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Abstract

Based on discrete multicomponent stability theory, a new method is developed for
obtaining analytical expressions for spinodal and critical-point criteria for polydisperse fluid
mixtures. This method is based on a theorem that follows from the classical theory of stability.
Coupled with constraints ( e.g. mole-fraction balance), this theorem yields analytical stability
criteria for several multicomponent systems: a system containing one homologous series; a
system containing one homologous series and one discrete component; and finally, a system
containing an arbitrary number of homologous series and an arbitrary number of discrete
components. The calculation procedure is much simpler than that using the classical
determinant method.

Keywords : equation of state, lattice model, critical state, spinodal, continuous thermodynamics

L. INTRODUCTION

The theory of stability plays an important role in phase-equilibrium thermodynamics
because it provides quantitative information on spinodals, i.e., the limit of instability, and on
critical points, where two coexisting phases become indistinguishable. For multicomponent
systems, especially those with very many components (e.g. petroleum, shale oil, coal-tar
derived liquids, vegetable oils, polymer solutions and polymer blends), continuous
thermodynamics is often useful; a comprehensive review by Cotterman and Prausnitz [1]
discusses bubble-point, dew-point, flash and liquid-liquid-separation calculations. However, for
such systems, application of stability theory is far from complete.

Most published work concerning stability for polydisperse systems was developed for
polymer solutions and polymer blends, based on lattice models. Two different procedures have
been established. The first one, the discrete multicomponent procedure, considers various
species as discrete components. Expressions for spinodals and critical points are derived for a
polydisperse polymer system by solving determinants from classical thermodynamics based on
various lattice models, while the continuous distribution function for polymer species is only
used for calculations of various moments of this function [2,3,4,5,6]. The second, more recent,
procedure is the functional method developed primarily by Kehlen, Ratzsch and coworkers



[7.8,9,10]. In their framework, thermodynamic functions were defined for continuous mixtures.
Expressions for spinodals and critical points based on lattice models were derived using
functional theory where the second-order variation of the Gibbs function of mixing was
obtained by using the Lagrange method of undetermined multipliers. More recently, Hu, Ying,
Wu and Prausnitz [11,12,13] adopted both procedures for a close-packed lattice model and a
lattice-fluid model, as well as a generalized molecular-thermodynamic model based on lattice
theory. They found that the two procedures give exactly the same results.

For engineering application for mixtures containing a very large number of components, it
is desirable to apply multicomponent stability theory to an equation of state. Browarzik and
Kehlen [14] successfully extended the functional method to polydisperse fluid mixtures
containing one homologous series. Hu and Ying [15] also obtained analytical expressions for
the same system using the discrete multicomponent method.

The discrete multicomponent approach is intuitive and rigorous. The calculation procedure
conforms with classical theory. However, because of the huge number of components, the
dimension of the determinants approaches infinity. To obtain analytical expressions for real
systems, the derivation procedure is very tedious, often prohibitive, even though the
computational complexities are usually not evident until one tries to use them for a realistic
mixture. On the other hand, the functional method is attractive due to its mathematical integrity
and. simplicity. However, its reliability must be checked with results by the discrete approach;
because the components are discretely distributed, a continuous distribution function for the
description of composition is at best a good approximation. In this work, we develop a new
method based on the discrete multicomponent theory. With a theorem that follows from the
classical criterion of stability, we obtain analytical expressions for the spinodals and the critical
points for multicomponent systems containing one homologous series; or one homologous
series and one discrete component; or an arbitrary number of homologous series and an
arbitrary number of discrete components. Spinodals and critical points are easily derived by
solving a set of linear equations. The new method can be used for both lattice models and
equation-of-state models.

II. A THEOREM FOR STABILITY CALCULATIONS

We consider a molar Helmholtz function A4, for a K-component mixture; A4, is a
function of temperature 7, molar volume V,, and mole fractions x;, i=1,2,...,K-1. At constant
temperature, we propose a virtual process starting from an equilibrium state: volume is varied
by V.., and mole fractions are varied by &x; . The resulting change in 4, , 84, , can be
calculated by expanding A4, in a Taylor series about the conditions of the original state,
provided that all those variations of volume and mole fractions are small perturbations [16]:

o4, =604, +i5<2>A,+3i(5(3>A,,,+... (1)
where 8%4,,is the kth—order variation of A4,,. Here 5’4, and 5'74,, are expressed by

sy = zA &; + Ay SV, )

6P 4, = z z A e8¢ +2 zA &%, 8V, + A, (V) . 3)

i=]l j=1



Expressions for higher-order variations can be written accordingly. In éqs (2) and (3), 4, and
Ay are first-order partial derivatives of 4,, with respect to x; and V,,; 4;, Aiv and 4y are second-
order partial derivatives of 4, with respect to x; and x;, x; and V,, and V,, alone, respectively.
At constant temperature, the spinodals and the critical points are determined by:

5@ 4, =0 spinodal criterion C))
and ,

6P4,=0 critical-point criterion (5)
respectively. To satisfy eq.(4), it is necessary and sufficient that the coefficient determinant of
eq.(3) should be zero. Therefore, the spinodal criterion can be written as:

AVV AVl AVZ R AV,K—I

b AlV A“ ' A12 ...... Al K—1

Dsp = AZV A21 A22 ...... AZ,K—I = 0 . (6)
Agay Agay Ak o Ag_1 k-1

The critical-point criterion can be expressed by a similar determinant. It is difficult to obtain
analytical expressions from those determinant when K approaches infinity.

We now introduce a theorem that follows from the spinodal criterion which is useful for
obtaining analytical expressions for the spinodal and critical-point criteria. The verification of
this theorem is shown in Appendix 1.

Theorem: At constant temperature, the partial derivatives of second-order variation of the
molar Helmholtz function, § ®4,, , with respect to variations of volume and mole fractions,
OVm and &x; , should be zero on the spinodal surface. The theorem can be expressed by two
equations:

2) - |
(a(a A,,,)j o 7
a(5Vﬂl) T,&x .
2)
(M} _o =12, K1 ®)
A6 %) T.6V &

where &x[/] in the subscript means that all &, except &, and Sxx are kept constant.

This theorem is equivalent to the spinodal criterion §?4,=0 or to eq.(6). Upon using this
theorem coupled with constraints,” we find that the subsequent calculation procedure for
obtaining analytical expressions for the stability criterion is much simpler than that based on the
classical method, i.e., to solve the very large determinant.

I. POLYDISPERSE FLUID MIXTURES CONTAINING ONE HOMOLOGOUS
SERIES DESCRIBED BY AN EQUATIONS OF STATE

For a K-component polydisperse fluid mixture composed of one homolbgous series (e.g.
mixtures of norrnal alkanes) the Helmholtz function can be expressed:

zx A5, +szT1nx + ATV, a,b.c)= A9 + 4" \ ©)



~ where 4,; , A4, and A,';‘,i are, respectively, the molar Helmholtz function for pure

component / in its standard state, the residual molar Helmholtz function for the mixture and the
ideal-solution contribution to the molar Helmholtz function. The second summation term refers
to the ideal Helmholtz function of mixing. The residual molar Helmholtz function is a function
of temperature, molar volume and characteristic parameters of a relevant equation of state, a, b
and c for the mixture. These parameters are functions of composition determined by mixing
rules. Because we are concerned with a mixture containing a homologous series, the
parameters for pure components can be considered as molar mass (M) dependent. Parameters

for the mixture are then functions of the temperature and the average molar mass M of the
mixture as shown by Cottermann and Prausnitz (1991),

a=a(T,A7I) s b=b(T,A7) , c=c(T,A7) (10)
where

— K '

M = inMi . (11)

i=] . )
- Spinodal Criterion: On the spinodal surface at constant temperature, the second-order
variation of 4,, can be expressed by variations &x;, &M and 6V,

2) K=1K-1 5% 414 2 = 2

04, =X Z-——&cidxj+AW(&VI) +2 Ay MOV, + Ay (V,,)° =0 (12)
i=] j=1 @Cid‘j

where

P A% RT .

° am Mo (13)

x,- xj XK

4@ RT RT . .

;= —+—=Ji+Jjk | (14)

ox; X; Xk
A

Arny = —2 15

VM oM (15)
P AT

Ayp, = —2 (16)

MM 5M2

Eq.(12) can then be rewritten:
K-1 —_ —
P A, = 3 ji(B:) +jx(Bxg)* + Apps (M) + 245, MV, + Ay (V,)? . (17)
i=l

Variations of mole fractions and average molar mass in eqs (12) and (17 ) are subject to
the constraints:

K K-1
Zin = O or 5xK = - Z&x,— (18)

i=l i=l
_—_ K K-1 +
W: ZM, 5x,— = z Mi &i . (19)
i=l i=l

where M =M, — Mg .
Now we use our theorem. Substituting eq.(17) into eqs.(7) and (8) , we obtain



AVI\/!W + AVVSV (20)

Ji®%; — jp g + ,<1,V,M(&v1)1v1+ + Ay (V)M = : (21
We then consider the two constraints, eqs.(18) and (19). Substitution of eq.(21) into
eq.(18) yields

Jxbg = (ApgpsOM + AI/MWM)M+ : (22)
“where M™ Z,__l x; M . Substitution of eq.(21) into eq.(19) yields |
JxOcg =[RTOM + MY (A4,0,0M + AV a1/ M* (23)

where M*? = =yKx. M . Variables M* and M™ can be related with the average

molar mass M and the average square molar mass M 2 through the second-order central
moment ;) as follows:

X 2 2 2 _k Py
Bay=Xxi(M;-M Y =M"-M Zx MF-M" Y =M?-M (24)
i=1 =
where M? s the defined by
—— K 5 ’
i=] '
Combining eqs.(22)(23) and (24), we have
— A .
M=-—MED 5 (26)

Now we have two equations connecting M and &V, , eqs.(20) and (26). The former is
directly derived from eq.(7) of the theorem. The latter comes from eq.(8) of the theorem and

the two constraints. Combining eqs.(20) and (26) and eliminating 6V, yields the spinodal
criterion.

Fsp = Ayy RT — p1y (Aipg — Apag Ayy) = 0 27
or

H2y = RTAyy | B - (28)
where

B=Adpy — A Appy ‘ (29)

Eqs.(27) or (28) are exactly the same as those derived by solving the determinant, eq.(6),
as shown earlier by Hu and Ying [15] by a lengthy derivation. Also, it is the same in form as
that from Browarzik and Kehlen [14] using a functional procedure.

Critical-Point Criterion: We use eq.(5), 8”4,,=0, for the critical-point criterion. Because
F., is a function of volume, average molar mass and average square molar mass, 5%'4,=0 is
equivalent to

-, Fy, — &y >
6F, = oV, +—==M + oM~ =0 . (30)
74 o IM?
All those partial derivatives in eq.(30) can be obtained from eq.(27):

gy | Ny = Apyy RT = p2y 2 Apns Aving = Avvv Arar — v Appay) (1)



OF,, | M = AypgRT = 12y 2 4ms Ay — Aving Arang — AVVAIW\W)
+ 2M(AVM — Ay Avpr)
Fy, 1 OM? = (A ~ Ay Appy) (33)

(32)

where Ay, A, Ampr and Awmgs are third-order derivatives of A, with respect to
corresponding subscripts. For eliminating those variations, we need relations between

M , SM? and &V, The relation between &M and &V, is shown in eq.(26). For sM?* ,
from eq.(25),
— Kk, k-1 —
=ZM,' 5x,-= Z Mi &,+2MK5M . (34)
i=l i=l ‘
By using egs.(20), (21) and (22), and replacing dx; and SM by éV,., we have from eq.(34),
1 [ A N

where M =K % M3

Combining eq.(30) with egs.(31), (32), (33), (26) and (35), and eliminating all 6V,s, we
obtain the critical-point criterion.

Fop = Ayyy RT = 12y Appg Ayons ~ Avvw Avag = Avy Aaaay)

SM? =

A,,MJ(M' M- MY, - (35)

A —
M e [2MB - 112y (2 Ayas Anans ~ Avine Avar — Avv Araane ) + A RT)
RT + Appr 12) :
AypsA —_ —3
J{ M Zvy B ) —AVM](‘MMz—M3)£=O

(36)
After rearragement, eq.(36) transforms to

By AZy By Ay A Ay A Ay A4
= (RTY2 [~ M2V OV Ty 2 2V Tvm VM vy

37
Ha BB BB B B B B B G7)
where 43y is the third-order central moment defined by
K 3_273 2 3
/1(3) = Zx,'(Mi -M ) =M"-3M" M +2M (38)
i=l
B B
B,, = — ., B, =— . 39
M= = v (39)

Again, eq.(3 7) 1s exactly the same as that derived by solving the corresponding determinant
as shown earlier by Hu and Ying [15] by a lengthy derivation. It is also the same in form as that
from Browarzik and Kehlen [14].

Numerical results were presented by Browarzik and Kehlen using a cubic equation of state.



IVa. POLYDISPERSE FLUID MIXTURES CONTAINING ONE HOMOLOGOUS
SERIES AND ONE DISCRETE COMPONENT DESCRIBED BY A LATTICE
MODEL

For a K-component polydisperse fluid mixture containing one homologous series and one
discrete component designated by “o0” (e.g. mixtures of a polydisperse polymer and a solvent),
the molecular-thermodynamic model based on lattice theory by Hu, Ying, Wu and Prausnitz
[13] can be written as

Gy =Potng, +'s Piing, + ¢, z‘¢,-g,-‘* (40)

o i= 1 '
where GV = An;ixG/ N kT is the reduced Gibbs function of mixing per site; N, is the total
number of sites in a lattice; @,,8;,7,,7; are volume fractions and chain lengths of the solvent

o and the polydisperse solute #, respectively; g,-* " is the effective Flory parameter
characterizing the interactions between the solvent o and the solute i :
Spinodal Criterion: For a lattice model [eq.(40)], the spinodal criterion, eq.(4), must be

changed to &% )GV =0 , which can be expressed by the vanations of volume fractions:

596, ='3 'S G5, 5 = 1

i=l j=l
where .
G. =(5262VJ —J+2J A, (42)
B/ 1.poi)

Gy =(§ggj =J+Ji+J; (43)

FTICT pglin) .
-1 -1 K-l ¥ K-1 £

J=rg(-¢s) -2 Zl $xgr +(1-¢s) ;l br8k (44)

Ji=-g +(1-4)& | (45)

Ai=d) (46)

Here ¢=2; ¢: is the total volume fraction of the solute; g,-* v, g: ™ are the first-order and the

second-order derivatives of g,-'uk with respect to ¢ , respectively. Eq. (41) is then rewritten.

@5 K 2 K1
57 Gy = J(6¢,)" + Zl Ai(84:)" - 269, ZIJ,-5¢,- , (47)
1= 1=
where the following constraint for the variations of volume fractions has been used:
K-1 , » ,
8¢, =— 269, : (48)
i=1
Now we use the theorem. Eq.(7) vanishes. Eq.(8) should be changed to
@
[5(55 GV)] 0 (49)
G4 )7 san

i



Substituting eq.(47) into €q.(49) combined with the constraint eq.(48), we obtain the spinodal
criterion by using the Lagrange method of undetermined multipliers.

z AN~ z Jz,r )+ (1+ z J,r') _ : (50)
i-1

The denvatxon is shown in Appendix II. Eq.(SO) is the same as that derived previously [13],
the latter requires a much longer and more tedious dertvation.

The cntlcal—pomt criterion can also be derived using a method similar to that i in section III.
It is the same in form as that derived previously [13].

Numerical results for the spinodals and critical points were presented earlier [11,12,13].

IVb. POLYDISPERSE FLUID MIXTURES CONTAINING ONE HOMOLOGOUS
SERIES AND ONE DISCRETE COMPONENT BASED ON AN EQUATION OF
STATE

For a K-component polydisperse fluid mixture composed of one homologous series and
one discrete component K (e.g. mixtures containing an oil and a solvent), the Helmholtz
function is the same as that of eq.(9).

K .
Ay =X 45, +zx RTInx; + AL (T,V,,a,b,c)= A% + 47
i

The total mole fraction of the homologous series is designated by x. The average molar mass of
that series is
K-1
= _lei M i . (5 1)
1=
Parameters of the equation of state for the mixture are then functions of the temperature, the
average molar mass of the homologous series and the total mole fraction of that series:

a=a(T,xM,x) , b=bT,xM,x) , c=c(T,xM,x) . (52)
Spinodal Criterion: On the spinodal surface at constant temperature, the second-order
variation of 4,, can be expressed by vanations d¥;, &M | &x and 8V,

5 K-1K-152 4@ )
6Py =3 Zﬁx 5 +AW[5(xM)] + A (862 + Ay (6V,)
i=l j=I

+24 m&(xM)éx +2 App SCM)SV,, +2 Ay 62V,

(53)
ZJ,(&) + ik (k) + Appg [SCMP + A (&) +AVV(5V) |

i=l
+2 A4, 8(M)& + 2 Ay ;S M)V, +2 Ay xSV, =
where Ay, A, Arx, Avns, Ave and Ayy are second-order partial derivatives of A, with respect
to the corresponding subscripts, i.e., xi7 , x and V.
Variations of mole fractions and average molar mass are subject to two constraints.

K K-1
26&; =0 or Oxg =-dx=- 3 &; (54)
i=] i=]



_ K-1
SGM)="3 M; & . (55)
i=1 .

Now we use our theorem. From eqs (7) and (53), we have
A 6(XM) + Ay, 5% + AyydV,, = . (56)
From eqs.(8) and (53), we have
JiO%; — jr g + ApprM; SOM) + A8 + Ap g [M;8x + 5(xXM)] 57
| 4 A M &V, + Ay SV, =0
Combining eqs.(56) and (57) with the constraints, eqs.(54) and (55) to eliminate éx; and
dxx , and to find relations between dx , 5(xm and oV,, , we obtain the spinodal criterion.

Fy = ApC+ Ay, D+ Ay =0 (58)
where
¢ = 3G
oV

m

RTX(AWM +AVxM)+x /u(Z)(JKAVA/{ +AWA AVXAA/LY)

 —(RTY? RTx(IA+A + Appy M 4243 M) + 52 £y (kg = Tk s ~ Ao Ars)

_ (59)
D= ox __X(Awﬂ'i‘AMx)C'i‘X(AWH‘FAVx) (60)
_JV,,, - RT+x(jg + Ape + Apg M)
Here M is the average square molar mass of the homologous series defined by
xM M? = Z x; M; 2 . (61)
i=1
Critical-Point Criterion: For the critical-point criterion, similar to eq.(30), we write
Ty Fep Fop aq2
OFgp = ——Vpy + & + SOM) + —=2—5(xM*)=0 (62)
Vo 17,9 B(xM) 5(x M )
where
&‘sﬁ / Wm = AVVA/IC + AVA/[C'V + AVVxD + AVx[)V + AVVV (63)
Iy | & = AppC+ ApgCx + Ay D+ Ay Dy + Ay (64)
drsp /é’(xl_\/[“) = Aw(j'i‘ AVI\/{CM + AVMXD+ AVxDM + AVV]\/I (65)
Fy | O(xM?) = 4ipsC, 2 + Ay D, o . (66)
Here
=2 =% ¢ .- 67)
&, © & A(xM) A(xM?)
éaD D
Dy = D, -2 M= L . Dy = L (68)
Vo 23 o(xM) AxM?)



To eliminate those variations, we need relations between them. The relations between &,
&M and 6V, are given by eqs.(59) and (60). From eq.(61), we have
— K-l
S(xM?) = M?6x; . (69)
i=1 .
Substitution of eqs.(57), (59) and (60) into eq.(69) yields the relation between dx M 2 and &V,
S(xM?) N A A
E="—""— 2L =x[—(jeM*+A_M*+A4,, M )D
5Vm [ (.] K xx Mx ' (70)
— (Appy M> + Ay MDYC = Apy M* — A, M*]/ RT
Combining eq.(62) with (63), (64), (65), (66) and (59), (60), (70), and eliminating &V,,,,
we obtain the critical-point criterion.
Fop = AnpC + Ay Cy + Ay D + Ay Dy + A
+ (4 C + Ay Co + Ay D+ Ay D, + A1y )D o
+(AnpsC + Ay Corr + Apee D+ Ay Doy + A )C ’ (1)
+ (AWCMz + AVXDMZ )E =0

V. POLYDISPERSE FLUID MIXTURES CONTAINING AN ARBITRARY
NUMBER OF HOMOLOGOUS SERIES AND AN ARBITRARY NUMBER OF
DISCRETE COMPONENTS BASED ON AN EQUATION OF STATE

We consider a K-component fluid mixture containing L homologous series and N discrete
components. The ordinal numbers for the components in the series o are designated from
Neatl to No, o=1, 2,..., L , where N, is the cumulative total number of components from
series 1 to series a . The ordinal numbers for the discrete components are designated from K-
N+1 to K. For the homologous series a, the total mole fraction is x, ; the average molar mass
M, is defined by
_ N,

l'=Na_1 +1
The Helmholtz function is the same as that of eq.(9).

X

mj m

K K ‘
Ay =S X A5, + Sx;RTInx; + A1 (TV,,.a,b,c) = A + 4,
i i

Parameters of the equation of state for the mixture are functions of the temperature, the
average molar masses and the total mole fractions of L series, and the mole fractions of N-1
discrete components:

a=a(T,x\My,xo My, ... X M%), X0, X X g yatae s X2 Xgo1) ‘ (73)
b:'-b(T;lel,szz,...,xLML;xl,x2,...,xL;xK_N_H,...,xK_2,xK_l) (74)
C=C(71;lel,x2M2’...,xLML;xl,X2,...,xL;XK_'N.H,...,xK_z,xK_l) (75)

10



Spinodal Criterion: On the spinodal surface at constant temperature, similar to €q.(53),
the second-order variation of 4, can be expressed by variations dx; for all components,

&, M, and &, for homologous series, dx, for discrete components, and 6V,

K-1
s 4, = z j,-<ax~>2 + jx (Feg)?

+ z Z[AM Mﬂé(x M )5(xﬂMﬁ)+Aa'35x JXﬁ +2AM /35(x M )&ﬂ]

a= 1,8—
K-1 -
+2>: Y [AaqOa, + Apy n0(xy My )k,
a=1 n=K-N+l

K-1 K-1 L ' _
+ 3 > Angdx,,éxg +2 % [Ay,ox 0V, + AVM‘z 6(xa M )ov,,]
q—A ~N+l ¢=K-N+1 a=1

+2 z Ay 8,V + Ay (Vy)* =
n=K-N+1 :

(76)
where A My» Ay x - A, e Ay and those with cross subscripts are second-order partial

derivatives of residual Helmholtz function A4,, with respect to corresponding subscripts, i.e.,
XqM, ,Xq Xy and Vy,
Variations of mole fractions and average molar mass are subject to two kinds of

constraints:
(1) mole fraction balance.

NG
Y o =d, , a=12,.,L 77
i=Ngy_p+l
L
Y &, + Z &, =~y (78)
a=1 n=K-N+l .
(2) molar mass balance. ]
N, _ _ _
> Mox; =56(x, M,) o, a=12,.,L : . (79)
i=Ng_+1
Now we use our theorem. From egs. (7) and (76), we have
[AVI\/I 5(x M )+ AVa5x ]+ Z Aynéx” + AVVng =0 . (80)
a=l r]-K ~N+l

From eqs.(8) and (76) we have
JiOx; — jr g + }__‘,[AMQMBM,- 8(xgMp)+(Agp + Apy pM;)Sx 5 + 4 MpaS(xg M)l

+ Z (AM ’IM + Aa,])5x + AVA{ M 5V -+ AVGW =0
n=K-N+l

’_Na—l+l»-“»Na R a=1,..., L
(81)

11



J®n — Jx ey +g—I\ZN+lA e+ z [AM O My) + Aoy 1+ Ay, =0 )

n=K-N+1,...,.K-1

We now introduce two constraints, eqs.(77), (78) and (79). Substituting eq.(81) into
eq.(77), we obtain for homologous series a.,

— L -
a~ {ija&K _xaMa[;Z_:l[AMaMpa(xﬁMﬂ)+ AMaﬁaxﬂ]

L _ _
— Xq > [Aaﬂéxﬁ +AMﬂa5(xﬁMﬂ)]—xaM Z AM 5x,7
_ : ]7._ C—N+l1

— X, z An®, = Xq Mg Aypng Vg — X Ayq &}/ RT
n=K-N+l

(83)

For discrete component from eq.(78), |
L N
&tq =xq{jK&K Z A 5x Z[AMaq(S(xa Ma)'*'Aar]&a]—AVr/éVm}/RT
c=K-N+l a=l - '(84)
n=K-N+1,.,K-1
Substituting eq.(81) into eq.(79), we obtain for homologous series a,

——= L -
8y My = {jxxo Mooy — xaMgﬁzl[AMaMﬂa(xﬁMﬂpAMaﬁaxﬂ]

[Aaﬂ&ﬁ+AMﬂa5(xﬁMﬁ)]~xaM - KZN IAM ,Iéx,,

-x, M,

T

—x M, Kzl Ay — Xg M Apg Vg = x4 My Ay &V, } 1 RT
n=K-N+
a=1,...,L
(85)
The number of equations in eqgs.(83), (84) and (85) is 2L+N-1. Eq.(78) has not yet been
used. Therefore, altogether we have 2L+N linear equations. For homologous series, the

number of variations &x, is L; the number of variations &(x, M, ) is also L. For discrete
components, the number of variations dx, is N. Therefore, besides 8V, , altogether we have

2L+N unknown variations. Upon solving this set of linear equations, we can obtain relations
between those variations and oV,

8(x, My)=C,V, , a=12..L (86)
&, = D,V , a=1,2,..,L ‘ (87)
&, = D, oV, , n=K-N+1, . K-1.LK . (88)
Substituting eqs.(86), (87) and (88) into eq.(80), we obtain the spinodal criterion:
Fy, = é(AWa C, + AygDy) + Kz' Ay, D, + Ay =0 . (89)
a=l n=K~N+l



A critical-point criterion can also be obtained using a procedure similar to that indicated by
eqs.(62-71).

VI. DISCUSSION AND CONCLUSION

We have derived a relatively simple method for determining the stability of polydisperse
fluid mixtures with very many components. In the classical method, we have to obtain
analytical expressions for spinodal and critical-point criteria by solving determinants whose
dimensions approach infinity. That procedure is not always successful. In this work, we retain
the familiar, intuitive, discrete, multicomponent approach. With the use of a theorem that
follows from the basic principle of stability thermodynamics, the tedious determinant with
infinite dimension is reduced to solving a set of 2L+ linear equations. For example, if we have
two homologous series and four discrete components, the number of linear equations is eight.
This set of linear equations can easily be solved by standard methods such as the Cramer
method. Concise analytical expressions can be easily obtained. However, if we solve the
determinant, the computation is very large.

The essence of our new method is the theorem that tells us that, at constant temperature,
on the spinodal surface, the partial derivatives of a second-order variation of the Helmholtz
function with respect to variations of volume and mole fractions should be zero. This theorem
is similar to the principle used in the functional approach. Although we have a verification for
the theorem, it is essentially intuitive. On the spinodal surface, the second-order variation of the
Helmholtz function is independent of the magnitude of the variations of volume and mole
fractions, provided that the variations are sufficiently small to be considered as perturbations.

The method presented here can be used for both equation-of-state and lattice models.
Although we derived the theorem using ‘the Helmholtz® function, the well-known
thermodynamic relation

=(52Gm] = 4. _ A Ay '

e,k T Ay

Gy

(90)
T,p{i.j] ,
enables us to transform: the Helmholtz function to the Gibbs function. For lattice models where
the Gibbs function is used, the theorem is simplified by neglecting the vanation of volume.
When we apply our theorem with the constraints in the lattice approach, the Lagrange method
of undetermined multipliers should be used. However, when we use an equation of state, the
Lagrange method of undetermined multipliers is not needed. Directly coupling the constraints
with the theorem gives analytical results.

In this work we limited ourselves to cases where the parameters of the lattice model only
depend on the chain length and the temperature, and the parameters of the equation of state
only depend on the average molar mass for each homologous series as well as on the
temperature and the volume. In these cases, the derivatives of the reduced Gibbs function of
mixing for the former cases and the derivatives of the Helmholtz function for the latter cases
needed in the calculations of spinodals and critical points can be obtained in analytical form
straightforwardly. More complex cases, where the parameters depend on more then one
property (e.g. aromaticity, degree of branching), the method discussed here can also be used to
obtain a set of linear equations.



As shown in textbooks, binary fluid mixtures exhibit a variety of phase behavior and
critical phenomena. For multicomponent systems, that variety increases. For mixtures with very
many components, as found in nature, we expect to find an even wider, possibly highly
surprising, variety of phase behavior. The method described here provides a tool for calculating
such behavior.
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Appendix L. Verification of the theorem:
We start from the determinant in eq. (6). We multiply the first column by A4y.//A1v, then
subtract that column from the jth column. For the spinodal surface, we obtain

Ay 0 0 0
Ayy Ay~ A Ay [ Apy Ay — Apy Ayy 1 Ayy o Ay~ Ay Ay gy ! Ay

Agry Ag-1) — Ay 4 [ Ay Agorp = Agap Ara T Ayy - Ak — Ay Av k-1 [ Aoy

=0 . 1.1)
This determinant is equivalent to
K-1K-1 K-1K-
Zl Zl(AU Ay Ay; | Ay Y b Zl ZIA,j&x 5x —( Zl Ay i )? l4p =0 . (12)
=l j= o i=] j= I

Substitution of eq (1.2) into egs. (3) and (4) yields

1 (( 2 A1V5x ) +2AVV Z Alde é—Vm +.AI%V(5Vm)2)
AVV i=1

| rxa 5 (13)
= ——( Y Ay Ox; +Ap 6V, j =0
AVV i=l
We then have
6% 4,)
2 A,5x+2A LoV, = 28 _Emli g . 1.4
St s 24 [ A5V,) a9
Eq.(7) then follows when 6®4,=0.
Further, by substitut'mg eq.(1.4) into eqgs. (3) and (4), we obtain
K-1K-1 K-1
- X ZAocox; + ZA,V& Ny =2 ( ZA,]& + A, 0V, jéx : (1.5)
i=l j=l i=l

Because all dx;s (i=1,...,K-1) are independent, the quantity inside the brackets is zero. We then
have
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)
}:Aucix +24, 8V, = 20" An) =0 . (1.6)
j= a(d x;) -

T,di)

Eq.(8) then follows when &%4,,=0.

Appendix II . Derivation of eq.(50):
Substituting eq.(47) into eq.(49), we obtain

(a(a("-)ciy )j
X883 ) s

Now we use the Lagrange method of undetermined multipliers. We take the derivative of
eq.(47) with respect to 8¢; with all other variations, including 64, , kept constant. We obtain

A
e VL N 2
00 I 1 ssir o0,

We then take the derivative of the constraint eq.(48) with respect to 8¢; with all other
variations, including &¢, , kept constant and muitiply by an undetermined multiplier 2. We
then add the obtained equation to eq.(IL.2) and let the sum equal zero. We obtain

K-1
—2J5¢, +2A.00; +2 %.J,60;, -2J,:60, =0 -. (L1)
i=l

21;6¢; -2J;0p, —-24=0 . d13)
Substitution of thxs equation mto eq.(48) yields
~0po =4 Z A5 + 8o Z JiA7 : (IL4)
Upon ehmmatmg l from egs. (II 3) and (II 4) we have |
09; 5¢0/1_ [J; -1+ Z J/I" )/ Z l" ] . d1.s)

i=1
Substitution of this equation mto eq.(I.1) yields eq.(50).

List of Symbols

A Helmbholtz function
Ay first-order derivative of A with respect to V'

Ay second -order derivative of 4 with respect to ¥ and M orx M
A second -order derivative of 4 with respect to V and x

Ains  third-order derivative of A with respect to V, M and M orxM
B Any = Ay Aupy '

By derivative of B with respect to V'

By derivative of B with respect to M

a, b, ¢ model parameters

C function defined by eq.(59)

Cy  derivative of C with respect to V/

Cx derivative of C with respect to x

Cw  derivative of C with respect to x M
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derivative of C with respect to x M*

function defined by eq.(60)
derivative of D with respect to V'
derivative of D with respect to x
derivative of D with respect to x M

derivative of D with respect to x M*

spinodal determinant
function defined by eq.(70)
critical criterion

spinodal criterion

RT/x;

Gibbs function

reduced Gibbs function of mixing per site

total number of components
number of homologues
molar mass

M~Mx

average molar mass
average molar mass square

average molar mass to the third
number of discrete components
total number of site in a lattice
chain length

temperature

" mole fraction

Greek letters
5©X  k-th order variation of X

Hay  n-order central moment
@ volume fraction
superscript
° standard state
r residual properties
hat

average
subscript
m molar
i component /
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