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Chapter 1

Introduction

The nonlinear Schrédinger equation plays a major role in describing various phys-
ical phenomena in continuum me;:hanics, plasma physigs, nonlinear optics, and vortex dy-
namics in classical and superfluid mechanics [23]. In a paper of 1988 [41] on statistical
mechanics of the nonlinear Schrodinger equation, it was observed that a Gibbs canonical
ensemble associated with the nonﬁﬂear Schrodinger equation exhibits behavior reminiscent
of a phase transition in classical statistical mechanics. The existence of a phase transition
in the canonical ensemble of the nonlinear Schrodinger equation would be very interesting
and would have important implications for the role of this equation in modeling physical
phenomena; it would also have an important bearing on the theory of weak solutions of
nonlinear wave equations [46], [47], [48].

The cubic Schrodinger equation, as will be shown later, is equivalent to the self-
induction approximation for vortices, which is a widely used equation of mofion for a thin

vortex filament in classical and superfluid mechanics [26]. The existence of a phase transi-



tion in such a system would Be very interesting and actually very surprising for the following
reasons: in classical ﬂmd mechanics it is believed that the turbulent regime is dominated byv
strong vortex str.etching [14], while the vortex system described by the cubic Schrédinger
equation does not allow for stretching.‘ In superfluid mechanics the self-induction approx-
‘imation and its modiﬁcétions have been used tb describe the motion of thin supérﬂuid
vortices [53], which exhibit a phase transiﬁon; however, more recently some authors con-
cluded that these equations do not adequately describe super‘ﬂuj& turbulence [5], aqid the
absence of a phase traﬁsition in the cubic Schrbdinger equation would strengthen their érgu-
ment. The self-induction approximation for vortices takes into aggount only very locéhzed
interactions, and the -éxistence of a phase transition in such a simplified system would be
very unexpected.

In this thesis we present a numerical study of the phase transition type phenom-
ena obsérved in [41]; in particular, we find that these phenomena are strongly related to
the. splitting of the phase space into distiﬁctly different components. We point out the
interesting fact that;the ph-ase‘tvran'sition vtype behavior of the discretized cubic Schrodinger
equation can be observed in a discretization with as few as 2 points. The refinement of the
diécretiz@tion does not change the global picture qualitatively.

We vary two‘parameter's in tﬁe canonical ensemble of the cubic Séhrédinger equa-
Itibn: the first pa.rame.ter is the temperature, the second one'is a certain constraint‘on' fhe
function space. We demonstrate that at a ﬁxed_ low temperature, as the constraint varies,
the vcanonical ensemble of the cubic ‘Schrbdinger equation undergoes a bifurcation which is

manifested both in the change in the shapevof the typical function and in a corresponding



change of the structure of the phase space.

For a fixed value of the constraint, as temperature va;'ies there is a phase transition
type change in shape of the typical function and a corresponding change in the structure
of the phase space. We investigate numerically a special continuum limit in which both

“the constraint and the number of discretization points increase, and conclude that thert_a
is a strong indication of a phase transition in this limit. We also discover that in terms
of vortex approximations, the phase transition type behavior for the cubic Schrodinger
equation results in the transition from an almost straight filament with a sharp kink for
low temperatures to a filament of random shape at high temperatures. We remark that in
the limit the temperature at which the fransition occurs increases to infinity, which is in
agreement with the results of Chorin [12], [14], [15] that the single vortex filament has a
phase transition at infinite temperature.

Recently there has been an increasing interest in the study of rﬁotion of a single
thin vortex and of a collection of thin vortices in the approximations of the self-induction
type [31], [32], [33], [34], [30], [57]. If the phase transition in the cubic Schrodinger equation
were to exist, this might lead to a reconsideration of the role of these equations and their
modifications in the study of classical and superfluid turbulence.

This thesis consists of six chapters. Chapter 1 is an introduction and a brief
summary of our results.

In Chapter 2 we present some essential facts from classical statistical mechanics

that we will need in subsequent chapters.

In Chapter 3, following [41] we introduce the statistical ensemble for the non-linear




Schrédinger equation, which is similar to the classical Gibbs canonical ensemble. We discuss
the properties of this ensemble, in particular its invariance [46]. We show that this ensemble
is, in a sense to be made precise later, equivalent to the microcanonical ensemble. Then we
discuss the ergodicity of the non-linear Schrédinger equation. We present numerical results
At.hat show the equivalence of the tiﬁe and ensemble averages.

In Chapter 4 we begin by considering a simplified system that arises from the
discfetization of the non-linear Schriodinger equation. We study the energy level sets of
the dynamical system, and the conﬁgﬁrations in the phase space on which the statistical
ensemble of the cubic Schrédinger equation is concentrated. We observe that as we vary
temperature and a constraint in the Gibbs ensemble, there are two distinctly different

-structures in the phese spdce - one has a ball—like shape, and the other has a torus-like
shape. These different shapes aﬁpear at the same temperature as the phase transition type

“behavior observed in [41]. These ball and torus structures exist for any discretization of tﬁe
system, starting from the simplest 2-point discretization. We show that in a certain limit
there is a strong evidence of a discontinuity in a temperature dependent quantity.

In Chapter 5 we derive a self-induction approximation of the motion of a ‘single
vortex filament, following the presentations in [3] and [6]. We briefly mention the properties
of the self-induction epproximation like the conservation of the arclength of the filament.
Using the Hasimoto transformation [26] we derive the cubic Schrédinger equation. We
diseuss briefly a few constants of motion of the the cubic Schrodinger equation and the
corresponding constants of motion of the self-induction approximation.

~ Chapter 6 contains final remarks and conclusions.



Chapter 2

Some Basic Facts from Statistical

Mechanics

In this chapter we present basic concepts from statistical mechanics; more detailed

exposition can be found in [28],{39].

2.1 Some Basic Concepts and Definitions

Suppose we are interested in the properties of a large system of interacting particles
at equilibrium. By equilibrium we mean the state of the system where thermodynamic
properties (pressure, volume, and temperature, for example) do not change in time; we are
not concerned with how the system reaches an equilibrium. One example of such a system
is an ideal gas consisting of N particles. A state of this system is completely determined by
the 3N canonical coordinates g1, gi2, ¢;3 and 3N canonical momenta p;y, pia, pi3. Suppose

that the dynamics of this system are described by the Hamiltonian H(p,q), where we use



the notation p = (p11,p12,P13,- .. ,PN1,PN2,PN3)s € = (q11, G12, @13, - - - »GN1, IN2, GN3); the

Hamiltonian H(p,q) is a map from R®" into R; then the equations of motions are:

i = 2.9)
' Op;
_ _0H(p,q)

Each conﬁgurat'ion of the system corresponds to a point in the 6N dimensional space. If
we specify some initial condition with an energy E, then our syétem will imove in ‘space
on the surface of constant ehergy .E. We are not interested in the _mot;on of the one
particular conﬁguration of the system, in fact we cannot identify it in practice due to the
1arge number of particles m our system. Instead, we would like to conéider ma,n}; p(;ssi'ble
: I_niéroscopic states of the system (points in our 6N dimensional spaée) that correspond to

a single macroscopic state; we also would like to find out what would be an appropriate

dis;cribution of the states at equilibrium for the system under consideration.

22 The Microcanonical »Ensenible

We begin our discussion with a description of the microcanonical ensemble. Define
an energy shell as all points (p,q) in the 6N dimensional space with the values of energy
H(p,q) at these points between E and E + SF, where 6E < E. We make the following

assumption: When a macroscopic system is in thermodynamic equilibrium, every state in’

the same energy shell is equally likely. Therefore at the thermodynamic equilibrium the



probability density function to find a system in a state (p,q) is given by:

Constant if E < H(p,q) < E+6FE
p(p,q) =
0 otherwise

If f(p,q) is a measurable function then its ensemble average is defined as

_ [ f(p,9)p(p, ¢)dpdg
<f>= [o(p,q)dpdg

(2.2)
Every system in the microcanonical ensemble consists of N particles, has a volume
V, and an energy between E and E + §E. Now we define two fundamental concepts of

statistical mechanics - entropy and temperature. Let D(E) be the volume occupied by a

microcanonical ensemble in the phase space:

D(E) = p(p,q)dpdg. - (2.3)

/E<H(p,q)<E+5E

Entropy is defined to be:
S(E,V) = klog E), (2.4)

where k is the Boltzmann constant, which is not important for our presentation, so we will
choose units in which it is equal to 1. The entropy is an extensive variable: that is, when
the system is composed of two subsystems, the total entropy is equal to the sum of the

entropies of the subsystems:
S(E,V) = S(E1, Vi) + S(E2, V). (2.5)

Let us consider a system which is composed of two subsystems. The total energy of such a

system, neglecting the interaction energy between these subsystems, is:

E = Ey + E,. (2.6)



The volume of the phase space that these two subsystems occupy is proportional to:
D(E1)D(Ey). (2.7)

Consider a system at equilibrium with an energy E which is composed of two subsystems
with energy E; and E, respectively. The entropy of the system is equal to S(E,V) =
S(E1,Vi) + S(Ez,Va). Consider the problem of maximizing the entropy of the system

S(E,V) subject to the constraint E = Ey + Ey, i.e.:

mazimize S(E,V) (2;8)

subjectto FE = E, + E,

By using Lagrange multipliers we can solve the constrained maximization problem

(2.9) to get the following necessary condition for the maximum:

. 051(Ey)

dEy

 0Sy(Es)
T ok,

1=E1

. (2.9)
Ey=E,

The minimum of entropy is achieved at some energy values E; and E;. Using condition

(2.9) define temperature T:

_ 0852(F»)
T OE,

1 _35(B)
T 0F,

(2.10)

E=E; E,=E,

From this definition temperature is a parameter which arises through an equilibrium con-

dition.

2.3 The Canonical Ensemble

Now we would like to find out what is a relevant ensemble for description of a

system in thermal equilibrium with a larger system. In other words, we have to find out



the probability that system 1 in therxlna.l contact with a larger system 2 has energy ;.
As above, consider two systems in therm.a‘l equilibrium. We showed that the total entropy
is maximal for some p:;,rticular values of energy E; and E,. Assume that the number of
particles in system 1, which we deﬁote by N1 is much smaller than the number of particles
_in system 2, which we denote by N2, i.e. N; < Ny; and also assume that F; < E,. The
event of finding the system 1 in the dpldql of (p1,¢1) is independent of the event of finding
system 2 in the state with energy Es. Therefore the probability of finding the system 1 in
the dpidg: neighborhood of (py,¢1) is proportional to dpidg; D2 Eq); from this it follows
that p(p1,¢1) is proportional to Dy( E;). By assumption F; is much smaller than E; expand

log Dy(E — E,) in a Taylor series and keep the first two terms in the expansion:

052(E PN 1
log Do(E — Eq) = So(E — Ey) = So(E) — Elﬂ = 52(F)— Ey1=.
OF, . BymE T
(2.11)
Taking the logarithm of both sides yields:
E
Dy(E - Ey) » exP(52(E))exp(—71). (2.12)

The first term in (2.12) does not depend on F4, so it is just a proportionality constant. This
implies that the probability. p(p1,¢:1) of system 1 to have energy E1 in equilibrium with the

larger system is proportional to:

exp(—ET-l-). (2.13)

2.4 Energy Fluctuations in the Canonical Ensemble

We are going to show that the microcanonical ensemble is equivalent in a certain

sense to the canonical ensemble. We compute the mean square fluctuation of the energy in



10

the canonical ensemble; and show that the fluctuation decreases as the number of particles
in the system increases. This suggests that the canonical distribution is sharply peaked

around its mean. The expected value of the energy in the canonical ensemble is:

<H>= %%.» (2.14) -
Introduce the partition function:
Z(V,T) = / ePH dpdg. - | (2.15)
Define the quant?ty A‘(V,.T) |
—BA(V,T) =1log Z(V,T), | (2.16)

which is actually called the Helmholtz free energy. Differentiate the following identity with

respect to 3;

/ PAVIT)-HP.a) dpdg =1, o (217)
to obtain:
BAVT)-H(pa) )+ 504 a '
/ SAVD-HENAV,T) - H(p,q) + f5ldpde = 0. (2.18)
- Integrating the expréssion (2.18) above we have:
A .
AV, T)-< H > +ﬁ?)_ﬁ =0. (2.19)

Equation (2.14) can be rewritten as: -

< H> —/Heﬁ(A(V’T)“H)dpdq = 0. (2.20)
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Differentiate this equation with respect to § to obtain:

0 < H > /H(A(V T) H+p 'B) ﬁ(A(VvT)“H)dpdq =0, (221)

which implies:

0< H >
LB [(<H > - ) AWT) - H(p, )+ 5)e VD00 Ddpag = 0.
(2.22)
Taking into account équafcion (2.19) we can rewrite (2.22) in the form:
a_iaif_i + / (< B > —H(p, )PP AV~ e gpiq = (2.23)
Using equation (2.16) we obtain:
H
2—<—aﬂ—>+ <(<H>-H)?®>=0. (2.24)
We can also rewrite this equation as:
T2a_<£_>+ <(<H>-H)?>=0. (2.25)

For a macroscopic system < H > N'and 252>

x N, thus as N — oo the mean square

fluctuation goes to zero; in this sense the canonical ensemble is equivalent to the micro-

canonical ensemble.

2.5 Finite Size Effects and Phase Transitions

We formulated the statistical ensemble for a system of fixed size: i.e., a fixed
number of particles N, and a fixed volume V. However, we are interested in the properties

of a system consisting of a huge number of particles (on the order of 102%). Therefore we
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take a limit in which the number of particles N and the volume V both go to infinity, but

the ratio V/N remains fixed. This limit is called a thermodynamic limit:

<X D= N lim < X >NV - (2.26)

—00,V—00

To simulate 1023 degrees of freedom is out of reach of computers, and in practice the number
of degrees of freedom used for éomputation is much smaller, of the order of a few thousand.
Nevertheless, even with such a modest number of degrees of freedom some useful results
can still be obtained.

Some physical systems in nature exhibit phase transitions ( gas-liquid, fluid-
superfluid, conductor-superconductor, magnetization transition etc. ), i.e. a sharp change
of some properties of the system with respect to the change in sc;me parameter, such as tem-
perature. Two important questions are: Can we determine whether a mathematical model
exhibits a phase transition? And can we see a phase transition on a computer (that is to say
in a simulation with just a finite, probably very small, number of degrees of freedom) ? The
answer to the first question is yes, but very often it is difficult to do so. The answer to the
second question may depend on a number of subtle assumptions. We do not pursue both
of these questions further here, but limit ourselves to a brief discussion. of phase transitions
and effecté associated with the finite size of a system and the canonical ensemble.

For a system of finite size, the expected value of some smodth or analytic function
is a smooth or analytic function of the parameter 3. However, if we take a thermodynamic
limit, as the size of the system goes to infinity, t.hen some quantity of interest might be-
come nonsmooth and nonanalytic with respect to f3. . Therefore a typical definition of a

phase transition is the following. Let X be a smooth or analytic measurable function: If
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limpy —00,V—oo < X > (B) is 2 nonanalytic function of 3 then we say that the system exhibit
a phase transition. The temperature T’ = % at which this nonanalyticity occurs is called a
critical temperature. In this discussion we implicitly assume that temperature is a control
parameter of the phase transition.

For the magnetization transition, for example, the typical phase change picture

looks like this (see Figure (2.1)).

3

2.5

Magnetization
[4:]

0.5

Temperature

Figure 2.1: Phase transition in magnets. Below the critical temperature T, magnetization
is nonzero, above the critical temperature T, magnetization is zero.

For values of temperatures below the critical T, there is a non-zero magnetization;
for values of temperature above the critical temperature the magnetization is zero. This
type of the phase transition with a discontinuity in the derivative of a function is a called
a phase transition of second order. A phase transition with a discontinuity in the function

itself is called a phase transition of the first order. A typical picture of a phase transition
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of the first order is presented in Figure (2.2).

3.5 - Y T Y —r T T - T T

Temperature

Figure 2.2: The smooth curves represent the functions of temperature for the finite N. The
discontinuous step function represents the limit of the smooth functions as N — .



15

Chapter 3

The Non-linear Schrodinger

Equation and Measure

3.1 The Canonical Ensemble Associated with the Cubic Schridinger
Equation
The cubic Schrédinger equation

10 9?
?af a;f ‘W‘b | (31

which we are going to derive later in Chapter 5 can be rewritten in the Hamiltonian form:

g=-p —p(+p"),  p=q +add+p), (32)

where the Hamiltonian is

B0 =5 [ (@7 + a3 [ 42 (33)
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qand p stand respectively for real and imaginary part of the function 4 in (3.1). We use a
dot to denote the derivative 'with reépect to time, and a prime to denote the derivative with
respect to space; we assume here and everywhere in this thesis that p and q a,ré periodic
functions of x. |

Lebowitz, Rose, and Speer ([41]) introduced an ensemble very similar fo the Gibbs

canonical ensemble, with a measure formally written as:

P(dp,dq) = Z~" exp[—BH(p, ¢)]dpdy, (3.4)

or, writing the Hamiltonian explicitly:

P(dp,dg) = 2™ exp[-—ﬂ% /0 (4 +()?)ds] exp[ﬂi /0 (2 + 9 Pdoldpda,

' (3.5)
where dpdq is a Lebesgue measure, Z is a partition function, and 3 is a séa.lar, the ’inverse
temperature’. The Hamiltonian (3.3) is not bounded below, so iﬁ order to m:;ke sense out
of the formal object (3.4), Lebowitz et al. ([41]) suggested to restrict the ensemble to the

functions that satisfy either

[ @+ 5z =n, | (3:6)

or

[@rssn, | BNCY)

for some constant N. The idea is to restrict the set of functions by the constraint (3;6)
or (3.7), so that the second term in (3.5) can be bounded by the first term in (3.5). They

proved that this constrained measure is well defined ( see ([41]) for details). The meaning
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of the first integral in (3.5) is easy to explain; the formal expression
1L iy g
exp(=B3 [ (4 + (5))de) (38)

stands for the standard Brownian bridge measure in two dimensions. The second term in

(3.5), formally given by

(8 [ (2 1)) (39)
is a density which can be bounded by the first term (3.8) under the constraint conditions
(3.6) or (3.7). The choice of these constraints was motivated by the fact that the nonlin-
ear Schrédinger equation conserves the integral (3.6). This measure was also studied by
H.P.McKean ([46]), who showed that this measure is invariant. An invariant measufe is by
definition a measure that is preserved by the flow of the partial differential equation; this
can be described as follows: Take some measurable set of initial conditions and evolve it in
time by the nonlinear Schrédinger equation; then the set of solutions at any later time will

have the same measure as the initial set.

3.2 Ergodicity

Now we are going to make a connection between the ensemble averages defined by
(3.5), (3.6), and the averages in time of the dynamical system (3.2). The average in time

of some function f is defined as

<fre=gf " Fp(s), q(s))ds (3.10)

where (p(s),q(s)) is a solution of the equations of motion (3.2) with periodic boundary

conditions in space, and with an intitial condition (q(0),p(0)). If the average with respect
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to the ensemble is equal to the average in time as time goes to infinity, the dynamical

system with such a measure is called ergodic. The importance of this concept is due to the

following problem. Very qften it is necessary to compute the average in time of a dynamical A
system; however, integration in time of the eqqations of motion for large time,may be too

_expensive. In this case, computing ensemble averages might be an attractive alternative.

However, proving ergodicity of a system may be an even more'complicated prob-
lem; in fact, we do not know any proof of ergodicity for our system. Nevertheless, we havé
numerical evidence which supports the ergodicity assumption.

There is a natural question that arises at this point: The Hamiltonian (3.3) of
the dynamical system (3.2) is a consfant of the motion. If we start the dynamical system
at some initial configuration with some specific value of the energy E, the system will
" have the same energy for all time. Therefore the phase space accessible to the dynamical
system is restricted by the Hamiltonian. On the other hand, the average with respect to
the measure (3.5),(3.6) is taken over all possible conﬁguratiOI;s in the phase space subject
‘to a constraint (3.6). Why do we expect the ensemble average (3.5),(3.6) which samples
configurations over all possible energy values to give the same result as the time average?
If we would like to construct a measure, such that a dynamical system with this measure
is ergodic, it seems more _natura,l to consider the microcanonical ensemble since it samples
the given energy shell; we choose the energy shell that is defined by E. However, suppose
the measure (3.5),(3.6) is concentrated on the configurations of the energy shell defined by
E; then it is plausible that the averages with respect to (3.5),(3.6) and the microcanonical

ensemble will be the same. In this sense the measure (3.5),(3.6) and the microcanonical
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ensemble are equivalent.

3.3 Numerical' Methods

Our goal now is to evaluate numerically the ensemble average (3.5),(3.6). First we
- are going to introduce a discretization of the Hamiltonian (3.3) and the constraint (3.6).
Discretize the interval {0,L] by n discretization points; let u; and v; be the discretization
of the real and imaginary part of the solution of the cubic Schrédinger equation; then the

discrete version of the Hamiltonian (3.3) is

1< U1 — Uq Vigl — Vi 1
=3 Z(('—+ 5 >+ (F— A ) )h - 1 Z(uf + v2)?h, (3.11)
=1 1=1
where h = % is the discretization step. This particular discretization of the Hamiltonian

leads to the following discretization of the measure (3.5)

1 - z+1 v+1 2
P(du,dv) = Z 1 exp[-f 5; )2+ (= %2y, ZZ:l(u + v2)2h)]ldudv,
(3.12)
and the discretization of the constraint (3.6) is
N =Y (u} + v2)h. (3.13)

3.3.1 Maetropolis Sampling Method

We are going to describe a method for computing ensemble averages due to
Metropolis et al. ([49]). For the purposes of the presentation assume for a moment that we
are given the discrete Hamiltonian H (z) without a constraint, where z denotes a configura-

tion (X1,...,Xnm); and each X, is a scalar. One can think of z as of (u1,v1,...,Uy,, V) in
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the discretization of the Hamiltonian (3.11). However at this point we éonsider a method
without a constraint; later we will add a constraint to the method.

The idea of thé method is to tonstrucf a Markov chain in the spaée of all diS(;rete
configurations that will converge to the stationary (or equilibrium) probability density =
.given by .Z‘1 exp (—BH(X1,...,Xm)). Z is a partition function and is the sum of the

weights exp (—SH(X1,...,Xpm)) over all possible configurations.

Z:/I{Mexp(—ﬁH(Xl,...,XM))Xm...dXM. | (3.14)

One major difficulty in evaluating the ensemble average is that the partition function Z
cannot be easily computed; the Metropolis sampling allows one to avoid this difﬁculty.b The

weight of the configuration z is given by:

r = 2 exp (~BH(Xy,. ., X21)) o (3.15)

where the subscript = denotes the configuration (X1y,..., Xpm).

Given an equilibrium distribution 7 we wish to construct a M‘arkoxbz chain P that
converges to this equihbriuﬁ distribution. We need to find a transition probability matrix
P = (pzy) = (probability to make a transition from a state z to a state y) that satisfies
the following two conditions (for more details see (Binder,Heermann [4]) and (Sokal [55])):

(n)

Denote by p;y a transition probability from x to y in n steps. Irreducibility: For each pair

of states x,y there exists an n > 0, such that pg(vz) > 0.
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Stationarity of =:

Z TPy = My, Vy- (3.16)
T

A sufficient condition for stationarity of 7 is:
Detailed balance for m: For each pair of states z and y, TzPry = TyPyz-

A method fqr constructing a transition probability satisfying the detailed balance
condition was introduced by Metropolis et al ([49]). The idea is to take an arbitrary irre-
ducible tra.ntsition matrix P% = (pgy), called the proposal matrix. In the next section we give
an example of the proposal matrix that we use to compute the ensemble averages. Using
this matrix PO generate a move x—Y; then accept or reject this move with probability b,

or 1 — bgy respectively. Thus, the transition probability matrix P = (pgy) is:

Dzy = ngbzy forz #y (3.17)

Pzz = pg:r + Zpgy(l - bxy)
z#y

Detailed balance for the matrix P is equivalent to the following condition:
szgybzy = Wypgzbyz. | (3.18)
One way to construct by, is to look for by, of the following form:
bey = F(—5"), ' : (3.19)

where F is a scalar function, F:[0,00)—[0,1]. It is easy to see that if F satisfies the following

equation:

F(a) = (), | (3.20)
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then the detailed balance equation (3.18) is satisfied.
There are many different functions satisfying equation (3.20). One suitable choice

of F is to take:

F(a) = min(e, 1). ' ©(3.21)
Another choice of F also used is F(a) = ;%5. Observe that we have a lot of freedom in

choosing a proposal matrix P°; many different proposal moves are possible as long as the
matrix P of the full algorithm is irreducible, we also have many different choices of F, as long

as they satisfy equation (3.20). At this point we can summarize the algorithm as follows:
1. Generate a proposed move x+y.

2. Compute the ratio:

0
_ Wypy:z:

= o
TzPry

(3.22)

3. Accept the transition from x to y with probability F(R)f In other words, generate a
random number v from the uniform distribution on [0,1], and ‘accept the proposed
move if ¥ < F(R), and otherwise reject it. When we reject a proposed move we make

a null transition, i.e. we count the old configuration as a new configuration.
4. Calculate the necessary averages.

In equation (3.22): the probabilities of configurations 7, and =, enter the expression as a
ratio, and the partition function Z cancels out. This fact is crucial, since 7 is almost never

explicitly computable.
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When the proposal matrix P° is symmetric, i.e. p3, = p3,, the acceptance proba-

bility b, simplifies:
bay = F(=X). (3.23)
Tz
Now going back to our definition of 7, in (3.15) we can rewrite expression (3.23) as:
bey = Fexp(~BH(y) - H(2))))- (3.24)

As an example, consider the case where we chose a symmetric proposal matrix
P2, = p), and the function F(a) = min(e,1). Then the algorithm simplifies slightly to the

following:
1. Generate a proposed move x—y.

2. ¥ AH= B(H(y)— H(z)) <0, then the proposed move is accepted with probability

1.

3. If BAH > 0, then the proposed move is accepted with probability exp(—SAH). In
other words, generate a random number 7 from the uniform distribution on [0,1],
and accept the proposed move if v < exp(—GAH), otherwise reject it. When we

reject a move we make a null transition, i.e. we count the old configuration as a new

configuration.
4. Calculate the necessary averages.

Note that there is nothing special about the proposal matrix P° being symmetric; as long
0

as one can compute the ratio ;%‘{i the algorithm will work. For more details on how to
zPzy

implement and improve this algorithm see Binder,Heermann [4] and Sokal [55]
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3.3.2 Details of the Implementation of the Metropolis Sampling

In this section we give t'he details of the implementation of the Metropolis sampling
designed specifically to compute the ensemble averages with the measure (3.5),(3.6). In. the
previous section we considered the Hémiltonian without a constraint. Now we are going to
-add the constraint (3.13) into the algorithm.

Pick some arbitrary initial configuration (uy,v1,... ,%s,v,) that satisfies the con-
straint (3.13). To generate a new configuration that will satisfy the constraint (3.13) pick
some ¢ and j between 1 and n; generate a random number § uniformly distributed on the _

interval [0,1], and compute the proposed values of u** and v as

u® = rcos(27b), v = rsin(276), (3.25)

where r = /u? + v?. Notice that if the proposed move is accepted the constraint (3.13)

will be satisfied since uPe®? + viev? = gy 4 0k

In this construction it is obvioug that probability to go from the old configuration
to the new configuration is equal to the probability to go from the new configuration to.
the old configuration; therefore the proposal matrix P° = (pgy) introduced in the previoﬁs
section is §ymmetric, and as mentioned above, the algorithm simplifies a little bit since pgy
and p2, cancel out in the ratio (3.22); and we do not need the specific values of pJ, and py,
for the method.

We organize the computations in the following way. Fix ¢ = 1 and take j = 1;
generate a new configuration satisfying the constraint (3.13); accept or reject it.according
to the rule given in the previous section, then take j = 2; generate a new configuration and

accept or reject it, then take j = 3, etc. until j = n. After that fix ¢ = 2 and let j vary from
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1 to n; after that fix ¢ = 3, and continue this procedure until ¢ = n. It is easy to see that
after n? steps of this algorithm the probability to get from some arbitrary configuration
z to an arbitrary conﬁgurat'ion y, satisfying the constraint (3.13) is nonzero; and so the
irreducibility condition is satisfied.

The way to organize the computations which we just described is not unique. One
can, for example, pick i and j at random, or use another method for generating a new

configuration, as long as the irreducibility condition holds.

3.3.3 Numerical Method for Integration of the Schrodinger equation

Now we present a numerical method for integration of the non-linear Schrodinger
equation; the method is described in [32]. The idea is to use Strang-type splitting for the

linear and nonlinear parts of equations (3.2). In one fractional step solve the linear equation

g=-p, p=q; (3.26)

by using discrete fast Fourier transform. As in the previous section, discretize the real
and imaginary part of the solution in space on the interval [0,L] by n points as (u;, v;)
respectively, = 1,...,n. Obtain the Fourier modes (&, o), k = 1,...,n; then apply the

exact solution formula
A s . . . Tkon.,
a(t + A + 19(t + AY) = (4(t) + 29(2)) exp(—z4[s1n(—7—l—)z] At); (3.27)

invert the Fourier transform to return to the physical space. In the second fractional step

solve the nonlinear equations

q=-p(p* + ¢, p=aq(p*+ ), (3.28)



26

using the formula
u;i(t + Al + 10t + AY = (u;(t) + w;(t)) exp(a(u;(t)® + vj(t)z)At). (3.29)

In the next step of the numerical algorithm the first fractional step is applied, then the
second fractional step, etc. The two fractional steps are a.lternéted to maintain a second
order accuracy in time and space. This scheme-is unconditionally stable in time for any
time step.

This numerical method conserves the discrete constraint (3.13) since each frac-
tional step of the method conserves (3.13). In ouf computations we monitored conservation

of the Hamiltonian and the constraint (3.13) as an accuracy check.

3.4 Comparison of the Time and Ensemble Averages

Now we present numerical evidence for the equivalence of the ensemble (3.5), (3.6)
and the microcanonical ensemble; in Figure (3.1) we show the energy fluctuation of the

ensemble (3.5), (3.6) around its mean energy, i.e.

<H?>—-< H>?
< H? > T

(3.30)

computed at some fixed temperature versus the.constrajmt N.

We introduce the energy fluctuation (3.30) into our presentation to estimate the
* concentration of the measure (3.5),(3.6) on the configurations with the mean eﬁergy <
H >. We argued above in section 3.2 that if the meé,sﬁre (3.5),(3.6) is.concentrated on the
conﬁgurations that belong go the energy shé]l deﬁn‘ed by < H >, then it is plausible that

the averages with respect to (3.5),(3.6) and the microcanonical ensemble will be the same.
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As one can see from the graph in Figure (3.1) the energy fluctuation tends to zero
as N increases. This suggests that for large values of N the probability density on the space

of configurations is concentrated on the energy shell defined by the mean energy < H >.

number of nodes = 80, number of pushes = 6.4'108, beta=1
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Figure 3.1: Equivalence of the ensemble (3.5), (3.6) and the microcanonical ensemble.

For the dynamical system (3.2) we choose some initial configuration with the
energy equal to the average ensemble energy (3.5), (3.6). In Figure (3.2) we present the

calculations of the time average and the ensemble average of the following quantity

L. 2 272
< [o'(P* + ¢*)%dz >
2 NE . (3.31)

One can see from Figure (3.2) that there is a remarkable agreement between the time and
the ensemble average! In this computation the number of discretization points was taken

to be 40, and the value of the constraint N (3.13) equal to 103. The same agreement was
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Constraint=10%, number of nodes = 40, * time average, - ensemble average
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Figure 3.2: Time average and ensemble average

observed when we increased the number of discretization points to 80 and 150, and changed
the value of the constraint. Therefore we conjecture that our discrete dynamical system is
ergodic. One rerﬁark should be made here about the continuum dynamical system. The
cubic Schrodinger equation has an infinite family of conserved quantities (see [51]); the
numerical scheme that we use to integrate the cubic Schrédinger equation in time does
not have a corresponding infinite family of conserved quantities; aithough we verify the
conservation of the Hamiltonian and the constraint N (3.13) in the integration in time.
Therefore the trajectory in time of the numerica.lb schemé visits a larger subspace than the
actual continuum solution, and the ergodicity thaf we describe here might be due to the

particular numerical algorithm.
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Chapter 4 |

Phase Space Topological Changes

and Bifurcation

In this chapter we present numerical results on the bifurcation of the measure

(3.12),(3.13) which is directly linked to the phase transition type behavior observed in [41].

4.1 The History of the Problem

In [41] the statistical ensemble for the nonlinear Schrédinger equation (3.5), (3.6)
is introduced. In the terminology of [41] the solution of the nonlinear Schrodinger equation
% is called a complex field; recall that fqr the cubic Schrddinger equation in Chapter 3 we
used the real valued functions ¢ and p for the real and imaginary parts of 9 respectively,

l.e.

¥(z) = q(z) + zp(fv), (4.1)
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where z is a scalar argument. We are going to refer to the pair of functions (q,p) as
-a field. It was observed in [41] that there is a large difference between the form of the
typical field conﬁgura;i;)n for low temperatures and the form for ﬁigh teﬁlperatures; for
example, in Figure (4.1) we prgsent the typical real and imaginary components of thé
field for low temperature and large éonstraint N. These functions iook like humps,‘ while
for high temperature the typical functions look like random fluctuations; we present high

temperature typical functions in Figure (4.2). The word typical here means that the measure

is concentrated on the functions similar in shape to the typical ones.

*
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"-" real component, °--" imaginary component
Figure 4.1: Typical real and imaginary components of the field for low temperature and
large constraint. 2
In the next picture we present the typical functions for low temperature and small
constraint N. The typical functions here are almost constant up to small random fluctua-

tions.
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Figure 4.2: Typical real and imaginary components of the field for high temperature.
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Figure 4.3: Typical real and imaginary components of the field for low temperature and
small constraint.
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This definition of typical is not very precise, so in order to make the definition

more rigorous the foHowing quantity was introduced,
S(z) =< ¢(z) + () >, (4.2)

where <> stands for averaging with respect to the statistical ensemble (3.5), (3.6). The
‘problem with this definition of S(z) is that the Hamiltonian (3.3) is translation invariant
on the periodic fields; thus for example if we take the field in Figure (4.4) and translate it in
space by any amount, the new field will have exactly the same statistical weight. Suppose
for a moment that all the statistical weight of the ensemble (3.5), (3.6) is concentrated on
the fields just like the one in Figure (4.4); then simple averaging.a,s deﬁﬁed in formula (4.2)
will smear the humps, and the result will be S(z) equal to some constant. In order to make
sense of §(z) we have to eliminate the translation invariance. The method used in [41] is
the following;: -for every field (¢,p) to find a point = such that ¢?(z) + p*(z) is maximal,
and translate the maximum of the field to the middle of the interval [0, L] and then take an
average in (4.2).

This translation approach produces an artificial spike in the middle; in order to

eliminate this effect it was suggested in [41] to divide S(z) by the quantity
5%(z) =< ¢*(z) + p*(z) >o, (4.3)

where 0 denotes the average with respect to the statistical ensemble (3.5), (3.6) without the
potential energy term in the Hamiltonian (3.3).

The quantity éﬂo(% is plotted in Figure (4.4); fche main result of this computation is
that the typical field configurations for low temperatures look like sharp spikes (or soliton-

like structures as they were referred to in {41]). For high temperatures, the typical field
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configurations look like constant functions with oscillations added to them. As one can see,
qualitatively the picture remains the same as in Figure 4.1 — sharp spikes are typical for

low temperatures, and flat configurations are typical for high temperatures.

number of nodes 40, N=80
10 T T T T T T T

1 1
0 5 10 15 20 25 30 35 40
ot B=4410™, "—* B=d0

Figure 4.4: Plot of §(z)/5%z) for high and low temperatures

Although the pictures 4.4 and 4.1 are intuitively easy to understand, the construc-
tion of S—S;((Ez)j is slightly artificial. Another approach to studying the change in the typical
field configurations, which does not involve artificial translation invariance breaking, is to

compute the typical kurtosis of the field configurations

k== JE (@ (2) + pP(z)) 4z >
< foL(qz(ﬂf) + p*(z))dz >?

(4.4)

The denominator in (4.4) is used for the normalization; recall that our measure must satisfy
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the constraint (3.6), therefore (4.4) can be rewritten in the form

< JHq(z) + pA(2))dz >
K= = '

(4.5)

The reason for introducing the quantity K is to distinguish the field configurations
that have sharp spikes from those that are flat. We would expect that at low temperatures
K would be larger than at high temperatures, provided thé constraint (3.6) is large enough.
This is indeed what happens, (see Figure (4.5)). One can see that there are two distinctly
different regimes in this picture, at low and high temperature, and also a transition region
between them.
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Figure 4.5: Values of K for fixed N=80, and varying /.

The left part of the graph in (4.5) ( 107% < gy < 1) corresponds to the sharp

spike in Figure 4.4, and the right part of the graph ( 10 < 77 < 10%) corresponds to the
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flat configuration in Figure 4.4.

Let us summarize our observations so far. At low temperatures the kurtosis K of
the typical field configurations is high; and it remains almost constant if we increase the
temperature up to a certain value. Once the temperature reaches the transiti;)n region, K

‘ decreases sharply; for higher temperatures K again becomes almost constant.

So far we have discussed the change in the kurtosis (4.5) with respect to tempera-

ture. Now we would like to look at the change in the kﬁrtosis when we vary both constraint

N and temperature. In Figure 4.6 we present plots of the kurtosis (4.5) for N = 10, 40, 80.
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Figure 4.6: Values of K for N= 10, 40, 80 and varying §.

Notice that on the left hand side of the picture in (4.6) (102 < ﬁ—lN— < 1) the three

curves are distinctly different and almost constant; in the transition region 1 < [ﬁ < 10,

the curves come together, and for 10 < ﬁLN < 10? the three curves assume the same constant
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value.

This behavior of the kurtosis K is very similar to the pictures of phase transitibn
in statistical physics [28], and it raises the question as to whether this is indeed a phase
transition or if some-other phenomenon is taking place?

In order to examine this question we start by studying a simplified system, and
then moving to a more general one. Before we begin the study of a simple case, we need

some definitions.

4.2 Definitions

Suppose we are given a discrete canonical measure (3.12),(3.13), and we want to
compute an average with respect to this measure of some quantity us.ing thé Metropolis
sampling algo;ifhfn. We start with some random initial configuration, whigh we denote by
z1 = (u(1),...,u(n),v(l),...,v(n)), and then run the Metropolis sampling, as described
in the Chapter 37 for some large number of steps M, storing each configuration as a point
Ty, t=1,...,M. After M steps we will get M points, (21,...,2a); this collection of M
points we will call a Metropolis sampling trajectory. Notice that this Metropolis sampling
‘tfajeétory does not depend on a quantity computed in the Metropolis sampiing algorithm;

it only depends on the temperature in the ensemble and on the initial point.

The Metropolig sampling trz;jectory isa traéectory in 2n-dimensional space; we can
define a projection of the Metropblié sampling trajectory onto a 3-dimensional subspace by

" picking any three components of the vectors u,v, for example uq,u2,v3. In a similar way

we can define a projection of a Metropolis sampling trajectory onto a three dimensional
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subspace, which we will denote by (:c’l’ yoees Thy)-

.Now consider a time dependent Hamiltonian system with periodic boundary con-
ditions (3.2); discretize this system in space by n points, and integrate it in time for some
large time T, starting at some initial configuration y; = (u(1),...,u(n),v(1),... ,v(n)).v
~ For integration in time we use some numerical method, for example the one described in
Chapter>3; we define the time trajectory as a collection of points (y1,...,yx), KAt= T,
where Atis the time step of the numerical integration scheme. The time trajectory is a
trajectory in 2n-dimensional space, and (37, ..., y%) is the projection of the time trajectory

onto a three-dimensional subspace, which we will call a projected time trajectory.

4.3 Simple case

To motivate the discussion later in this chapter we consider a very simple discrete
~ periodic in space system (3.11),(3.13) with just 2 discretization points, i.e. in (3.11), (3.13)

we take n = 2, or explicitly the Hamiltonian is given by

(= Z(u o} (46)

=1

which leads to the following discretization of the measure (3.5), (3.6)

P(du,dv) = Z; ' exp[-f8= Z uH_lh u,)2+(v,+1 h——Z(u + v?)2h]dudv,
. (4.7)
and
2
N = Z(u + v¥)h, (4.8)

-.
!
—
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where h = % is the discretization step. The equations of motion can be written as:

Vig1 = 20; +0iy 2, .2
- — = vi(w” +v;%),

h2

_ Uigr — 22U + Ui
v; = 3

g =

+ uiu;? + v;?),

(4.9)
where i=1,2; and since u and v are periodic by definition u3 = uy, ug = uq, v3 = v1, and
o= 3.

The reason for chooéing such a system is its simplicity; we can visualize this
systein in 3-dimensional space, because this system is almost v3-dimensional. By almost
3-dimensional we mean .thatv gi.ven three a_rbitrary components of the system, for example
Uy, g, a,nd‘vl, one c:—in.determjne vy from (4.8) up to a sign.

Now we investigate ’ghe phase space of the dyﬁamical system (4.9); we start the
system at various iniﬁal conditions wifh different values of the Hamiltonian (4.6) and the
fixed value of the constraint (4.8) and follow tﬁe system for large enough time, so that the

system settles into some periodic or quasiperiodic motion.

4.3.1 Phase space splitting of the dynamical system into energy level sets

We begin by fixing some value of the constraint (4.8) and pick the initial condition
corresponding to the minimum value of the Hamiltonian (4.6). In Figure (4.7) we plot
the time trajectory that corresponds to the minimum value of the Hamiltonian. This time
tr;a,jectory corresponding to the minimum of the Hamiltonian lies in a plane, which we call
a minimum energy plane. We then increase the Hamiltonian and integrate in time starting -
at some arbitrary initial condition; after some time the time trajectory settles to some quasi

periodic motion, which looks like a motion on a surface of a torus (see Figure 4.7).
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2nd real component

1st real component - 1st imaginary component

Figure 4.7: Time trajectories in the phase space of the 4-dimensional system with constraint.
The axes correspond to the two real components and one of the imaginary components of
the system. The thick line corresponds to the minimum value of the Hamiltonian. The thin
line corresponds to a value of the Hamiltonian larger than the minimum.
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Keeping the value of the constraint (4.8) fixed, we increase the value of the Hamil-

tonian further; the new time trajectory is plotted in Figure (4.8).

2nd real component

1st real componént -5 15

1st imaginary component

Figure 4.8: Trajectories in the phase space of the 4-dimensional system with constraint.
The axes correspond to the two real components and one of the imaginary components of
the system. The thick line in this picture is the same minimum energy line as in the figure
(4.7) above, and is reproduced in this picture as a reference line.

If we increase the Hamiltonian value even further, and compute the corresponding
trajectories, we find that the trajectories collapse onto the line perpendicular to the min-
imum energy plane (see Figure (4.8) ). Finally, at the highest value of the Hamiltonian
the trajectory in Figu're (4.9) is a circular line in the plane perpendicular to the minimum
energy plane.

Figures (4.7)-(4.9) provide a picture of the phase space splitting into various energy

surfaces from the minimum to the maximum value of the Hamiltonian with some fixed value

of the constraint.
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0.5

2nd real component

1st real component 1st imaginary component

Figure 4.9: Trajectories in the phase space of the 4-dimensional system with constraint.
The axes correspond to the two real components and one of the imaginary components
of the system. Thick line corresponds to the minimum of the Hamiltonian, and thin line
corresponds to the maximum of the Hamiltonian.
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4.3.2 Changes of Metropolis sampling trajectories with respect to tem-

perature

Now we would like to find out if there is any connection between the time tra-
jectories of the dynamical system (‘4.9) and the Metropolis sampling trajectoﬁes of the
-system (4.6), (48) Our previous discussion in Chapter 3 suggests that for large inverse
temperature 5, the ébnﬁgurations that contribute the most to the statistical sum would be
/concentrated on configurations of minimum energy. This is indeed-the case, and we verify
this in Figure (4.10), where . we plot a Metropolis sampling trajectory for the low temper-
ature with the same value of the constraint (4.8), which we used for the time trajectories

above. We started the Metropolis sampling at many different points and each time got the

same torus like picture in Figure (4.10).

Figure 4.10: Metropolis sampling trajectory of the 4-dimensional system, §=4. The axes
correspond to the two real components and one of the imaginary components of the system.
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Now we would like to find out how this Metropolis sampling trajectory changes as
we increase the temperature. We pick some high enough value of temperature, and compute
the Metropolis sampling trajectories starting at various initial configurations. What we see
is that the torus-like strﬁcture of the most important configurations changes completely and >

starts to look like a ball.

2nd real component

1st real component

1stimaginary component

Figure 4.11: Metropolis sampling trajectories of the 4-dimensional system with constraint,
$=0.04. The axes correspond to the two real components and one of the imaginary com-
ponents of the system.

We observe thé,t the typical phase space Metropblis sampling pattern completely
changes_ its topology over some range of values of temperature. In other words, there is a
low temperature pattern - a torus, a high temperature pattern - a ball, and a transition
region between them, in which torus is transformed into a ball, or vice versa.

Although one specific configuration can be sampled several times and so it will
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have a bigger statistical weight associated with it, in Figures 4.10,4.11 such a configuration
is shown as just one point. To give a better picture we show the weight of each different

energy state in Figures (4.12) and (4.13).

Beta=4
0.35 T T T T T T T T T
0.3}4 . d
0.25} ' . 4
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0 1 1 1. 1 1 1 1 L L
0 10 20 30 40 50 60 70 80 90 100
energy

Figure 4.12: Dénsity of states for the Metropolis sampling trajectories. The horizontal axis
is the energy, from smallest to largest possible values. The vertical axis is the density of
the configuration with each energy.

These pictures show that for low temperature almost all of the contribution to
the statistical sum comes from the neighborhood of the smallest energy configuration. An
increase in temperature results in a bigger contribution to the sum from the higher energy

states, which corresponds to the torus like Metropolis sampling trajectory turning into a

ball.
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Figure 4.13: Density of states for the Metropolis sampling trajectories. The horizontal axis
is the energy, from smallest to largest possible values. The vertical axis is the density of
the configuration with each energy.
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4.3.3 Changes of Metropolis sampling trajectories with respect to con-

straint N

So far we have observed that there is a change in the topology of the sample
trajectories from a torus to a ball when the temperature is changed. Motivated by this
v‘observa,tion, we would like to find out what topological changes happen when we change
both the constraint N and the température, as in Figure (4.6). First, in Figure (4.14) we

present the graphs of K vs. [%V for several different values of N.

+ N=1, * N=10, 0 N=40, the number of nodes =2
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Figure 4.14: Values of K for N= 1, 10, 40 and varying f3.

Notice that even for the simplé 2 node system there is qualitative similarity be- -
tween these graphs and the ones in Figure (4.6) for the 40 node system. This indicates

that studying a simple 2 node system will provide an insight into the behavior of a more
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complicated one.

In Figure (4.14) as in Figure (4.6) there are clearly three distinct regimes; for
1073 < ﬁLN < 101 the éurves cprrespondjng to different constraints are clearly distinct and
almost constant; for 107! < Z?lTv < 1 the curves come together, and for 1 < ﬁ—lﬁ the curves
~are indistinguishable and constant.

We would like to find out what are the topological changes in Metropolis sampling
trajectories corresponding to the low value of ﬂLN when the three curves in Figure (4.6) are

distinct. To do this we fix ﬁLN = 1072 and plot Metropolis sampling trajectories in Figures

(4.15), (4.16), and (4.17), for N=1, 10, and 40 respectively.

N=1, 1/BN)=1072

2nd real component

1st real component

st imaginary component

Figure 4.15: Metropolis sampling trajectories of the 2 node system, N = 1, 1/(8N) = 1072

A new interesting feature has appeared in Figure (4.16) as we increase the value

of the constraint N from 1 to 10 — a single torus splits into two tori, and the two tori then
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N=10, 1/BN)=10"2

2nd real component

-5 -5
1streal component _ 1st imaginary component

Figure 4.16: Metropolis sampling trajectories of the 2 node system, N = 10, 1/(8N) = 1072,

N =40, 1PNy =102
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Figure 4.17: Metropolis sampling trajectories of the 2 node system, N = 40, 1/(BN) = 1072
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move apart as N increases until they become perpendicular to each other.
In order to see what happens to the two tori Metropolis sampling trajectories
(N = 40) as we increése the temperature, we pick the first value of 3 in the transition
region, for example ﬁv = 1, and the second value of @ in the region where all three curves
‘ in .F igure (4.14) come together, for example ﬁLN = 10. The Metropolis sampling trajectories

are shown in Figures (4.18), and (4.19).

N=40, 1/(BN)=1

10

2nd real component

1st real component -10  -10

1st imaginary component

Figure 4.18: Metropolis sampling trajectories of the 2 node system, N = 40, 1/(8N) = 1.

One can see from these pictures that as temperature increases the two tori become
fatter’ in the transition region, and turn into a ball for high enough tempera.tures.

In section 4.3.2 we showed that for low temperatures the Metropolis sampling
trajectories are concentrated around th.e minimum energy time trajectories ( see Figures

(4.7), and (4.10) ); now we present minimum energy time trajectories for N = 10, (Figure
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N=40, 1/@BN)=10

2nd real component

1st real component

1st imaginary component

Figure 4.19: —Metropolis.sampling trajectories of the 2 node system, N = 40, 1/(6N ) = 10.

(4.20)), and for N = 40 (Figure (4.21)).

Recgll that there are two ti{ne tra, jectories- coming through each point of the phase
space, since the fourth degreev of freedom of the system is determined from the three shown -
in the picture and a constraint ﬁp to a plus br a minus sign.

If we compare Figures (4.20), (4.21) and Figure§ (4.16),(4.17) respectively, we
again see a very good agreement between Metrop'oh'svsa,mpling aﬁd time trajectories; this

confirms our intuitive reasoning in Chapter 3.

4.4 General case

Now we consider the more general case of the statistical ensemble (3.11),(3.13),

- and a dynamical system (3.2) with the number of discretization points n greater than 2. We
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2nd real component
o
L

-2

1st real component 1st imaginary component

Figure 4.20: Splitting of the minimum energy circle in the time dependent system, N = 10.

10
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0

2nd real component

-5

1st real component

1st imaginary component

Figure 4.21: Splitting of the minimum energy circle in the time dependént system, N = 40.
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would like to investigate the connection between changes in kurtosis (4.6) and Metropolis
sampling trajecfories; we are motivated by the simple 2 point.systen.lt case of the preceding
section, and would. like to see whether such phenomena as tori turning into a ball persists
for the large system. Since we cannot visualize the whole n-point system as we could before,

we have to take projections onto a three-dimensional subspace.

4.4.1 Changes of Metropolis sampling trajectories with respect to tem-

perature in large system.

Surprisingly, we are sfi]l able to observe very clearly phase space changes of the
Metropolis sampling trajectories at low and high -temperatures, which look very much the
same as in the simple 2-point case.

We present‘ a typical picture that we observed over different combinations of any‘
three discretization nodes. We picked at random three particular nodes and monitored their
Metropolis sampling trajectories for a few different runs of Metropolis algorithm.

In Figure (4.22) we present the projection of the Metropolis sampling trajectory
of a 10-point system for low temperature. The parameter range of this system (N = 1,
B = 4) corresponds in Figure (4.6) to the left part of the lower curve (Flﬁ = 0.25). Notice
that the Metropolis sampling trajectory is a single torus and looks very much the same as
the torus of the 2-point system in Figure (4.10).

Both of these tori in Figures (4.22), and (4.10) correspond to the lower kurtosis
curves in Figures (4.6), and (4.14) respectively.

In the 2-point case we observe that as we increase the temperature the torus like

picture turns into a ball. Now we increase the temperature in the large system (ﬁLN = 10,
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N=1, beta = 4, number of nodes = 10
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1st real component

1st imaginary component
Figure 4.22: Metropolis sampling trajectory for the 10-point system, N=1, § = 4.

see Figure 4.6) and plot the resulting Metropolis sampling trajectories in Figure (4.23).

Observe that the torus turns into a ball, just as in the 2-point system (see Figures
(4.10),(4.11)). This is very surprising; even though the phase space of the larger system is
very complicated, the simple phase space structure of the Metropolis sampling trajectories
is preserved in the large system.

- Let us consider the dynamical system (3.2); which we discretize with a large num-
ber of points and integrate in time at a minimum value of the Hamiltonian; the resulting
trajectory is given in Figure (4.24).

Notice that, as before in the 2-point case, the Metropolis sampling trajectories

for low temperature (Figure 4.22) are concentrated around the energy minimum shown in

Figure (4.24).



N=1, 1/(8 N)= 10, number of nodes = 10
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Figure 4.23: Metropolis sampling trajectory for the 10-point system, N=1, 8 = 0.1.

Number of nodes = 10, Constraint = 1
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Figure 4.24: Projected time trajectory of the 10-point system for small energy.v
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4.4.2 Changes of Metropolis sampling trajectories with respect to con-

straint N in large system

Recall that in Figure (4.6) kurtosis changes depending on both temperature and

- constraint N. In simple 2-node system we observed that as N increases at low temperature,
- the torus splitted into two tori (Figures 4.15, 4.16, 4.17 ). The sample trajectories of the

large system also change from a torus to a more complicated structure, which we plot in

Figure (4.25); nevertheless the torus like picture splits into something very similar to the

two tori picture of the simple 2-point system (see Figure 4.17).

number of nodes = 40, Constraint = 10°, beta=10"*

200 <

150 i?

100

-200  -200

Figure 4.25: Metropolis sampling trajectory for the 40-point system N = 103, § = 107%.

As temperature increases, something similar to the 2-point case takes place; at

first the tori structure becomes fatter’ (see Figure 4.26) and then for high temperature it
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turns into a ball (Figure 4.27).

number of nodes = 40, Constraint = 10°, beta = 10~°

200

-200  -200

Figure 4.26: Metropolis sampling trajectory for the 40-point system N = 103, § = 1075

Clearly, there is a strong connection between phase space Metropolis sampling
trajectories structure and differences in kurtosis (Figure 4.6), which appears in the small

2-node system and persists for larger systems.

4.4.3 Changes in kurtosis K as constraint N increases

It might appear that as N increases for low temperature the kurtosis éurves in
(Figure 46) will teqd to a discontinuoﬁs step function.vHowever, what really happens for a.
fixed number of discretization points is that fqr large enough value of N the curves converge
to a smooth function; the results are shown in Figure (4.28).

For values of N > 640 presented in Figure (4.28) the curves converge to a curve
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number of nodes = 40, Constraint=10°, beta = 1078

80\ .

100

-100  -100

Figure 4.27: Metropolis sampling trajectory for the 40-point system N = 103, 8 = 1078
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Figure 4.28: Values of K for various N and
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close to the one that corresponds to N = 640. From these pictﬁrés for the fixed number of

nodes we do not observe convergence to the discontinuous step function as N increases.

4.4.4 Changes in kurtosis K as the number of discretization points in-

" creases

Now consider the limit in which the constraint N is fixed and the number of
discretization points increases. In this case again we observe that the functions converge to

some smooth limit function; the results are shown in Figure (4.29).

. N=40, number of nodes * 40, 0 80, x 160
36 T 1 ¥

(p2+q2)2d.x)/N2
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1.8 " e - 1 " Ll e | 14
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Figure 4.29: Values of K for N=40 and different number of discretization points.

If we pick a larger value of N and compute kurtosis for increasing numbers of
discretization points, the functions again converge to some smooth limit function; the resilts

are shown in Figure (4.30).



59

N=80, number of nodes * 40, o 80, x 160

8 - r T -
. * . J
® @
x #*
61 o 4
x
* -
‘st |
=
o
< o
= 1
* ]
3 o
2l © * *oxex 1
1 " 1 Py i
10? 107 10° 10’ 10°
14B N

Figure 4.30: Values of K for N=80 and different number of discretization points.

These plots suggests that for a fixed value of NV, as the number of discretization
points increases the kurtosis converges to a smooth function. However, for larger value of
N the kurtosis has a steeper slope in the transition region; this suggests that we need to

investigate the limit as both N and the number of discretization points increase.

4.4.5 Changes in kurtosis K as both N and the number of discretization

points increase

We are going to show that as we increase the number of discretization points the
kurtosis tends towards to a higher limit.
In the previous plots we either used a fixed number of discretization nodes (n=40)

or a fixed constraint (N =40, N =80). If we now increase the number of discretization points
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and the constraint N simultaneously, we observe that in the transition region the slope of
the curve corresponding to larger N is steeper than for a smaller N. If we double the
number of nodeé, the derivative increases substantially (see the summary in Table (4.1)).
This might suggest the possibility of a discontinuity in the function K in the limit as N and

the number of discretization points approach infinity. The estimates for the derivatives in

the transition region are summarized in Table (4.1).

]T\I umber of nodes ] Maximum absolute value of the derivative

0 2.1
80 14.1
160 22
320 30.5

Table 4.1: Maximum a,bsoluté value of the derivative

The plots of the curves in the transition region are given in Figure (4.31). Here
we plot K for increasing number of nodes and increasing values of N. Notice that in Figures
(4.28), (4.29, (4.30) we used a logarithmic scale, but we do not use it in Figure (4.31).

Also observe that the horizontal axis in Figure (4.31) is scaled as [—glﬁ, and as N
goes to infinity the trénsition region increases which implies that the temperature in the
transition region goes to infinity.

To summarize: In the transition region between low and high temperatures the
slope of K increases in absolute value as.the number of nodes and the constraint N increase.
However, the numerical simulation cannot provide a proof that there is a discontinuity in the
limit as the number of discretization nodes and N go to infinity. Investigating numerically

a system of more than 500 discretization nodes or 1000 degrees of freedom (500 real and
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Figure 4.31: Values of K for increasing number of discretization points and N. N = 640
(for 40 and 80 nodes), N = 1000 (for 160 nodes), and N = 2000 (for 320 nodes)

500 imaginary components) becomes prohibitively expensive.
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Chapter 5

The Self-Induction Approximation

and the Non-linear Schrodinger

Equation

In this chapter we describe the self-induction approximation for a single vortex. .
~ First we would like to motivate our interest in this equation and in statistical mechanics

associated with this equation from the point of view of fluid and superfluid turbulence.

5.1_ Introduction. Turbulence and Statistical Mechaniés.

An understanding of turbulence is one of the important unsolved problerhs in sci-
ence; turbulence in fluid and superfluid flows has been studied by scientists for many years.
Smooth fluid flows are well understood and there are accurate models and computational

methods for their analysis. However, three dimensional high Reynolds number fluid turbu-
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lence is not well understood; one of the reasons for this is that accurate resolution of the
turbulent three dimensional flow on a computer requires on the order of 1020 — 1059 grid
points in space and time. This comes from the need to resolve the motion on length scales
that span many orders of magnitude. It is evident that such calculations are impossible

~even on the fastest computers; therefore there is a need for a deeper insight into the physics
of turbulence and into the computational algorithms.

There is experimental evidence that turbulent motion is not only very complex,
but also random. In other words, if we make the same experiment with a large number of
apparently identical systems, we would obtain different results from the same measuring
process; this suggests that turbulence needs a statistical description. There is also evidence
of universal behavior in turbulent motion; the inertial scale of turbulence, which is the scale
between the range at which energy is injected intq the system and the range at which it is
dissipated, exhibits a universal energy spectrum, called the Kolmogorov spectrum, which i;s
independent on the type of fluid and the geometry of the flow [14], [45], [38], [40], [44].

This motivates an approach to turbulence taken by many researchers in which
one uses a stochastic model for the motion on the small scales, and one couples it with
explicit solution of the Navier-Stokes equations on large scales. A small-scale model, or a
subgrid model, is supposed to account for the effects on small scales, like energy transfer
and dissipation [14], [40]. There is a more recent appfoach for treating simultaneously all
scales of turbulence by. a suitable stochastic model and computing averages of the fluid flow,
subject to given initial constraints [18].

There are many approaches that can be taken to study turbulence by probabilistic
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means. One of the most natural approaches is to apply ideas from.sta,tistical physics and
equilibrium thermodynamics [14], [8], [9], [10], [11]. The idea is plausible, since the small
écales of the turbulent ﬁow have time scales much smaller than the time of the‘ overall decay
of the flow, so the small séales can reach equilibrium very fast compared to the time on
Awhich the flow is observed. The equilibrium assumption provides a great simplification,
since it requires relatively few.deﬁning parameters, like energy, temperature, and a set of
constraints; however, _it still allows us to observe a wide ;/a,riety of phenomena including
phase transitions and negative temperatures [1], [7], [14], [12], [13], [16], [17], [36], [43],
[50]. It also admit_s various formulations of turbulent models both in real space and spectral
variables [14], [27], [52].

Turbulence plays an important role in quantum systems like superfluid helium
[21]. In the superfluid flow the mechanical and thermal effects are coupled; thermal effects
can destroy the superfluid flow, and this process has been related to turbulence [21], [24].
The eéuations of motions of the superfluid are not fully understood and how to model the
superfluid flow remains an open question [29], [6], [56], [2], [53], (54]. -

The study of superfluidity is also important because of its relation to the super-
conductivity [22], [35]; thgreforg a study of superfluidity might provide an insight into the

study of superconducting currents, and help in the design of the superconducting devices.

5.2 The Self-Induction Approximation

In this chapter we describe the self-induction approximation for a single vortex.

We then use the Hasimoto transformation to obtain a non-linear Schrédinger equation
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from the self-induction approximation. We use a Hamiltonian formulation of the non-linear
Schrodinger equation to construct a Gibbs canonical ensemble.

We start by coﬁsidering inviscid isentropic incompressible fluid in three dimensions.
We would like to study its time evolution by studying the time evolution of the vorticity w.

‘Denote the velocity field by v .
w = curlv. (5.1)

We show following [19] how the velocity v can be expressed in terms of the
vorticity w . An incompressible fluid satisfies the equation div v=0. Then there is a vector
field A such that div( A )= 0 and v= curl (A). Therefore A A = -w. Green’s function

for the Poisson equation in three dimensions is

1
G(x,xN) = -——v . 5.2
() = = e ] (5-2)
The vector A can Be expressed in terms of w by
A(x) = / G(x, xt)uw(x), dxs (5.3)
R
where the integral is over R®. Taking the curl of A, we get for v(x)
1 (x ~ x/) X w(x/)
v(x)= — dx/, 5.4
=4[, o (5.4)

where the integral is taken over the whole three-dimensional space. We wish to rewrite this
expression for the velocity in a different form. To do this we need to introduce the concept

of a vortex tube and its strength.
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Take a two-dimensional surface S that is nowhere tangent to w. Draw vortex lines
through each point of this surface, assuming that w does not vanish anywhere on that
surface. The resulting object, which is a product of the surface S and vortex lines, is called
a vortex tube. Suppose the surface S is finite with a boundary that we will call L. The

~ quantity

/L vds, | (5.5)

is the circulation of the tube. By Helmholtz’ theorem [19] the circulation of the isentropic
fluid around any two curves encircling a vortex tube is the same; this value is therefore
common to the whole vortex tube. It is called strength of the vortex tube, and we denote
it by I'. It is also constant in time, as the vortex tube moves with the fluid. By Stokes’

theorem

f / vds:/de, (5.6)
L S ‘

where dB denotes the differential directed area dB = _nd5 . Here'n is a normal tc; the surface
S and dé is an infinitesimal area of the crosssection of the vortex tube.

Assume that vorticity is concentrated in a small neighborhood of a curve in three
dimensions; call this curve with this neighborhood a vortex filament, and call this curve
itself a centerline of the vortex filament. Assume further that along each crossection normal
to the centerline, the vorticity associated with this vortex filament is the same at every
point of the crossection and is parallel to the centerline at the point of the intersection of
‘;he centerline and the vortex tube. |

For any surface S that is transverse to this centerline [qwdB =T. We call this T’
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the strength of the vortex filament. Then the formula for v(x) becomes

(x — x/) x t(x/)
lIx ~ ]|?

v =4 [ xt, (5.7)

where the infegral is taken over the line C, and t(x/) is a unit tangent vector to the curve
C at the point x/.

| Now we wish to study the evolution of the vortex filament by the asymptotic

expansion introduced by Arms and used by Hama [25]. We follow the presentation in [3]

and [6)].

Denote by x(s) the centerline of the vortex filament, where s is an arclength along
the centerline.” By Taylor’s theorem x(s)= x(0) + 5%(0)s + %%’5(0)32 + O(s®). Without
loss of generality choose x(0)=0, and denote the tangent unit vector 2 (0) by t and § (0)
by «n, where n is the normal unit vector and x is the éurvature. Similarly, expand t(s) as
t(s)=t + xns + O(s%). The vector product t x n is called the binormal vector; denote it
by b. Consider a local coordinate system at the point 0 spanned by the triple t, n, s; pick
a point r= (0, o cos(¢),osin(t)) near the vortex filament and calculate the integral (5.7)

at this point. Neglecting terms of order three or higher in s we can write
1
(x(s) — r) x t(s) = nosin(y) — bo cos(¢) — tokssin(y) — ibmsz. (5.8)

Substituting the expression above into (5.7), integrating from -L to L, and taking

the distance o from the point r to the filament sufficiently small, we get

v(r) = ———(b cos(¢) — nsin(¢)) + —blog( ) + O(1). (5.9)
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The contribution to the velocity that comes from the vortex outside the line of
integration -L < s < L is bounded in magnitude and we can neglect it. The first term in
(5.9) represents the rot'ation of the fluid around the vortex filament. A straight filament will
produce a velocity field given by this first term, but the filament itself will remain stationary
. in its own velocity field. Therefore we assume that the motion of the vortex filament itself
is given by the second term in (5.9).

Finally, we are able to write down an asymptotic equation for the motion of the ‘

vortex filament. Taking a point x on the filament we get from (5.9):
"Ik L ’
= — - . 5.10
v(x) = blog(2), (5.10)

where b is the unit binormal vector at the point x and o is usually taken as a
finite radius of ‘the real vortex filament. We can change units of time in (5.10) to absorb

the constant in front of the equation
v(x) = kb. | (5.11)

We would like to show now that a vortex filament moving with the fluid according
to (5.11) does not stretch. Pick a parametrization of the filament 7 by parameltrizing the
fluid particles along the filament; the length along the vortex filament s is thus' a function
of n. If the filament stretches as it movesa—%:;—’tl should depend on time. We now prove that

ﬂs{,?]—’t) does not depend on time. Differentiate (5.11) with respect to the arclength s :

0 0x, _O(k(dsxm)) 0Ok ot 0,10t
_(9_5(—57)— ot _as(txn)_l-/{(s X“+txas /{03)_
Ok 10% 1 0k, Ot 0%t
g(txn)-*-fﬁ(FX;w—zgt)(g)—-t)(gg.
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Here we use the fact that % = kn. Changing the order of differentiation in the

expression above, we find:

at 0%t
5= t x 3 | (5.12)

Analogously, we differentiate (5.11) with respect to 1 and get:

0 ,0x %t s

b—n(ﬁ) =tx @a—n (5.13)

Finally, we differentiate g—;ﬁ with respect to time:

0 0x 0 0xds 0tds 0x0 0s 514
0t 0n’ ~ 8t 8sdn’  9tdn  8s0t On’ '

Changing the order of differentiation in the formula above and using (5.13) we get:

d ,0x d ,0x % s
(=) = (=) =t X 2= = .

53 = a0 =t g oy (5.15)
From formulas (5.12 - 5.15) above, we conclude that 2 g%) = 0 i.e. the filament

does not stretch. This is one of the limitations of this model of the motion of the vortex,

since real fluid vortices exhibit stretching.

5.3 The Hasimoto Transformation

In this section we describe a transformation, due to Hasimoto, of a self-induction
approximation into a nonlinear Schrédinger equation.

The Frenet-Seret equations of differential geometry are given by:

0x ot on db
g—t, %—/ﬁn, —:Tb—-/’",t, g:

35 —Tn, (5.16)
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where x is the vortex centerline, t is the unit tangent, n is the unit normal, b is the unit
~binormal, k is the curvature, 7 is the torsion, and s is the arclength. Using the last two

equations in (5.16) we obtain:
0 . . . '
gg(n + ib) = ~it(n + ib) — xt. - (5.17)
This suggests the following coordinate transformation:

N = (n + ib)ezp(i /Os T(s)ds) ' (5.18) |

Y= n.exp(i /Os T(S)ds). ' (5.19)

. Then from (5.18) and (5.19) we obtain:

0N ' | | |
s ~t, - | (5.20)
and
ot o 1.- _ |
3. = Re(¥N) = 5(¥N + ¢N). - (5.21)

Next we would like to derive an equation describing the time evolution of N.

Expand %1%{ in N, N, t, where N denotes the complex conjugate of N:

‘29_1:1 = aN + N 4 ~t. (5.22)

' We then have the following scalar products between t, N, and N:

tN = tN = 0, NN = NN =0, NN = 2.



71
We determine the coefficients a, 3, and v as follows:

ata= %(NNJr NN) = ﬁ(NN) =0

1.

B= 2NN 155(NN) 0 (5723)
ot

T="Ngp

Thus @ = iR , where R is some unknown real function. To determine v, compute

the derivative of t with respect to time:

ot 9 o 82/) 1,09 - (91/)
P - Z(kb)= b - wrn = S(GoN- 3PN 5.24
5% = B (xkb) asb KTn = Re(z N)= 55, ). (5.24)
Using the orthogonality relations and (5.24) we find the expression for v:
0y :
_ 9 2
=i (5.25)

Combining (5.22), (5.24), and (5.25) we obtain an expression for the time derivative

of N:

ON o9
= = (BN - ZE). (5.26)

We wish to write down an evolution equation for ¢. To do this we differentiate
equation (5.20) with respect to time, equation (5.26) with respect to arclength, and then

use formulas (5.20), (5.21), and (5.24); the result is:

8(6N oy, ot 0y z(aw 1)
ot B 8t ot ot 285 Os

6(8N)_z(_N Rt — aw a¢1

N)
(wN + 9¥N)). (5.27)

Equating the coefficients of t and N in (5.27), we have:

oy . %

5 = (5 + BY) (5.28)
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1. 9% OR 18y

2¥%s = 35 2as" (5.29)
From (5.29) we can solve for R:
R(s,) = 3 (b(s, 0(s, 1) + C(0), | (5.30)

‘where C is some function of time only. Substituting this expression for R into (5.28) we get

an equation for :

16y Py 1, ., |

We can eliminate the function C from the equation above by introducing a change of vari-

ables:
i - , : .
P = xpexp(—%/o C(r)dr), (5.32)

and rewrite equation (5.31) in the form:-

10 9% 1
i 0t 0s2 2

DPe. (5.33)
It should be pointed out that the function C(t) which appears in (5.31) is not arbitrary. It
can be recovered from the fact that we have chosen our variable P(s,t) in such a way that
1%(0,t) is a real function for all time. We now show how C(t) can be reconstructed from
this constraint: Suppose we solve equation (5.33) with some initial condition (s,0)= P(s,0)

and some appropriate boundary conditions; then we find P(s,t) = 1(s,t)exp(if(s,t)), where

r(s,t) is the absolute value of 9)(s,t). Therefore,

7(0,t) exp(26(0,t)) = ¥(0,1) exp(—% /Ot C(n)dn). | (5.34)
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Since (0, t)is real r(O,t):ﬁb(O, t)and 8(0,t)=-1 f C(n)dn. From this we find C(t) explicitly:

,0(0,8)

Clt)=-2—%

(5.35)

Now we can in principle start from the self-induction equation, go to the nonlinear Schrodinger
equation, solve it and then go back to the self-induction approximation, and write down
the solution in the original variables. A more detailed description is presented in {6].
Before concluding this chapter we would like to discuss briefly the invariants of the
self-induction and nonlinear Schrodinger equations. One of the properties of these equations
is the existence of an infinite number of constants of motion. For the nonlinear Schrédinger

equation we can write the first two (see [51] for more):

0
5 [ W) =0,

) oY -
For the self-induction equation we can write down corresponding constants of motion:

a 2 _
E/n (s)ds =0,

9 [, . |
a/m rds = 0. | (5.37)

In addition, as was shown above, the arclength is a constant of motion in the self-induction
approximation. The invariants of the self-induction equation can also be checked by direct
substitution. The first of the invariants in (5.37) can be interpreted as the ’total curvature’
of the vortex filament; we see that as the vortex moves with the fluid its ’total curvature’

remains constant; later we will make use of this invariant.
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5.4 Changes in the shape of a vortex filament with respect

to constraint N and temperature

In this section we present the plots of the typical vortex filaments that we obtain
from the cubic Schrodinger equation for different values of the constraint N and temper-
ature. We remarked at the end of Clvla,_pter 4 that in the limit as constraint N goes to
infinity the temperature at which the transition occurs also goes to infinity. This fact is in
agreement with the results of Chorin [12], [14], [15] that the single vortex filament has a
phase transition at inﬁnité temperature.

Recall that equations (5.20),(5.21) are a consequence of the Frenet-Seret equations
of differeﬁtial geometry (5.16). Integrating equations (5.20),(5.21) starting at some arbitrary’
point in space produces the vortex filament that corrésponds to .the complex function .
There.are two difficulties in restoring the vortex from %; one is that % ﬁight be a rapidly
oscillating non-smooth function, in which case we have to smooth it a little bit. The second
is that by the definition of ¥ in (5.19) it has to be purely real at the point s = 0, so the
problem is to find a filament corresponding to an arbitrary function 1 that does not have
a purely real point. We do not resolve this problem here, and just use in our presentation
functions ¥ that are real at. s=0.

The soliton-like field, which is a typical field configuration for low temperatures
and large N (Figure 4.1) corresponds to an almost straight vortex filament with a sharp
kink (see Figure 5.1)

This shape roughly corresponds to the left part of the upper kurtosis function in

Figure (4.5). Keeping the temperature low and decreasing the value of the constraint N
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B=1.25, N=80, number of nodes = 40, 1/(B N)=10'2

0.08 T
0.06
0.04

0.02 <

Figure 5.1: Typical vortex filament for low temperature and large N, N = 1072

gives the left part of the Iower kurtosis function in Figure (4.5); the typical field configuration
is close to a constant, and the corresponding filament shape is given in Figure (5.2). The
vortex is smooth and almost circular, which is what one would expect for a constant field,
i.e. for constant curvature.

Increasing the temperature destroys the order in the shape of the vortex filament,
and the typical vortex becomes more random, as shown in Figure (5.3); this filament cor-

responds to the right-hand side of the kurtosis curves in Figure (4.5).
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B=1.25, N=10, number of nodes = 40, 1/(@ N)=10"2

0.1
-0.24
-0.34
-0.4)

-0.5

-0.6

-01 g25

Figure 5.2: Typical vortex filament for low temperature and small N, ﬁLN =102

B=1 .25'10'3, N=80, number of nodes = 40, 1/(B N)=10
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Chapter 6

Conclusions

We have studied numerically bifurcation and phase transition phenomena in t'he
Gibbs canonical ensemble associated with the cubic Schrb'dinger equation.

We have shown that the changés in typical function profiles with respect to temper-
ature and constraint observed in [41] are associated with the splitting of a phase space into
different components. We discovered that these changes can be observed in a discretization
with as few as 2 points.

For low fixed temperatures, as the constraint (3.6) increases, the functions on
which the Gibbs canonical ensemble (3.5),(3.6) is concentrated change from almost constant
functions (Figure 4.3) to a soliton shaped functions (Figure 4.1). This explains the increase
in average kurtosis presented in Figure (4.5). There is a corresponding change in the phase
space structure of the minimum energy éurface for the Hamiltonian (3.3). We observe that
as the constraint increases, the torus-like structure which corresponds to the small value of

the constraint splits into two tori structure, and as the constraint increases further the two
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tori split further apart until they become perpendicular to each other.

The second typé of change that we have studied is with respect to temperature
(with the constraint ﬁxéd (3.6)). As the temperature increases the typical soliton-like shape
is destroyed and becomes just a random fluctuation for high temperatures (Figure 4.2). This
.expla.ins the decrease in average Kurtosis presented in (4.5). Corresponding to the change
in the kurtosis, the phase space structure of the Metropolis sampling trajectories changes
from a torus-like shape to a ball-like shape (Figures 4.10,4.11). The temperature region in
which the change in the structure of the Metropolis sampling trajectories occurs exactly
corresponds to the temperature region for the change in kurtosis in Figure (4.5).

We point out that the cubic Schrédinger equation is equivalent to the self-induction
approximation for vortices ‘[26]. In terms of vortex representation the soliton-like typical
structure of functions at low temperatures corresponds to a straight vortex filament with
a sharp kink; for high temperatures the straightness of the vortex is destroyed and the
shape of the vortex becomes random (Figures 5.1, 5.3). We remark that in the limit the
temperature at which the transition occurs inéreases to infinity, Which is in agreement with
the results of Chorin [lé], [14], [15] that the single vortex filament has a phase transition at
infinite temperature. |

We have investigated numerically the limit of the kurtosis (4.4) for a fixed number
of discretization points as the constraint (3.6) increases; we demonstrated that eventually
the kurtosis cdnverges to a smooth function whose maximum value is determined by the
number of discretization points. |

We also investigated the limit of kurtosis (4.4) for a fixed value of the constraint
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as the number of discretization points increases; we found that the kurtosis converges to a
smooth function in this limit as well.

However, if we increase both the constraint (3.6) and the number of discretization
points, then we see a strong numerical indication that for some temperature the first deriva-
 tive of the kurtosis (4.4) becomes infinite. We do not know what happens in the infinite
limit; however, for large enough values of the constraint and for a large enough number
of discretization points there may be a discontinuity in the first derivative of the kurtosis
(4.4), which could indicate a behavior similar to 2 phase transition in classical statistical
mechanics.

We also have shown the equivalence of the Gibbs canonical ensemble associated
&ith the cubic Schrédinger equation (3.5),(3.6) and the microcanonical ensemble (Figure
(3.2)).

We have studied the ergodicity of the system (3.2) (3.5),(3.6), and presented results
that show the equivalence of time and ensemble averages (Figure 3.2). We remarked that
the numerical method used for integrating the cubic Schrédinger equation in time has two
constants of motion: the Hamiltonian (3.3) and the constraint (3.6). On the other hand
the cubic Schrédinger equation has an infinite number of conseryed quantities [51], so the
relation of this numerical result to the discretized equations of motion: for the continuum
cubic Schrédinger equation is not straightforward. However, it is still an interesting fact

that in the discrete version of the cubic Schrédinger equation there is an equivalence of the

time and ensemble averages.
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