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1. Introduction

A low energy effective theory of parallel
D(irichlet) branes is a gauge theory with sixteen
supercharges, but one can consider a web of brane
to realize situations with reduced number of su-
persymmetry [1]. In this talk, I will discuss four-
dimensional theories with NV = 1 and 2 supersym-
metry (i.e. four and eight supercharges). In the
case of theories with NV = 2 supersyimmmetry, the
exact description of the Coulomb branch is given
by reinterpreting the web of branes as a configu-
ration of a single fivebrane in the ITA theory [2,3].
Recently we studied the case with NV = 1 super-
symmetry, and found that description in term of
the fivebrane in M Theory captures strong cou-
pling dynamics of the N = 1 gauge theory in
four dimensions [4]. In particular, we found that
the configuration of the fivebrane geometrically
encodes information on the Affleck-Dine-Seiberg
superpotential and the structure of the quantum
moduli space of vacua. Simultaneously to our
work, the case without matter was studied in [5].
A related work also appeared in [6].

2. Geometric Engineering of N = 2 Gauge
Theory

2.1. Web of Branes

Let me first describe how to construct NV = 2
gauge theory from a web of branes in the type IIA
theory. We first separate the ten dimensions into

*Talk presented at Strings '97 in Amsterdam, Holland
(June 16 - 21, 1997).

six and four. The R%? part of the spacetime is
parallel to the worldvolume of all the branes, and
therefore it is where the gauge theory is realized.
We then tie together the branes in the six dimen-
sions as shown in figure 1 so that the desired field
content is realized.

To realize the theory with SU(N.) gauge
group, we consider V. D4 branes suspended be-
tween two parallel NS5 branes. The open string

‘attached to the D4 branes gives rise to the gauge

boson of SU(N.). We then introduce N; D6
branes perpendicular to the D4 and NS5 branes,
and the open string going between the D4 and D6
branes give Ny matters in the fundamental repre-
sentations, which I will call quarks. The moduli
space of N = 2 vacua consists of the Coulomb and
Higgs branches (and also their mixed branches).
The Coulomb branch is parametrized by the vac-
uum expectation value (vev) of the adjoint scalar
field in the N = 2 vector multiplet while the Higgs
branch is parametrized by the squarks. In the IIA
picture, they are described by locations of the D4
branes. The motion of the D4 branes along the
NS5 brane parametrizes the Coulomb branch. To
go from the Coulomb to the Higgs branch, one
has to move the D4 brane to the D6 brane, break
the D4 brane on the D6 brane, and then move
a segment of the D4 brane along the D6 brane.
Note that in order to do this, we have to have at
least two D6 branes and they have to be located
at the same point in the z*,z° direction (see fig-
ure 1). This corresponds to the field theory fact
that the Higgs branch requires at least two mass-
less matters.
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Figure 1. Coulomb and Higgs branches in the IIA
picture

2.2. Lifting to M Theory

We can lift this configuration to M Theory [3].
As it will become clear later, this will enable us
to incorporate nonperturbative gauge theory dy-
namics in the brane picture. The D4 and NS5

branes of the IIA theory come from the fivebrane

of M theory. When the fivebrane is wrapped on
the S! of the eleventh dimension, it becomes the
D4 brane. When it is not wrapped, it gives the
NS5 brane. On the other hand, D6 brane local-
ized at points in the (z%,z°,2%) plane is inter-
preted as the Kaluza-Klein monopole and is given
by the Taub-NUT metric

ds* = V(z)dz'dz® + V(z)"* (dz'® + Ai(z)dz?)?

V(z)=1+2£ﬁ, VV=VxA4, (1)

where the D6 branes are located at z* = zf
(¢ = 4,5,6) and z'° is the eleventh dimensional
coordinate with the periodicity z!° ~ z!° + 27R

(7).

Let us now discuss the configuration of the five-
brane. Asin the IIA picture, we have to keep four
dimensions of the six-dimensional worldvolume of

" the fivebrane to be flat R®1. In order to preserve

the N = 2 supersymmetry in four dimensions, the
remaining two dimensional part has to be embed-
ded holomorphically in the Taub-NUT geometry
and is localized in the z7, z8, z° directions. (If the
fivebrane is also extended in those directions, it
will have generically smaller supersymmetry, i.e.
N = 1 in four dimensions. I will discuss more
about it later.) So let us introduce complex co-
ordinates,
z8 + izl
7 ) (2)
Now we can transform the IIA picture into the
M theory picture. The fivebrane must have two
asymptotic regions corresponding to the two in-
finite NS 5-branes. In the middle, there are N,
branches of the brane corresponding to the D4
branes. We also need Ny D6 branes, which are
now represented by the Taub-NUT geometry (1).
It was shown in [3] that such a fivebrane config-
uration is unique and is the same as the Seiberg-
Witten curve [8,9],

2 — B(v)t + A3 NN = 0, (3)

where B(v) = vMe 4 ... is a polynomial of de-
gree N, in v and depends on the Coulomb branch

v=2gb4+iz5, t=exp(-

~ moduli of the theory.

2.3. Why does this work?

Since the eleven-dimensional supergravity is
supposed to describe the low energy dynamics of
the strong coupling limit of the type IIA theory, it
is reasonable to expect that the reinterpriting the
web of branes in the IIA theory as a configuration
of the single fivebrane captures the nonperturba-
tive physics of the gauge theory, and in fact we
saw in the above that it is the case for the N =2
gauge theory. This statement needs some clarifi-
cation and it is useful to understand exactly how
it works.

In the IIA picture, the gauge coupling constant
A is related to the string coupling constant g as
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where [, is the string scale set by the string ten-
sion and L is the distance between the NS 5-
branes. The L factor appears in the formula since
the gauge theory lives on the D4 brane world-
volume, which is R%! times the line segment in
the z® direction. If 1/L is larger than the typi-
cal gauge theory scale, we can ignore the Kaluza-
Klein type excitation in the z°® direction and the
low energy theory is on R%!. The volume L then
renormalizes the gauge coupling constant as in
(4). Since the radius of the eleventh dimensional
S is R = gl,, we can also express X as

== (5)

To relate the low energy theory on the D4
branes to the standard gauge theory in four di-
mensions, we have to make some limit.

(1) We need to take the string coupling constant
g to be small in order the theory on the brane to
decouple from physics of the bulk ten or eleven

dimensions. In particular, we should be able to

ignore gravitational effects in the bulk in order
to concentrate on physics on the brane. This is
possible if we send g — 0, or equivalently R < ;.
(2) On the other hand, we want A to be finite
in order to be able to observe interesting strong
coupling physics of the gauge theory.

(3) These conditions require L < I;. In fact this
is also required in order to be able to ignore the
Kaluza-Klein type mode on the brane, as I men-
tioned in the above.

So we need to take the limit, R, L <« I, while
keeping A\* = R/L finite.

On the other hand, the eleven-dimensional su-
pergravity gives a good description in the limit
l, € R,L where [, = g'/3l, is the eleven-
dimensional Planck length, and this means I, €
R, L, which is complete opposite of the above
limit.

Nevertheless the M theory fivebrane gives the
correct description of the N = 2 Coulomb branch,
as we saw in section 2.2. The reason for this is the
same as the one used to derive exact results on
Calabi-Yau compactification [10,11,2], i.e. the de-
coupling of the vector and hypermultiplet fields.
In the present case, parameters characterizing
the size of the brane are in hypermuitiplets of

the four-dimensional theory while its shape is de-
termined by vector multiplet fields. Since the
Coulomb branch of the four-dimensional gauge
theory is parametrized by the vector multiplet
fields, it should depend on R and L only through
the ratio L/R. This means that, although we
bave to take both R and L to be small in order
to describe the gauge theory in four dimensions,
since the theory depends only on their ratio, the
same result is obtained by taking them to be large
as far as we keep the ratio fixed. This is why we
can trust the eleven-dimensional supergravity to
give the correct low energy description.

2.4. Relation to Calabi-Yau Compactifica-
tion

It has been known earlier in the context of the
Calabi-Yau compactification [11] that the exact
solution of the N = 2 gauge theory arises from
the classical geometry of string compactification
if one takes the field theory limit in such a way
that gravity is turned off while the gauge theory
scale is held fixed (this involves taking the sin-
gular limit of the Calabi-Yau manifold). It was
then found in [2] that such a Calabi-Yau mani-
fold in the IIB case'is T-dual to a configuration
of the NS 5-brane in the IIA theory, which is ex-
actly given by (3). The T-duality of a singular
Calabi-Yau manifold and a NS 5-brane configu-
ration was pointed out in [12] and was further
clarified recently in [13].

In the following, we will use the M theory five-
brane to describe the gauge theory with N =1
supersymmetry. We will see the strong coupling
physics of gauge theory is geometrically engi-
neered in the N = 1 case. It is reasonable to
expect that such a fivebrane configuration is re-
lated to the F-theory compactification [14,15] on
a Calabi-Yau four-fold 2. It would be very inter-
esting to reinterpret the results of our work from
the point of view of the F-theory.

3. Rotation to N=1

3.1. ITA Picture
Now we break the N = 2 supersymmetry to
N =1 by adding a mass u for the adjoint chiral

2] would like to thank Cumrun Vafa for discussion on this.
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multiplet in the N = 2 vector multiplet. Since

Rotation from Baryonic Branch

Figure 2. Rotation of the left NS 5-brane in the
IIA picture

the adjoint scalar becomes massive, most of the
Coulomb branch is lifted except at points on the
roots of the Higgs branches [16] and some other
exceptional points in the Coulomb branch [4]. Let
us first view this procedure in the IIA picture. It
was pointed out by Barbon [17] that adding the
adjoint mass is the same as changing the relative
orientation of the two NS5 branes. Let us see
how it looks like in the examples of SU(2) with
2 flavors. If the two D4 branes are at generic
positions, we cannot rotate the NS5 branes with-
out breaking the supersymmetry completely. In
this case, there are two situations in which the
rotation is possible, as shown in figure 2. One
is at the non-baryonic branch root. Note that
the location of one of the D4 brane in figure 2
is fixed to be at the axis of the rotation. This

means that we have to start at particular points
on the non-baryonic root. In general, these are
points where there are maximum number of mu-
tually local monopoles. Another possibility is at
the baryonic branch root, where all the D4 branes
are fixed on the D6 branes from the begining. We
can then break the D4 branes on the D6 branes,
as shown in figure 2, and rotate the configura-
tion. In the limit when the two NS5 branes make
the right angle, we recover the configuration in-
troduced in [18] to study N =1 SQCD.

3.2. M Theory Picture
Now we come to one of the main points of this
talk that is to reinterpret this in the M theory
picture. Let me first describe it using the same
example of SU(2) gauge theory with 2 flavors. SP o
In the M theory description, the fivebrane at
the rotable point on the non-baryonic branch root
is given by the equation

£2 — vt + A2? = 0. (6)

The corresponding curve is drawn in figure 3,
in the dotted line in the v — t plane. The two

11

w- 1A

w--1A

Figure 3. Brane Rotation from Non-Barynonic
Branch

branches extending to infinities correspond to the



two NS5 branes. Therefore the brane rotation
that I described in the previous subsection should
correspond to pulling one of the branches out of
the v — ¢ plane and toward the w = z® + i27 di-
rection. We have found a unique way to do this,
and it is described by the following equations in
the v — t — w plane.

wy = p~H(w? + p?A?)
t = p~2(w® + p?A?). )

One can easily check that this solves (6) for any
value of w. The corresponding curve is drawn in
the solid line in figure 3. We note that the left
branch is now extended into w = uwv direction,
where 4 is the adjoint mass while the right branch
asymptotically approaches the original curve. We
also note that there are two additional asymptotic
regions, with different values of w. This will be-
come important later when we compare this brane
configuration with field theory results.

At the baryonic branch root, the equation fac-
torized into two components,

(t—v)(t - A%) =0, (8)

and this means that the curve factorizes into two
components as shown in the dotted line in figure
4. We can then easily rotate the curve as

1) t=* w=mw
(2 t=A% w=0,

and the corresponding curve is depicted in the
solid line in figure 4.

Let us generalize this to SU(N,) gauge the-
ory with Ny quarks, for arbitrary N. and Ny.
First I want to point out that the brane is rotat-
able if and only if the configuration is birationally
equivalent to CP'. To show this, it is convenient
to regard w of the rotated curve as a function
along the original curve. This is always possible
for small values of ¢ and it can be shown to be
true for any u by using the R symmetry (see [4]).
The brane configuration after the rotation then
can be regarded as a graph of w. We note that
w is infinite only at one point, corresponding to
the left NS5 brane extending to the w = pv di-
rection. Since 1/v is a good coordinate on that
branch, it should be regarded as a simple pole.

] i
1] |
A2 |
\ ‘\ ! 5
W~uv \ :t=A
/ \\ !
N H
/ A !
\\ "
\\ l
\\ [
~<b___

;/7 11t

]

Figure 4. Brane Rotation from Barynonic Branch

In order to have a holomorphic function w with a
simple pole only at one point, the original curve
must have been equivalent to CP!. I used the
word “birationally” in the above since the origi-
nal curve may have two or more points coinciding.
Such points are separated after the rotation since
any two points must have different values of w.
That the original curve has to be genus 0 is con-
sistent with what we expect from the field theory
analysis [8,16]. The Seiberg-Witten curve of the
N = 2 theory that survives the adjoint mass per-
turbation has exactly this property.

This observation also makes it possible to find
the brane configuration explicitly, for any N, and
Ny, after the rotation. This is because w as
a function with a simple pole, is unique up to
SL(2,Z) on CP?, and SL(2,Z) is fixed by the
asymptotic conditions on the curve.

If one starts with the r-th non-baryonic branch
root r = 1,...,[Nf/2], the rotated curve is given
explicitly by?

vw = pH (w - wy ) (w —w-)
t=p NewNe=Nr(y —wy ) (w—w)N~7,  (9)

8For Ny > N, r = Ny — Nc has to be excluded from
rotatable curves [4].



where

NC—T+

N — p_\ Ners MRS
wt = [:(-'1)]\7""’—i (c—:) ] A, (10)

and ry =r,r_ = N+ f —r. It turned out there
is another rotatable curve which is obtained by
setting r = 0 in the above, and there is a corre-
sponding point in the Coulomb branch which sur-
vives the perturbation by the adjoint mass term.
This point is is not attached to any Higgs branch
and therefore is not in the list of [16] where they
studied points on the Higgs branch roots.

As before, the left branch of the curve ex-
tends to w = v direction, while the right branch
approaches the original curve. There are addi-
tional two asymptotic regions, with fixed values
of w = wy and w_. These correspond to loca-
tions of D4 branes in the IIA picture.

The rotation from the baryonic branch can be
easily carried out since the curve factorizes there.
The result of the rotation is

1) t=ovN, w=w
(2) t=ANeNrgpNs=Ne 4y = 0. (11)

4. Comparison with Field Theory Results

4.1. Affleck-Dine-Seiberg Superpotential

Now I would like to compare these with field
theory results. When N, > Ny, it is known
that the N = 1 theory dynamically generates the
Affieck-Dine-Seiberg superpotential. At N.—1 =
Ny, it is generated by the instanton effects and
for N; — 1 > N¢ by some strong coupling effects.

Let us start with the N = 2 theory and add
the adjoint mass y. Before we turn on the adjoint
mass, the superpotential of the N = 2 theory is
trQ®Q where ®;; is the adjoint field and Qi,,
Qio are quarks (5,5 = 1,..., Ny, a,b = 1,..., N,).
If p is much larger that the scale A of the N =2
theory, we can integrate out & and generate the
superpotential term

1 . 1
— trM? — — 2
5% T A (trM) ] , (12)

where M;; = (@Q);; is the meson made out of
the quarks. In the u — oo limit, we obtain the

N =1 SQCD where we know that the Affleck-
Dine-Seiberg potential is generated. For large p,
therefore, we expect that the effective superpo-
tential is given by

AZNe=Np\ Ty
Wef_f = (Nc—Nf) (—gf—tljw—) +

1 . 1 .
— [ trM? — —(trM)? 1
ron (b - g-m?), ()
where Ay~ is the scale of the N = 1 theory set
by the renormalization group matching condition

A3Ne=N;

Ner = plNeARNNs (14)

In fact, by using the standard holomorphy argu-
ment [20], one can prove that the superpotential
Wesy is exact for any u.

In the p — oo limit, the N = 1 theory has
no vacua since Wes; has no minima (the vacuum
runs away). The & term in W,;s stabilizes the
vacua for finite i, so we can analyse its structure.
By extrematizing W,ss, we can determine vev of
the meson field M;;. One can show [4] that M
solving '

OWeyy |

—_——= 1
oM, =0 (15)
is diagonalizable by a unitary matrix, and have
two different eigenvalues, my and m_. Let r be
the number of my (r =0,...,[N¢/2]). The eigen-

" values are then give by

2
N e Nc - N.—rs 2Nc—va (16
ma = |17 (F=2) A(16)
As one can see by comparing with (10), the eigen-
values m4 of the meson field M are equal to the
asymptotic locations w of the branches of the ro-
tated fivebrane, upto a trivial overall phase factor
independent of 7.

This means that the information on the Affleck-
Dine-Seiberg potential is geometrically encoded in
the fivebrane configuration. In the IIA picture,
the vev of the meson field is specified by the loca-
tions of the D4 branes along the D6 branes. In the
M theory picture, these are exactly the locations
of the fivebrane branches characterized by wx.



Not only their values agree with the field theory
computation of M in the above, but their mul-
tiplicities match (the fivebrane is wrapping the
two asymptotic directions r and (Ny — r) times
respectively, and these numbers agree with the
multiplicities of the eigenvalues of M).

So far we have discussed the case with massless
quarks. We can add massed to the quarks and
perform the same analysis. We found a complete
agreement between the field theory analysis and
the brane configuration.

4.2. Quamtum Moduli Space

For N. < Ny, there are stable vacua in the
p — oo limit and their moduli space is of interest
[20]. Classically the moduli space is parametrized
by gauge invariant polynomials of the squarks
obeying the constraints. When N, = Ny, the
moduli space is deformed by the quamtum cor-
rections. On the other hand, for N, < Ny, the
quamtum moduli space at u — 0o is the same as
the classical one. For finite u, however interesting
quamtum effects appear even for N, < N;. In the
paper [4], we have shown that one can read off the
vevs of the gauge invariant polynomials from the
configuration of the fivebrane and found complete
agreement with the field theory predictions. For
more detail, I would like to refer the reader to the
original paper.

5. Conclusion

We have found that the classical eleven-
dimensional supergravity can be used to study
strong coupling dynamics of NV = 1 SQCD in
four dimensions. Nonperturbative corrections to
the superpotential and the moduli space struc-
ture are geometrically encoded in the configura-
tion of the fivebrane. First of all, this result pro-
vides a very strong evidence for the conjecture
that the strong coupling limit of the IIA string
theory is the eleven-dimensional theory. This geo-
metrical description may also give us new insights
into nonperturbative effects in the gauge theory
in four dimensions.

I should point out that the dynamical informa-
tion on the gauge theory that we have extracted
from the fivebrane is holomorphic in nature, i.e.

the holomorphic superpotential and the holomor-
phic property of the moduli space. For these, an
argument similar to that given in section 2.3 guar-
rantees that the classical supergravity computa-
tion captures the corect gauge theory dynamics
in four dimensions. To study non-holomorphic
aspects of the gauge theory, one needs to con-
trol possible corrections to the classical fivebrane
description. There are potentially two sources of
corrections. The classial supergravity approxima-
tion may fail when the curvature induced by the
fivebrane becomes strong compared to the Planck
scale. Other corrections may arise if Kaluza-Klein
modes on the curve ¥ or bulk degrees of freedom
do not decouple from the four-dimensional gauge
theory. It would be important to identify the re-
gion of validity of the supergravity description.
Related issues were discussed in Maldacena’s talk
at this conference [21].
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