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Inversion of Scattered Waves for Material Properties in Fractured 
Rock 

Roland Gritto1'2 , Valeri A. Korneev1'3 and Lane R. Johnson 1,2 

We apply a recently developed low-frequency, non-linear inversion method which includes near 
and far field terms to a crosshole data set to determine the bulk and shear modulus, as well 
as the density for a fractured zone in a granitic rock mass. The method uses the scattered 
elastic wavefield which is extracted from the recorded data before the inversion is performed. The 
inversion result is appraised by investigating the resolution and standard deviation of the model 
estimates. The sensitivity of the three parameters to different features of the medium is revealed. 
While the bulk modulus appears to be sensitive to voids and welded contacts, the density is mostly 
affected by fractured zones. The shear modulus is least constrained due to the absence of S wave 
anisotropy information. It is shown that the three medium parameters are generally sensitive to 
other medium features than those determined by velocity inversions. Thus this method is viewed 
as a complimentary approach to travel time tomography which provides more insight into the 
material properties of inhomogeneous· media. 
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3Department of Mathematics, Monash University, Clayton, Australia. 
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Introduction 

The inversion of scattered elastic waves to deter
mine subsurface structures has become an active area 
of research in recent years. The need to determine 
medium properties like elastic moduli, density, scat
tering and anelastic attenuation (Scherbaum, 1990; 
Lees and Lindey, 1994), to detect and locate frac
ture zones (Vasco et al. 1996), partially molten zones 
(Zucca et al., 1987; Romero et al., 1993) and hydro
carbon deposits, for example, has caused the develop
ment of waveform inversion in addition to travel time 
tomography techniques. 

Elastic waves propagating through an inhomoge
neous medium are affected in two ways. Their travel 
time is delayed or advanced depending on the na
ture of the inhomogeneities (Peterson, 1986; Nolet, 
1987), and energy from the incident wave is scat
tered throughout the medium, arriving at different 
times at the point of observation. The bulk of this 
scattered energy is delayed and becomes evident as 
various phases arriving after the direct wave in the 
seismogram (Aki, 1969; Korn, 1990). This energy 
is generally referred to as coda. However, the coda 
contains valuable information about the medium and 
is the target· of waveform inversion techniques ('rura, 
1990). 

In recent years the demand to use seismic waves as 
a diagnostic tool to estimate high resolution models 
of the subsurface and to extract a variety of physical 
parameters which are needed to model subsurface pro
cesses has increased. Waveform inversion techniques 
that utilize amplitude information appear to be suit
able approaches for estimation of these parameters. 
But most of these waveform approaches solve for ve
locities, rather than physical parameters like elastic 
moduli and density (Wu et al., 1987, Lo et al., 1988; 
Tura et al., 1992). In principle, the velocity infor
mation can provide some insight into elastic proper
ties, in cases where both P and S waves have been 
determined separately. However, without additional 
measurements (e.g density) they fail to provide inde
pendent information about the physical parameters 
of the medium. Furthermore, the material parame
ters may cancel or reduce their effect in the equations 
for the velocities (Gritto et al., 1995b), and thus they 
may not be suited to provide the true values of the 
physical parameters of the medium. 

Most of the high resolution seismic surveys are 
cross hole experiments, with the objective of estimat
ing the physical parameters between the boreholes. 
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Of particular interest are regions close to the wells, 
as the parameters can be estimated by complimen
tary measurements in the boreholes, thus providing 
constrains for the inversion. However, it has been 
pointed out by Gritto et al. (1995a) that scattered 
amplitudes in the near field of inhomogeneities can 
be up to 3 orders of magnitudes larger than in the 
far field. Therefore, it is important to include near 
field terms in the inversion to provide reliable esti
mates of the parameters in the vicinity of the wells. 
Furthermore, most waveform inversions rely on lin
earized methods based on weak scattering assump
tions which are difficult to justify in many heteroge
neous media. As stated above, the possible canceling 
effect of the material parameters in the equation of 
the velocities may hide the fact that their deviation 
from background values may be stronger than sug
gested by the velocities. Therefore, in order to esti
mate medium parameters, a non-linear approach may 
be required for most heterogeneous media. 

A method recently developed by Gritto et al. 
(1996) addresses most of the points mentioned above. 
It is a non-linear 3-dimensional inversion method for 
low frequency scattered elastic waves that can account 
for anelastic attenuation. The solution contains near 
and far field terms for the incident and t~e scattered' 
waves which allows for an inversion in the vicinity 
and farther away from the source and receiver wells. 
Furthermore it solves for the bulk and shear modu
lus and the density in an exact non-linear way, thus 
avoiding less reliable iterative schemes. In the follow
ing this method will be applied to a cross well experi
ment at the Fracture Zone Investigation (FRI) site of 
the Grimsel Rock Laboratory, Switzerland, to inves
tigate whether it is possible to detect, delineate, and 
estimate the material properties of a fracture zone. 
Furthermore, it will be investigated whether it is pos
sible to treat large inhomogeneities by a series of point 
scatterers under the assumption of single scattering. 

Method 

In this study we follow the mathematical develop
ment of Gritto et al. (1996). The scattering process 
is based on the solution describing the scattered elas
tic wavefield for the incidence of a spherical P wave 
onto an inhomogeneity of variable shape but approx
imately equal dimensions. The solution is a low fre
quency approximation to the exact solution derived 
for the scattering by a sphere (Korneev and Johnson, 

· 1993). In this derivation single scattering is assumed. 



Furthermore, the wavelength of the incident wave is 
assumed to be larger than the dimensions of the in
homogeneity. The inherently non-linear problem can 
be solved directly by introducing new parameters, re
ferred to as moments, which are related to the elastic 
parameters by equations that have analytic solutions. 
Thus by inverting the scattered elastic waves for the 
moments first, it is possible to subsequently solve for 
the bulk and shear modulus, as well as for the density 
in an exact direct way (Gritto, 1996). The advantage 
of solving for the moments first, beyond the obvious 
improvement of being able to invert for arbitrarily 
large contrasts -in a direct way, lies in the fact that the 
moments are dimensionless properties which helps to 
stabilize the inversion. In contrast the elastic moduli 
and the density differ by 6 orders of magnitude, which 
may cause instabilities even for well conditioned prob
lems. 

In the following paragraph the concept of deriv
ing the inverse problem using matrix notation will be 
considered so as to provide a basis for the definition 
of the model resolution as applied in the last section 
of this study. The parametrization of the model into 
voxels of equal volume, allows the problem to be ex
pressed in matrix form as 

U=CM (1) 

where U is the data vector consisting of scattered P 
and S waves, M is the model vector containing the 
unknown moments for each voxel, and C is a matrix 
which describes the physics of the scattering problem. 
It connects data and model parameters through the 
Green function for the scattering process. Thus, upon 
computing the inverse of C the model parameters can 
be determined as 

M=C-1 U. (2) 

The method chosen to compute the inverse of C 
is singular value decomposition (SVD). Although this 
is a time consuming method requiring large compu
tational resources, it provides good diagnostic insight 
into the inversion process. SVD produces a decom
position of the original matrix C into the product of 
three matrices (Menke, 1989). ' 

C=WAVT (3) 
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where W is a matrix of orthogonal eigenvectors span
ing the data space, while similarly V is a Jllatrix of 
eigenvectors that spans the model space. The matrix 
A is the diagonal matrix of non negative elements 
called singular values. The singular values are ar
ranged in decreasing order with the possibility of zero 
values. However, before the inverse can be computed 
the zero singular values and the related vectors in W 
and V have to be eliminated from the system. Thus 
the rank of the matrix is reduced which is indicated 
by the index p denoting the number of non-zero sin
gular values. Once the decomposition is obtained, the 
inverse of C is readily given by 

c-1 =V A-1 wT p p p (4) 

and thus, the solution to the inverse problem is given 
by ' 

(5) 

where M denotes the estimate of M. Furthermore, 
the decomposition of C into the matrices W P and 
V P allows the performance of the inversion to be in
vestigated. A measure of the resolving power of the 
model parameters can be computed as 

(6) 

In a perfectly resolved model, R is equal to the iden
tity matrix I. H model parameters become dependent 
on each other and can no longer be resolved, the value 
of the diagonal decreases and spreads out to neighbor
ing elements. In this sense the rows of R are a qual
itative measure for the resolution of each model pa
rameter. In the last section the model resolution will 
be computed to appraise the inversion result by de
termining whether independent model estimates are 
obtained. 

Geology and Data Acquisition 

The United States Department of Energy (DOE) 
and the Swiss Cooperation for the Storage of Nuclear 
Waste (NAGRA) conducted several experiments to 
investigate the effect of fractures on the storage of 



nuclear waste in undergrolln.d repositories. The ex
periment was carried out at the Grimsel test site in 
Switzerland, with the primary goal to determine the 
nature of wave propagation in fractured rocks and to 
relate seismological to hydrological parameters. The 
experiment described here was carried out at the FRl 
site with the intention to delineate and determine the 
material parameters of a known fracture zone in a 
highly foliated granitic host rock. The geometry of 
the FRl site is shown in Figure 1. Two main service 
tunnels provide access to a zone of fracturing striking 
NE-SW. The zone appears to be an area with vary
ing concentration of thin fractures, determined from 
cores taken from two horizontal boreholes (BOFR 
87.001 and BOFR 87.002) as indicated by the short 
lines along the holes in Figure 1. In addition to the 
mapped fractures, a change in color of the granodi
orite may indicate an additional feature in the upper 
half of the panel, indicated by the dashed line. The 
data were collected between the two boreholes BOFR 
87.001 and BOFR 87.002 each of 20m length, with 39 
sources located in the first and 39 receivers in the sec
ond hole, respectively, separated by a distance of 10 
m. During the experiment, the horizontal holes were 
water filled to improve the source and receiver cou
pling. Additionally, the receiver, a 3-component geo
phone, was clamped to the borehole wall. Although 
the setup reveals a typical 2-dimensional crosswell ge
ometry, the fracture zone can be expected to extend 
in both directions perpendicular to the plane. 

Data Processing 

Figure 2 shows a typical source gather for a source 
located at z = 1.35m in borehole BOFR 87.001. The 
reverberative nature of the incident wave is appar
ent behind the first arrival and is caused by multi
ple reflection in the water filled boreholes. Several 
faint arrivals, representing reflections off tunnel walls, 
S waves radiated at an angle of 45° by the source, 
and tube waves appear in the section after t = 5.5ms 
(Tura et al., 1992). 

The theory of the adopted inversion approach is 
formulated for the scattered wavefield only, which re
quires the elimination of the incident wavefield from 
the recorded data. However, the reverberations in the 
present example make it difficult to correctly estimate 
the incident wave and remove it from the data. In ad
dition to the incident field, the data are contaminated 
by the radiation pattern of the source, the source and 
receiver coupling to the borehole, and anelastic atten-
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uation in the medium. Corrections for these effects 
should be applied before an inversion is attempted. 
The correction for anelastic attenuation is only per
formed for the incident wave so that its correct wave
form can be determined. Although the inversion algo
rithm is set up to solve for anelastic attenuation, this 
goal was not pursued in our study because of compu
tational limitations. Therefore, after removal of the 
incident wave, the scattered field was not corrected 
for anelastic attenuation. 

To correct for directional differences in energy ra
diation at the source, a cosine operator ( cose) is ap
plied, where e is the angle between the horizontal and 
the source receiver direction. This operator was found 
by estimating the amplitude of the first arrival (after 
correcting for geometrical spreading and preliminary 
anelastic attenuation) while the receivers were moved 
in a crosshole fashion around a fixed source in a homo
geneous region of the host rock. The cosine function 
was found to best fit the amplitude pattern (Majer 
et al., 1990). In a similar experiment, the P wave 
velocity was determined as a function of direction of 
propagation. The granitic rock shows a high level of 
foliation, parallel to the strike of the fracture zone. 
This foliation produces P wave anisotropy as large 
as 8 %, with the symmetry axis normal to the plane 
of fracturing (transverse isotropy). Hen_ce, the fast 
direction is parallel, and the slow direction perpen
dicular to the strike of the fracture zone. In general, 
the P wave anisotropy may be approximately repre
sented by (Backus, 1965) 

Vp 2 = A+ Bsin(2~) + Ccos(2~) + Dsin( 4~) + Ecos( 4~) (7 

where ~ is the angle of propagation with respect to 
the horizontal, and the coefficients were determined 
by Majer et al. {1990) as 

coeff. 
value [m/s] 

Although no anisotropy estimation was performed 
for the S wave velocity, the background value was de
termined at V8 = 3200m/s. It is expected, however, 
that the host rock contains a significant degree of S 
wave anisotropy, and disregarding this effect will re
duce the quality of the inversion results, as a consid
erable amount of scattered energy is converted into S 
waves. 



To estimate the mean anelastic background atten
uation a and the factors governing the source and re
ceiver coupling at their locations in the boreholes, the 
amplitudes of the first arrivals were measured and the 
parameters estimated in a least squares sense. The 
coupling factors and attenuation have to be deter
mined simultaneously, as they have similar effects on 
the amplitude of the wavefield, and an inversion of 
a single parameter is not possible without estimating 
the others first. The wavefield is corrected for geo
metrical spreading and the radiation pattern of the 
source. Subsequently, the traces are aligned along 
their arrival times and the amplitudes of the first min
ima determined. A total of 1521 amplitude values 
were inverted to solve for the 79 unknowns (78 source 
and receiver coupling factors and the average back
ground attenuation a). The background attenuation 
is estimated to be a = 0.36neperfm. Assuming a 
linear frequency dependence for a, a background ve
locity of Vp = 5270m/ s, and a peak frequency domi
nating the incident pulse of fo = lOK Hz, the relation 
Q = 1r f/aVp produces a frequency independent qual
ity factor of Q = 17. The value for a, although it 
seems to be low, is not unreasonable for this highly 
foliated medium considering the short wavelength of 
0.53 m of the incident pulse. It is representative of the 
mean background attenuation, however, and does not 
take into account local areas of abnormal attenuation. 

The results for the normalized source and receiver 
coupling factors are presented in Figure 3. It can be 
seen that the source factors vary around the value of 
1.0 with larger deviations between source position 10 
to 20, corresponding to z = 5m - 10m, respectively. 
Referring to Figure 1 it becomes obvious that this is 
the range where the assumed fracture zone intersects 
borehole BOFR 87.001. As the factors are larger than 
unity towards the edges but less than unity in the cen
ter of the fracture zone, the physical parameters may 
be varying across the fault area, indicating that the 
fracture zone may consist of an accumulation of thin 
parallel cracks. The trend for the receiver factors dif
fers from the source factors but is generally consistent 
with the geology in the receiver borehole. A mono
tonic increase between values of 0.5 to 1.0 between 
receiver position 1 (z = 1.5m) and 15 (z = 8.5m) is 
evident in Figure 3b. The low values are too small to 
be explained by borehole effects only, since the holes 
were carefully drilled and cored to determine the sta
tus of the medium. Since the inversion simultaneously 
solves for the mean value of a, but does not recover 
local attenuation anomalies, such anomalies will have 
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an eff~ct on the wavefield, particularly if these zones 
are close to certain receivers. Such an anomalous at
tenuation zone was detected by Majer et al. (1990) 
for a region close to borehole BOFR 87.002 between 
the receiver position 1 (z = 1.5m) and 10 (z = 6.0m). 
This result is mirrored by the low values in Figure 
3b. Figure 1 shows borehole BOFR 87.002 intersect
ing the fracture zone at approximately (z = 16.0m) 
(receiver position 32). Again, the receiver factors re
veal a maximum, before they drop to lower values 
towards the center of the fracture zone at the end of · 
the borehole. Thus, the source and receiver coupling 
factors seem to relate to the geological features, in
dicating a non uniform fractured zone and possibly a 
high attenuation area in the SE corner of the study 
area. 

After correcting the total wavefield for the source 
and receiver coupling factors and the background at
tenuation, the first arrivals should be a good repre
sentation of the source wavelet. Therefore, for every 
source position, the traces are stacked to produce a 
representative source signal for each source location. 
Finally, the 39 source wavelets are stacked to produce 
the common source signal representative of all source 
positions. This wavelet is shown in Figure 4. The 
reverberative nature is evident after the first impulse 
for almost 0.6ms. In contrast to many traces, the 
amplitudes are not constant but appear to be atten
uated after the first pulse. The reverberations are 
caused in part by multiple reflections in the receiver 
borehole (Tura, 1990). However, in contrast to the 
receiver, the source was not clamped in the borehole, 
as the water was intended as the coupling medium to 
the borehole wall. Thus, after the first source pulse, 
a fraction of the energy .reverberates in the source 
hole and each reverberation radiates energy into the 
formation. Therefore, the multiples are likely to be 
a mixture of source and borehole reverberations. It 
will be discussed in a later section what length of the 
source wavelet provides the best deconvolution oper
ator for the scattered wavefield. 

The first 0.6ms {150 samples) of the source wavelet 
are convolved with a 3-d Green function to compute 
a representative incident field which should be sub
tracted from the total field. However, because of the 
large amplitudes of the reverberations in many single 
traces which did not stack constructively to equally 
large amplitudes in the source wavelet, it was not pos
sible to remove the incident field and the reverbera
tions effectively. Without the removal of the rever
berations, however, the inversion will not produce re-



liable results as they produce the largest amplitudes 
in the seismogram after the removal of the incident 
field. Therefore, the incident field and the reverber
ations are suppressed by applying a one sided Ham
ming window to the beginning of the traces to damp 
an interval of 0.6ms after the first arrival time. The 
window length was estimated from the source wavelet 
in Figure 4, where -the reverberations appear to be 
present up to 0.6ms. The windowing process simul
taneously damped all scattered phases that coincided 
approximately with the incident field in the seismo
gram. These phases which appear with little travel 
time separation from the incident field in the seismo
gram are scattered in the vicinity of the sources or 
the receivers (near field scattered phases). To avoid 
incident S waves and tube waves in the coda of the 
traces, visible after 5.5ms in Figure 2, the end of the 
traces are damped, again using a one sided Hamming 
window. The muted wavefield representing the bulk 
of the scattered energy is shown in Figure 5, where the 
geometry of sources and receivers is the same as for 
Figure 2. The windowing process limits the scattered 
phases primarily to forward scattered energy. 

In a final step before inversion, the scattered field 
has to be deconvolved by the source wavelet to nor
malize the amplitudes by the source strength. In the 
last paragraph, it was argued that part of the rever
berative nature of the source wavelet is due to re
verberations in the source borehole. In this case the 
borehole source radiates energy into the formation 
with every reverberation. This delayed energy has 
to be taken into account for a successful deconvolu
tion by the source signal. For this reason the length 
of the deconvolution operator is chosen to be 0.6ms, 
after which the reverberations of the wavelet are suf
ficiently damped. After deconvolution, the spectral 
values of the scattered field are taken as input for the 
inversion algorithm. 

Data Inversion 

The inverse problem can be solved in the frequency 
domain for any specific frequency. The images of the 
inversion results are compiled by stacking 13 individ
ual inversion results, each computed for one single 
frequency ranging from 3051Hz to 5981Hz with an 
interval of 244Hz. Assuming a background P wave 
velocity of Vp = 5270m/ s, this translates to a wave
length of Ap = 1.7m and Ap = 0.9m for the inci
dent wave, respectively. Unsing a voxellength of-1m, 
the wavelengths vary from the Mie scattering range 
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(Ap = 0.9m) to a value (Ap = 1.7m) that lies between 
the ranges of Mie and Rayleigh scattering. The in
version was performed using lower frequencies as well, 
but the resulting images did not reveal sufficient res
. olution and therefore were dismissed from the final 
stack. 

Figure 6 reveals the geometry of the area which is 
parametrized in the model. As indicated in Figure 
2 the boreholes are slightly slanted with respect to 
the z-axis of the coordinate system. An area 9m x 
19m was parametrized into 171 voxels of 1m3 each. 
Data from all 39 source· and receiver positions are 
used. After the inversion, each panel is smoothed ap
plying a cubic b-spline interpolation of Michelini et 
al. (1991) before generating the final plot. The back
ground values of the inversion are determined using 
the Vp and Vs values given above and a mean density 
of p = 2650kgfm3 (Majer et al., 1990). This trans
lates into a bulk and shear modulus of 32.42GPa and 
27.14GPa, respectively. However, to generalize the 
inversion results the images present the anomalies in 
per cent units relative to the background values. 

The inversion results in Figure 6 were obtained by _ 
taking the P wave anisotropy into account but ne
glecting the correction for anelastic attenuation. In 
general this will cause the scattered amplitudes to 
be more attenuated, but zones of higher attenuation 
could also be a source of increased scattering. The 
image of the bulk modulus (Figure 6a) reveals several 
features that can be related to the inferred geological 
interpretation as suggested in Figure 1. In the bottom 
half of the image a crossing pattern of low bulk mod
ulus anomalies can be seen. The suggested fracture
zone is not clearly visible due to a more pronounced 
feature running from the lower left corner to bore
hole BOFR 87.002 (No. 1 in Figure 6a). Referring 
to Figure 1 this could be the effect of the borehole 
labeled CO 1 connecting the AU Tunnel with bore
hole BOFR 87.002. A possible explanation may be 
provided by the nature of the fracture zone. In con
trast to a clear fracture, this zone probably consist of 
several thin parallel fractures with a more gradual re
duction in the elastic parameters, and thus it may not 
reveal such a strong contrast. The borehole, however, 
provides a sharp contrast to the background medium 
and therefore constitutes a ~trong inhomogeneity for 
elastic waves. However, it cannot be expected that 
values close to -100% will be obtained for the bulk 
modulus in the vicinity of the borehole region, as the 
inversion solves for the product of volume times pa
rameter deviation. Because the selected volume is 



1m3 per voxel, the negative perturbation of the bulk 
modulus for the small borehole have to be averaged 
over 1m3

, which will decrease the absolute value of 
the deviation from the background. A similar cross
ing feature of low values in bulk modulus is visible in 
the upper half of the panel (No. 2 in Figure 6a). It 
coincides with a low velocity anomaly found by Ma
jer et al. (1990) and Vasco et al. (1996) which runs 
diagonally across the upper half of the survey area. 
An additional anomaly is visible striking from BOFR 
87.002 upward towards the source hole (No. 3 in Fig
ure 6a). The interpretation could be a possible suture 
zone between two differently colored host rocks in the 
area (dashed line in Figure 1). An explanation could 
be based on the fact that this welded contact con
stitutes a better scatterer than the fracture zone and 
thus produces a more pronounced feature. Side ef
fects from the tunnel walls are not apparent, which is 
due to the windowing at the end of the traces. The 
large positive anomalies in the vicinity of the receiver 
hole BOFR 87.002lie in a zone of large uncertainty as 
discussed below. energy. These areas lie in the near 
field of the receivers, and therefore, the associated 
scattered waves were muted out during the removal 
of the incident wave. The results for the shear modu
lus partly support this interpretation, although they 
reveal the smallest perturbation of the three parame
ters. The suggested suture zone may be present as a 
weak structure below its position in the upper panel 
(No. 1 in Figure 6b). However, S wave anisotropy 
is not accounted for in the inversion, and therefore 
the location of the shear modulus anomalies may be 
shifted relative to the other parameters. The loca
tion of the bulk modulus should be well constrained 
as it is affected by the P waves only, whereas the den
sity, being constrained by P and S waves, may not be 
as much affected by deviations in the S wave veloc
ity as the shear modulus. The right panel, displaying 
the density data, shows a strong anomaly runing from 
the upper right corner towards the middle of the panel 
(No. 1 in Figure 6c ). Again its location coincides with 
the low velocity anomaly as determined by Majer et 
al. (1990) and Vasco et al. (1996). The presence 
of a possible fracture zone is supported by a small 
set of fractures found at the western end of borehole 
BOFR 87.002, as indicated by the short lines in Fig
ure 1. However, later on we will show that this density 
anomaly carries large uncertainties. The suture zone 
may be indicated by a faint anomaly in the upper half 
of the panel (No. 2 in Figure 6c), while the fracture 
zone in the bottom half is not well constrained by the 
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density. 

The results of the three parameters clearly show 
the sensitivity to changes in material properties con
tained in the process of elastic wave scattering. Be
cause of the limitations in the data processing, the 
relative amplitudes of the moduli are the least con
strained parameters in the inversion. Similarly, the 
consideration of S wave anisotropy should improve 
the location of the anomalies of the shear modulus. 
However, despite these constrains it is evident ·that 
the three parameters are affected in distinct ways by 
the encountered geological features. It appears that 
the bulk modulus is more sensitive to drastic changes 
(e.g. borehole or welded contact) than it is to grad
ual changes in a zone consisting of several fractures. 
The density on the other hand may be sensitive to 
both type of features, whereas no real conclusion can 
be drawn for the shear modulus from these results. 
However, this suggests as indicated before (Gritto et 
al. 1995 b), that the difference in response of the 
three parameters may lead to decreased effects in the 
seismic velocities. 

To demonstrate this point, the P and S wa:ve ve
locities as well as the V8 fVp ratio are computed for 
the inversion results of Figure 6 and presented in Fig
ure 7. As can be seen, the same parameters pro
duce different features when displayed in terms of the 
velocities. The P and S wave velocities suggest the 
presence of a low velocity anomaly in the lower right 
corner of the panel (No. 1 in Figure 7), possibly in
dicating the fracture zone, which is known to inter
sect the eastern tunnel (AU Tunnel in Figure 1) at 
(x = 8m,z =20m). Contrary to the bulk modulus 
the presence of borehole CO 1 is not as evident in ei
ther the P or S wave velocity. The suture zone in the 
upper half is not visible, whereas the anomaly cross
ing from the upper right corner towards the middle 
of the panel (No. 2 in Figure 7a,b) is evident as a 
high velocity anomaly, due to the low values in den
sity for the same location in Figure 6. Because these 
features are similar in P and S wave velocities, they 
do not produce anomalies in the V8 /VP ratio ( Figure 
7c). The most apparent feature in the Ys/Vp ratio 
is what appears to be a local anomaly in the center 
region of borehole CO 1 (No. 1 in Figure 7c). A 
comparison with Figure 6a reveals that this anomaly 
is also apparent in the bulk modulus. As this is the 
region where the fracture zone intersects the borehole 
as indicated in Figure 1, a possible interpretation of 
this small but persistent anomaly could be a break
out zone in the borehole. However it remains to be 



seen whether this interpretation can be confirmed by 
caliper logs that may have been taken in borehole CO 
1. In general, it is evident that the elastic moduli and 
the density respond distinctively to different types of 
geological features and are useful in extracting funda
mental information which can be displayed in various 
combinations to provide a more profound understand
ing of heterogeneous subsurface structures. 

The inversion problem considered above is overde
termined since all 39 source and receiver positions are 
used and a total of 513 model parameters are inverted. 
Although the inversion was damped to reduce the ef
fects of small singular values, the model parameters 
are reasonably well resolved. Figure 8 reveals the di
agonal values of the resolution matrix as derived in 
equation (6). A value of 1 for a certain parameter 
in a voxel indicates that this estimate is independent 
of neighboring parameters. Deviations from unity de
note an increase in the degree of dependence between 
model parameters. It can be seen in Figure 8 that the 
least resolved parameter is the bulk modulus with val
ues as low as 0.3 along the edges of the model near the 
access tunnels (Figure 8a), while most of its values re
main above 0.5. In contrast, the values for the shear 
modulus and the density lie above 0.6 throughout the 
parameter space. The drop in model resolution for 
the bulk modulus is caused by the fact that it is only 
constrained by the scattered P waves, whereas shear 
modulus and density are determined by both P and 
S waves. It is evident that the edges along the source 
and receiver boreholes are best resolved (up to 0.95) 
whereas the central regions reveal the lowest values. 
This drop in the center relates to the less perfect an
gular coverage, where the waves are more likely to 
sample a voxel in straight transmission (Gritto, 1995 
c). Concerning the model resolution, it can be stated 
that most of the features in Figure 6 are resolved and 
to a certain degree independent of each other. 

The decomposition of the matrix system allows the 
standard deviation for the model estimates to be com
puted. However, a prerequisite is that the covariance 
matrix of the data is known which is not the case in 
the present problem, nor is it possible to reliably es
timate this uncertainty, given the lack of information 
on data aquisition procedures and various simplify
ing assumptions that have been made. Therefore, the 
standard deviation is estimated from the variance of 
the 13 individual inversion results that are the basis 
for the image in Figure 6. Figure 9 shows the standard 
deviation of the images expressed in per cent imits 
based on the background values. Thus the values are 
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directly comparable to the anomalies in Figure 6. It is 
evident that the standard deviation increases for large 
estimates, since it reaches maximum values of 30% for 
the bulk modulus which revealed the largest anoma
lies in Figure 6. However, it can be stated that the 
anomalies discussed in Figure 6a appear to be real, 
as the standard deviation for the associated areas re
veals values below 13%, thus remaining below 65% of 
the model estimate. In contrast, the density anomaly 
·in Figure 6c seems questionable as the standard de
viation reaches values of ,...., 6% (Figure 9c) that are 
larger than the model estimate of,...., -5.5% in Figure 
6c. 

As stated above, because of the lack of informa
tion on S wave velocity as a function of azimuth, the 
inversion was performed taking P wave anisotropy . 
only into account. It should be noted that S wave 
anisotropy can be as easily implemented in the inver
sion process as the P wave anisotropy presented here. 
However, in the present example, the effect of scat
tered S waves may have been additionally suppressed 
by the windowing at the end of the traces, which is 
supported by the weak anomalies in the shear mod
ulus. An additional cause for these weak anomalies 
may be the anelastic attenuation of the medium. Be
cause the wavefield is not corrected for this parameter 
and as the inversion is done one frequency at a time, 
the attenuating effect will be stronger for the S waves . 
as their wavelengths are shorter and therefore, they 
are more strongly attenuated than P waves over the 
same travel distance assuming comparable Q values. 

Conclusions 

The application of inverting scattered waves to de
termine subsurface material parameters revealed the 
following results. Before a successful inversion of the 
scattered wavefield can be attempted, it is necessary 
to remove the incident wave. However, because of 
strong reverberations in the source and receiver hole 
the incident field could not be modeled accurately 
enough to be subtracted, and thus had to be removed 
from the traces. The muting affected the scattered 
waves by partially removing near field and S wave 
scattered energy. 

However, the inversion of the scattered wavefield 
produced reasonable results that can be related to the 
geology as determined from the tunnel and borehole 
walls. It appears that the two elastic moduli and 
the density respond to different features in different 
ways, and therefore may indicate a good method to 



distinguish between e.g. an open fracture zone and a 
closed welded fracture. Furthermore, the commonly 
used images of Vp and V. velocities and their ratio 
can be easily computed to allow other tomographic 
interpretations. 

The fracture zone is embedded in a relatively ho
mogeneous granite and it can be expected that it ex
tends to both sides perpendicular to the experimental 
plane. Thus out of plane scattered amplitudes will 
be evident in the seismogram traces, which will con
tribute to an overestimation of the parameters to be 
determined in the plane. A possible test would be 
to invert for a 3-dimensional medium e.g. ·consisting 
of 3 planes parallel to each other extending in the 
y-direction. Thus out of plane scattering could be 
traced back to its origin and the image could be im
proved. However, sufficient source and receiver cov
erage is necessary which was not the case for this ex
periment. 

The inversion result for the bulk modulus sug
gests that it is possible to model a spatially extensive 
anomaly by a series of point scatterers. The lack of 
S wave anisotropy data severely limited the results 
for the shear modulus and the density. This indi
cates that a good estimate of the background medium 
parameters is essential before a successful inversion 
can be attempted. Therefore, the presented method 
should be seen as a complimentary tool to transmis
sion tomography, where the results of the velocity 
analysis can be incorporated in a starting model that 
will allow the determination of heterogeneous proper
ties or large contrasts of the medium which are elusive 
to travel time tomography approaches. 
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Figure 1. Experimental design and geology at the 
Grimsel FRI site. The sources were placed in hole 
BOFR 87.001, while the receivers were located in hole 
BOFR 87.002. 

Figure 2. Source gather of total wavefield for source 
location z = 1.35m, a) x-component, b) z-component. 

Figure 3. Normalized source and receiver coupling 
factors, a) source factors, b) receiver factors. 

Figure 4. Representative source wavelet averaged 
over all source locations. 

Figure 5. Source gather of scattered wavefield for 
source location at z = 1.35m, a) x-component, b) z
component. 

Figure 6. Inversion result for the material param
eters. Stars denote sources, while receivers are in
dicated by triangles. The result represents a stack 
of 13 individual frequencies, ranging from 3051Hz to 
5981Hz, a) bulk modulus, b) shear modulus, c) den
sity. 

Figure 7. Velocity and V../Vp-ratio maps determined 
from the inversion results of Figure 6, a) P wave ve
locity, b) S wave velocity, c) V../Vp-ratio. 

Figure 8. Model resolution for the parameters in 
Figure 6, a) resolution for bulk modulus, b) resolution 
for shear modulus, c) resolution for density. 

Figure 9. Standard deviation (sd) for the model es
timates in Figure 6, a) sd for bulk modulus, b) sd for 
shear modulus, c) sd for density. 
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