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We show that the axioms cannot be satisfied unless the metric is Ricci flat, and argue
that such actions do exist when the metric is Ricci flat. This may provide an argument

for Ricci flatness in Matrix theory.
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1. Introduction

For many problems of D-brane physics, it is useful to know the low energy action for
D-branes in curved space. Given a solution of string theory, this is defined by world-sheet
computation along the lines of [1,2]. Such actions could also be used to define Matrix
theory in curved space, as discussed in [3].

For small curvatures o’ R << 1, a single D-brane in curved space is described by the
supersymmetrized Nambu-Born-Infeld Lagrangian. At low energies, this reduces to two
decoupled sectors, U(1) super Yang-Mills theory and a non-linear sigma model.

A crucial feature of the D-brane is enhanced gauge symmetry when several D-branes
coincide, and thus an action describing more than one D-brane in curved space must
include a U(N) super Yang-Mills theory as well as the non-linear sigma model, but now
the two sectors are coupled.

In [4], a minimal set of axioms was proposed, which should be satisfied both by weak
coupling D-brane actions in spaces of small curvature, and by Matrix theory actions. We
will review these below; they are rather uncontroversial statements, the most novel being
the requirement that a string stretched between the D-branes should have mass exactly
proportional to the distance between the branes. It was then shown that ad =4, N’ =1
U(N) Lagrangian with one chiral superfield (parameterizing one curved complex dimension
— in other words, describing a 3-brane in six dimensions) was determined (uniquely up to
terms with more than two commutators) by these axioms. Dimensional reduction them
produces actions for all p-branes with p < 3 in six dimensions.

Here we study the analogous problem of a 3-brane in ten dimensions, with three curved
complex dimensions. We will do a local analysis using normal coordinate expansions, and
develop the analogous “D-normal coordinate expansion” to sixth order. We will show that
the axioms cannot be satisfied unless the target space is Ricci-flat, and give strong evidence
that there exists a solution when it is Ricci-flat.

Since the string theory definition works only in this case, this result might seem ‘
natural and even predestined in the context of string theory. However, since we did not
use string theory to derive the action, but rather a set of axioms which make perfect sense
on a general curved manifold, the result seems somewhat surprising. We will discuss its
interpretation, as well as the possibility that this is a consistency condition for Matrix
theory compactifications, in the conclusions. '

In section 2, we review the axioms. In section 3, we re-express these axioms as

conditions on the Kahler potential and the superpotential. In section 4, we show that
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these conditions imply that the target space must be Ricci flat, and that they uniquely
determine the superpotential. We also find a compact expression for the conditions on the
Kahler potential. In section 5, by studying the normal coordinate expansion to the sixth
order, we demonstrate that there exists a Kihler potential satisfying these conditions. It
is unique at the first non-trivial (fourth) order, but at fifth order ambiguities begin to

appear. Section 6 is devoted to discussion.

2. Axioms

Given a d-dimensional Kahler manifold M with Kahler potential K, the problem will
be tofind ad = 4, N = 1 U(N) gauged non-linear sigma model saﬁisfying the axioms below.
The low energy action will be determined by a configuration space X, a dN?-dimensional
Kahler manifold with potential Kx; an action of U(N) by holomorphic isometries (which
determines an action of GL(N)); and a superpotential W. The axioms are then

1. The classical moduli space,
{Xn|W’ = 0}//U(N),

is the symmetric product MY /S .
2. The generic unbroken gauge symmetry is U(1)", while if two branes coincide the

)¥=2, and so on.

unbroken symmetry is U(2) x U(1

3. Given two non-coincident branes at points p; # p;, all states charged under U(1); x
U(1); have mass m;; = d(p;, p;), the distance along the shortest geodesic between the
two points. |

4. The action is a single trace (in terms of matrix coordinates),
S=Tr(---). (2.1)

Some comments:

(i) The axioms could have been stated in a coordinate-free way. Only axiom 4 used
coordinates, and it could be replaced by something like
4b. The action has no explicit N dependence, and its value (on field configurations
with no explicit N dependence) is O(N).
We will give a coordinate-free statement of the problem elsewhere, but the point is

that we conjecture that the axioms imply the following statement:
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(i)

Given local coordinates 2* on M, there exist local matrix coordinates Z* on Xy (we
define Z* = (Z%)7), such that the moduli space will be parameterized by diagonal
matrices whose eigenvalues are coordinates on the individual copies of M, and such
that the U(V) action is —

7t - U Z'U. (2.2)

Note that in choosing the coordinates Z?, we must define the off-diagonal matrix
elements as coordinates on X, and (2.2) is one constraint on them. It does not
completely specify them, however: we can still make holomorphic matrix changes of

coordinate which are trivial on the moduli space:

ZP— W= Z' + a5 [27, ZF] + by (27, 22" + - --

- s ==z - oz o - (2.3)
7' — Wr=2"+ c'z%,—c[Zk, 27 + b%.,—cl—Z’[Zk, 24 -
where c‘z%,—c = (aj-k)*, etc. are arbitrary constants.
Thus the problem will be to find all Lagrangians of the form
L= /d40Tr Kn(Z,2) + /dZOTr W(Z) + c.c. ' (2.4)

satisfying the axioms, where we consider two Lagrangians equivalent if they are related
by a field redefinition (2.3).
The potential will be the sum of that coming from the D and F-terms, and supersym-
metric vacua will satisfy the conditions
. 0 Tr Ky
— v - 4y
0= 317, 22K

_9Tr Wy
T8z

(2.5)
0

We want the moduli space to be commuting matrices [Z°, Zj] = 0, and in more than
one dimension the D-flatness condition alone does not suffice to do this.
In flat space the model has the N = 4, d = 4 Lagrangian, which in this notation has
the superpotential Tr Z*[Z?, Z3]. More generally, we could take the form

W(Z) =) end'(2)[2, Z¥] (2.6)

2

which vanishes for any commuting matrices and thus has W' = 0 on this subspace.
For a generic function of this form, other solutions would not be expected and thus

we would have the moduli space M"Y /Sy.
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(iii) Clearly getting the right metric on moduli space will require us to take for Kn(Z, Z)

(iv)

some version of K (z, z), with a definite ordering prescription. On the moduli space,
the ordering prescription will translate info a specific dependence of the action for the
off-diagonal elements on the point in moduli space.

The axioms stated can only determine the action and its second derivatives on the
moduli space, since they only refer to masses of stretched strings, not interactions
between stretched strings.

The second derivatives we will use are

9% =
gi‘-(zl,fl,Zz,Ez) = ——Tr KN(Z, Z) (2.7)
7. 82,073, ZEMN /Sy
and
~ .k 92
Q.ijk(zl,22)(21 — 2'2) = —-—————TI‘ WN(Z) (28)
021,073, ZEMN /Sy
We could have considered a more general gauge kinetic term,
'Re / d’0 Tr f(Z)W? + £:;(Z)[W, Z*|[W, Z7). (2.9)

Taking non-constant f(Z) would lead to a space-dependent gauge coupling, as would
come from a non-constant dilaton background. The mass conditions in this case
involve the dilaton as well as the metric (e.g. see [5]), and we will not consider this
case here. Non-constant f;;(Z), as we will see below, furns out to be incompatible

with the mass conditions.

3. Mass conditions on Kihler potential and superpotential

In this section, we summarize conditions on the Kéhler potential and superpotential

imposed by the axioms. In particular, we express the mass condition (the axiom 3) as

conditions on §(z1, z2) and Qy;x(21, 22) defined in (2.7) and (2.8).

Our considerations will be in a neighborhood of a point p in the target space, and we

will use coordinates z in which this is at z = 0.
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3.1. Normal coordinates and the squared distance

On any Kéhler manifold M, one can always find a holomorphic local coordinate system

(normal coordinates) such that the metric has an expansion around z = 0 as

o0 o0
_ , Ky 5l Sl
RIS W W LI )
r=1gq=1
By using Kahler potential transformations K; — K; + Re F(z), we can assume the Kahler

potential on M has an expansion

o0 o0
Ki(2,2) = |27+ ) Kl(p,;?c)l...k,,;l_l...l_qzkl gt gl (3.2)
p=2qg=2

More explicitly,
R | S
Ki(2,2) = 27 — ZRﬁk,—z’z’zkz’ +.... (3.3)

where Riikz‘ is the Riemann curvature at z = 0. All symmetries of the Riemann tensor
R5k1 = Riz0 and R = R;jy;, are manifest in this expression.
We also need an expression for the geodesic distance. Let d?(z,z) be the squared

geodesic distance from z to z. It obeys the differential equation

0 d%(z, z) 8 d?*(z, 2)

- 2
o~ o = d(z,2) (3.4)

9% (z)

which follows from the Einstein relation 4gi5p,-p5- = m?2, the momentum p; = mdS(x,y)/0z*
and the fact that the point particle action is proportional to the geodesic distance,
S(z,y) = md(z,y).

This combined with the initial condition

0%d?(z, 2)

Z2=Z

determines the geodesic distance uniquely [6]. For example, its expansion to O(z*) is

P(z7) =z ~ 2 ~ JRiuale ~ 2z ~ 2@ + 2"z + 2)
- 1—12R1.5,c;(a: R Rl G L () L

(3.6)

In section 6, the expansion to the sixth order is given.
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According to axiom 4, the Kahler potential K for the N D-brane is expressed as a
trace of a power series in Z and Z. Again, by a holomorphic coordinate change Z — f(Z),
we can go to normal coordinates on the full configuration space X, in which Ky takes

the form
’ o0
T Kn(2,2) =T 22+ S K®' N Z---2-- 22, (3.7)

p,q=2
Here Z---Z---Z---Z--- is some sequence of p Z’s and ¢ Z’s. This eliminates the ambi-
guity expressed in equation (2.3).

As discussed in [4], reproducing the metric for each of the N branes requires

N |
= Ki(ze, Za), (3.8)

ZeMN /SN a=1

Tr Kn(Z, Z)

where z%,..., 2% are the eigenvalues of Z¢. Thus K must have the same expansion in
powers of Z and Z as K, but the precise ordering remains to be fixed.
A natural guess for the full Kahler form would be

Tr Kn(Z,2Z) = STr K1(Z, Z)

5 1 P (3.9)
=T 2’7 ~ JRq ST 22322 + -

 where STr is the symmetrized trace: STr A;--- 4, = ;ll—, ZaesN Tr Ag1) -+ - Ao(n)- How-
. ever, there could be additional terms which vanish on the moduli space, and we will need
to constrain them by using the mass condition (axiom 3). As it will turn out, (3.9) must

be corrected (at sixth order!).

3.2. The mass condition for gauge bosons

The simplest thing to check is that the gauge boson masses are correctly reproduced,

because these do not depend on the superpotential. This requires

1 d2 o
d*(z1,22) = =—=Tr Kn(Z +[X, 2), Z + 1| X, Z)) (3.10)
2 dtdt ZEMN /Sy, t=0

where X = Eq2 + E»; is a broken generator. More explicitly,

Gi5(21, 21, 22, 22) (21 — Zz)i(il - 22)3 = dz(zl,zz). (3.11)
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3.3. Non-constant gauge kinetic term

We now consider the case of non-constant f;;(z) in (2.9). This would modify the mass

condition to
§i5(21, 21, 22, Z2) (21 — 22)" (21 — 7)) = d? (21,22)Re f(21, 22) (3.12)

where f(z1,22) is holomorphic.

Suppose f(z1, z2) ~ 1+ 2% is non-constant; then the left hand side will include a term
O(2%*12) + c.c.. From (3.7), we see that in normal coordinates gi; ~ 0;; + O(22), leading
to the right hand side |z|? + O(2222) which cannot include such a term.

Thus the mass condition requires trivial gauge kinetic term, and we restrict attention

to this case.

3.4. The mass condition for scalars

The masses of the chiral superfields are determined by the kinetic term §;; and the

second derivatives of the potential, and thus their mass condition is
8:;0;V = 6;6;Vp + 6;0;Vr = d%§y3, (3.13)

where 6; = 8/0Z%, and &; = 8/8Z3,.

The D-term contribution is

0K
= —= —_— . .14
ZTI‘ ? aZz ? 8Z-7] (3 )
and its second derivative on the moduli space was given in [4], while the F-term contribu-
tion is 1
2 |14
ve= (2K _) OW oW (3.15)
82,021 | 0Z4, 071

with second derivative on the moduli space
Ve ( 82K )“ 2w W
87i,023, \0Z},0Z3t) 071,073 625,027 (3.16)

More explicitly, with the gauge boson mass (3.11), the mass condition (3.13) reads

ﬁiﬁz — 29 )3m -z +gle,Lmz -z Q—--- h_zn
( 23 )9m3 (27 — 23") (21" — 23" )50 (27 — 23) (3.17)

= §i30mn (27" — 25°) (2] — 25)-



4. More on the mass conditions

In this section, we study the mass conditions (3.11) and (3.17) found in the previous
section. We show that these require that the target space to be Ricci-flat and also determine

the superpotential completely.

4.1. Ricct flatness
In this subsection, we will show that the mass condition (3.17) implies R;; = 0.
Note that the off-diagonal metric § and diagonal metric g are related as

zlli_)niz 9i5 (21, 21, 22, Z2) = g;5(22, 22), (4.1)

which follows from (3.5) and (3.11). For later convenience, set

9 fa m
Qijk(ZZ) = lim Sk {Qijm(21,22)(21 - 22) }

zZ1 22 821

Taking lim,, ., 2 __ of (3.17), we get

92 0zF
9indmj + Mt 3T = 9i59mn- (4.2)
As was explained in the introduction, we assume a superpotential of the form
W (Z) = eTr 222, 2% + - (4.3)

where - - - stands for higher order terms with at least one commutator. Then, ;;x(z) can

be expanded as

Qijk(z) = C¢€ijk + Z Q'g')lz:;ml...mpzml o2 (44)
p21

Let us plug the expansions (3.1) and (4.4) into (4.2). On the right hand side, there is no

purely holomorphic terms in the expansion. On the left hand side, however, such terms
: : 10(P) SN P (p) —

would appear with coefficients 6'°‘Qi£m;m1“_mpe5—,-ﬁ. This implies Q;F . . , = 0 for all

p > 1, i.e. Q;;(2) actually has no z dependence in our coordinate system;
Qijr(z) = ceyj- (4.5)

Then, (4.2) reduces to

2 kl
Gindmj + cl°9" €ikmEsin = 9i59man.
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which is equivalent to det gms (2, Z2) = |c¢|2. The normalization (3.1) fixes |c| = 1. Thus the

final result is
det gmn(2,2) = 1. (4.6)
Ricci flatness of M is a corollary of this:
2

5= 557 logdet gmin(z,2) =0. (4.7)

4.2. Superpotential Wy (Z)

In this subsection we will show that the mass condition (3.17) determines the super-
potential Tr Wi (Z) to be

Tr Wn(2) = Tr Z1[22, 23], ' (4.8)

to all order in diagonal coordinates but up to the second order in commutators.
The basic strategy is quite similar to that used in the previous subsection. Here,
instead of taking the limit z; — 25, we will expand various quantities as a power series in

21 — 22 and 21 — Zo:

oo
> > —_ ( 5 ) Z z z 3
Alz1, 21,22, %) = ) AP o, (B AR
P,g=0 (4.9)
X (Zl - Zz)il v (21 — Zz)i” (21 - Zz)jl s (21 - 22)5".
The second derivative of the superpotehtial is expanded as
. X 52
Q"k(zl - 22) =—"Tr WN(Z)
K 021,023, ZEMN /Sy
oo : (4.10)
= ZQ‘E?;)kl...kp (5%2) (71— ZZ)k‘ (21 - Zz)k”
r=1

From the superpotential (4.3), we have

O (342) = cesji + 0 (242) .
We saw in the previous subsection that |c| = 1 and by choice of coordinates we can take
¢ = 1. Then, (4.5) implies

0 (. N
Qijr(z2) = ZIh_TEQ 8_21’; {Qijm(zly 23) (21 — 22) } = Qrgj;)k(ZZ) = €;jk-

9



0;0;Tr Wn now reads

Quje(z1 — 22)F =eiji + Zﬁff)kl x, (352) (21— 2)" - (21 — 22)". (4.11)

p=2

On the other hand, the D-Kéhler potential (3.7) gives the following expansion of §

o0 oo
~(Pq) 122 ZitZs
913(2172'1’22722 ZZ ’L] ky..ky; 1.1, (z 2 ’z 2z ) (4 12)
k) kp l_
X (21— 22)" - (21 — 22)" (21 — 22)7 -+ (51 — 22)bs.

Let us consider a similar expansion of the mass degeneracy condition (3.17). On the
right hand side, there is no terms with bi-degree (p = 1,¢ > 2). On the left hand side,
however, such terms would appear with coefficients 6’°’e3~an(z)ml :m,- Thus, Q® must

vanish for all p > 2. This implies
Qiji(z1,22) (21 — 22)% = €ijn(z1 — 22)%, (4.13)
to all orders in 27 and 23, and the stated result.

4.3. Condition on det §

Given the F term contribution (4.13), we can reduce the mass condition (3.17) to a

much simpler form:

Gindm; (27" — 23°) (2] = 25) + §™ eikme51n (27" — 25°) (2] — 23)

o ) ) (4.14)
= 9i59ma(27" — 237) (27 — 23).
which can be rewritten as
(1 —det g) x gkie,—kmeﬂ-ﬁ(z?‘ -2 (Y - 27) = 0. (4.15)
This holds if and only if
det g(zl, 21, 22, 22) =1. . (416)

The condition (4.16) bears a striking similarity to the previous result det g(z,z) = 1. This

is consistent since g and § are related via (4.1).
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5. Explicit form of D-Kahler potential

We have seen that the axioms of D-geometry and especially the mass condition (3.17)
puts stringent constraints on our problem. In normal coordinates, the superpotential
Wn(Z) is uniquely fixed as (4.8) and the nontrivial information of D-geometry is encoded
in the Kahler potential Kn(Z, Z).

Let us summarize the properties Kn(Z, Z) should have:

1. It must reproduce the Ricci flat metric for each of the N branes.

N
= ZKl(Za,_Ea), (51)

ZeMN /SN a=1

where 2%, ..., 2% are the eigenvalues of Z°.
2. The gauge boson mass condition: Its second derivative must reproduce the geometric
distance.

§i5(21, 21, 22, 22) (21 — 22)* (21 — 22)? = d*(z1, 22). (5.2)

3. In normal coordinates, the general mass condition becomes
det gi;(zla z1, 22, 22) =1 (53)

5.1. Kn to the fourth order

We now show that, at the first non-trivial order (fourth order) in the normal coordinate

expansion, there exists a unique Ky satisfying these conditions:

_ -1 = s
Kn(Z,Z)=Tr 2'Z' - R;juSTr VAVAY WA (5.4)

The most general form of Ky to fourth order reads

Tr Kn(Z,2)=Tr ZZ - iRﬁkl—STr 7'z 21 7¢

+ %A(ij)[l?:l—]Tr {78, 27}(2F, 7
+ %Afl-j](,;,-)’l‘r 7, 2712, 7'} (5.5)
+ %B[ij][fcl']rn 7, 27)(2*. 2]

+ %C(ik)(ﬁ)Tr (7', 272", 2]

+ Dy Tr 2°27 242!
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In general, the terms B and C together are redundant, by using the Jacobi identity.
For example, Tr [z,Z][y, 3] — Tr [z,9][y,Z] = Tr [z,y][Z, 7). So, we require that C be
symmetric under such interchanges. Similarly, the symmetry condition on D makes it
independent of C' and R. '

To check that this includes all fourth order terms, we count d* terms Tr Z:Z7Z*Z
and d2(d2 +1)/2 of the form Tr Z*Z7 Z*Z¥, while the expansion above has (d(d+1)/2)% +
2(d(d — 1)/2)% + 2(d(d — 1)/2)(d(d + 1)/2) + (d(d + 1)/2)? terms, which agrees.

To check the conditions at fourth order we use (3.6) for d?, and compute (2.7) using
(5.5) to find

. _ _ 1 - NI
§i;(z1, 21, 22, 22) = 6;5 — ZRijkl_(zl + 29)% (21 + 22)

- %Riikz‘(zl — 2)F(21 — )’

+ (Aikjr + Digzr) (21 + 22)% (71 — 7)! (5.6)
+ (Af i+ Darzi) (21 — 22 Bz + 52)[

+ Bygi(z1 — 22)%(21 — z,)!

- Czkﬁ (,2'1 - Zz)k(fl - Ez)l-.

We find that, taking into account the symmetries of the tensors, we need A=C =D =0
but B is undetermined.
Now let us use condition 3. Using our computation (5.6) of §, we have (to second

order)

R 1 _ B 1 B g
det g;; =1— Zsz'(Zl +22)%(21 + 22) - (ﬁsz‘ — By (21 — 22)% (21 — 22)}, (5.7)

where R, = 6i3Ri3kl- is the Ricci tensor at z = 0 and Byj = éiiBikﬁ. We see that in this
coordinate system the only solutions have Ry; = By; = 0. The latter implies B30 = 0
ind < 3.

5.2. Higher orders

The appearance of Ricci flatness in the computation was somewhat unexpected, and
to get more insight (and be sure that there are no further consistency conditions) we push
"the computation to the next non-trivial case, which is sixth order. In addition, we would

like to know whether the uniqueness we found at fourth order persists at higher orders.
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5.3. Normal coordinate expansions to sixth order

To this order, the expansion of the Kahler potential in normal coordinates is

o0
Ko(2,2) =2'7 + 3 KPP . 2. givgh .. e
0( ’ ) + N T15.0032pid15-esdq
p,q=
izi 1 i57 ksl
=2'Z" — ZRﬁk[z 272"z
+ Srim2' 2 272 2™ + c.c. (5.8)

+ ﬂ;kl—mpz_’ijzkilzmz” +c.c.

+ Uiik[mﬁzzszkélzmin

4 .-

where the coefficients S, T and U are given by

1 0
Si}kz“m = —E_azm iikt‘(z) L
1 82
Tikimp = =18 gampmp ok (?)| _ (59)
1 o? -
Uiikimn = 3% WRifkl'(z) _(‘) — 0" Rigrn (0) Rp5m1(0) )
This can be checked by using the expression
0*K _ 0K BK
Ro-#2) = — - -+ ™ — ~ —. 5.10
i) 020299293} t9 02:0zF0z" 92m9z1 97! ( )

The terms S and T correspond to purely holomorphic derivatives of the curvature
and as such do not lead to essentially new features. However, the mixed derivatives Uz32>

might.

Again by using (3.5) and (3.4), we find the expansion of the squared geodesic distance

13



d%(z, z) to O(z,2)®:

d*(z, z) =|z — 2|
1, . - ;
- $Riula— 2@~ 2P (e + 2@ + 2)
_ 1
12

+ gsiik;m(x —2)"(z - 2)5(3: + z)k(a'c + Z)T(x +2)™

Riui(z — 2)¥(z - 2y (z - 2)*(z - 2)}

+ %Sifkl‘m(x -2 @ -2 (-2 @+ 2) (e -2

+ %Siikl_m(x 2)Hz - 2 (z - 2z - 2@+ )™

+ c.c.

+ lloTjklmp@c 2@ - 2 (c - 25z — 2)l(z - 2™ - 2)"

+ ETzifkl-mp(_x'_ 2z -2 (@ +2)"E - 2@+ 2)™(z - 2)°

+ %Tz3k,-mp(x - 2)(z - 2)5(3: + z)k(a’c + E)l_(:r - 2)™(z — 2)?

| ) ) (5.11)
+ T]klmp(a: 2)4(z — Nz + 2@+ 2z + 2)™(x + 2)P
+ c.c.
+ g Ustimale — 2@ ~ 2P (@~ 2@~ 2 = 2"z - 2)"

. 36%,,",@ 2@ - 2 (e +2)HE - Da+ 2@ - 2)°
+ _Uiikl‘mﬁ(x — 2)Hz - 2) (z + 2)* @ + ) (z — 2)™(E — 2)™
+ 36U,]klm<x - 2) (@ -2 (z- 2z +2) @ -2)™E+2)"

+ 16U,Jk,mn(a: 2)i(Z -2 (z + 2)F@ + )z + )™z + 2)”

750 Rign" Byja(@ = 2)/(2 = 2 (2 = (& = 2@ - ™z - 2)°
- 4—8qukn(5 TR imilz — 2)° (Z — z) (z - 2)¥(z — 2)! (:c +2)™(Z + )"
+ “ e
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5.4. D-Kahler potential to fifth order

We now consider the possible fifth order terms in the D-Kahler potential, and their
contributions to g;;. '

The natural guess for the fifth order term is
KCNZ,Z) = ...+ S;545mSTx Z2Z7Z* 2 Z™ + cc. + ... (5.12)
This leads to the variation

R 3 N m
853 (2,2) =3 Siuim(z + 22+ 2)! (@ + 2)

1 -
+ Zsﬁkt‘m(x — )@+ D)z —2)™ (5.13)
+ -;-sijk,-m(x — 2@ - 3)(z +2)™ +cc.

which indeed reproduces the corresponding terms of (5.11) in (5.2).
However, it is not the unique Kahler potential which does so. In fact, there are two
commutator terms one can add which modify g,;, but which preserve both (5.2) and (5.3)

at this order. An explicit example is
K®(2,2) = BujuinTr [2°, Z21[2%, 2, Z™}+ Bl Ir (2, Z7){[2%, 2", 2™} (5.14)
This leads to the variation

T

wim(z =) (z — 2P (@ +2)™ + 2E3, . - ) (2 - 2)*(z + 2)™. (5.15)
The symmetry of E guarantees that this will reproduce (5.2), while at this order, the
condition det § = 1 reduces to Tr §(3) = 0, which also has solutions, e.g. Eijkim = €ij0kiCm.-

This means that the axioms as stated do not have a unique solution. To clarify the

degree of non-uniqueness, let us check the Riemann curvature on the moduli space. One

can show that the mixed components are given by

R = Ry (342) + 0(aa - 22). (5.16)

. . 57 =7 57 (21, %
21,423, 2,47}, 2%, 21, (41, 22)

The ambiguities discussed above manifest themselves at O(z; — z2). In terms of the ge-
ometry of the configuration space X, the curvature on the bundle of off-diagonal modes

is fixed on the diagonal z; = 2;, but is not completely fixed off the diagonal.
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5.5. D-Kdhler potential to siwxth order

We give an explicit solution of the conditions to this order, without studying the

question of uniqueness.

The gauge boson mass condition (3.11) can be reproduced by the Kahler potential

K(Z,2)=Tr 22

~ 1R

4 ik
+ S1imSTY 22228 212™ 4 c.c.
+ TiigmoSTr 2029252V 2™ 2P + c.c.
+ UpimaSTr 22725212 27
+ Rigmn0% R _j;.7

plkj

[ STy Z:ZiZ* 7t

ijklmp

y (‘@% T {2%, (2, Z}{ 2" (2™, 27))
1

+ a0 I (28,128, 21127, [Zmazj)])

+ Fkil_m[ﬁq] Tr {Zk7 [Ziv Zl_]}{Zm’ [Zﬁa Zq]} +c.c. (5.17)
+ Gritmng Tr [2%,(2", Z012™,(2%, Z29)] + c.c.

— Z K(P,Q) . STy Z# --- ZipZ.;l e Z.:):q

7'17 71'p1.717 7.7(1
. P.q
p+a<6

3 (‘9—16 T (25,17, 212" 127, 7))

plkj

1 k % I- vl m 7
+ o T (2512 2012, 2. 27 )
+ Fritmpn) Tr {2%,[2%, 204 2™, 127, 2™} + c.c.

+ Griimpny Tr (25,127, ZN12™,(29, Z™]] + cc.

Note that it is not a symmetric trace. The extra O(R?) terms are required to satisfy

(5.2), while the terms F and G will be required to satisfy (5.3).
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This K(Z,Z) gives § as

62
§i;(z,2) i=———=K
07,075, |zemn/sn

1 ki= , s\1
= ;1 Biasi(z +2)°(2 + 2)
1 N
~ SRz - 2@ - 2
+—SWszﬁ@+ﬁ@—nm
+ 3 Sium(@ = 2 (2 — D)+ 2™

3 -
+ ZS,-;k,—m(x + 2k @+ 2z + 2)™

+ c.c.
+ 10Tjklmp($ )k(q_" - Z)l(x - Z)m(x - Z)p
1
2 imgl + (2 + ) = 2™z - 2 (5.18)
1 -
+ ETigk,-mp(x - z)k(;E - E)l(a: +2)™(z + 2)P
1 ~
+ 5 Tijkimp(T + 2*&E + 2) (x+ 2)™(z + 2)?
+ c.c.
9 1
+ @Uiikl—mﬁ - 720qukn5 Rpgml + 2szlm]n + c.c.

(z~2)*@~ 2}z =)™z~ 2)"
+ (-i—U,;k,—mﬁ ~ 418 Rigrnd? Rmm,) (z - )%z - )iz + 2)™(z + 2)"
+ ( %Uﬁkl—mﬁ + 2Fki,—m;ﬁ) (z —2)E+ 2z —2)™(Z + %)™ + cc
+ UJk,mn(a: + 2%z + D)z + 2)™ (:z: + z)"
b

5.6. Ricct flatness

- We are now in a position to check the consistency condition (5.3) at higher order.

On the one hand, we list the constraints on the coefficients STU following from Ricci
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flatness: given that

0= g% (2) Riza(2)
= {69 + 6967 R g2 + -} x

(5.19)
{Riiki —12(S;580m2™ + c..) — 24(Ty545mp2™ 2" + c.C.)
~ 36U5kimn2 ™ 2" + 0P Rigkn Ryjmpe™ 2" + -+ },
we have .
61)Ri3kl_ = 07
Aéijsig_'kl_m =0,
(5.20)

Gop_
Y 71'ijklmp - O’

Py 1 . -
6 Usjktmn = 3597 8% (RighaRypjmi + RigkiRpjmn)
for Yk, 1, m,n, p. A
In order to compute det § to O(z, )4, let us put gi; =05+ iL,-;, and use the following

formula - .
det § = det (1 + h)

=exp Tr log(1 + h) (5.21)
.01 .
=exp(Trh--2-TY R +--9)

Note that h is O(2'z!), we can safely neglect higher powers of iL) Thus, we need to check
g

1

Tr h - STr h? = O(z, 2)°. (5.22)

Plugging A from (5.18) into (5.22), we immediately get
O(z'7') = §9R; =0,
O(2%2") = 69850, = 0, (5.23)
O0(z%2") = 69T 54, = 0.
from lower order terms as a necessary condition for det § = 1. Clearly, these follow from
Ricci flatness (5.20)..

This is not the case for O(2222) terms. More precisely, the coefficients of the following

terms cancel using the last equation of (5.20):
(z + 2)F(z + 2)i($ + 2)™(z

z+2)", (5.24)
(z — 2)*@ - 2)l(z + 2)™(z +
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Those associated with

(z~2)*@E -2z~ 2™ (@~ 2)",
(z — 2)F(Z + 2z — 2)™(Z + 2)7, (5.25)
(z+2)kE -2z +2)™(@EF - 2)"

do not automatically cancel, but can be made to cancel by appropriate choice of the terms

F and G: ;
Fkifmgﬁ] =+ ﬁ (RiQmﬁéqupl‘k; — Rizjmiéqupl‘kﬁ) ,

' 1
Gritmiin) = ~ 3330

(5.26)
(Rigmad® Ry — Rigm30% Ryixn) -
In conclusion, one can find a sixth order K(Z,Z) such that both the gauge boson

mass condition and det § = 1 are satisfied.

6. Conclusions

In this work we found actions for N Dp-branes sitting at points in a three complex
dimensional Kahler manifold, satisfying natural conditions from D-brane physics, notably
the enhancement of gauge symmetry when the D-branes coincide, and the proportionality
of the mass of a string stretched between two D-branes to the shortest geodesic distance
between them.

These actions would be expected to arise as the low energy limit of D-brane actions
derived from string theory for manifolds with weak curvature. They are also natural start-
ing points for the definition of Matrix theory [7,8] on target space IR°™? x TP x M, where
M is topologically trivial but curved, or a subregion of a larger compact manifold. The
condition on the string masses guarantees that the one-loop quantum effective action will
contain a term v?/d’~P, the leading short distance behavior of the supergravity interac-
tion in this case [9]. Now this is not to say that the action as we have computed it so
far is a complete and consistent definition of Matrix theory in this background — it seems
likely that additional terms higher order in commutators as well as in derivatives would
be required to get the physics right — but rather that the consistency conditions which we
can check at this order can be satisfied and with a pleasing degree of uniqueness.

We found that the mass condition cannot be satisfied unless the manifold is Ricci flat,
or (combining with the Kahler condition) a Calabi-Yau manifold. Now at first this might

not seem surprising — certainly we need to start with a consistent closed string theory
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background to define sensible open string actions. However, the approach taken here only
used rather general consistency conditions, and no details of string theory. The standard
string theory argument, world-sheet conformal invariance expressed as the RG fixed point
condition on the world-sheet sigma model, does not have any obvious connection with the
starting point or the analysis. '

Furthermore, the claim that these actions are appropriate starting points for Matrix
theory certainly suggests that we should look for an argument independent of string theory.
. What we are saying in this context is that two a priori independent consistency conditions
on the physics ~ that the background satisfy the equations of motion, and that the one-loop
quantum corrections reproduce supergravity interactions — are in fact related.

Another known argument for Ricci flatness of target spaces for brane theories which
may have a closer relation to the present story is the requirement for kappa symmetry of
the covariant supermembrane action that the background satisfy the supergravity equation
of motion [10,11]. Now according to the rules of Matrix theory, we can find membrane
solutions of the action, leading to a possible relation; on the other hand we are necessarily
working in light-cone gauge, where kappa symmetry has already been fixed.

A related argument which could work after gauge fixing is due to Aharony, Kachru and
Silverstein (unpublished). String theory or M theory compactified on a Calabi-Yau target
will have N = 2, d = 4 (or the equivalent N = 1, d = 5) supersymmetry, and the branes
will break half of this. On the other hand, if the space is not Ricci flat, one would argue
that since there is no covariantly constant spinor, there is no unbroken supersymmetry,
and the D-brane theory cannot be supersymmetric. Thus, given that we assumed that the
D-brane theory is supersymmetric, we should find that the target space has a covariantly
constant spinor and is thus Calabi-Yau.

Although this is an attractive argument, the problem with it (recognized by AKS as
well) is that the true condition for supersymmetry in string theory is that the target space
have zero integrated Ricci curvature (zero first Chern class). We expect o corrections to
the target space metric, and these can be compatible with supersymmetry, if we also have
o' corrections to the supersymmetry transformation laws, which modify the condition for
an unbroken supersymmetry away from Ricci flatness.

Our result adds to this the statement that the exact proportionality of the masses of
stretched strings to the geodesic distance must also gain o' corrections in this case; we
know no argument for or against this in general. For example, the C3/T orbifold models

in [12], which generically describe D-brane propagation on non-Ricci flat metrics, will not
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satisfy the isotropic mass condition in these cases. On the other hand, if one can tune
the “seed” metric in that construction to produce a Ricci flat physical metric, it will be
interesting to go on and implement the mass condition.

It will be interesting to recast our discussion in more geometrical language, and find
axioms which further constrain the action and determine the higher commutator terms.
The way in which the Ricci-flatness condition arose in our considerations, through the
equation (5.3), suggests that the full configuration space Xx must be Calabi-Yau.

A very interesting question is whether the mass condition is stable under quantum
corrections. Since these are non-renormalizable sigma models, the question seems best
defined for p < 1. For p = 1, it would appear to be true at one loop, if the full configuration
space is indeed Calabi-Yau. On the other hand, one might worry that the known four-loop
beta function would violate it. Perhaps the coupling to the gauge fields changes this?
For p = 0, we do not have renormalization in the conventional sense, but it seems quite
possible that some problems involving large N numbers of D-branes can be treated by a
large N renormalization group. Some comments on this are made in [3]; for both types of

renormalization, it will be very interesting to look at quantum corrections in these models.
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