) mn = —(T5%)vm . (2.2.5¢)

whose non-zero components are given in (2.2.5b). The rescaled Killing metric arises
frequently in the development below, although we often find it convenient to simplify
mode sums by using the Kronecker delta.

We consider next the affine Lie group G generated by the affine algebra, whose

arbitrary element ¥ € G can be written
(T, y) = €¥§(J, z). (2.2.6)

Here, y and 2°#,7 = 1...dimg, ¢ € Z are the coordinates on the affine group manifold,
and ¢ is the reduced affine group element. For simplicity, we assume that G is simply

connected and we limit ourselves in this paper to the 8-family of bases
§(J, z) = exp(:5°™(z)Js(m)) (2.2.7)
for the reduced affine group element. We also assume that the tangent-space coordi-
nates 3%™ are invertible functions of z so that z*#(8) is well defined. An example of
this family of bases is the standard basis,
Bo™(z) = ze;,°™(0) (2.2.8)
where €;,%™(0) is the left-invariant vielbein on G (defined below) at the origin.
The left- and right-invariant vielbeins e,Z(z) and &,X(z) on G are defined as
follows, ’
— o sa-lga _ L 5 _aaoa=1_ 5 L
er = =1y Wy = er"J1, Er = —1Y0NY T = A" JTL (2.2.9a)
L = (am,y.), A= (ip,y) (2.2.9b)

~where A is the general Einstein index. Note that we have distinguished the Einstein
index y from the tangent space index y., both of which are associated to the coordinate
y. The inverse vielbeins may be used to construct the left- and right-invariant affine

Lie derivatives £ and £,

&L = —ieLAaA, &L = —iéLAaA ‘ (2.2.10&)
&y =4JL, &Ly =-Ji¥ (2.2.10b)
8L4= (ga(m)7gy.)a g—L = (g—a(m),g_y.)- (22100)

10



The relations in (2.2.10b) guarantee that the affine Lie derivatives £ and E; satisfy

two commuting affine algebras with central elements £,, and Eun- -

From (2.2.6) and (2.2.9), one finds that the vielbeins satisfy the relations,

iy = =197 0id = €,° " Ja(m) + €Mk (2.2.11a)

Eip = —130;,0 " = &, " Ja(m) + €,k (2.2.11b)

e,f = —g,f =61, eiy”, &," are independent of y (2.2.11¢)

e} = =gt = 6.2, €am’, Eam” are independent of y (2.2.114d)
eamiuei“bn — éamiuéiubn — 5ambn, ei#ameamjv — éiuaméamju = 5iujl/ (2.2.11e)
am? = —€am™Pei¥,  Eam? = Eam &Y (2.2.11)

and (2.2.11c) also implies that £,, = —&,, = 19,,.
The induced action of the affine Lie derivatives on the reduced group element g
"is described by the reduced affine Lie derivatives E and F [20],

E,(m) = —ieam*Diy, E.(m) = —igem*D;, (2.2.12a)
D;, = 0;, — ike;,”, D;, = 0;, + 1kE;, Y (2.2.12b)
E,(m)§ = §Ja(m),  Eo(m)§ = —Ja(m)§ (2.2.12¢)

where D and D are called the covariant derivatives. It follows from (2.2.12c) that the

reduced affine Lie derivatives satisfy two commuting copies of the affine algebra,

[Ea(m), Ep(n)] = tfar°Ec(m + n) + mkNapbmtno (2.2.13a)
[Ea(m), Ex(n)] = tfap’ Ec(m + n) — mknapbmano (2.2.13Db)
[Ea(m), Ey(n)] =0 (2.2.13c)

at level £ and —k respectively. Although we will not need to do so, one may obtain
two commuting copies of the affine algebra at the same level k by defining E’(m) =
E.(—m).

The reduced affine Lie derivatives (2.2.12a) are a first-order differential represen-
tation of the currents of affine g X g. Other first-order differential representations of
affine Lie algebra are known, such as the coadjoint orbit representations in Refs. [31]

and [32], but these provide only a single chiral copy of the algebra.

Although the construction above guarantees that the reduced affine Lie deriva-
tives (2.2.12) satisfy the algebra (2.2.13) of affine g X g, it is useful to have the

machinery to check these relations directly.
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We need in particular the Cartan-Maurer and inverse Cartan-Maurer identities

for the left-invariant vielbein,
Anert — dreal = eaMer™ fun® (2.2.14a)
er2Onem’ — epPOnerl = fMLNeNF (2.2.14b)

which follow from (2.2.11a). The same relations with e — & hold for the right-
invariant vielbein.

These identities -are sufficient to compute the curvature of the covariant deriva-
tives in (2.2.12b),

[D,'u, Dj,,] =k Z ne,—,,a""nabej,,b", [T) D., | = -k Z nem nabéjubn (2.2.15)

and also to check that the reduced affine Lie derivatives satisfy the affine Lie algebras
(2.2.13a,b).
To check the commutator of E and E, we first introduce the adjoint action Q of

g, which satisfies

§T6 =M Ty, Q) = ¢ (T z), 0,0 =6,F (2.2.16a)
eami“aiuQLM = _fam,LNQNM-; éamiuai#QLM = QLNfam’NM (2216b)
S:\Zamcpﬁcp,dqubndq = ﬁam,bn (2-2-16C)

where the matrix-valued group element g(T edi 7} is §(J,z) with J — Tadi (see
eq.(2.2.3)). The quantity 7 is the rescaled Killing metric (2.2.4), and the pseudo-
orthogonality relation (2.2.16¢) follows from the antisymmetry of 7%,

We also need the relations between the right- and left-invariant quantities,

éAL = —6AMQML, éL (Q )L eM (2.2.17&)
E.(m) = (0 ) am®™(Qon® k — Ey(n)) (2.2.17b)

which follow from egs.(2.2.16a) and (2.2.9). Using (2.2.17b), (2.2.13a), and (2.2.16b),
it is straightforward to verify that F commutes with E.

2.3 The antisymmetric tensor field on the affine group

In this section, we find an antisymmetric tensor field Biu,ju = —Bjy,i# [21] on the
affine Lie group G, which, as we shall see, is analogous to the antisymmetric tensor
field B;; = —Bj; of the conventional WZW model on G.

12



We begin by choosing a 3-basis
§(J,2) = exp (6™ (2) Ju(m)) (2:3.1)

for the reduced affine group element §. In any such basis, the vielbein has the explicit

form,
e,-#L(:I:) = aiuﬂam(x)]w(x)amL, eyL = 5y.L (2.3.2a)
e !
==Y (2.3.2b)
log Q2

where ) is the adjoint action in (2.2.16). This form generalizes the result given for
the standard basis 3°™ = z'¥e;,*™(0) in Ref. [20]. We may eliminate 5% in (2.3.2)
to find the relation between e¥* and Qy‘,

1/~ . ) A
e,‘#y' = 5 (Bi”,jyeay_m]unab - e,-,,b ) Qpm * (2.3.3&)

A

Bipjv = €™ Nam™ on.cp€in™ (2.3.3b)
N(z) (le - Q)+ 2log O
(-1t -1)
where 7% is the inverse Killing metric of Lie g and Bj, j, is the desired tensor field -
on G. .

We know that € in (2.2.16¢) is pseudo-ofthogonal, so the matrix A% in (2.3.3b)

is antisymmetric. It follows that B,-#,j,, is antisymmetric,

Bi.i, = —Bj,i.. (2.3.4)

(2.3.3¢)

1l

A useful property of the antisymmetric tensor field is
&,u(Bjuvkpea,_mkpnabﬁbmy.) — (z,u — ]1/) = eiubnejuamfam,bncpfchy. (235)
which follows from (2.3.3a) and the Cartan-Maurer identity (2.2.14a) for e;,%".

With (2.2.17a) and (2.3.3a), we may rewrite the reduced affine Lie derivatives
(2.2.12) in the B-form,

Ea(m) = —iean®Din(B) + %mamw, Ea(m) = —igan*Diy(B) %k(ﬂ“l)amy‘
_ (2.3.6a)
Di#(é) =J;, — %ké,‘”,juea,_mju abemy._ (2.3.6b)

Using the identity (2.3.5) and the steps of the previous section, it is straightforward
to check explicitly that the B-form of the reduced affine Lie derivatives satisfies the
algebra (2.2.13) of affine g x g.

In Section 2.7, we will find that Bj, ;, satisfies other identities which show further
analogy with the conventional WZW tensor field B;; on G (see also Section 2.9).

Further discussion of the operator currents (2.3.6) is given in Section 2.10.
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2.4 Bracket representation of affine g x g

To construct classical dynamics on the affine Lie group, we need the Poisson bracket
representation which corresponds to the first-order differential representation (2.2.12)
or (2.3.6) of affine g x g. The bracket representation may be obtained by the usual

prescription,
Oip — Py (2.4.1a)

{2, p;} = i6;,*, {z*, 27} = {pip,pju} = 0 (2.4.1b)
where {A, B} is Poisson bracket and p;, are (classical) canonical momenta.

Using the substitution (2.4.1a) in the reduced affine Lie derivatives (2.2.12), we

find one form of ‘the classical current modes
Ey(m) = €am™py,  Ea(m) = am™pi, (2.4.22)
Py = Pip — ke, pY, = pip + kELY (2.4.2b)
Similarly, the equivalent B-form of the classical current modes,

S a 1 . _ : - 1,
E.(m) = eam™pin(B) + §kﬂamy‘, Eqo(m) = €™ pin(B) — Ek(Q_l)amy‘ (2.4.3a)

~

1 . b |
pi#(B) = Pip — EkBi#,juea,—mJU abemy' (243b)

is obtained by the same substitution in the operator B-form (2.3.6). Following the
steps of Section 2.2, the bracket algebra of affine g x g,

{Ea(m), Ep(n)} = ifa°Ee(m + n) + mknabmino (2.4.4a)
{E.(m), Es(n)} = ifa"Ec(m + n) — mEknapbmino (2.4.4b)
{E.(m), Es(n)} =0 (2.4.4¢)

is easily verified for both forms of the classical currents.

In what follows, we interchangeably use the terms classical affine Lie derivatives

or classical currents to refer to E,(m) and E,(m) in (2.4.2,3).
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Part 11

Actions on the affine Lie group

2.5 WZW as a mechanical system on the affine group

In this section we construct a natural action for classical mechanics on the affine Lie
group G. Asis clear from its construction, this mechanical action must be equivalent
to the WZW action on the corresponding Lie group G. The equivalence is studied
explicitly in Part III.

The operator WZW Hamiltonian H = L“b *JoJy + JoJy X0 sums the zero modes
of left- and right-mover afﬁné-Sugawara constructions. When written in terms of the
reduced affine Lie derivatives (2.2.12), the coordinate-space form H = L2 *E,E, +
E,Ey %o of this Hamiltonian is a natural Laplacian [20] on the affine Lie group.

. To construct the corresponding action on the affine Lie group, we begin with
the standard classical WZW Hamiltonian written in terms of the classical affine Lie
derivatives (2.4.2,3),

H = ;—kﬁ‘"’"b" (Ba(m)Es(n) + Ea(m) By(n)) (2.5.1a)
= zk"abz( —~m) Ey(m) + Eo(—m)Ep(m)) (2.5.1b)
fambn = pabg o (2.5.1¢)

A=i{H, A} (2.5.1d)

where 7%™" in (2.5.1c) is the inverse of the rescaled Killing metric figm pn in (2.2.4).
As seen in (2.5.1a), this Hamiltonian is the natural generalization to affine g x g of

the Casimir operator on Lie g.

The time dependence of the classical currents

8rEy(m,7) = —imE,(m, 1), 0rEy(m,7) = tmE,(m,T) (2.5.2a)
E,(m,T) = ™™ E,(m), E,(m,T) = €™ E,(m) (2.5.2b)

follows immediately from (2.5.1d) and the current algebra (2.4.4).
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Using the explicit form (2.4.2) of the classical affine Lie derivatives, we obtain
an explicit form of the Hamiltonian

H = %nabea,—mi“(x)ebmj"(x)pi_up;u + (;Qa,_myt (x) - ea’_miu(x)pi‘“) 77abemy. (x)
(2.5.3)
where p;, is defined in (2.4.2b). This Hamiltonian describes a classical mechanics
whose coordinates z are coordinates on the affine Lie group. The equivalent B-form
of the Hamiltonian is
1

7= E"abe“v—mwebm’"?iu(B)Pju(B) T Zﬂ“bﬂa,-my‘ﬂb,my' (2.5.4)

where we have suppressed the z-dependence of all quantities, and pi,,(B) 1s defined
in (2.4.3b). The Hamiltonian equations of motion

. 2 . . A
a’_zzu — E"]abea,—mmebmjup;y—nabea,—mwﬂbmy. (2.5.5&)
2 : : 5 .
= Tn"€a-m"eom’Psu(B) (2.5.5b)

Orpip = —0iH (2.5.5¢)
follow from egs.(2.5.3,4).

Coordinate space

We turn now to the coordinate-space formulation of the mechanical theory on G.
To begin, one uses eq.(2.4.2) or (2.4.3) and the equations of motion (2.5.5) to obtain

k . A — k . ~
Ea(m) = E(nabei#b7_mar$w + Qamy.)’ Ea(m) = E(nabéiﬂb,_ma"'xw - (Q_l)amy‘)
(2.5.6)
for the coordinate-space form of the currents.
Similarly, the mechanical action on the affine Lie group [21]
Swt = / drly, Ly =0zpy, — H (2.5.7a)
k a,—m_  bm 1 ju k ab@® A i 1 m¢
Ly = Znabeip -7 0-z'0, 2’ _Zn Qa,—-my‘ Qbmy‘+kar$ H (eipy' + '2‘eiua Qamy'>
(2.5.7b)

is obtained from the Hamiltonian (2.5.3) in the usual way. The equivalent B-form of
the Lagrangian is [21]
Ly = k a,—m__ bm o Juv koo Ye » jv Y . abA Ya
M = Znabeiu €5v a‘t':r: a‘r'x - Z (Qam +2Biu,ju8‘rx €am )77 Qb,—m .
(2.5.8)
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It is straightforward to check that the associated Lagrange equations of motion of
either form of the action reproduce the Hamiltonian equations of motion (2.5.5). A
third form of the mechanical action, in terms of the reduced affine group element g,
1s given in Section 2.11.2.

This action is one of the central results of this chapter. Although the classical
mechanics (2.5.7) or (2.5.8) on G shows no spatial coordinate o, this formulation
must be equivalent to the conventional WZW model on G because the Hamiltonians
of the two formulations are isomorphic. This equivalence is studied in detail in Part
111, where we will see that this action is in fact a mode formulation of WZW.

2.6 WZW as a field theory on the affine group

In the last section, we expressed the WZW model as a mechanical system on the
affine Lie group,

i(z(r)): R~ G. (2.6.1)
In this section, we show that the model can also be expressed as a two-dimensional

field theory
i(z(r,0)): RxS' — G (2.6.2)

on the affine Lie group.

Mathematically, our task is to extend the base space from the line (7) to the cylin-
der (7,0), thereby promoting the mechanical variables z*#(7) to o-dependent fields
z'#(r,0). The reason that we can make such an equivalent field-theoretic formulation
is that the Hamiltonian of the system

H = g (Ex(=m)By(m) + Bu(~m)Ey(m) (2:6.3a)

_ _1_ab i, v, (BYe. (D _Iiab“ Yo, Y
= 1% €a-m"eom™ Pin(B)Pi(B) + 0% Qa,-m* Uo.m (2.6.3b)
8,A =i{H,A) ~(2.6.3¢)

admits a commuting quantity P

P = “2( (—m)Ey(m) — Eo(—m)Ey(m)) (2.6.4a)
= Qa, m ¥ 1% e Di (2.6.4b)
{H,P}=0 (2;6.4c)
8,A = i{P, A} (2.6.4d)
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which we may interpret, according to (2.6.4d), as the generator of spatial translations.
This form of P is the standard WZW momentum, written in terms of the classical
affine Lie derivatives (2.4.3), and eq.(2.6.4c) follows immediately from the current
algebra (2.4.4).

The spacetime dependence of any observable A is determined by this system,

and, in particular, the relations
0,H=0,P=0,H=0,P=0 (2.6.5)

follow from eq.(2.6.4c).
In this framework, all fields are now o-dependent, and the bracket relations of

the earlier sections, e.g.
{z#(0),pi(0)} = 6%,  {2%(0),27(0)} = {piu(0),pi(0)} =0  (2.6.6a)
{Es(m, o), Es(n,0)} = ifas°Ec(m + n,0) + mknapbmano (2.6.6b)

should be read at equal 0. Moreover, all field products should be read at equal o, for

example

P = 2—1l;n“me:(Ea(—m,0')Eb(m,a)—Ea(—m,a)E'b(m,cr)) (2.6.7a)
= Qurn(2(0))1 e ™ (2(0))piul0) (2.6.7h)

and similarly for the Hamiltonian.

The spatial dependence of the affine Lie derivatives follows immediately from the

current algebra,
8sEqs(m,7,0) = —imE,(m,1,0), 9,E,(m,7,0) = —imE,(m,7,0) (2.6.8a)
E.(m,T,0) = e "™ E,(m, ), E,(m,T,0) = e "™ E,(m,T). (2.6.8b)

Combining this with the known time dependence (2.5.2), we find that the affine Lie

derivatives are chiral,
E.(m,71,0) = e ™) E, (m), E,(m,T,0) = ™) E,(m). (2.6.9)
The usual local chiral currents are then identified as

Eo(7,0) =Y Es(m,1,0) =Y e ™I E (m) (2.6.10a)
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Eu1,0) =Y Eu(m,r,0) =Y ™) Ey(m) (2.6.10b)

m

and the usual local current algebra
{E.(1,0), Bo(7,0")} = 2mi[fa’ Be(7,0)8(0 — 0') + knap356(c — o)) (2.6.11a)
{E.(1,0), Ey(7,0")} = 2ni[fus’Eo(7,0)8(0 — ') — knap0s6(c — 0’)]  (2.6.11b)
{Ea(r,0),Es(1,0")} = 0 (2.6.11c)

follows from the mode algebra (2.4.4). Further discussion of these local currents is

given in Section 2.10.

The spacetime derivatives of the canonical variables,

oz = %n“bea,_mi“ebmj”pjy(ﬁ) (2.6.12a)
Bz = ey _m Q¥ (2.6.12b)
Brpiy = —0i,H (2.6.12¢)

B Piy = —PjuOiu(€amm” 1V ®") (2.6.12d)

also follow from the equal-o brackets (2.6.6a) and the explicit forms of H and P.

Spatial constraints

The procedure described above to extend the base space via commuting P oper-
ators is quite general. One may guarantee that the extended theory (on the extended
base space) is equivalent to the theory on the unextended base space by considering
the spatial derivative relations (such as (2.6.12b,d)) to be constraints on the canonical

variables. In a functional formulation, this prescription corresponds to the functional

1dentity
/ (gdz(f)) Fla(r)] = [ (Il dx(r,a)) det (%) Fla(r, 0)}8[C(z(r, )]
(2.6.132)
C = 0,z(r,0) — i{P,z(r,0)} (2.6.13b)

and similarly for the canonical momenta. The functional delta function in (2.6.13a)

enforces the spatial constraints in the extended theory, and it follows that the spatial

constraints can be implemented as usual in a Dirac formulation of the theory.

In the case at hand, this prescription guarantees equivalence of the field-theoretic
formulation on G with the mechanical formulation (2.5.8) on G, and hence with the
conventional WZW model itself.
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To be more explicit about the equivalence with the mechanical formulation, we

first rewrite the constraint (2.6.12b) in terms of the tangent-space fields 5™,

30,Bam —mmp'" = (361:5# - nbceb,;niﬂﬁcny.)ai#ﬁam (2.6.14a)
= 0 (2.6.14b)
ﬂam(x(fa o)) = eimaﬁam(x(T)) (2.6.14c)

whose simple o-dependence is given in (2.6.14c). The identity (2.6.14a) is obtained
by using eq.(2.6.12b) and the explicit forms of the vielbein and the adjoint action
given in Appendix B. It follows by chain rule from (2.6.14a) that the measure factor

in (2.6.13a) is effectively constant
6C .
det | — | = field-independent (2.6.15)

and can be ignored. It also follows from (2.6.14c) that averages ( ) in the mechan-
ical theory (éM) and the field theory (G’p) on G are simply related, so long as the
formal functional measures (see Section 2.12) of G and Gr are suitably adjusted.
Specifically, one has [21]

(FI8°™(z(7, 0))) g, = (FIB*™(z())e™ g, (2.6.16)

for any function F, which includes averages over products of the affine group elements.

There is another formulation of the theory, on the constrained subspace, in which
the spatial derivative relations are identities (as in conventional formulations). As a
first step in this formulation, use the constraint (2.6.12b) to reexpress the Hamiltonian

and the momentum [21]

1 ; ; - .k : ‘
H= Eﬂabea,—mwebmwpiu(B)pju(B) + Zr}abeiu“’—"‘ejubmaax’“d,x’” (2.6.17a)
P = pi, 9,z (2.6.17b)
X k ~ .
Piu(B) = piw = 5 Binju0o™ (2.6.17¢)

in terms of J,z. This form of the system is complete with the canonical brack-
ets (2.6.6a) and the constraints (2.6.12b,d), or with the canonical brackets and an
auxiliary set of equal-o brackets which must be computed from the constraints. As

examples of the auxiliary set, we have

A

{z*(0), 8,27 (0)} = {z%(0),1%a—m™(2(0)) " (z(0))} = O (2.6.18a)
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{Piu(0), 827 (0)} = {piu(9)s1%a,-m” (2(0))%m* (2(0))}

= —in®di,(€a,—m’ (2(0))Um* (z(0))) (2.6.18b)
{Pin(0), 85pi(0)} = _{Piu(a),Pkp(o')ajv(ea,—mkp(x(o'))Uabemy' (z(0))}
= ipkp(0)0iu0iu(Ca,-m™ (2() ™ Dom® (2(0))).  (2.6.18¢)
Using these auxiliary brackets, one now obtains the conventional identity
d,z* = i{ P, 2"} = 19,27 {p;,, 2"*} = 9,z (2.6.19)

as expected on the constrained subspace.

Density formulation

The Hamiltonian systems above are unconventional formulations of a field theory
because they are not written in terms of spatial densities. Since H and P are inde-
pendent of o, however, we can define the densities as proportional to the Hamiltonian

and momentum,

H
H=, H= / doM (2.6.20a)
p=L P—/d’P (2.6.20b)
= 27{’ = g//V. .0.

These o-independent densities may be used for either dynamical system (2.6.3,4)
or (2.6.17), but the constraints (or the auxiliary brackets) must be included in the
latter case. Because the densities are o-independent, one has the bracket equations

of motion
0. A(0) = i{H, A(o)} = / do'{H("), A(o)} = i / do'{H(o), A(0)}
= 2mi{H(0), A(0)} ' , (2.6.21)

and similarly for 8, A = ¢{P, A}. Any particular bracket equation of motion can then
be computed in either formulation using only equal-o brackets, and these results agree
with (2.6.12).

Coordinate space

We turn now to the coordinate-space formulation of the theory. As a first step,
we use the phase-space currents (2.4.3) and eqs.(2.6.12a,b) in the form

> k - n ] A —-m ]
piu(B) = Enabeiua, "‘ej,,b 8,:1:’”, Qamy' = nabeipb’ 8,:10 o (2.6.22)
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to obtain the simple coordinate-space form of the chiral current modes,

Eq(m,7,0) = knapes,> ™ (2(7,0))0z*(7, 0) (2.6.23a)
E.(m,T,0)) = knap&i,b ™ (z(7,0))0z* (1, 0) (2.6.23b)
OE,(m,7,0) = 8E,(m,7,0) =0 (2.6.23¢c)

~ 1
9= %(a, +8,),  B=5(0.-). (2.6.23d)

This form of the current modes bears a strong resemblance to the usual coordinate-

space currents knape;®0z, knapé; 20zt of the conventional WZW model on G.

Following the usual canonical density formulation, we also obtain the action of
the two-dimensional field theory on G [21],

Sp = /d'rdaﬁp, - Lp = pidat —H(N) (2.6.24a)
k : : - : k 4 , -
Ly = g77(,,,{3,-“"""‘ejl,b’"(3,.:1:“‘3,:c"’ — 0,z 0,2™) + Z}—Biu,juarx’”aa:c’”
FhXiu(8r 2™ — 1%ea,—m™ Qo ¥") (2.6.24b)

where H(A) and L include the constraint (2.6.12b) with a Lagrange multiplier
Aiu(7,0). Sections 2.7.2 and 2.12 give alternate forms of this action in terms of
the affine group element §.

It is straightforward to check that the Lagrange equations of motion of this
system are equivalent to the Hamiltonian equations (2.6.12a,c) and the 8,z constraint
(2.6.12b). One does not need to include the 9,p constraint (2.6.12d) explicitly in the
action formulation; it is implied by the J,z constraint, the 0,z equation of motion,
and the fact 9,9,z = 9,0,x.

On the constrained subspace it is also straightforward to show that 8,L; = 0, so
the Lagrangian is proportional to its density Ly = [doL; = 27L, in parallel with
the Hamiltonian. One can then check backwards that

Lp=Ly, Sp=S5u (2.6.25)

on the constrained subspace, where L), is the mechanical Lagrangian on Gin (2.5.8).

The action (2.6.24) is another central result of this chapter. We remark that
it bears a strong resemblance to the sigma model form (2.1.7) of the conventional
WZW action, except that this action involves fields on the affine Lie group, and there
1s an additional term to enforce the constraint. In the following section we discuss
rewriting this action as a function of the affine group element § € G, in analogy to
the g € G formulation (2.1.9) of the conventional WZW action.
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2.7 Trace formulation on the affine group

2.7.1 Rescaled Killing metric and rescaled traces

We begin by investigating the Killing metric on the affine group G. Recall first the
definition of the Killing metric 7, on Lie G,

- facdfbdc = TI(T:djT;dj) = Qdﬂ?ab, Ql/) = djzi}' (271)

where f.;°, h and 1 are respectively the structure constants, the dual Coxeter number
and the highest root of Lie g.

In the same way, the formal Killing metric npn on G is defined by the relation
— faurF fnpt = TUTTRY) = Qnun (2.7.2)

where frarV are the affine structure constants and T is the adjoint matrix represen-
tation of the affine algebra in (2.2.3). In (2.7.2), the formal trace Tr is in fact a sum
over the reduced carrier space am because ( A]‘:,,dj )oY = 0. By explicit computation,

one finds that

To(Te4TY) = To(T79Te%) = 0 (2.7.3a)
To(T2%, Te4 ) = To(Te4, Ted ) (Z ) (2.7.3b)

meEZ
THTYTY) = 6,y o THTYTEY) = QuTabbrmin,o (2.7.3¢)

so the formal traces and the product On have a divergent factor, which is the sum over
modes in (2.7.3b). The rescaled trace Tr in (2.7.3c) and the corresponding rescaled
Killing metric Az

To(TP4Th) = Quiizm (2.7.4a)
ﬁam,bn = 77ab5m+n,0a f]y-L = ﬁLy. =0 (274b)

are finite, however, and the rescaled Killing metric, introduced in Section 2.2, has
been used many times in the development of the previous sections.

In fact, the rescaled trace and rescaled Killing metric continue to be sufficient for
our purposes. We recall from Section 2.2 that the rescaled Killing metric can be used
to lower indices and, in particular, one finds the completely antisymmetric structure
constants,

fam,bnycp = fam,bndqﬁdq,cp = fabc5m+n+p,0 ) (2.7.5)
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where the structure constants f,, 5n% are given in (2.2.2c). Because it vanishes on the
Y« subspace, the rescaled metric is not invertible on the full space (am, y.). However,

an inverse exists on the am subspace,

A = 1% (2.7.6a)
1 ~am,bn n n
H = %77 b (Ea(m)Ep(n) + E,(m)Ep(n)) (2.7.6b)

and, following its natural occurrence in the WZW Hamiltonian (2.7.6b), this inverse

has been used many times in the development of the previous sections. :
The divergent factor in (2.7.3b) is not unique to the trace of the adjoint repre-

sentation T%%. Indeed, the same factor will recur in the traces over any other matrix

representation which is faithful to the mode structure of the affine algebra.

A large class of such representations can easily be constructed. For each matrix
irrep (To)r’,I,J =1...dim T of Lie g,

[To,Tb] = ifuTey,  TH(TLTH) = x(T)7as (2.7.7)

one has the corresponding matrix representation 7'(T) of affine g,

Tam(TN 127 = bmpnp(Ta)r?,  (L(T)17P =0 (2.7.82)
[T0(T), Tn(T)) = i foar™ Tn(T) (2.7.8b)

where the carrier space of T(T) is (Im). When one takes a naive trace of a product

of N of these matrices, one finds

A A A A

Te(Faym (T) - T (7)) = Te Ty (T) -+ Fangy (1) (2) (2.7.92)

meZ

~

Tr(Talml (T) e TaNmN(T)) = Z(Talfm (T) o TaNmN)ImIm’ Vm e Z

I
= Smptotmn0T(Tay - Tan) (2.7.9Db)
Tt(Tam(T)T4n(T)) = (T )fiarm.bm (2.7.9¢)

in parallel to eq.(2.7.4). Again, the rescaled traces in (2.7.9b) are finite and sufficient

for our purposes. We will also need the more general relation

Tr(F(T(T)) = S(FT(T))m™, Vmez (2.7.10)
I

which holds for any matrix-valued power series F.
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Note that we now have two affine representations, 7*% and 7'(T%), correspond-
ing to the adjoint representation of Lie g. These two representations are closely

related

(T9Y4® = (Tarm(T°Y))6n® = ~i farm b (2.7.11a)
(T:rcrlzj)bny. = _mﬁam,bn (2711b)

although T4 has the extra dimension y, in its carrier space. The traces of the two

representations are however the same

Tr(T“d’ e n 0D = T Ty (T°%) « - Ty (T°Y)) (2.7.12a)

aimy aNmpy
Tr(Te4TeY) = Tr(Tum(T°Y) Ton(TY)) = X(TD)hampns  X(T°Y) = Qy  (2.7.12b)

because (T?),.~N = 0. In what follows, we use the unified notation T to denote any
one of the representations 7'(T) or T°%.
In matrix representation T, the group element 4 € G equals the reduced group

element g,

3(T,2,y) = §(T,2) = exp(8°™(z) Tum) - (2.7.13)

because Ty_ = 0 replaces the level in these representations. Then one obtains @(T)
analogues of the basic relations which we obtained for §(J) in Section 2.2. For exam-
ple, one has the §(7') analogue of egs.(2.2.11a,b),

eiw(T) = =i (1)03(T) = € Tam (2.7.14a)
gin(T) = —ig(T) 3 A'l(T)= L (2.7.14b)

where the vielbeins €,,°™(z), €,,°™(z), being representation independent, are the same

as those above.

Many, but not all, of these relations can be obtained, as in (2.7.14), by the map
J — T and k — 0. An important exception involves the operator form (2.2.12) of

the reduced affine Lie derivatives, which satisfy
Eo(m)§(T) = §(T)(Tam + keam?)s  Ea(m)§(T) = —(Tam — k2am®)§(T). (2.7.15)

This differs in form from the relation (2.2.12?:) because the reduced affine Lie deriva-

tives are independent of representation and explicitly dependent on the level.
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2.7.2 WZW in terms of j(z(r,0)) € G

The two-dimensional field theory on G studied in Section 2.6,

Sp= / drdoLy (2.7.16a)
k a,-m _ bm iy v e v k - o v
Ly = g Tabein ejp (00,2’ — 0,20, 27) + EB,—,,,J-,,B,JU Oy
+EXiu (8,2 — n%eq ™ pm¥") (2.7.16b)

is expressed in terms of coordinates on the affine Lie group. We turn now to rewriting
this theory in terms of rescaled traces of functions of the reduced affine group element
§(T, z(, o)), using the results of Sections 2.6 and 2.7.1.

Note first that the classical coordinate-space current modes (2.6.23a,b) can be

written in matrix form,

BEo(m,7,0)0%Ty —m = —ik§ (T, z(1,0))0(T, z(7, 0)) (2.7.17a)
Eo(m, 7,00y —m = —ik§(T, z(7,0))35~ (T, z(r,0)) (2.7.17b)

using (2.7.14). Correspondingly, the current modes can be written as rescaled traces,

Eu(m, 7 0) = —ﬁk’fr (Tum™ (T, 3(r, 2))05(T, 3(r, 7)) (2.7.18a)
E,(m,1,0) = ——;(—(%T)k’fr (Tamf](T, z(r,0))06 (T, z(r, o))) (2.7.18Db)

in any matrix representation T, using (2.7.9c). For brevity below, we write § for
§(T, z(r,0)) and x for x(T).
' Following the example of the currents, the kinetic terms in the action (2.7.16)

can be written

k a,—m m z v 1 | 77 k A=laara—lFa
3y NabCin ;"™ (8- 20,27 — 8,2 ,27") = —ﬁTr (g 1944 lag) (2.7.19)

using eq.(2.7.14).
We next consider the B term in the action. Note first that the antisymmetric
tensor field B, defined in (2.3.3), can be written as a rescaled trace

~ ) 1 ~ N o s ” ~
B j(z(r,0)) = é /0 dtTr (Boye9,0e),  H = g°™(2(r,0))Tum
' (2.7.20a)
X[iiju] = X,‘#Y;V — Xj,,Y:'“ (2720b)

in any B-basis. The equality of (2.3.3) and (2.7.20a) follows by integration over the
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parameter t. Using the integral representation (2.7.20a), one also verifies the cyclic
identity o
N A ~ 7~

O:uBivkp + Oju Brp,in + OkpBipjv = ;Tr(e;“[ej,,, €kp))- (2.7.21)

Both identities (2.7.20a) and (2.7.21) are analogous to standard relations (see Ap-
pendix A) satisfied by the conventional antisymmetric tensor field B;; on Lie g.

The rest of the discussion on G parallels the usual development of the WZW
term on G. The cyclic identity can be used to integrate the following three-form on

~

G,

Tr(§71d§)% = d3¢ eABCTr(§710496 083G 00 §) = d°€ D WA (2.7.22a)

| WA = —;XEABCaBa?i#acijBm,ju (2722b)

A= (r,0,p), d*¢ = drdodp, e = 41 (2.7.22¢)

/Tr ~1dg)? /d'rdaW (ryo,p=1)= —3xfd7d03 249,27 Biy i (2.7.22d)

where 0 < p < 1 is the radial coordinate of the usual WZW cylinder, and the two-
dimensional g in (2.7.17-19) is the boundary value of this § at radius p = 1.

Using (2.7.22), we obtain our first § form of the two-dimensional field theory on
G [21],

- k A
. = -1 A=19~y  * a=1 72\3
Sg 27rx/deUTr( 044 Bg) Torx /Tr(g dg)
+> / drdoTr(Tam 1n §) (18, + m)Ae™ (2.7.23)

where the second term is a three-dimensional WZW term on the affine group. The
last term in (2.7.23) is the constraint term, whose form follows from eq.(2.6.14). The
multiplier A\*™ is defined by the invertible relation A;, = 9;,8°™Ham o A" and a sum
on m € Z is understood in this term. |

The first two terms of the action (2.7.23), without the constraint term, were
considered as a theory in Ref. [33], and the theory was found to have an infinite
degeneracy in that case. In the formulation (2.7.23), it is the role of the constraint to
remove that degeneracy and to implement the classical equivalence with the conven-
tional formulation of the WZW model on the Lie group. In Section 2.12, we find a
more elegant form of the constraint term which is associated to the formal quantum

equivalence of this formulation with the conventional formulation.
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Part III

A

Translation dictionary: G < G

2.8 Strategy: Partial transmutation of target and base

spaces

In Part II, we found two actions, (2.5.7,8) and (2.7.23), on the affine Lie group G
which must be equivalent to the conventional formulation of the WZW model on the
Lie group G. This equivalence is clear because the Hamiltonians of the theories are
isomorphic.
In this part, we find the explicit translation dictionary between the formulations
on G and G, which shows that our new actions on G are mode formulations of WZW.
The overall picture which emerges is a quartet of equivalent formulations of WZW

theory,
. constraint R
g(z(r)) §(z(r,0))

modes modes

constraint

g(z(r,0)) g{z(7,0,5)) (2.8.1)

where § € G and g € G. The conventional formulation of WZW on G is in the lower
left. The top line of the picture describes the two formulations on & in Part II, whose
equivalence to each other was discussed in Section 2.6. More generally, the horizontal
direction of the picture shows the use of constraints to change the dimension of the
base space (see also Section 2.13). The left column describes the equivalence (which
is studied in Sections 2.9-2.11) of the mechanical formulation of WZW on G with the
conventional formulation on G.
The central relation underlying the equivalence in the left column is the mode
1dentity
Be('(r, 0)) = 3 e g (a (1)) (2.82)

where z°(7, o) is the local WZW coordinate on G, and the tangent-space coordinates

B% and %™ appear in the group elements of G and G as

9(T,2(1,0)) = €X°EENT . 5T z(7)) = N Tam (2.8.3)
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As in Section 2.7, T is any of the affine matrix representations T(T) or Tedi ,and T
is the corresponding matrix representation of Lie g.
The mode identity (2.8.2) emphasizes the fact that the operation of moding is a

partial transmutation
(1) & 2'(7,0) (2.8.4a)

A

g(z(1)): R G, g(z(r,0)): RxS'—G (2.8.4b)

between the target space and the base space. More generally, such partial trans-
mutations operate in the vertical direction of the picture, and the transmutation
in the right column allows us to express the field-theoretic formulation on G as a
three-dimensional field theory on G (see Section 2.13).

2.9 Modes on G and local fields on G

In this section, we develop the translation dictionary which underlies the equivalence

g(z(r,0)) - - - g(2(r,0,5)) (2.9.1)

described by the left column in the picture (2.8.1). In Section 2.13, the dictionary
will also be applied to the right column of the picture.

As a conceptual orientation, we recall first that the operator current modes
(2.3.6),

- - 1 - _ L R .
Ea(m) = —Zeam”‘Di (B) + Ekﬂamy'a Ea(m) = "Zéamwpiu(B) - %k(g—l)amy‘
(2.9.2a)
Diu(B) = Oy — %kBiu,juea,—mju abemy' (2.9.2]3)
and the corresponding mechanical Lagrangian (2.5.8) on G,
k a,—m_  bm i jv ko » ju i ab@d
Im = Znabeil‘ R 2 9z, —~ :1_ (Qamy. + ZBiu,jua‘r-T] €am “) Y Qb,—my'
(2.9.3)

make no reference to any spatial variable ¢. In what follows, we will define o-

dependent local fields on G whose o-independent modes are the quantities on G.
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Except where it is relevant, we will suppress the time dependence of all quantities.
We will discuss the translation dictionary first for the quantum system, returning

later to indicate the simple changes necessary for the corresponding classical results.

We begin with the canonical operator system
[xi”apju] = iéjuiua Dip = —iaiy (294)

where 7 are the Einstein coordinates on G. It is useful to define the corresponding

canonical tangent-space system,

e = =10y = (OamZ™)Piy (2.9.5a)

[/Bam>pbn] = 165", [ﬁamaﬂbn] = [pamapbn] =0 (2'9'5b)

where (4°™ is the tangent-space coordinate on G in (2.8.3) and 8,,z"(8) is the inverse
of the matrix 9,,8°™(z).
We then define the local WZW fields in terms of a periodic coordinate 0 < ¢ <
27,
= Z "™ 3™ (1) (2.9.6a)

pa(0) = —Z —imep (2.9.6b)

where z'(0),7 = 1...dim g are the local Einstein coordinates on G and %(z(o)) are
the tangent-space coordinates on G in (2.8.3). Note that in this moding upper and

lower tangent-space indices are associated to €™’ and e™*™? respectively.

As we will see below, the tangent-space mode identities (2.9.6) are correct be-
cause:
e The mode identities guarantee the same simple eiim"vmoding for all objects with
tangent-space or carrier-space indices. The moding of objects with Einstein indices
is more involved, as discussed below.
@ The mode identities guarantee equivalence of the mechanical system (2.9.3) on G
with the conventional WZW model on G. We mention in particular (see Section 2.11)
that conventional WZW averages on G

(FIBa(r, o)) 7’[26'"“’[3“"‘ (@(T)D (2.9.7)

can be computed for any F as shown, using the mechanical formulation (éM) on G.
The relation (2.9.6a) allows independent choices of bases on G and on G, which

control the moding of the Einstein coordinates. For example, one may choose the
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standard bases

B(z(0)) = 2'(0)e*(0),  B™(z) = xf“eiuam(O) (2.9.8)

where ¢,%(0) and €;,°™(0) are the vielbeins at the origin on G and G respectively.

Then one obtains the mode relation of the Einstein coordinates,
2 (o) = 27(3 €;,*™(0)e"™ )es* (0) (2.9.9)

and more complicated relations are generally obtained for other basis choices.

It is straightforward to check that the local tangent-space fields in (2.9.6) are

canonical

[6°(2(0)), po(0")] = i6%6(c = 0"),  [B(x(0)), B%(2(0"))] = [pa(@), pu(0”)] = O
(2.9.10)
0 po(o) is the functional derivative —:6/65%(z(c)).
Although their moding may be complicated, the Einstein coordinates are peri-
odic functions of ¢, and one can also find the corresponding local canonical Einstein

system,
pi(0) = 8:6%(z(0))pa(0) (2.9.11a)

[@'(0),p(0")] = i6,8(0 = '), [2(0), ()] = [pi(),s(0)] =0 (2:9.11b)

by using chain rule from the local tangent-space system (2.9.10). It follows that the

local Einstein momenta are functional derivatives

nlo) = 5-08°(a(0) ¥ e (Oums™(5))i0,

m

6

) (2.9.12)

= —

with respect to the local Einstein coordinates.

Group elements

We consider next the the group elements § € G and g € G in (2.8.3), whose

mode relations have the form [21]

Zei(n—m)oﬁ(f‘vz)lmh = g(T,x(U))IJ’ Vnez (2.9.13a)

~

N n 1 i(m—n)o
(T, 2)m ™" = / doe™=m o(T 2(5)) 1 . (2.9.13b)

where I,J = 1...dimT. The inverse relation (2.9.13b) follows from (2.9.13a). We
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emphasize that these relations define the domain of the affine Lie group which is in
one-to-one correspondence with the Lie group.

The relation (2.9.13a) is proven separately for each order in H and H, where

H=p"(2)Tom, §(T,2)=¢e" (2.9.14a)
H(o) = f4z(0))Ta,  9(T,z(0)) = H @, (2.9.14b)

As an illustration, we discuss the lowest orders explicitly. To zeroth order, the relation

(2.9.13a) is an identity because
(]l)ImJn = 6IJ6mn7 (Il)IJ = 5IJ- (2915)
The first order computation is
Z ei(n—m)aﬁlm.]n — Z 6i(n_m)0/3ap($)(Tap)ImJn
m pm
= 2 et ER(a)(Ta)r bpimn
pm
= zeimﬂap(w)(Ta)IJ
P
= B z(o))(Ta)r’
= H(o)/’ (2.9.16)

and higher orders are easily checked following similar steps.

The form of the result (2.9.13a) is somewhat surprising, because one might have
expected a double sum over m and n. In fact this form is natural because, in their
carrier space indices, the affine matrix representations 77,,”" (see (2.7.8)) and the

affine group elements §;,,’™ are functions only of m — n.

In the same way, one establishes the general relations

St F(H)) 1" = (F(H(0)))r',  Vnez (2.9.17a)
vy, Jn L i(m—n)o 7

FE)m"™ = 5 / doe (F(H(o))s (2.9.17b)

Te(F(H)) = % / doTe(F(H(0)))  (290170)

for all power series F(H), where Tr is trace on Lie g and the rescaled traces Tr on G

are defined in Section 2.7.
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Antisymmetric tensor fields

The general relation (2.9.17a) is sufficient to obtain the mode relations of any
object with two free indices, such as the group elements in (2.9.13). As a second
example, we consider the mode relation between the antisymmetric tensor field Bj, j,,
on G and the standard antisymmetric tensor- field B;; on G. Since these objects
have Einstein indices, we employ the transition functions 9,mz*(8) and 8,z(8(c))

to generate tangent-space structures with simple moding,

Bam™(8) Biyn () 0onz™ (B) = (N(H¥))amPficppm (2.9.18a)
8,2'(8(0)) Bij(z(0)) Bz’ (B(0)) = (N(H*¥(0)))a"nes (2.9.18b)
3 M (N (A )y = (N(H*¥(0)))sb, Vnez (2.9.18¢)
B = g(a)Tad,  H*¥(0) = B*(2(0)) T3 (2.9.184)

where the function N(H), which is the same for both G and G, is given explicitly in
Appendices A and B. The mode relation (2.9.18¢) is a special case of (2.9.17a), and,

using this relation, we find that

3 e e g2 (8) Biy u(2)Bonz™ (B) = Baz*(8(0)) Bij(2())dsz’ (B(0)).
" (2.9.19)

This mode relation may also be written

Bij(z(a)) = 8:5%(2(7)) (Z e"'(m+")*’aamx’““(ﬂ)Bku,,u(x)abnx’”(ﬁ)) 0;8*(z(c))
" (2.9.20)
because the transition functions are invertible. In both eqs.(2.9.19) and (2.9.20),
n € Z is arbitrary.

Vielbeins
As another example with two indices, we follow similar steps to obtain the mode

relations of the vielbeins on G and G,
ST e (Bey M (z) = Y €T (M(HY))am™  (2.9.21a)
= (M(H*%(0)))a" (2.9.21b)
= 0,z'(B(0))ed(z(0)) (2.9.21c)

elb(z(0)) = 8;8%(z(0)) Y €™ 9,2 (B)en M (2), Vnez (2.9.21d)

m
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where the function M(H) is given explicitly in Appendices A and B. We also find
the corresponding results

e’ (z(0)) = Ze‘i("_m)”ebnj”(x)8_,-,,B°’"(x)8a:zi(,3(a)) (2.9.22a)
ed(z(0)) = 3B (z(0)) 3. €™ ,2(B)E;, " (2) (2.9.22b)

&' (z(0)) = 3 e e, (2)8;,8°(z)8uz'(B(0)),  Vn € Z(2.9.22¢)

for the other vielbein and the inverse vielbeins.

Other mode relations

We turn now to mode relations for general objects with fewer than two free in-
dices. These relations will be important for the currents and the action, discussed in
Sections 2.10 and 2.11. In what follows, we limit ourselves to the adjoint representa-
tions.

A general class of one-index tangent-space objects is formed by contraction of
the tangent-space coordinates or tangent-space momenta with the general two-index

structure F(H) in (2.9.17a). For example, one has

ﬂa(:L'(O'))(f(Hadj(O')))ab = Z eimaﬁam(x) Z ei(n—m)a(f(lfladj))ambn

= 3B F (A (2.9.23)
Similarly, one finds the relations
€m0, 0 () (F(H ) an™ = :6%(a(o))(FH (o))" (2.9.24a)
32 € im ™ (@) (F (™) Jan™ = 008°(2(0))(F(H*¥(0)))a" (2.9.24b)
> e (F(H ) )am™ pon = 27 (F(H(0)))a"ps(0) (2.9.24¢)

by using 8.3, 0,8 or p instead of 3 in (2.9.23).
As an application of (2.9.24b), we find the relations

S e M G(TH, 2) ¥ = 8,2 (0)EH(2(0))Nba (2.9.25a)
3 e Qo (z) = 952 (0)e(2(0) ) Mba ©(2.9.25D)

where we have also used the explicit 3-basis forms of the adjoint action 2 = §1(T'*%)
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and the vielbeins given in the appendices. Taken with eq.(2.9.13), these results com-
plete the mode relations of the affine group elements.

A large class of mode relations for objects with no free indices is similarly con-

structed. We give here only some representative results,

B (@)(F(H*D))am Pip ™ (2) = = / do f*(z(0))(F(H*¥(0)))a‘nes8°(2())

(2.9.26a)

8 6™ (@) (F(H¥) )am ™ fiop 08" (2) =

— [ d00.5°(2(0)) (FH¥(0))a"ns0 84(2(<) (29.26b)
8B (2)(F(H¥) )amPjep pmin 8™ (z) =

= [ 40082 (F(H4(0))a 150, 8%(2(0)) (29.260)
mB°™(2) (F(H))am ™ enpnn B () =

— o= [ 400, (@) (F(E(0)))a"N0s (2() (2:9.26)
z'mﬂam(xxfl(I‘f“n)amdw""(x)(B(H‘“’f)) 70, 8%(2) (Fa (B fagerss =

= [ do8,8°(a(o))(F (H*4(0))at"(2(0))
X (Fa(H*(0))s"0.B(a(0)) (Fo( H¥(0)))e! fue (2.9.26¢)

although other relations of this type are easily obtained to describe contraction of
F(H) with tangent-space momenta.

As anticipated, the translation dictionary of this section conforms to the rule
that upper and lower (affine) tangent space and carrier space indices are associated
to €™ and e~™ respectively. This rule holds as well when (affine) tangent-space
indices are raised and lowered with the rescaled Killing metric.

The translation dictionary has an isomorphic classical form which is obtained by
replacing the quantum operators p;,, Pam, pi(0), and p,(o) with their corresponding
classical momenta.

In the following sections, we apply the translation dictionary to the central struc-

. tures of the theory, that is the currents and the action.
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2.10 Local fields and local currents

The operator current modes (2.9.2)

. A 1. = ) : A 14
E.(m) = —team ™ Diy(B) + Ekﬂamy', Eo(m) = —180""*D;u(B) — Ek(ﬂ_l)amy'
(2.10.1a)
'Dz‘”(B) =9, — %kﬁiu,juea,_m"” abemy. (2.10.1b)

are functions of the coordinates on the affine Lie group, and derivatives with respect to
these coordinates. In this section, we use the translation dictionary above to express

the local operator currents,

Ey(0) =) €™ E,(m), E.(0)=> e ™ E,(m) (2.10.2)

m

as functions of the local fields on the Lie group, and functional derivatives with respect
to these fields. This section is strictly current-algebraic and does not depend on any
particular dynamics*.

For the left-invariant currents, follow the steps
» . L1,
Eu(o) = e ™ (eam™(x)pin(B) + —z-kQamy‘ (z)) (2.10.3a)
= Z e—ima((c(ﬁadj))ambnpbn - iknﬂbn(m)(D(ﬁadj))bncpﬁcnam (2.1p.3b)

= 2n(C(H*¥(0)))a*ps(0) — k0, B%(2(0))(D(HY(0)))'ma  (2.10.3¢)

= 2me,i(2(0))pi( B, o) + gnabeib(x(a))a,xi(a) (2.10.3d)
piu(B) = —iDiy(B) = pip — gém,j,,(x)ea,_mj"(x)nabﬁbmy'(m) (2.10.3¢)
pi(B,0o) = pi(c) — iB,-j(az:(a))c?(,av"(a) (2.10.3f)

47

where the operator momenta p;,, pam, pi(¢), and p,(o) are defined in Section 2.9. To
obtain (2.10.3b), we used the explicit 8-basis form of the reduced affine Lie derivatives
given in Appendix B. The functions C(H) and D(H) are also given in this Appendix.
Eq.(2.10.3c) follows from the mode relations (2.9.24b) and (2.9.24c). Finally to obtain

*In the context of the mechanical model on G, the classical analogues of the current modes
(2.10.1) were denoted by E,(m,T) and E4(m, ) in eq.(2.5.2b). In the context of the field theory
on G, the classical analogues of the local currents (2.10.2) were denoted by E,(7,c) and E,(7,0) in
€q.(2.6.10).
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(2.10.3d), we reorganized (2.10.3c) using the explicit B-basis forms (see Appendix A)
of the vielbein e;* and the antisymmetric tensor field B;; on G.

Following similar steps for E, we summarize the results for the local operator

currents of affine g x g,

E.(0) = —27ie (2(0))'Di(B, o) + gnabeib(m(a))&,xi(a) (2.10.4a)
E,(0) = —27i&, ' (z(0))Di(B, o) — -I;—nabé,-b(x(a))aax"(a) (2.10.4b)
) 7

Di(B,o) =ipi(B,o) = 527(0) 4—7r—kB,~j(:c(a))c'3,xj(a) (2.10.4c¢)

where we have used the fact that the local Einstein momentum p;(c) in (2.9.12) is a
functional derivative. ”

The classical version of this result is Bowcock’s canonical representation [30] of

affine g x g,
E,(0) = 27e, (z(0))pi( B, o) + gnabe;b(:c(a))aaxi(a) (2.10.5a)

Bu(0) = 2r8(2(0))pi( B, ) ~ ez (2(0) 2 (0) (2.10.5b)

pi(B,0) = pi(o) — 4—I;—B,-j(x(a))3,xj(a) (2.10.5¢)

where p;(o) are classical canonical momenta.

2.11 Mechanics on G and WZW on G

2.11.1 Classical equivalence

In this section, we use the translation dictionary of Section 2.9 to show that the
mechanical Lagrangian Ly on G in (2.9.3) is equal to the conventional WZW La-
grangian,

LM == _nabeiua’_mejubm 81'1'1“81'1:]1/ -

4 (Qamy. + ZBiu,juarxjueami“) nabfzb‘_my.

NS

(2.11.1a)

= g/da [nabeiaejb(arxza,xJ - aoxzaoxj) +2Bij87x’8,:cf] = Lwaw

(2.11.1b)

where Ly zw in (2.11.1b) is the usual sigma model form of WZW on G.
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To see this equality, follow the steps,

k fradj 5
LM = Z(aﬂgamaﬁgbn+mﬂamnﬂbn)(F(Hadj))amcpncp,bn

+ga,ﬂam(c;(ﬁadf))amcpﬁc,,,bnmﬂbn (2.11.2a)

= 8% / do [(8:8°0-8" — 8,60, 8°)(F(H*¥))a"nes + 20 (G(H*Y)) a0, 8']

(2.11.2b)
k / a, b i j in . in j
= — |do [nabei e; (0r2'0r2’ — 0,2'0,27) + 2B;;0,x 80:57] (2.11.2¢)
8n
= Lwaw. (2.11.2d)

To obtain (2.11.2a) from (2.11.1a), we used the explicit S-basis form of the mechanical
action given in Appendix B. This Appendix also gives the functions F(H) and G(H).
The form in (2.11.2b) then follows from the mode relations (2.9.26b,c,d). Finally, one
notices that (2.11.2b) is the §-basis form (see Appendix A) of the conventional WZW
Lagrangian on G. In this computation, the ({2¥*)? term becomes the (9,z)? term (as
can also be seen from the relation (2.9.25b)) and the B term becomes the B term.

2.11.2 WZW in terms of §(z(7)) € G

We can also use the translation dictionary to obtain the § form of the mechanical

action [21],
Suo= - / drTe(5710:99710,§ ~ 475579
| +§;/d7—/o dpsABTr(g-lg’g'laAgg*laBg) (2.11.3a)
(V™™ =i(n — m)grm’™, A= (r,p), . =+1 (2.11.3b)

where §(T,z(7)) € G is the reduced affine group element in affine matrix represen-
tation 7. This form of the mechanical action follows directly from the conventional
WZW action

Swazw = ——/deaTr(g 18997 10g) — /Tr ~ldg)?

= Sy (2.11.4)
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using' the g < § mode relation (2.9.13) and the trace relation (2.9.17c).

The elegant action (2.11.3) is another central result of this chapter. This form
of the mechanical action shows a two-dimensional WZW term on é, which is equal,
under the translation dictionary, to the conventional three-dimensional WZW term

on G.
One can say more about the structure of the two-dimensional WZW term. Com-
paring (2.11.1a) and (2.11.3a), we find the identity

1 R . oa . o
/ dr / dpe B Tr(§5715'57 0495~ 084) = X / 70,2 Biy iy eam™ % ¥ (2.11.5)
0

between the two-dimensional aﬁd the one-dimensional forms of the WZW term on G.

This identity also follows from the divergence relation
eABTr(§715 G 0455 0pg) = O WA (2.11.6a)

WA = e PAga™ Biy om0 (2.11.6b)

1 ~
/dT / dpeABTr(57 55 0455 0g) = /dTWp(T,pZI)
0
= ¥ / 78,2 Biy sy €am® 1% —m ¥ (2.11.6¢)

whose structure parallels that of the WZW term on G in (2.7.22) and the conventional
WZW term on G. For a direct proof of the divergence relation, follow the steps,

APTe(G 39701007 058) = 5= [ doTe(g0uglg™0:0,670,))  (211.7a)
= %/dafabc ,:ciapxjadxkei“ejbekdndc (2.11.7b)
= XfampnPOrz*8,2% e e, M 0¥ (2.11.7¢)
e * e D, Bpsean ™ _m¥) (2.11.7d)
= WA (2.11.7e)

To obtain (2.11.7a) one uses the g — § mode relation (2.9.13) and the trace relation

(2.9.17¢), as above. The form in (2.11.7b) follows by evaluation of the trace. To
obtain (2.11.7c), one returns to G by the mode relation (2.9.26€) (or the vielbein

"For the WZW terms, the mode identity is 8%(r,0,p) = 3, €™73°™(r,p). Regularity of the
conventional WZW term requires 3, 3%(p = 0) = 0 along the axis of the cylinder, which implies that
mpB*™(p = 0) = 0 on G. It follows that W4 (p = 0) = 0, where W4 is defined in (2.11.6b). This is
why there is no boundary term at p = 0 in (2.11.6c¢).
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relation (2.9.21)) and the explicit B-basis form of the adjoint action (2 in Appendix
B. The B form in (2.11.7d) is then obtained from (2.3.5).

We have also worked out the variation of the mechanical action (2.11.3), using
(8" rm”™ = i(n — m)(6§) 1m”". (2.11.8)

For this computation, it is useful to define the prime operation on any matrix-valued

/

function,
(F)m™™ = i(n — m) Frm ™ (2.11.9)

which includes (2.11.3b) as a special case. The prime operation satisfies a Leibnitz

rule and an identity which is analogous to integration by parts,

(FF2) = FiFs + AL F, (2.11.10a)
Te(FiFy) = —Tx(F1Fy). (2.11.10b)

Then we find that the variation of the WZW term is a total derivative,
§ (AP Te(3719'57 04957 0pd)) = 0a (*PT(97" 89157 054,571¢'))  (2.11.11)
and the resulting equation of motion of the mechanical system is
0.(570,5 +97) — TG+ 57 =0 (21112)

Under the translation dictionary, the prime operation becomes the derivative with
respect to o, and the equation of motion (2.11.12) becomes the usual equation of
motion 9(g~8g) = 0 of the conventional WZW formulation on G.

2.11.3 Formal Haar measure on G and formal quantum

equivalence

In this section, we give the relation between the formal Haar measure on the affine
group and the Haar measure on the Lie group. We use this relation to establish the
formal quantum equivalence of the mechanical formulation on G with the conventional
WZW formulation on G. The statements of this section hold only up to irrelevant
constants.

The formal Haar measure d§ on G is equal, under the translation dictionary, to

the spatial product of Haar measures dg on G,

dg(z) = [ dg(z(o)) (2.11.13a)
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dg(z) = (H dxi”) V/det G(z), dg(z(c)) = (H dmi(a)) det G(z(0))
W 1 (2.11.13b)

— A b — b
Giu,ju = eiyamnam,bnejy n, Gij = e,-"nabej (2.11.13(:)

where éi#,jy and Gj; are the target-space metrics on G and G.

Our proof of (2.11.13a) goes through tangent-space variables as usual,

dj(z) = (H dﬁ“’"(x)) e3(Trn0) (X)) (2.11.14a)

= (H dﬂ“(x(a))) 35(0) [ doTrIng (2.11.14b)

= H’dg(z(a)) (2.11.14c)

Gam®™ = Oam@# Gy 0?5 G = 8,2'Gi; 0.7 (2.11.14d)

where 6(0) = (1/27) ¥, is the periodic delta function (o) at o = 0.

Taken with the action equality Syy = Swzw in (2.11.4), this result shows the
formal quantum equivalence of the mechanical formulation on G with the conventional
formulation of WZW on G [21],

/ (D) M = / (Dg) Swaw (2.11.152)
Dug = [ di(z(7)), Dg = [[ dg(z(r,0)) (2.11.15b)
Dumg = Dy (2.11.15¢)

where Dg in (2.11.15b) is the formal functional measure of the conventional formu-
lation. It follows from (2.11.15) and (2.9.6a) that conventional WZW averages on
G /

(FIB(z(r,0))) = (F[D_e™ B ™(2(7)))g,, (2.11.16)
can be formally computed for any F as shown [21], using the mechanical formulation
(Grr) on G.

As seen above, the formal measures dg(z) = [], dg(z(c)) and Dy g = Dg have

closely related formal divergences. It is an important open problem to find suitably

regularized forms of these measures.
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2.12 Field theory on G and formal quantum equivalence

In this section we use the formal Haar measure on G to discuss the formal quantum

equivalence
. constraint
9(z(7)) §(z(r,0))

g(:z:('r,a)) - -+ g(z(r,0,5)) (2.12.1)

of the field theory on G with the mechanical system on G and the conventional
formulation of WZW on G. These equivalences were discussed at the classical level
i Section 2.6. Our conclusion is that we may take the spacetime product of Haar
measures on G as the functional measure for the field theofy on é, and this measure
dictates a more elegant form for the constraint term of this formulation. Again, the

measure relations of this section hold only up to irrelevant constants.

For the discussion here, it is convenient to write the action (2.7.23) of the field

theory on G as

Sﬁ. =Sy + S¢ (2.12.2&)
k 2 (a—lara—15~ k / Ao/ a—1 72\3
__ A Y 12.
So 27X drdoTr (g 94§ 39) Torx t(g~ dg) (2.12.2b)
se=k [ drdoTe(Tum1n §)(i8, + m)rem (2.12.2¢)
X .

where S¢ is the constraint term.

Starting from the partition function (2.11.15a) of the mechanical formulation, we
can use the constraint identities (2.6.13) and (2.6.15) to derive the partition function
of the field theory on G. The result is

/(DMQ) M = /( 11 dxi”(T,a)) (ITI m) ¢iS0

TO,LuU

X 85[0,z — N%eqm ™y —m¥"] (2.12.3)

where G is defined in (2.11.13¢) and we used the fact (see eq.(2.6.25)) that So = Sp
on the constrained subspace. The functional measure in this relation contains an

unaesthetic product of affine Haar measures at a fixed reference point ¢ in o.

We can obtain a more elegant form of the functional measure by changing vari-

ables to the reduced affine group element §. One begins with the solution of the
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constraint

Be™(z(7,0)) = ™ B*™(z()) (2.12.4)
given in (2.6.14). Following steps parallel to those used in proving eq.(2.9.13a), we
find the o-dependence of §

4T, 2(7,0)) " = B elr N om = gilo=mies(P p(r) It (2.12.5)
8,5 =§' (2.12.5b)
(g’)lmjn = Z(n - m).&ImJn (21250)

on the constrained subspace.

One may then prove the following relation
g-,—l(aag _ g*/) = i(aaxi# _ nabeamiuflb,—my‘)eiycpj‘cp (2126)

which holds on or off the constrained subspace, and which gives the § form of the
constraint. This relation can be proven order by order in 3™, or by the following
simple argument. Using only chain rule and the vielbein relation (2.7.14), one finds
that §(z(o)) satisfies

§710,5 = 10,2 €, ™ Tam (2.12.7)
on or off the constrained subspace. Because both sides of (2.12.6) vanish on the

constrained subspace, it then follows that
8719 = " -m ¥ Tim (2.12.8)

on the constrained subspace. But neither side of (2.12.8) has any sigma derivatives,

so this relation, and hence (2.12.6), must be true on or off the constrained subspace.

Using the relation (2.12.6) in the partition function (2.12.3), we find that

/ (Dard) €M = / (Dr§) €56[57 (0, — §')] = / (DADr§) €% (2.12.9a)
Dri = [ di(z(r, o)) | (2.12.9b)

where the § form of the constraint appears in the functional delta function, and Drg
is the spacetime product of Haar measures on G. The improved action Sg of the field
theory on @G is [21]

_ k A [a—1ara—18~ k N a—=1 72\3
Sp = o x drdoTr (g 944 8g) " Tonx /Tr(g dg)
k - a1 ~ at
5 / drdoTr (A8, — §)) (2.12.10)

43



where §(T',z(7,0)) € G is the reduced affine group element and §' is defined in
eq.(2.12.5¢). Because of the formal quantum equivalence (2.12.9a), this form of the
field theory on G is another central result of the chapter. Of course, the improved
action Sr and the action Sz = Sy + Sc in (2.12.2) are classically equivalent, differing

only in the form of the constraint.

Summary of the quantum equivalences

Collecting the results (2.11.15a) and (2.12.9a), we have the formal quantum

equivalences [21],
/ (Dg) eSwaw = / (Dar§) €M = / (DADr§) €5F (2.12.11)

among all three formulations of WZW theory. Similarly, the results (2.6.16) and
(2.11.16) may be combined to obtain the relations [21]

(FIB (e (1,0 = (FIX_ €™ ™ (a™(1))g,, = (FID_ B («*(,0) g,
" " (2.12.12)

among the formal averages of all three formulations.

2.13 WZW as a field theory in three dimensions

We finally turn to WZW as a three-dimensional field theory on G, a formulation
which we will derive from the two-dimensional field theory on G

g(z(r)) - - - §(z(r,0))
modes
g(z(r,0)) - - - g(z(r,0,8)) (2.13.1)

by another application of the translation dictionary of Section 2.9. In this case, the

partial transmutation of the base and target space is
z¥(1,0) & (7, 0,7) (2.13.2a)
§(z(r,0)): RxS'— G, g(z(r,0,6)): RxT?— G (2.13.2b)

where 0 < & < 27 is an additional periodic coordinate.
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We begin with the form of the two-dimensional ﬁeld-theory on G,

_ k —1gaa-1 A=1 7213
Sp = “orx deaTr( 894 ag) /Tr dg)
k e iga o :
i / drdoTr(N (8,4 — ) (2.13.3)
X

obtained in Section 2.12. Next, we define fields on G which are local in &,

ﬁ 7_ .o, 0,) }: ezmolgam )) ()\(7‘, o, &))IJ = Z ei(n—m)&(z\(T,G))ImJ"
" (2.13.4a)
g(T,z(r,0,5)) = P Eod)le ¢ G, (2.13.4b)

Then the action (2.13.3) can be reexpressed as a three-dimensional field theory on G
[21], |

— ~1 -1 -1
S = ~pm / drdodsTr (9720997 8g) — 24 _ / Te(g~dg)*AdG
- 2.13.
o / drdodsTe(\g~}(8, — 85)g) (2.13.5a)
Tr(g~'dg)*AdG = deadpd&eABCTr(g"laAgg_lBng‘lacg) (2.13.5b)

A= (1,0,p), €% = +1 (2.13.5¢)

with a four-dimensional WZW term. The first two terms of (2.13.5a) follow from
(2.13.3) in a single step using the trace identity (2.9.17c), and the form of the con-
straint term follows from (2.9.17¢) and (2.13.4a). '

The three-dimensional action (2.13.5) completes the quartet of formulations of
WZW theory announced in the introduction and shown in eq.(2.8.1).

It is clear from the derivation above that the three-dimensional form of WZW
theory is equivalent to the other three formulations. Instead of developing translation
dictionaries between this formulation and the formulations on G , we confine ourselves

here to showing a direct equivalence with the conventional WZW formulation on G,

g(z(r)) - - - 4(=z(r,0))

constraint

g9(z(r,0)) 9(z(7, 0, ?)) (2.13.6)

in parallel with the demonstration at the end of Section 2.6.
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To see this equivalence, we start with the three-dimensional formulation and

solve its constraint,

(05 — 05)g(2(1,0,6)) =0 (2.13.7)

which is the equation of motion of the multiplier A in (2.13.5a). This constraint can

be simplified to
(0, — 85)z'(,0,6) =0 (2.13.8)

and one also finds that
B(a(r,,5)) = ™+ g (o (7)) (2.13.9)
by using and egs.(2.13.4a) and (2.13.8).
Then it is convenient to define new variables on T2,

ot

o+, ocT =0 -7, 0<o™ <27 (2.13.10)

so that z* = z'(r,07). It follows from periodicity on T that, as in (2.13.9), all the
quantities of the theory on the constrained subspace are periodic functions fo.(z(7,07))

of ot with period 27, and moreover,

2m 2m 27 2 ‘
/ do [ 6 fonla(r,o*)) = [ do / do™ for(z(r,0™)). (2.13.11)
0 0 0 0
Therefore, on the constrained subspace, the three-dimensional action (2.13.5a) has
the form
S = _k drdo™*Tr (g'lagg_lgg) - L/Tr(g‘ldg)3 (2.13.12)
27y 127y A

after doing the integration over c~. The three-form in (2.13.12) now contains a factor
drdotdp so, with the identification owzw = o, this is the conventional WZW action
on G.
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Chapter 3

Coset Constructions and the
Gauged WZW Model

The coset constructions are a relatively simple solution to the master equation, formed
from the affine-Sugawara construction and K-conjugation. This chapter treats them
in the same way that the affine-Sugawara construction was treated in the previous
chapter. We begin with the Hamiltonian of the coset construction and show how to
reach the gauged WZW action. As in the last chapter, we begin on the Lie group
manifold for orientation and then repeat the process on the afline Lie group manifold.

The coset constructions were first studied in Ref. [3, 4, 8], and the gauged WZW
model was first studied in Ref. [13-17]. The treatment on the affine Lie group is
original to this work, while the treatment on the Lie group is essentially the reverse
of that in Ref. [30].

3.1 Gauged WZW on the Lie group

We first assume that the group G has a subgroup H, such that the quotient space
G/H is a reductive coset space. In terms of the group’s structure constants and

Killing metric, this means that we can pick a basis such that
fas' = fal® =0,  nar=0 (3.1.1)

where A, B € hand I € g/h. The classical basic Hamiltonian of the coset construction
is then
g/h,00

27 1 - -
Ho= | Ho, Ho-—_i;L“b (E.E, + E,Ey) (3.1.2)

where Lgl/’,w° = P;/bh /2k is the high-level form of the coset construction inverse inertial

stress tensor. Here, P;/bh = n;b — ng® is a projector onto the g/h coset space.
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Because of the relations in (3.1.1), the left- and right-invariant h affine currents

have vanishing Poisson brackets
{Ea,Ho} = {Ea,Ho} = 0, a € h (313)

with the basic Hamiltonian (3.1.2). We may consistently take the linear combination

E, + E, to be a first-class constraint,
E,+E,~0, a€h (3.1.4)
because its bracket with itself vanishes

{Ea(0) + Eu(0), Bo(o’) + By(0")} = 2ri fufBul0) + Bulo))o(0 — o) %0,  ach

| (3.1.5)

on the constrained subspace. (As discussed in Ref. [30], the left- and right-invariant %

affine currents may also be individually set to constants, but this represents a gauge

choice.)

Following Dirac’s prescription, we gauge the constraint (3.1.4) by altering the
Hamiltonian (3.1.2)

H =Hy+ AH, (3.1.6a)

1 _
AMy = - AY(E, + E) (3.1.6b)

where A3, a € h is a set of dim h Lagrange multipliers which enforce the constraint.
It turns out that these form the time component of the gauge field of the gauged
WZW model.

- To achieve the full standard gauged WZW Hamiltonian, we add two more terms
to the Hamiltonian (3.1.6)

1 _ _
AMy = L} (Ba + Eo)(By + B) (3.1.7b)
1 _ i}
AHs = 4—W-L‘,:‘;,o(2k77<,CA; — E, + E,)(2kmpaA? — Ey + E}) (3.1.7¢)

where L{®_ = Pg%/2k is the high-level form of inverse inertia tensor for the affine-
Sugawara construction on the h subalgebra. The term AH, is quadratic in the con-
straint, and so will not affect the equations of motion on the constrained subspace.
The auxiliary field A{, @ € h is included as a perfect Gaussian in AH3, and so can
be immediately integrated out without affecting the averages of the other fields. The
field \A{ turns out to form the space component of the gauge field of the gauged WZW

model.
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Using the canonical representation (2.1.4) of the affine currents, the Hamiltonian

(3.1.7) can be expressed in terms of canonical variables -

H = Hwgw + % [2A°E, + 24°E, + knap A A (3.1.8)
= r e ey’ pi(B)p;(B) + —l-c—n e;%e;%0,2'0, 27
A a €b” Di Dj ST a§ 1 C3 Ve o
it ; k by i afzi LA P
+2A4% | e 'pi(B) + —nave; 02" | +2A% [ €, pi(B) — —nas€;" 05T
4 4
k a Ab
+§;,706A1,41 (3.1.8b)

where A% = (A% + A%)/2 and A°® = (A2 — A?)/2. This form of the gauged WZW

Hamiltonian was first given in Ref. [30].
The Hamiltonian equation of motion
i AT i fa, i .y i
O;xt = + 1" ¢ er’p;(B) + 2A%,' + 2A°%, (3.1.9)
is easily obtained from (3.1.8). Eliminating p in favor of 9,z, one finds the gauged

WZW action

Se = / drdols, Lo =Lwaw + ALc (3.1.10a)
ALg = k (0rz* + 8,2*) e ap A° — i((’J? ' — 0,2')&;%napA°
G — o T (4 i TNab o T (-4 i Mab
k a fb k Ae) ¢ b
+;nab-A A — ;A Qa nch (3.1.10b)

where Lwzw is the conventional WZW Lagrange density in eq. (2.1.7b). In terms of
the group variable g, the gauged WZW action is written [13-17)

S = Swzw + ASg (3.1.11a)

k - ~ _ _
ASqe = p— drdoTr(1Ag~'0g — 1Adgg™! + AA — AgAg™1) (3.1.11b)

where A = A°T, and A = A°T,. This is the familiar form of the gauged WZW

action. It is invariant under an affine H gauge transformation,

bg = ilg, k] (3.1.12a)
A =0k + 1A, &, §A = Ok +i[ A, K] (3.1.12Db)
k = k%0, 7)1, a€h (3.1.12¢)

where & is the affine H gauge parameter.
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3.2 Gauged WZW on the affine Lie group

We again begin with the classical basic Hamiltonian of the coset construction, this
time in terms of the classical affine Lie derivatives of (2.4.2) and (2.4.3),

Hy = L"'/’hooz (=m) E,, (m) + Eo(=m)Ey(m)). (3.2.1)

This Hamiltonian is to be interpreted as that of a classical mechanics, in the same way
as (2.5.1a). The linear combinations of affine k Lie derivatives E,(m) + E,(m),a € h

may be taken as a set of first-class constraints
{E.(m) + E,(m),Ho} =0, a€h (3.2.2a)
{E.(m ) + E,(m), Ey(n) + Ev(n)} = ifus’[Ec(m+n) + E(m +n)]~0 (3.2.2b)

because of the Vamshmg of thelr brackets with the basic Hamiltonian and with each
other.

Following the logic of the previous section, we add three terms to the basic

Hamiltonian,
AH;, = A2™(Ey(m) + Ea(m)) (3.2.3b)
1 — _
AH; = ELZ?OO(EG(—m) + Eq(—m))(Ep(m) + Ep(m)) (3.2.3c)
AH, = L (200 AS™ — Eo(—m) + Eo(—m))(2knea AZ™™ — Ey(m) + Ey(m))
(3.2.3d)

where A3™ and A{™,a € h,m € Z are the components of the afine H gauge field.
Since we are now dealing with a mechanical model (with a one-dimensional base
space), we'of course cannot identify A and A; as time and space components of
the gauge field. However, they still do perform a role analogous to that of their
counterparts in the conventional gauged WZW model. As in the conventional gauged
WZW model, the term A H,; enforces the constraint, the term AH, is quadratic in the
constraint, and so will not affect the equations of motion on the constrained subspace,

and the term AHj can be eliminated by integrating out 4.

Writing the mechanical Hamiltonian H in terms of the classical reduced affine
Lie derivatives (2.4.2,3), we have

H = Hwzw + 24 E,(m) + 2A°™E,(m) + knap A> ™™ Abm (3.2.4a)
. 1 ab o w_—- - kQ Ys i;; - abQ Y
= 'i;n €a,-m  €bm” PiuPju + :2' a-m — €a—m Piuy |7 bm
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+2 A o P, + 2A Bam D], + Enap AT T AT (3.2.4b)
1 - : . S N R
— Enabea,—mmebmjypiy(B)pju(B) + Zn an,_my.Qb,my.
+ A (2am ™ pia(B) + Elam®) + A*™(2am™ piu(B) = K(Q ™ )am™)
+kngp AL AR (3.2.4¢)
where A*™ = (AS™ 4 A9™)/2 and A*™ = (A3™ — A3™)/2. The Hamiltonian equation

of motion for 0,z is then

. 2 . . . A _ . .
a-rxw = Enabea,—mmebmjupj_u - nabea,—mwﬂbmy' + 2Aam6amm + 2-Aaméamm
(3.2.52)
2 . . - - . .
= Enabea,—mzﬂebmjupju(B) + 2Aam6amm + 2Aaméamzu. (325b)

Eliminating p;, in favor of d-2°#, we find the mechanical formulation of the gauged

WZW action on the affine Lie group,

Sem = /dTLGM, Lem = Ly + ALgm (3.2.6a)
ALoy = —k(8,2% e, ™ e + Qam? ) A%™ — k(8,285 ™ g — (171 )gm¥") A"
+2knap AT A — 2k A0 O T e AP (3.2.6b)

where L), is the mechanical WZW Lagrangian in eq. (2.5.7b) or (2.5.8). Using the

translation dictionary of Section 2.9 and the mode identities
A1,0) =3 €M™ A (1), A (r,0) = ™ A (1) (3.2.7)

this action is easily checked to be equivalent to the conventional gauged WZW action
(3.1.10). Following the method in Section 2.11.2, we may also obtain the § form of -
the mechanical gauged WZW action,

Sem = Sy + ASeum (3.2.8&)

ASey = % / drTe(i AG (8,5 + §') — iAB-g — §')§™" + 2AA — 24354571) (3.2.8b)

(§")tm”™ = i(n = m)gr” (3.2.8¢)

~

where A = A""‘Tam and .Z = A T,., Sy is the mechanical WZW action in
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eq. (2.11.3), and §(T, (7)) € G is the reduced affine group element in affine ma-
trix representation 7' (see Section 2.7).
Like the conventional gauged WZW model, the mechanical action (3.2.8) is in-

variant under an affine H gauge transformation,

85 = i[g, ] (3.2.9a)

§A = %(8,7«: FRY AN, A= %(a,;g _ ) AN (3.2.9b)
= k™(7)my, a€h, MEZ (3.2.9¢)

where £ is the affine H gauge parameter, and &’ is defined in analogy to ¢’ in (3.2.8c).
The parameter & is related to the parameter in eq. (3.1.12)

ko, T) = > MR (T) I (3.2.10)

under the translation dictionary of Section 2.9. In order to verify the afline H gauge

invariance, we obtain the term-by-term results,

ke -
§Su = —5;; [drTe (5718 + §)(0rk = &) = (8 — §)57(8ri + &) (3:2.11a)

k A (2 Fa-1 A N
) (;/d‘TTI‘ (Z.Ag (- +3¢ )))
k . _ i
=5 / drTr (70,9 + §') (8- & — &) — 2A(8,% + &) + 24571(8,4 + #')§)
(3.2.11b)
k A (o dra A anani
) (;/dTTI‘ (—2.A(3Tg —3§"§ )))

. A |
=5 / drTr (—i(0:g — §)37 (0,4 + &) — 24(8,% — &) + 2A9(0-4 — #)g™)

(3.2.11¢)
§ (5 / dTTr(zAJ&)) L (A(0-% — &) + A9,k + &")) (3.2.11d)
X X
6 (; / dTTr(—2A§;.Ag‘1)) =2 [ (A571(0:% + #)g + A((0:k — &)™)
(3.2.11e)

whose sum 6S5gas 1s zero on inspection.

52



3.3 Constrained formulations of gauged WZW

So far, we have described the formulations of the gauged WZW model depicted in
the left-hand column of the picture

constraint
9(z(7)) §(z(r,0))

modes modes

constraint

g(z(7,0)) g(z(7,0,5)) (3.3.1)

that was introduced in Section 2.8. For completeness, we now give the results for the

constrained formulations in the right-hand column of the picture.

3.3.1 Gauged WZW as a field theory on the affine group

To express the gauged WZW model as a two-dimensional field theory on the affine
Lie group, we follow the steps in Section 2.6. We begin by finding an operator Pg to

use as the generator of spatial translations.

A reasonable candidate is the momentum operator Py zw from eq. (2.6.4),

w = 571 X (Bal=m)By(m) = Eo(=rm) o)) (3.3.2)
{H, Pwzw} = 2m A" Eq(m) + 2mA°™ Eq(m) (3.3.2b)

but, as shown in (3.3.2b), this object does not commute with the gauged WZW Hamil-
tonian (3.2.4a). We correct this by adding two terms to the candidate momentum
operator,

Pe = Pyzw + imAampaAm + im/—lampfm (3.3.3)

where pA  and pfm, a € h, m € Z are momenta* canonically conjugate to the gauge

fields A°™ and A°™,
{Aam,p } = Z(()‘bnama {Aam’pb.i} = iébnam- (334)

The revised momentum operator in (3.3.3) then commutes with the Hamiltonian as

required,
{H,Pc} =0 (3.3.5a)

*In a complete description of the dynamics of the canonical momenta p# and p’{, one sets them
equal to zero in a system of second-class constraints, introducing Dirac brackets. This is not necessary
for our purposes here, but the complete treatment on the Lie group is given in Ref. [30].
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8,A = i{Pg, A} (3.3.5b)

and so may be used to define spatial traslations, according to (3.3.5b).

We may now find the spatial derivatives
8,z = n%eq _m ¥ (3.3.6a)
0, A*™ = tm A*™, 9, A%™ = imA®™ (3.3.6b)

of the affine group coordinate z and the gauge fields A and A. In analogy to the
procedure in Section 2.6, the equation (3.3.6b) is interpreted as a constraint on the

. gauge fields.

From this point, it is a simple matter to follow the steps of Section 2.6, obtaining

the action of the two-dimensional field theory on G,

Sop = [ drdoLop,  Lop=Lp+ALgs (3.3.7a)
ko i N a,—m Abm k i iuy=. a,—m bm
ALyp = —%(8,.55 + Gpz¥)es, Nap AT — 2—7;(5‘,w — O,z')E;, NapA

k - k -
+;nab.Aa,—mAbm _ ;Aamﬂamc,—nnchbn

+EAA (8, A%™ — im A®™) 4 EAR (8, A%™ — im A™) (3.3.7b)

m

where £ 7 1s the Lagrange density of the constrained two-dimensional WZW model on
G in eq. (2.6.24), and A* and )M* are Lagrange multipliers that enforce the constraint
(3.3.6b).

To express this formulation in terms of the affine group variable g, we follow the

steps of Sections 2.7 and 2.12 to obtain the action,

Scr = Sg+ ASgr : (3.3.8&)

k .o . an oo
ASer = — / drdoTr(i 45105 — i ABg5~" + AA — AgAi™)

k ~ . " a A . ~
+ [ drdo'T (AA(&,A — A+ 340, A - A')) (3.3.8b)
where M4 = )\;‘t’_mnabTam, M= /-\f,_mnabj’am, A’ and .:4—1’ are defined in analogy to
¢’ in (3.2.8¢c), and Sp is given in eq. (2.12.10). In this form, the affine H gauge

transformation is
6g = 1[g, k] (3.3.9a)



SA=0k+i[AR), 6A=0k+i[A R (3.3.9b)

k= &"(0,7)Tam, a€h, mez (3.3.9¢)

where the gauge parameter « is constrained so that 3,«*™ = tm«x®™. Notice that the
affine H gauge transformation in this formulation bears a striking resemblance to the

transformation in the conventional formulation (3.1.12).

3.3.2 Gauged WZW as a field theory in three dimensions

Following the steps of Section 2.13, we define fields that are local in a third coordinate

g,

A%(1,0,5) =D M A (1, 0), A(1,0,6) =) €™ A*™(1,0) (3.3.10a)

(M(r,0,8))r" = 3™ (A\4(7,0,6)) 1" (3.3.10b)
(M (r,0,8)17 = 3 ™ (3(7,0,5)) 1" (3.3.10¢)

to supplement the definitions in (2.13.4). Then we may obtain the formulation of the
gauged WZW model as a three-dimensional field theory on the Lie group,

Sez = S3+ ASgs (3.3.11a)

k

AS
G3 I7x

/drdad&Tr(iAg'lag —1A8gg™! + AA - AgAg™?)

k . A k - TA -
tap [ drdodsTIONE, — ) A) + 5 / drdodsTe(MA(8, — 85)A)

(3.3.11b)

where S3 is given in eq. (2.13.5). The affine H gauge transformation in this formu-
lation bears the same form as that in the convertional formulation (3.1.12), except
that the gauge parameter x%(7,0,5) now depends on the third coordinate, but is

constrained so that (9, — 9;)x = 0.
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Chapter 4

The Generic Affine-Virasoro

Constructions and Action

Among the solutions of the Virasoro master equation, the affine-Sugawara construc-
tions and the coset constructions represent special points of particularly high symme-
try. The generic solution to the master equation possesses no special symmetry, other
than that guaranteed by K-conjugation. As is well known [18, 22], that symmetry is
given by the diffeomorphism group, embedded within affine G x G.

In this chapter, we apply the methods of the last two chapters to the generic
affine-Virasoro construction. As before, we work from the Hamiltonian to the action,
and we consider first the case on the Lie group manifold, and then on the affine Lie
group manifold.

The generic affine-Virasoro construction was first studied in Ref. [9, 10]. The
non-linear form of the generic affine-Virasoro action was given in Ref. [18]. Here,
we focus on the linearized form of the action, which was given on the Lie group in
Ref. [22]. The treatment on the affine Lie group is original to this work.

4.1 The generic affine-Virasoro action on the Lie group

Given a high-level solution of the Virasoro master equation
LY = P*)2k (4.1.1)
the classical basic Hamiltonian of the generic affine-Virasoro construction is [18], -

Hy = do'H, (4.1.2a)



Ho = %Lgﬁ(EaEb + EaEb). (4.1.2b)

This basic Hamiltonian has vanishing Poisson brackets with the operators K and K
of the K-conjugate theory,

K= -l-ZggEaEb, K = ifiggEaEb (4.1.3a)
2T 2
{Hy,K(0)} = {Ho, K(c)} =0 (4.1.3b)

where L% = P%/2k = n®/2k — L% is the high-level K-conjugate solution of the
master equation corresponding to L2, These operators generate the algebra of Diff
Sl x Diff Sl,

{K(o), K(q')} =1[K (o) + K(0"))8,6(c — o') (4.1.4a)
{K(0),K(c")} = —i[K(0c) + K(0")]0,6(c — &) (4.1.4b)
{K(0),K(a")} =0 (4.1.4¢)

and so may be taken as a set of first-class constraints,
K =0, K=~0 (4.1.5)

because their brackets with each other vanish on the constrained subspace.

As in the last chapter, we follow Dirac’s prescription, and gauge the constraint
(4.1.5) by altering the Hamiltonian [18]

H = Ho+ AH, (4.1.6a)
1, =u - E
AH, = g(nggEaE,, + L% E,E}) (4.1.6b)

where v and ¥ are Lagrange multipliers which enforce the constraints. They may be
identified with a metric on the world-sheet [18].

This Hamiltonian may be directly translated into an action, leading to the non-
linear affine-Virasoro action given in Ref. [18]. Here, we will instead follow the exam-
ple of the last chapter, introducing auxiliary fields which will lead to relatively simple

equations of motion, and eventually the linearized affine-Virasoro action of Ref. [22].

We begin by defining two matrices,

Wh=6btabb  (Wh)d=60+ %(v ~1)B} (4.1.7a)
Weo=6+abt, (W)t =6b+ %(a —1)B} (4.1.7b)
l1—v _ 1-w 417
o= o= . 1.
1+v’ 149 ( )
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Using these matrices, we add two terms to the Hamiltonian (4.1.6),

H= HI + AHz (4.1.8&)
— 1 -1y 4 actrs b -1\ d
AMy = = (HBa— (W), Ea) n*W.* (KB, ~ (W), Ea)
1 .13 -1\ 4 acyys b 3 Zr—1y @ &
5% (kBo — (W), " Ea) W, (KB, — (W), Ea) . (4.1.8b)

Here, B, and B,, a = 1,...,dim g are a set of auxiliary fields, called the auxiliary
connections for reasons discussed below. Since AH, is quadratic in B and B, the
auxiliary connections are easily integrated out, showing that the theory is unchanged

for averages of functions of z and p.

For passage to the action, it is convenient to rearrange H as follows, -

H = Hwzw
k2
-2 18,8, - —lé(m — E)n(kBy — Ep)
27
akz Tabyz 1B 1 ] T ab/1.R ”
_TLooBaBb - ﬂ(kBa - Ea)n (LBb - Eb) (4.1.9&)

LX) 4r i, ab_ 7 i, ab R
r = ——k—ea n € pJ(B) + 2e,'n (Bb -0 Bc) (419b)

Because of the simple equation of motion in (4.1.9b), we obtain the linearized form
[22]
SAV = /deGﬁAV (4.1.10&)

£

£AV = - ’r]abeiaejb(a,—l‘zaij — 3,:!:'36:63) + ;—Bijarx'a,x’
Vs

87
k2. k . .
+a—-ngBaBb + 5—(8,—:61 — a,xl)e,'aBa

ak* L“bBBb—i— k(ax +<9:1:)e,B

k ] :
| +;n“bBaQb°Bc (4.1.10b)

of the affine-Virasoro action. Note that the first two terms in £ almost comprise the
WZW Lagrange density Lwzw in eq. (2.1.7), but the kinetic energy term has the
wrong sign. This sign may be corrected via a redefinition of the auxiliary fields (see

Ref. [22]), but this is not necessary for our purposes. As discussed in Ref. [22], the
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auxiliary connections B, B may be integrated out of the linearized action (4.1.10) to
recover the non-linear form of the action of Ref. [18].
In terms of the group variable g, the linearized affine-Virasoro action is written
[19, 23]
Sav = Swzw + ASav (4.1.11a)

ASav / dT( S EATH(T, B)Tr(TbB) + k—‘iLabTr(T B)Tr(T,B)

X

B=Bn®T,, B=Bn®T, Dsg=38+iB, Dsg=9d+:iB. (4.1.11c)

where Sy zw is the WZW action (2.1.9), and we have defined the covariant derivatives
DB and DB. .

In this form, the theory is clearly seen as a Diff S,-gauged WZW model, which
bears an intriguing resemblance to the form of the usual (Lie algebra) gauged WZW
model (3.1.11). As we shall see in the following section, this resemblance is due to

the Diff S;(K) transformations of the auxiliary connections.

4.2 Gauge invariance of the generic affine-Virasoro action

As mentioned above, the generic affine-Virasoro action is invariant under the group
of diffeomorphisms Diff S;(K) generated by the K-conjugate stress tensors. For the

form of the action (4.1.10), the transformations are

6zt = K%, + R%,’ (4.2.1a)
Sa=-3¢+Eda, Sa=-9E+Eda (4.2.1b)
6Ba = fabC"CbBc + Uabalib, 53 = fabcRbB + nabél—ib (4.2.1C)

K = 2kEL®B,, R = 2kELB, (4.2.1d)

?ﬂ

where £(7,0) and £(7,0) are the diffeomorphism parameters. For the group element

form (4.1.11) of the action, the transformations

bg = gik — iRg (4.2.2a)
6B = 0k +i[B,k], 6B =0k +i[B, ] (4.2.2b)
k= k"T,, E=k&"T, (4.2.2¢)
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replace those for z and B in (4.2.1).

Following Refs. [18, 22], we remark on the embedding of Diff S(K) in (classical)
affine G x G. The transformation of the group element g in eq.(4.2.2a) shows that
infinitesimal Diff S;(K) transformations are particular transformations in (classical)
affine G x G, with the field-dependent local Lie ¢ x Lie g gauge parameters &, & in
eq. (4.2.1d). In this sense, Diff S;(K) is embedded locally in (classical) affine G x G.
Moreover, the result (4.2.2b) shows that the auxiliary connections B, B transform
under Diff S;(K) as local Lie g x Lie g gauge fields, or connections, with the same
gauge parameters £, k. The Diff Sy(K) transformations of the auxiliary connections
are also responsible for the intriguing resemblance of the linearized action (4.1.11) to
the form of the usual (Lie algebra) gauged WZW model in (3.1.11). The embedding of
Diff S; in the affine algebra is the underlying geometry of the generic affine-Virasoro
construction, and this geometry will continue to play a central role in the other
formulations of the action below.

Because verification of the diffeomorphism invariance of the linearized actions
involves considerable algebra, we give the term-by-term results for the ¢ form of the
final action in (4.1.11),

_ Zk -1 3. _ 3 -1~
6Swazw = WX/deO'Tr(g 8g0x — Bgg ™~ OF) (4.2.3a)
) —i/(leO'Tr(DBngg—l) -k /dea’I‘r(ggch;sgr“1 + g~'8% Dgg)
X X

(4.2.3b)
§ —]fi/dfd ETH(T,B)TH(TB) | = ——~ [ drdoTe(B3 (4.2.3¢)
— aaoora)rb)_—wx TdoTr(BOk) .2.3c)

5 ﬁ-z—/drz S LT (TLB)TH(TB) | = —— /d doTr(BOR (4.2.3d
. doalL?, oB)Tr (T = T TdoTr(BOR) .2.3d)

whose sum 6S4v is zero on inspection.

It should also be emphasized that the non-linear and linear forms of the affine-
Virasoro action are conformal and Diff Sy(K)-invariant because L% and L2 are solu-
tions of the high-level Virasoro master equation. For example, temporarily assuming
arbitrary ﬂgg, we obtain the extra terms in the g variation of Suv,

$ —2k? (13 7 ab fac, Fdb Fi (1R
Sy = — / drdo atr(BT,)(E2 — 2kL2n.aL)d [Etx(BTy)]

wx2

=0 (4.2.4)

which vanish for the explicit solutions L% in (4.1.1).
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4.3 The generic action on the affine Lie group

We again begin with the classical basic Hamiltonian of the generic affine-Virasoro
construction, this time in terms of the classical affine Lie derivatives of (2.4.2,3),

Ho = L% S"(Bo(=m)Ey(m) + Ea(—m) Ey(m)). (4.3.1)

This Hamiltonian is to be interpreted as that of a classical mechanics, in the same
way as (2.5.1a) and (3.2.1).
The operator modes K,,, and K,, of the K-conjugate theory may be taken as a

set of first-class constraints,

Kn= %igﬁEa(—n)Eb(m—i-n) ~0, Rn= —i];?ﬂggEa(—n)Eb(m+n) ~ 0 (4.3.2a)
{Ho, K} = {Ho, K} =0 (4.3.2b)

{Kpm, Ko} = (m =n)Kpmin 0,  {Em,Kn} = —(m = n)Kmin =0 (4:3.2¢)
{Kn,K,} =0 (4.3.2d)

because they generate the mode algebra of Diff S; x Diff S in (4.3.2¢,d).

As in Section 4.1, we gauge the constraint (4.3.2a) by altering the Hamiltonian

(4.3.1)
Hl = Ho + AHl (433&)

AHy = v L2 E,(—n)Ey(m + n) + 3™ L E,(—n)Ey(m + n) (4.3.3Db)

where v™ and ™, m € Z are Lagrange multipliers which enforce the constraints.

In order to introduce auxiliary fields, some preliminary steps are necessary. We

first define matrices ¢ and o

A n = n

" = Ppnemy  Om" = PO (4.3.4)

which are functions of n — m only. We then construct matrices & and &

&= a= - ’ (4.3.5)

Because of the delta-function forms of the matrices in (4.3.4), any power series func-
tion F(6)m" or F(¥)m" of those matrices is guaranteed to be a function of n — m

only. We can therefore decompose the & and & matrices,

A n = n P .
b = aPpn—m, am" = @8y n-m - (4.3.6)
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where o™ and @™, m € Z are a new set of fields that may be used to replace v™ and

o™,
We may now define two matrices,
. N . 1. -
Warn® = (8am’™ + &™) Po0, (W*Mﬂewm“+§%ﬁ—%ﬂgb(amw

~

2 N ~ A2 =1 n ~
W™ = (Bam®™ + &n™ B, (W Jam®™ = Sam®™ + 2%(fa,,," —6,"B  (4.3.7h)

which will play the the same role as those we defined in (4.1.7¢c) on the Lie group.

Using these matrices, we add two terms to the Hamiltonian (4.3.3),

H=H+AH, (4.3.82)
1 ' A - : . _ .
AHy = = (HBam = (W )aen®Ea(p)) 1" Wen™™ (kBon — (W) Ea(p))
1 _ a2 —1 _ 2 _ N | _
_'];_' (kBa,—m - (W )a,-—mdpEd(p)) nacwcmbn (kan - (W )bndpEd(p)>
(4.3.8b)

where B,,, and B,,,, a = 1...dimg, m € Z are a set of auxiliary fields, called
the auxiliary connections on the affine group. As in Section 4.1, since the action is
quadratic in B and B, the auxiliary connections are easily integrated out, showing

that the theory is once again unchanged for averages of functions of z and p.

For passage to the action, it is convenient to rearrange H as follows,

H = Hwzw

—2k?é_ " E B By — % (KB —m) — Ea(—m)) 7% (kBym — Eo(m))

—2k*&_,," LB, By — % (kB—a,_m) — Eg,(—m)) n (kB—bm - Eb(m)x4.3.9a)

. 2 . . . . . _
81'331” = —Eea,—-mmnabebmjup;u + nabea,—mmﬂbmy' + 26a,—mm"]ab(Bbm - Qbmancn)
2 i a 1 > " oip_a A n 33
= —Eea’f_mn ®etm? D (B) + 2€0,—m *1°®(Bom — Qom " Ben)- (4.3.9b)

The Hamiltonian equations of motion (4.3.9b) may easily be inverted to find the

linearized action on the affine Lie group,

Savm = /dTZAVM | (4.3.10a)
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k . ) k N .
P b b .
Lyvm = —Zﬂabeiua "ej "0z 0’ + Z?]a Qe ¥ o

. 1 .
+kO,z' (e,-,,y‘ + 'ieiyamﬂamy')

+2k2&—mniab8amen + k(a‘rxi#eiuam - Qb,—my‘ Uab)Bam

42528 " L B Bon + k(8;2%8,%™ + (075 —m ¥ 1) Bam

+2kn®Bq._ i bm " Ben (4.3.10b)
= —'Z"]abeiya,—mejubma‘rxluaiju + Z (Qamy‘ - ZBiu,juarxJVeam“‘) 7f]abS)b,—my.

42528 " LBy Bon + k(077 €:,°™ — Q¥ 1%) Bamm

A

+2k2a—mnz/ab3—am8_bn + k(arl'iuéiuam + (Q_l)b,-—my.nab)lgam

+2kn®Ba, —m Q" Ben. (4.3.10¢)

Using the translation dictionary of Section 2.9 and the mode identities

B%(r,0) =Y ™ B™(r), Bi(r,0) = ™ B*™(7) (4.3.11a)
a(r,0) =Y ™G, r) = Y €™ a™(7) (4.3.11b)
a(r,0) = ™G, "(r) =3 ema™(r) (4.3.11¢c)

the action 4.3.10 is easily checked to be equivalent to the linearized affine-Virasoro
action (4.1.10) on the Lie group. Following the method in Section 2.11.2, we may

also obtain the § form of the mechanical affine-Virasoro action,

Savm = Su+ ASavm (4.3.12a)

2k2A n ¥ab 2 AT (T P2 2k2~ nFabrp R B

ASsvn = / dr| 5 b L2 (L B)Tr(TinB) + — " L2 Te(Turn B) Te(T3B)
_‘_IC_A Y 55 A aAml S, BV 3 a—1

2XTr ((Brg § +2:Bg)(0-g7" + (¢7) + 2iBg )) (4.3.12Db)

B= Ba,_mnabfbm, B= Ba,_mn"bTbm (4.3.12¢)

where Sy is the mechanical form of the WZW action (2.11.3), and §(T', z(7)) € G is

the reduced affine group element in affine matrix representation 7' (see Section 2.7).
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4.4 Gauge invariance of the mechanical affine-Virasoro

action

Under Diff S5(K), the action (4.3.10) is invariant under the transformation

81 = K% egm™ + RO Egm ™ (4.4.1a)

ba™ = —0£™ +iméM + &7 9y @™ 4 i(m +2n)E "™t (4.4.1b)

§&™ = —0,&™ —imém + & 9y a™ — i(m + 2n)E"amt" (4.4.1¢)

6Bam = fam,bncp":Ichp+77ab(a _Zm) B m’ 6B—am = fam,bncpkbngcp+77ab(ar+im)Rb’_m
(4.4.1d)

K™ = 2k LBy o m, RO™ = 2kE " LBy n_m (4.4.1e)

where fm(T) and £™(7), m € Z are the diffeomorphism parameters. For the § form

(4.3.12) of the action, the transformations

8§ = gik — ikg (4.4.22)
§B =0,k + i +ilB,k), 6B=0k—# +i[B, 7] (4.4.2b)
£= kT,  R=RT. (4.4.2¢)

replace those for z and B in (4.4.1). As was the case for the affine Virasoro ac-
tion on the Lie group (see Section 4.1), Diff S3(K') is embedded in (classical) affine
G x G. The transformation of the affine group element § in (4.4.2a) is again that of
a transformation in affine G x G, restricted according to eq. (4.4.1e). The auxiliary
connections B, B on the affine group transform as connections. The gauge parameters

k,% and &, € above are related to those in Section 4.2
=3y emIE™ (1), &(r,0) = Z e™Em (1) (4.4.3a)

=3 e™k(7),  R(1,0) = €™R™(r) (4.4.3b)

under the translation dictionary of Section 2.9.

In order to verify the diffeomorphism invariance of the action (4.3.12), we give

the term-by-term results,

 k - A
85 = —5 [ @rTe (57 (05 + §)(0F — ) = (0.9 = )50k + 7)) (44.40)

k A Y oy A—1 AT/ 2 a1
) (—ZX /dTTI ((3,g —§ +2iB§)(0,¢7 + (¢77) + 2iBg )))

64



whose sum 654y is zero on inspection.

4.5 Constrained formulations of the affine-Virasoro action
So far, we have described the formulations of the affine-Virasoro action depicted in
the left-hand column of the picture

constraint
9(z(7)) §(z(7,0))

modes modes

constraint .
g9(z(r,0,8)) (4.5.1)

g(z(r,09))

that was introduced in Section 2.8. For completeness, we now give the results for the

constrained formulations in the right-hand column of the picture.

4.5.1 The affine-Virasoro action as a field theory on the
affine group |

To express the generic affine-Virasoro action as a two-dimensional field theory on the
affine Lie group, we follow the steps in Sections 2.6 and 3.3.1. We begin by finding
an operator P4y to use as the generator of spatial translations.

Following the logic of Section 3.3.1, it is clear that that appropriate momentum

operator is

Pav = Pwzw — imBampy" — imBampd” + ima™p?, + tma™p (4.5.2)

anm

where Py zw is the WZW momentum operator from eq. (2.6.4), pg™ and p¥*, a =

1...dimg, m € Z are momenta canonically conjugate to the auxiliary connections
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B, and B,,,, and p%, and p®, m € Z are momenta canonically conjugate to the |

gauge fields o and &
Bam 87} = 160 {Bamo P} = ibam®™ (4.5.3a)
{o™, p3} =6,  {&@™,pi} =6 (4.5.3b)
As expected, the momentum operator (4.5.2) commutes with the Hamiltonian (4.3.9a),
{H,Psw}=0 (4.5.4a)
8,A = i{Pay, A} (4.5.4b)

and so may be used to define spatial translations, according to (4.5.4b).

- We may now find the spatial derivatives,.

dyzt* = nabeay_mi“flbmy‘ (4.5.5a)
Oy Bam = —imBam, 0yBam = —imBam (4.5.5b)
9,a™ = ima™, 9,a™ = ima™ (4.5.5¢)

of the affine group coordinate z, the auxiliary connections B and B, and the gauge
fields o and &. In analogy to the procedure in Sections 2.6 and 3.3.1, the equations
(4.5.5b) and (4.5.5¢) are interpreted as constraints on the auxiliary connections and
the gauge fields. '

From this point, it is a simple matter to follow the steps of Section 2.6, obtaining

the action of the two-dimensional field theory on G,

Sive = /d'rda[,AVF (4.5.6a)

Lave = —@nabeiua’_m@jubm(arir“’arx’” — 8,8, 2") + E’;Biﬂyjuafxtuaax]u
k2 A nfyab k i in am
+'7r—a_m LooBamen + 5(8‘,—1: —_ 601: )eiu Bam

k2 o k . ) _
+—&_m”LgZBamen + —(0rz™ + 3,2'")E€:,* " Bam
T 27

k R _ . o
+;‘__7]abBa,—memancn + k/\iu(aaxw - nabea,—mebmy‘)
+EAG (05 Bam + imBay) + kAE™ (8, Bom + 1mBam)

+EAS (8,0™ — ima™) + kA% (8,8™ — ima™) (4.5.6b)
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where A, Ag, A\g, A%, and )\® are Lagrange multipliers that enforce the various con-

straints.

To express this formulation in terms of the affine group variable g, we follow the
steps of Sections 2.7 and 2.12 to obtain the action,

Savrk = Sr+ ASavF (4.5.7a)
ASuvr / dr (—&_m"L“bTr(TamB)’f‘r( 22B) + ——=& " L Tr( Ty B) Tr(Ton B)
ko (DggDyzg™)
™ r(ggl/pg

Lk / drdoTr (Ag(a B— B+ %5(0,B -fs"))
X J

L / drdo (A%(8,0™ — ima™) + 3%(3,a™ — ima™)) (4.5.7b)
X .

Wl’

Dy=0+iB, Dz=08+ (4.5.7¢)

where \g = /\‘g’"Tam, Ag = /\""‘Tam, B’ and B are defined in analogy to ¢’ in (2.11.3b),
and S is given in eq. (2.12.10). In this form, the Diff S; gauge transformation is

8§ = ik — ik (4.5.8a)
fa™ = —BE™ + £ g o™, sam = —dfm+ET" D amtn (4.5.8b)
§B =0k +i[B,%], 6B =05k +i[B,# (4.5.8¢)

where the Diff S, parameters &, £ are constrained so that 8,£™ = imé&™ and 9,£™ =
im€™. Notice that the Diff S; gauge transformation in this formulation bears a

striking resemblance to the transformation in the formulation on the Lie group (4.2.2).

4.5.2 The affine-Virasoro action as a field theory in three

dimensions

Following the steps of Section 2.13, we define fields that are local in a third coordinate

~

g,

B%(r,0,6 Z €™ Bom (T, o), B%(r,0,6) = Z e'im&Bam(T,a) (4.5.9a)
of(r,0,6 E ™ a™(1,0) a(r,0,6) =) ™™ (1, o) (4.5.9b)
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Os(r0,8)r" = Z e (0a(r,0))m” (4.5.9¢)

(As(r,0,8))7 = =™ (Xg(7,0)) 1™ (4.5.9d)

A (1,0,6) =D e ™A (1,0), X (r,0,6) = e ™R (7, 0) (4.5.9¢)
to supplement the definitions in (2.13.4). Then we may obtain the formulation of the
gauged WZW model as a three-dimensional field theory on the Lie group,

Savs = S3+ ASavs (4.5.10a)

‘ v k2 k&
ASasvs = / drdad_&( -3 2L‘;f:Tr(T B)Tx(T:B) + L Ty(T,B) Tr(T,B)

22200

Eoo .
2 TI‘(Dgngg_l)>

T

/ drdodsTs (As(0, — 85)B + s(d, — 3:)B)
27TX

+F / drdods (X*(8, — 8;)a + 3*(8, — 05)a) (4.5.10D)

X
where S is given in eq. (2.13.5). The Diff S, gauge transformation in this formulation
bears the same form as that in the two-dimensional formulation (4.2.2) on the Lie

group, except that the gauge parameters £(7, 0, ), £(T, 0, &) now depend on the third
coordinate, but are constrained so that (8, — 8;)¢ = (8, — 95)¢ = 0.

68



Chapter 5
Conclusion

This thesis has generalized a procedure, first discussed in Ref. [21] for the WZW
model, for generating new formulations of conformal field theories (CFTs). If a con-
formal field theory’s Hamiltonian is conventionally constructed on the Lie group with
local affine currents, then it may be transcribed onto the affine Lie group by means of
the classical affine Lie derivatives. Once the Hamiltonian is written in terms of canon-
ical variables on the affine group, it is a straightforward matter to find the action. In
this way, a two-dimensional field theory on the Lie group with a three-dimensional
WZW term may be converted into a one-dimensional mechanical model on the affine
group, with a two-dimensional WZW term.

Alternatively, one may preserve the dimensionality of the base space by introduc-
ing a momentum operator P which will serve as the generator of spatial translations.
This momentum operator must, of course, commute with the Hamiltonian. In this for-
mulation, the conformal field theory takes the form of a two-dimensional field theory
on the affine group with a three-dimensional WZW term, but the spatial dependence
of the variables is constrained by the introduction of the momentum operator.

There is also a fourth formulation of conformal field theory, which makes use
of similar spatial constraints. In this formulation, the theory appears as a three-
dimensional field theory on the Lie group with a four-dimensional WZW term.

We have also shown how each of these formulations may be expressed either in
terms of the coordinates on the appropriate group manifold, or in terms of the appro-
priate group elements. In addition, we have provided a translation dictionary that
shows the equivalences among the various formulations. Under the translation dictio-
nary, the new formulations on the affine group are understood as mode formulations

of the formulations on the Lie group.

We have shown how to apply the above prescription to three specific theories:
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the WZW model, the gauged WZW model, and the generic affine-Virasoro action.
But the procedure is quite general, and can be applied at the Hamiltonian level for
any theory whose Hamiltonian on the Lie group is written in terms of affine currents.
At the action level, it is likely that one may also apply the translation dictionary to
convert any theory from the Lie group to the affine Lie group. For example, one such
application could be the generalized Thirring models of Refs. [34-36].

The potential utility of these new formulations lies in giving the researcher more
points of view with which to examine a particular model. For some uses, the new
formulations may provide more insight or functionality. For example, one might try
to use some sort of mode cut-off on the affine group as a regulator. Or one might
better understand the nature of the WZW term from the way in which it naturally

arises within geometric structures on the affine group.

Whatever the practical uses of these new formulations, it seems only natural
to formulate conformal field theories on the affine Lie group manifold, especially

considering the intimate connection between CFTs and affine algebras.
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Appendix A: Identities on G

We list below some useful identities on the Lie group G, including in particular
the explicit [-basis forms of various quantities which are central to the proofs of
Sections 2.9, 2.10 and 2.11. Here, J,,a = 1...dim g are the generators of Lie g, and

r',2 =1...dim ¢ are Einstein coordinates on the group manifold.

A. Group element and adjoint action.

g9(J,z) = (@) e (A.la)
9Jag™h = Qs Qneal? = Nap (A.1b)
Qab — (e—iHadj) b, Hadj = ,BaT:dj- (AlC)

The quantities 745 and T°? are the Killing metric and adjoint representation of Lie
g-

B. Vielbeins and inverse vielbeins.

e = —1g 09 = eJa, &= —ighg ! =&, (A.2a)
8,~¢j" — 8j€ia = eibejcfbcay eaiaiebj - ebiaieaj = fbacecj (Azb)
é,’a = _eibea, éai = —(Q_l)abebi (A2C)

el 1

e = 8;8%(M(H%))e, M(H) = (A.2d)

tH
The Cartan-Maurer and inverse Cartan-Maurer relations in (A.2b) hold also for e — &.

C. Antisymmetric tensor field.

e — e H) 2% H

By = 0805 N ()", N(H) =) (A.3a)
ol . .
B, = i | atTs (HogeHoge™),  H =T, (A.3b)
0
8,Bj + 8;Bi + 0 Bij = iTr(ei{ej, e]),  Tr(TaTh) = XTlab- (A.3c)

T, 1s any matrix irrep of Lie g.

D. Local currents on G.
E.(0) = 2mes'p;(B) + Enabeib&,x’ = 27(C(H*¥)).bpy — k3, 8°(D(H*¥)) Pnpa (A .4a)

_ . L . o o
Eo(0) = 27e,'pi(B) — §nab'é,-b3,x’ = 27(C(H*¥)) oy + k8, 8°(D(H*?)) e (A.4D)
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k

pi(B) = pi - Z;Bijatrxja pi = 0i°pa (A.4c)
H e 1 +4H

CH)= g DH)= H (e - 1) (A.4d)
- tH = e —1-4H

C(H) = —H 1’ D(H) = m (A.4e)

The canonical momenta p;(o) and p,(o), which can be classical or quantum, are
defined in Section 2.9.

E. Conventional WZW Lagrangian on G
Lywzw = -8k—/da [nabeiaejb(arxiarxj - (’),xiaaxj) + 2B,~,‘8,xi8,mj] (A.5a)
s

k a a adj c
- 8—7r/da((8,ﬂ 0,8 — 8,80, B°)(F(H*%))ones

+2a,ﬁa(G(HadJ‘))acncba,ﬂb) (A.5b)
__ eiH _ e—iH eiH _ e—iH — 9
F(H) =2 ., G(H) = N(H) = ( : H)Z 2H - (aso)

The g form of the conventional WZW action is given in (2.1.9).

~

Appendix B: Identities on G

We list some useful identities on the affine Lie group G (analogous to those on G
in Appendix A) including in particular the explicit 3-basis forms of various quanti-
ties which are central to the proofs of Section 2.9, 2.10 and 2.11. Here J,(m),a =
1...dimg,m € Z are the current modes and z#,7 = 1...dimg,u € Z are the co-
ordinates on the reduced affine group manifold. Einstein and tangent-space indices
are A,I' = (iu,y) and L, M = (am,y.) tespectively, and J, = (J,(m), k) are the
generators of the affine group.

A. Reduced group element and adjoint action.

§(J, z) = (@ alm) (B.1a)
I -1 __ .M A cpa A dg _ -
gJLg = QL jMa Qa.m ncp,dqun = TNam,bn (Blb)
QLM — (e;igadj)LM’ }"Iadj — 'Bamj-v:ij (B.lC)
5 L L A emHW 1\ b
A e e (HY )5, (B.1d)
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The quantities Mampn and Tadi are the rescaled Killing metric (see Section 2.7) and

the adjoint representation of the affine algebra.

B. Vielbeins and inverse vielbeins.

| N L = . ~—1 = L
€y = —1g 8,-ug = €y jL, €ip = —zgaiug = €y JL (B.2a)
L L M N L : j ] ) N ;
Oipen” — Ojnein” = €y e’ funN”, erOier™ — ep™ ;e = fur” en?”
(B.2b)
- L MA L = 1 A—-1y_ M :
€y = —€iu QM s GLW = —(Q )L 6Mw (B.2C)
[

ein”(2) = 0: B (o) (M(HY))am®,  M(H) =

(B.2d)

The Cartan-Maurer and inverse Cartan-Maurer relations in (B.2b) hold also for e — &.

C. Antisymmetric tensor field. - : - _

Buie = 0u O N, (1) = =TI gy
1,4 . A

eiuy‘ = 5 (B,'u,juea,_m'wnab - e,-,,b"‘) Qp ¥* (B3b)

n y 1 n n o L ~ N
Buuge = = [ dtTs (B0ue™ 8 0,0e™), B = 8™ Fum (B.3c)

X 0

OiuBjukp + Oju Brpjip + OkpBip ju = ;Tr(ei#[ej,,, ekp)) (B.3d)
0; (Ejv,kpea,—mkpnabﬂbmy') — (ip o gv) = eiubnejuamfam,bncpﬁcpy'- (B.3e)

T and Tr are the matrix representations of the affine algebra and the reduced traces

discussed in Section 2.7.

D. Affine Lie derivatives.

. . 1. - A .
Ea(m) = eom™piu(B) + 5kam? = (C(H))an pon — ik 8" (D(H®) )onTitepam
(B.4a)
_ . ~ 1. . oA . oA
Ea(m) = Zam*Piu(B) = SKQun®* = (C(H*Y))am""pm + ikn S (D(HY))on i am
- (B.4b)
~ 1. - . A
Pip(B) = Dip — 'ikBiu,juea,—-m]U abemy.’ Dip = iuﬂampam (B4C)
1H e —144iH
= — D = . .
CH) e —1’ (H) iH(e iH — 1) (B.4d)
_ 1H _ el —1—¢H
C(H) = FH_—_—I, D(H) = m (B.4e)
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The canonical momenta p;, and P4, which can be classical or quantum, are defined

in Sections 2.4 and 2.9. -
E. Mechanical WZW Lagrangian on G.

Lu = gnabeiua’_mejubmaf‘”w -2t — % (Qamy' + 2Bi#,juar$jueamiu) 7, — ¥
(B.5a)
k o
— Z(arﬂamarﬂbn + mﬂamnﬂbn)(F(Had]))amcpncp,bn
k o L
+5 0™ (GUH™))am ™ lep i (B.5b)
2 eiH _ e—z'H eiH _ e—z’H —nH

The purely group-theoretic forms of the mechanical action on G are given in eqs.(2.5.7)
and (2.11.3).
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