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Attenuation And Fluctuations of Elastic Waves

Due to Random Scattering From Inclusions
Valeri A. Korneev and Lane R. Johnson

Center for Computational Seismology, Lawrence Berkeley National Laboratory,

Uﬁiversity of California, Berkeley, California 94720
Abstract

Exact solutions for elastic compressional and shear waves scattered from a homogeneous sphere
are used to obtain formulas for velocity and attenuation of plane waves propagating through a layer
of randomly distribufed inclusions. Analytical expressions are obtained for the mean transmitted
wave and fluctuations in its amplitude and phase over the complete range of frequencies. The size
and conti'ast of the inclusions are arbitrary, but interactions between scatterers are not considered
and the concentration of scatterers is assumed to be small. The results are compared with gifec-
tive media expressions for velocities in the low frequency limit. The analytical solutions are also
compared with numerical simulations and it is demonstrated that they satisfactorily explain the
effects of scattering on both the mean and variance of the phase and the mean and variance of the
attenuation for all frequencies. The need for spatial averaging of observational data and methods
of interpreting such a,ve;a,ged data in terms of the material properties of the scattering medium are
discussed.
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1 Introduction

. The problem of elastic wave propagation through heterogeneous media is encountered in numerous

disciplines. It has been particularly important in the discipline of seismology because the earth is



heterogeneous on a broad range of scales, and so a variety of different approaches to this problem
have been developed. For a medium heterogeneous in only one dimension the problem is essentia.lly
solved because exact solutions exist, although even in this situation the process of estimating and
describing the heterogeneity in realistic applications commonly introduces approximations. For
media heterogeneous in two or three dimensions the problem is much more profound, as it is
necessary to combine approximate solutions of the wave equations with approximate descriptions
of the media, and understanding when a particular set of approximations is valid is not a simple
matter.

Because of the complexity of heterogeneity within the earth, it is typically modeled as a random
medium in which the effects of the heterogeneity upon elastic waves is treated in a statistical sense.
Chernov (1960) was one of the first to adopt this description of the medium and then assumed
scalar wave propagation in obtaining results that have been used in a variety of applications.
See for example Aki (1969, 1973, 1980), Wu (1982), Sato (1982a, 1982b), and Flatté and Wu
(1988). Another common approach is to use the Born approximation in which it is assumed that
the perturbations in the elastic wave parameters are linearly related to the perturbations in the
medium. For examples of this approach see Knopoff and Hudson (1964, 1967), Hudson (1968, 1977),
Sato (1984, 1990), Wu and Aki (1985a, 1985b), Wu (1989, 1994), and Li and Hudson (1995, 1997).
While these various approaches to the problem of wave propagation in heterogeneous media have
been successful in certain applications, they are accompanied by important limitations which can
raise questions about the validity and generality of the results. Examples of such limitations are the
lack of conversions between modes of propagation, the failure to conserve energy, or the inability to
handle strong contrasts in material properties. It is the purpose of this papér to present a method
of handling wave propagation in three-dimensional heterogeneous media which avoids some of these

limitations.



The basic approach followed in this paper is to treat the wave propagation process as a series
of forward scattering problems. The medium is described as a random distribution of scatterers,
where the size, material properties, and density of scatterers can vary. For the case where the
scatterers are spherical and homogeneous, exact solutions for the single scattering process are used,
but multiple scattering effects are only partly included. The use of these exact scattering solutions
allows a complete treatment of mode conversions between P and S waves and arbitrary strong
contrasts in material properties. They also provide the starting point for deriving low-frequency

and high-frequency asymptotic solutions that can be compared with other approximate solutions.

2 Scattering by a single inclusion

It is necessary to first review some of the results from single scattering theory. These will be taken
primarily from Korneev and Johnson (1993a, 1993b, 1996). Consider a homogeneous material with
elastic parameters and density given by Ay = A, ps = u, p2 = p. Velocities and wavenumbers for

P and S waves, plus a velocity ratio, are defined by

A+2 w w v
s p

where w is angular frequency. At the origin of the coordinate system is a homogeneous inclusion

having material properties Ay , p1 , p1, which are in general different from those of the surrounding
material.
Consider a simple harmonic plane wave propagating in the direction of the positive z axis of a

rectangular coordinate system (z,y, z).
~ _ iwt A _a —~thkymz 1
Um0 = Umo € s Umo = UmUmo = Uy, € ( )

Here the index m = p, s denotes either an incident P wave (m = p, vy = vp, Uy = 2) or an

incident S-wave, (m = s, vy = v,, Gy = X).



The presence of the inclusion causes a disturbance of the incident wave which is described by

the scattered field u?(r,0, ¢). Thus the total field outside of the scatterer has the form
Uy = Umo + u;’é(r, 07 ¢) (2)

Here a spherical coordinate system ( 7,8, ¢ ) having the same origin as the rectangular coordinate

system has been introduced. The scattered field may be expressed as a sum

uy((r,0,¢) = Ump(r,6,9) + ums(r, 6, 9) (3)

of scattered P and scattered S waves, which in the far field approximation have the forms

. e—tkp(r—2)

Uinp(7, 8, ) = UmoAmp(0, ¢)—‘r—“ (4a)
' e—ika(r—2)

ums(T, 0, ¢) = umoAms(av ¢)——7‘— (4b)

Note that in the far field the scattering function A,(6, ) is polarized along # and orthogonal to
An(0,9) so that (A, - Ams) = 0. Because of this, the change in the incident wave amplitude

due to the interaction with a single inclusion can be expressed as

—tkm (rv-—z)

AU = (U = Umo) * fim = Umo[Asmm (8 8)lom ———— ’ (5)
where ¢,, denotes the principal far field component associated with the wave index m. For the
geometry described above, ¢,, = z for an incident P wave and ¢,, = z for an inéident S wave.
| We also need a result relating the total energy in the scattered field to the forward scattered
amplitude having the polarization of the incident wave, known as a forward scattering theorem or
an optical theorem. Let F,, be the energy flux per unit area averaged over one period and let
be a closed spherical surface of unit radius surrounding the inclusion. Then it is easy to show that

the scattering cross sections related to the energy of the incident P and S waves are given by

7= 72 = [ (1400 + 715 (0,9)) dt =~ Im ({4 0,0 (62)
FS
o= g = % [, (.00 + 71400, 6)) s = -5 m {[A0(0,0)1} (6b)



3 Scattering by a layer of inclusions

Consider a thin slab extending to infinity perpendicular to the z axis between z and z + Az.
Inclusioqs having the same size, shape, and elastic properties are uniformly distributed within this
~slab with a density of N(z), the number of inclusions per unit volume (Figure 1). The average
effect upon a plane wave propagating through this slab is obtained by summing up the effects of

all the individual inclusions (equation (5))

Aty (z+ A2) = Az /oo /oo N(2)Au{)(z,y, z)dzdy . (7)
= A2N(2)im(2) / ” / ™ B (0, B)on o
m oo oo mm b Sm 7 y

It is assumed in writing the above expression that the size and density of the inclusions is small
enough so that scattering interactions between the inclusions can be neglected. | Next we assume
that the transmitted coherent plane wave is influenced only by the inclusions in a small cone
about # = 0 which coincides with a few central Fresnel zones (Hulst, 1957). Then, approximating

A (0,6) by Apm(0,0) and using the parabolic approximation for the phase function —k,,r, we

obtain
A (7 + Az) = —iAz:—:N(z)Am(z)ﬁm(z) - ®
where
Am(2) = [Amm(0,0)]c,, (9)

is defined as the forward scattering coefficient at any value of z, In the limit as Az becomes small

this becomes the differential equation

%ﬁm(z) = —i:—:N (2) Am(2)m(2) - (10)



This equation can be integrated for a layer having total thickness Z to obtain the net effect upon a

plane wave passing through a layer (0 < 2z < Z) having inclusions distributed with a density N(2)
ﬁm(Z) = umoe_’.%i' .I;)Z N(z)Am(2)dz (11)

The result in equation (11) represents the average plane wave after it has propagated through a
layer of thickness Z. It is sometimes referred to as the coherent part of the total field. A similar
result was obtained by Groenenboom and Snieder (1995) for the two-dimensional scalar problem
using the method of stationary phase.

The transmitted wave in equation (11) can also be expressed in the form (see Appendix C)
im(Z) = umoe"g""(z)e'q'"(z) ' (12)

where the non-dimensional phase shift ¢,, and attenuation §,, are effective parameters which have

" the simple relationships

bn(2) = wbtn(2) ,  1u(2) = 2Dy .. )

with an effective travel time deviation At,, and an effective scattering attenuation coefficient ay,.

Then, comparing equations _(11) and (12), it is clear that

- 2 (2

om(Z) = —ic: A N(2)Re {An(2)}d= (14)
and

in(Z) = —:—: /OZ N(2)Im{An(2)}dz (15)

Using the optical theorem of equation (6) we also have

1 (7 '
im2)=3 [ N@on()iz , (16)
It is clear from equations (13) and (16) that a local attenuation coefficient a,,(2) can be defined by

am(2) = N(2)om(2) (17)



From equations (13) and (14) the time shift of the transmitted wave is

2r (2

Atn(Z) = - / N(2)Re{Am(2)}dz . (18)
m JO
This can be written as
- VA :

Atn(2) = Bn(2)Z - (19)

U,

where A,,(Z) is the weighted average

AZ) = _%’-% OZ N(2)Re {Am(2)} d= (20)

It follows that the effective velocity is given by

of = Im__ 21

Thus the time shift parameter of eqﬁation (20), which is essentially an average of the real part of
the forward scattering function, translates directly into an effective velocity.

The results contained in equations (11) to (21) are generally true for any size of inclusion if
the assumption of single scattering is justified. Note, however, that only scattering attenuation is

included here, and intrinsic attenuation due to absorption of energy must be included sépa,rately.

4 Attenuation and phase fluctuations

In the previous section formulas for the average attenuation and phase shift caused by propagation
through a layer containing randomly distributed inclusions were derived. Because of the randomness
involved in this problem, it is to be expected that there would be fluctuations about these average
values if a series of e;_c_periments were performed for different realizations of the inclusion distribution.
In order to estimate these fluctuations it is necéssa,ry to consider the squared scattering effect A|u,,|?

given by

AI'“'ml2 = |tmo + Aug)lz - Ium0|2



= 2Re{u’ ,Aull} + |Aul)|?

—tkm(r-=2) :
= 2|umo'2Re{[Amm(0’¢)]Cmi——} + |Aug)|2 (22)

r .
The next step is to calculate the spatial average of this expression as the wave propagates through
a thin slab of thickness Az. The first term on the right presents no problem, as it is essentially
the expression evaluated in equation (7). For the second term on the right we follow a procedure

similar to that used for equation (7) and have

|[Aum(z + AZ)|% = AzN(z)/ / |Au)(z, y, 2)|dzdy

o dzdy

= AzN(z)W/;o /0:0 |[[Amm (0, &)leml

For the case where the scatterers are spheres of radius R, the results given in the Appendix A
(equation A-5) for the Mie scattering regime (k,, R ~ 1) can be substituted into equation (22).

Evaluations of the resulting integrals are given in Appendix B, and we have

[Aup(z + AzZ)|2 = -27rAzN(z):|um(z)|2lAm(z)|2Gm : ) (23)

where G, is a non-dimensional function of frequency and elastic parameters. The complete ex-

pression for the averaged fluctuations is thus
AT AT = AN (el [:—:zm{Am(z)} + 27r|Am_(z)|2c:m] | (242)
which can also be written in terms of the scattering cross section of equation (6) as
Afum(z + AP = AzN () um(2)P [-0m(2) + 27| Ars(2) G | (24b)
In the low-frequenc} limit k., R < 1 (Rayleigh scattering) equation (24) c-aJn be reduced to

Alug(z+ A2)2 = AzN(z)|um(z)|2'[—om(z) + 27r|Am(z)|2G$,?)] (25)



with constant |G’$g)| < 1. In the high-frequency limit &k, R > 1 it becomes

97

Alum(z F AP = AzN(2)[am(?)E [_am(z) + e

AnF] (26)

However, as pointed out in Appendix A, equation (A-6) should be used in place of equation (A-5)
at high frequencies, and this leads to

Alum(z + Az)]? = AzN(2)|um(2)|? | -om(2) + ;M 31 Am(2)? (27)
kiR .

Equations (26) and (27) differ by the insignificant factor 1.125, which justifies the use of equation
(24) for all frequencies.

Consider the general result of equation (24) and take the limit as Az — 0 to obtain
d 2 2 ]2 |
Zlum(@)F = N(2) [~om(2) + 271 An(2)*Crn| [um(?)] (28)
Integrating this equation from 2 = 0 to z = Z yields

- z .
lum(Z)|2 = lumol2 e—j;) N(2)om(z)d=z e21rj;)z N(2)|Am(2)2Gmd= (29)

This result represents the fluctuations in the transmitted field after passing through a layer of
arbitrary thickness Z.

The variance of the transmitted field is given by
sar (D) = FonCT — (2 @
and from equation (11) and (6)
[im(Z2)[? = [tmol? €™ o NEIm()dz (31)
Thus

var {um(Z)} - ,umo|2e_ foz N(z)om(z)dz [ezﬁfoz N(2)|Am(2)2Gmdz _ 1] (32)



‘This expression clearly shows the two competing effects that control the fluctuations in the trans-
mitted field. The term in brackets, V\;hich represents the conversion of energy from the coherent
field into random fluctuations, starts from zero when Z = 0 and grows continuously as Z increases.
This growth is tempered by the decaying term in front of the brackets, representing the continuous
loss of energy from the coherent field caused by the scattering. As is shown below, the combination
of these two effects leads to a maoﬁmum in the fluctuations at a particular value of Z.

Note that another method of characterizing the relative size of the fluctuations is in terms of a

coefficient of variation defined as

CcoOV = [”‘"‘ {um(Z)}]l/2 _ [ezwfoz N(@)Am(2)PCmdz _ 1]1/2 | (33)

|2m(Z)|?
This result shows that the relative size of the fluctuations grows monotonically with the distance
of propagation.
| it is shown in Appendix C that the average squared value of the phase shift of equation (14)

and the attenuation of equation (15) are equal to each other and have the value

Z .
2P = [an 2P =7 [~ N(@)|An(2)Grm d (34

When the high frequency result of equation (27) is used in place of equation (24), the variance .
becomes

2
N(2) JA—"I'I(-‘,—Z)-Ldz

Z ar 2
var {un(2)} = lumOIZe-fo N(z)om(z)dz [e;gfo (35)

Numerical calculations at high frequencies reveal that in general
Im {[Amm(0,0)]c,.} > Re{[Amm(0,0)]c,.}

~ and therefore from equation (6) it follows that

5 _ km0m(2) 2
|Am(2)|? = |Im{[1}mm(0’0)]°m}|2 - (T)

10



This result is also consistent with formula (A-3). Substituting it into equation (35) results in
v z o2 (z
var {um(Z)} - lumolze—j;) N(2)om(z)dz [eﬁﬁ)z N(z)—m%—lR dz _ 1] (36)

A further simplification is possible if we use an asymptotic expression for the scattering cross-section

Om =~ 27 R? when k,, R — 00 to obtain
var {um(2)} = [umef?e”2* o MO [gr 7 VR _ ) (37)

When the inclusions are all uniform with respect to size, elastic parameters, and density, the result

for high frequencies reduces to the simple form
var {um(2)} = |tUmol e~2"NR?Z [e"NR2Z - 1] (38)

This result says that for scatterers large compared to the wavelength of the incident wave, the
fluctuations in the scattered field are independent of frequency and proportional to the density of
scatterers N and the squared radius of the inclusions.

Cénsider again the general expression for the variance givén in equation (32). It is vstra.ightfor-

ward to show in both of the limit cases w — 0 and w — oo that
27| A (2)|>Gn < o (2)

Although an analytical demonstration has not yet been found, numerical calculations indicate
that this result holds for all frequencies. Assuming this to be true in general, it follows that
var {u,,(Z)} — 0 as Z — oo. From equation (32) it fs obvious that var {u,(Z)} - 0as Z — 0. |
Thus the variance must have a maximum at some intermediate value Z = Z. The condition for
this maximum is

om(Z)
om(Z) — 27| Am(2)|2G

Z . .
27r[) N(2)|An(2)|“Grdz = In (39)

11



Introducing the concentration ¢(z) = 3L R3N(z) as the fraction of the volume occupied by inclusions

and assuming that it and the inclusion properties are constant at low frequencies leads to

(40)

7 8k R® [ Om ]
[

R~ 27| An]2 " Lom — 27| Am|2Gm

5 Attenuation for small scatterers

In the low frequency range where the inclusions are small compared to a wavelength (Rayleigh scat-
tering), the scattering coefficients have fairly simple forms for the case of a homogeneous spherical

inclusion. From Korneev and Johnson (1996) we have the (un-normalized) scattering cross sections

4r =) +m—p\ 1 (p 2 2
e { ( A+ p+ 2 3 \p2 7%/

8 (i )2 1 ( 2 1)
+15 (u2 1) 72 (27 + , ” (41a)
4m 2 2 21
{3 (2
o 57 s { P (v+2)+ 5 \ iz 1 D2 (2y°+3) (41Db)
Also, -
2,2 3
Re{An} = - §ka A (42)
where _
1[3(A1 = A2) +p1 — pa (Pl ) 4 (i 72 |
A,==-(2 - |=-1 +—(-——1)— 43a
? 2{ S+ + 2 P2 3 \p2 D (432)
and '

1/ 1 P1 '
2 W\ g2 D~ \p; (43b)
D is defined in Appendix A.

Using equation (42) and substituting the concentration that was previously defined, the time

shift of transmitted waves from equation (18) becomes

Atn(Z) = vi /0 7 () B2}z

m

12



The time shift parameter of equation (20) is now

An(Z) = % /0 ? (2)Am(2)dz (44)

which is independent of frequency. Thus at low frequencies there is a constant time shift and a
nondispersive effective velocity.

‘For the low-contrast case where

Al A=A ) - )
[6A] _ A 2|<<1’ Bul _ lm #2|<<1’1ﬂ lp1—po| ,02| <1
A A Iz I p P

the expressions in equations (41) and (43) simplify to

2
am o ) (6A+ 26p 1(5,,)2( 2) 8(@)2 2( 2 3)
= - 37 ~ (L = — (= = 4
Op = gkpR {( T2 +3 " 1+72 +45 . v {2y -{—72 (45a)

2
o 27k4126{(‘5”) e+ +5 (%) (275+3)} (45b)
pl o -

_ 1 [oA+28m) 5_/’} _ bv

Ap—-2{ 2 7S _ (46a)
1 (6p 6p} bvs

=1 = - 46b

Be=3 { 7Y A (46b)

The time shift parameter of equation (44) then has the simple form

61) z
)= 4 [ 2=y,
so that
]
Aty = / o(z) 2om(2) "”"(z) (47)
Note that when ¢(2) and §v,,(2) are constant, equation (21) can be put in the form
ef _ sves é :
U efvm = 1::}1, =c :m . (48)
Um Um m

This is a particularly simple relationship between the relative change in the effective velocity and

the relative change in the inclusion velocity.

13



It is instructive to compare these low-frequency results with the effective media results of Kuster
and Toksoz (1974). They used a low-frequency single-scattering approach to derive relationships
between effective elastic moduli and the individual moduli of the composite material components.
Their results can be used to estimate the velocity of P and S waves, but not the attenuation. In
terms of the notation used in this paper, their results are obtained by solving the following system

of equations

Keg~Ky  K;j—- Ky

= 49
3Ker + 4z 3Ki+ 4 (492)
Hef — B2 —c Hi — M2 (49b)
Ot (K2 +2p2) + p2(9K3 + 8u2) 6u1( K2 + 2u2) + p2(9K2 + 8uz)
Pes— P2 =c(p1— p2) (49¢)

where the following bulk moduli have been introduced
_ 2 2 -2
N ¢! =>\1+§#1 » Ka=Xst Jpa, Kef=/\ef+§#ef

We have performed a numerical comparison between the low-frequency formulas for velocity
derived in this paper and those obtained with the approach of Kuster and Toksdz (1974). The

matrix medium was chosen with properties:
vpg = 5.3km/s, v =32km[s, py =265 gm/cm®

In Figure 2a the effective velocities 'v;f and v¢/ calculated by both methods are plotted as functions

of concentration ¢ for low-velocity scatterers with properties:
vp1 =3.0km/s, vy =2.0km/s, py =26 gm/ecm?®
Figure 2b shows a similar comparison for high-velocity scatterers with properties:

vp1 = 7.0km/s, v =4.0km/s, p; = 3.0 gm/cm?

14



The two methods give almost the same results for both low-velocity and high-velocity inclusions
for the low concentrations where the theories are valid. These results demonstrate that at low
frequencies the results of this paper are entirely consistent with effective media expressions, such
as those of Kuster and Toks6z (1974). It is worth noting that these results should only be used for

concentrations ¢ < 0.5, as the meanings of "matrix” and ”inclusion” are reversed for larger values.

6 Numerical modeling of scattering

The effect of scattering on propagating plane elastic waves was simulated by using the exact scat-
tering solution for a single elastic sphere (Korneev and Johnson, 1993a,1996). The design of the
experiment is shown in Figure 1. A thin slab of a scattering medium having thickness Az was
simulated by distributing a large number of spherical inclusions having the same radius R and
with random spacing so that the z coordinates of all the centers of the spheres were in the in-
terval (—Az,0). Plane elastic P and S wave pﬂses containing a broad rangé of frequencies were
propagated in the positive z direction. Offset a distance A from the scattering region, were a set
of K receivers having a separation interval of Az. The lateral size of t'he box, 20 km x éO km,
was taken large in comparison to k and Az in order to achieve the effect of a layer having infinite
extent. The concentration was taken to be ¢ = 10%, which required a rather large number of
scatterers N = 5300. The other parameters used were h =4 km , R = 0.1 km, Az = 0.5 km aﬁd

Az = 0.5 km. The material properties of the background medium were
vp2 = 5.3km/s, v =32km/s, py=2.65gm/em?
and for the scatterers they were

vp1 = 3.0 km/s, vy =2.0km/s, p;=2.6gm/cm®

15



The calculated transmitted seismograms at 20 different values of = for both an incident S wave
and an incidenf P wave are shown in Figure, 3. In both cases there is a fairly coherent direct wave
followed by a long coda of incoherent scattered waves. Note that only the principal component of
the incident wave is shown, which is the £ component for an incident S wave and the z component
for an incident P wave. This explains why there is not a significant amount of scattered energy
preceding the coherent transmitted S wave in this figure, as this energy appears on the z component.
There is also some low level noise present on the traces due to the wrap-around associated with
the finite time wiﬁdow used in the numerical Fourier transform.

The Fourier transforms of the seismograms shown in Figure 3 were calculated and then the
relationships of equations (12) and (13) used to estimate the battenuation parameter Ag,,(2 + Az)
from the modulus and the phase shift parameter Ag,,(z + Az) from the phase. The results are
shown as dotted lines in Figure 4 (incident S wave) and in Figure 5 (incident P wave). In each case
the calculations were performed on a single seismogram (upper panels in the figures) and for the
average of all 20 seismograms (lower panels in the figures). Note that the phase isAambiguous by
multiples of 27 and this Eambiguify can sometimes be removed by searching for discontinuities. This
unwrapping of the phase was attempted for the phase c;.lcula,ted from the averaged seismogram,
but not for that of the single seismogram where the high degree of randomness in the data did
not permit a stable result. Also shown in Figures 4 and 5 are the analytical estimates for the
attenuation andi phase calculated from eqﬁa_tion (8) b(hea,vy solid lines) aﬁd the analytical estimates
for the fluctuations calculated from equation (24) (light solid lines shown as plus and minus one
standard deviation). For the comparison with the average seismograms it was assumed that the
fluctuations accumula,ted‘ randomly so that the variance of the average decreased as K~!, where

K = 20 was the number of seismograms that were averaged.

16



The results of Figures 4 and 5 form the basis for several general observations. First, the
analytical estimates are in reasonable agreement with the nﬁmerica.l results for both the mean and
variance. For a single seismogram the statistical uncertainty is so large that only general trends can
be identified, but in the case of the averaged seismograms a much more quantitative evaluation of
the agreement can be performed. The agreement is slightly better for the attenuation than for the
phase, which contains the additional complication of phase unwrapping. An associated observation
is that, due to the statistical fluctuations, it may be impractical in many situations to reliably
estimate attenuation and phase from a single seismogram, and the advantages of using spatiaﬂy
averaged data a,‘re significant. A second general observation is that the r‘esults exhibit ;elatively
simple behavior at low frequencies where the wa,ve. pa;ra,meter is less than about 2. In this range
the numerical and analytical results are in good agreement (even for a single seismogram) and
the phase shows a linear dependence upon frequéncy. The third general observation concerns the
behavior at high frequencies. Althqugh there are both long and short wavelength oscillations in the
results that are associated with the dimensions and properties of the sca,tterérs, the trend in the
attenuation is a constant non-zero value and the trend in the phase is a constant value of about
zero.

In the discussion following equation (32) it was pointed out that, due to the competing effects
of conversion of energy from the coherent field and the resultant decay of the coherent field, the
amplitude of the ﬂuctuzitions in the transmitted ﬁel(i will have a maximum at a particular prop-
agation distance. Note that a.I-l expression for the maximum is given in equation (40), but this is
not a i)articularly simple function of either.frequency or wave type. This phenomenon is shown for
various values of frequency in Figure 6, where it is clear that the fluctuations rise from a value of
zero at small distances and decay to zero again at large distances, which requires that there be a

maximum at some intermediate distance. It appears that the distance to the maximum decreases as

17



the frequency increases. It also appears in this figure that the distance to the maximum is greater
for S waves than P waves at low frequencies, but the situation is reversed at high frequencies.
These tendencies are shown more clearly in Figure 7, which graphs the position of the maximum
as a function of frequency. Here it is clear that the distance to the max{mum decreases rapidly at
low frequencies, but then stabilizes at a fairly constant value at high frequencies. Also, while the
distance to the maximum is greater for S waves than P waves at low frequencies, this relationship
begins to alternate with increasing frequency and both types of waves show similar béh;wior at the
highest frequencies.

Equation (21) shows how the phase shift of the coherent transmitted wave can be converted to
an effective velocity by interpreting the phase as a time shift. LApplying this result to the averaée
of the seismograms in Figure 3 (thus using the mean phase in Figures 4d and 5d) results in the
dispersion curves shown in Figure 8. In this example of low velocity inclusions the velocities at low
frequencies (Rayleigh scattering regime) are less than the background values and thus represent
effective media values, as predicted by the results of Figure 2a. At hlgh frequencie_§_ (ray theory
regime) the velocities approach thosé of the backgfound, as expected. At intermediate frequencies,
there is a more complex dependence upon frequency that includes both minima and maxima in
the dispersion curves, with these features associated with the minima and maxima of the phase
curves in Figures 4d and 5d. Note that these minima and maxima do not have to be at the same

frequency for P and S waves, so the ratio of these velocities can exhibit an even more complicated

behavior.

7 Discussion and conclusions

The analytical results of this paper provide a method of estimating the effects of scattering upon

a plane wave propagating through a layer of randomly distributed spherical inclusions. Formulas
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have been obtained for both the average field and the statistical fluctuations about this average.
The generél results can be used for inclusions of arbitrary size and contrast and for all frequencies,
but approximations for small inclusions or low contrast inclusions have also been included. These
analytical results have been validated by comparing them with effective media estimates at low
frequencies and with numerical simulations over the entire frequency range. In both cases the
agreement is satisfactory, which suggests that a.ppropriéte approximations were used in evaluating
the various integrals encountered in the theoretical development.

The results displayed in Figures 4 and 5 show that the relatively simple expressions of equations
(14) and (15) do an acceptable job over a broad frequency range of describing phase and attenuation
effects upon a wave propagating through a region coﬁta.ining scatterers. The fluctuations calculated
with equation (32) also serve as adequate bounds on the statistical uncerta.iﬁty of the mean field.
What is also clear in Figures 4 and 5 (panels a and b) is that, because of the random fluctuations, any
attempt to reliably estimate the characteristics of the scattering on the basis of a single seismogram
may be a difficult task. Only the phase shift at low frequencies shows a reasonable approximation
to the mean field. Note that non-physical negative values of attenuation are common in the results
for a single seismogram. This means that in most cases some sort of spatial averaging of the
observational data will be ﬁecessa,ry before stable values of the mean phase and attenuation can be
estirﬁated.

Assuming that an averaging process has been applied which has re(iuced the fluctuations to a

‘acceptable fraction of the mean value, it is of interest to consider how data such as that shown
in Figures 4 and 5 can be interpreted in terms of material properties of the scattering medium.
Measurements at high frequencies of velocity (or phase) are only dependent upon the background
medium and thus can be used to estimate v,,é, Vs2, and p;. Measurements of velocity at low

frequencies can be combined with equations (21), (43), and (44) to provide constraints on the
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properties of the inclusions vp1, vs2, p2 and the concentration c. For the low-contrast case the even
simpler result of equation (48) can be used. The first peak in the phase curve is a well defined
feature and constrafmts on the material properties can be obtained by fitting the analytical results
to the data. For instance, in the low-contrast case it can be shown that the position of this first

peak is given by

1
. ?, 2 ) .
Wpeak & 2.82%2- (v—:;"-— 1) : (50)

Similar constraints are provided by measurements of attenuation. Using equation (16), and
assuming a uniform distribution of the concentration and type of inclusions, we have

_ 3cZ
im(Z) = Pyl ‘ (51)

At low frequencies (Rayleigh regime) where the attenuation is rapidly increasing, the proportionality

of oy ~ w*R® can be used to obtain
Gm(Z) ~ cR?*Zw?! . (52)

Fitting this expression (including the appropriate proportiona,lity factors from equation 41) to the
attenuation places constraints on ¢ and R. At high frequencies (kn R > 1) where the attenuation
is approximately constant the limiting value of o,, = 27 R? leads to

m(2) =2 | | (53)

This is second constraint on ¢ and R pro;rided by the attenuation data, which means that inde-
pgndent estimates of these two parameters are possible. Note that in the limits of low and high
frequencies the attenuation data are independent of the velocities and densities. Also note that the
phase data are mainly sensitive to thev material properties, while the attenuation data are mainly

sensitive to the geometry of the inclusions.
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Some information about the properties of the scattering medium can also be extracted from the
level of the fluctuations. At high frequencies this level becomes independent of frequency. Noting
that the mean value of the phase goes to zero in this range, one can start with equation (34) and

use the same arguments that led to equation (38) to obtain

tNR?Z _3cZ

2 8R (54)

var{qS,;L(Z)} =

This provides another constraint on ¢ and R.
In this paper the attenuation has been described with the non-dimensional attenuation g, or
the attenuation parameter a,,. Another common method of defining attenuation is in terms of the

quality factor Q. The relationships between the various definitions are

3ecvm,
47w R3

20 v v
-1 _ 'm U _ Um _

wZ

Om
Using the same limits discussed above, at low frequencies we have
Q;! ~ cR%W®

and at high frequencies

3cvy,

-1
Om = 2wR

The results of this paper have been demonstrated with calculations and examples that assumed
inclusions ha.ving the same type and size, but the results are much more general tha,n. this. For
instance, in the basic results of equations (14), (15), and (32) the critical elements are integrals
involving expressionsvof the form N(2)F{Am(z)}, where N(z) is the dénsity of scatterers having
the forward scattering coeflicients A4,,(2) and ,F is some function of A,,. This is easily generalized
to the situation where there are J different types of scatterers, each having its own distribution in

density N (j)(z) and scattering coefficients As,{) (2). Then the basic results involve integrals of the
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form

J
/0 7 N(2)F{Am(2)}dz= Y /0 ’ N (2)F{AU)(2)}dz

j=1
This aﬁows calculations to be made for rather arbitrary distributions of inclusions, with the only
restrictions being that the distributions only be a function of 2 and that the total concentration be
small.

The results presented in "chis paper are only valid for small values of the concentration ¢. This
restriction can be removed for the case of the average field, and Kaelin and Johnson (1998) develop a
self-consistent version of the results in this paper for the coherent wave. What results is an implicit
expression for the attenuation and phase, which means that an optimization problem has to be

“solved at each frequency. An equivalent treatment has not yet been developed for the fluctuations

in the transmitted wave.
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Appendix A

In evaluating fluctuations in the scattered field it is necessary to take into account the angular de-

pendence of the scattering coefficients. Expressions for the angular scattering coefficients A (8, $)
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‘and A,;(6,4) can be found in Korneev and Johnson (1996) for the case where the inclusion is a
homogeneous sphere of radius R. Here we will need approximate results for the Mie scattering

regime k,, R = 1. For the forward scattering direction and an incident P wave this is
(B :
(A8, 34,027 o (A1)

where

(0)—k2R2{ %(;\l—kz)‘i'll:l'_l‘l@ + (p_1_1> - é(“_l._ )7_2}
P 2 TG+ p1) + p2 P2 3 \pz D

Here j; is the spherical Bessel function of the first order, and
. 0
Bp = 2k, Rsin 3

D= 1+%(ﬂ—1)(3+2y2)

For an incident S wave the corresponding result is

(Au0,8)l = 34,022 cos (A-2)

where

- B2 - 5(2-4)

and

Bs = 2k, R sing

At high frequencies &, R > 1 it is more valid to use the approximation obtained by Dubrovsky

and Morochnik (1983) for low-contrast spherical inclusions.

. [ 6 (Ji(knRE O, .
[Amm(oa ¢)]m'= _kaR2 sin 0 ( llEng ) - z;z—exp(—mm)) (A'3)

where Jy is the cylindrical Bessel function and

OIS o®
T = kR 4(%(&) 1) 162 5m_2ka( - 1)

23




Because the forward scattering direction where 6 is small is of primary interest, equation (A-3) can
be approximated so that it is normalized for the arbitrary-contrast high-frequency case and then it

becomes

(A D)o = 2Am(2)| g Tz b0) (a9

With the above results it is now possible to calculate the squared modulus of the change in the
incident wave, which is useful when considering random fluctuations in the scattered field. For the

Mie case this is

cos? g m
AUDP = S| A (0?25 “gf ) (45)

For the high frequency case it is

1 J2(kmR6)

r2 k2, R?0sin 6 (A-6)

|AuQ) = dfumol*| Am(0)* =

It will be shown later that for the purposes of this paper the difference between these last two

equations is insignificant.

Appendix B

To evaluate the integral associated with the fluctuations in the transmitted field

2d:z:d'y (B-1)

I= [7 [ l(Anm(® &)enl

it is necessary to use more accurate expressions for the scattering function [An,m(0, )], than for
the case of the average field (equation 7). We no longer can take advantage of an oscillating factor
which tended to concentrate the contribution in the vicinity of 8 =~ 0, but must .now integrate over
a wider aperture, which requires a more accurate specification of the angular dependence of the

scattering function. Therefore we use a scattering function in the form

o 1(Bm) 14m(2)] _[m m=r
(0, Bl = 375 (o o o P = { m=s (52)
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where R, (0, ¢) is the Rayleigh solution for the sphere of an arbitrary contrast taken from Korneev
and Johnson (1996). Introduction of the ratio r‘é%((()%ﬂ, with function A,,(z) from equation (9)
allows the applicability of equation (B-2) to be extended to higher freguencies while still taking
advantage of the main contribution of [Amm(6, $)]c, in equation (B-1) for small angles.

For an incident P wave we have

[Rpp(6, )]

_ 2 ]
R,(0,0) ~ cos O(p -?-pg cos @ + p3 cos” 6) | (B-3)

where we have introduced the notation

ai a2
1= — 2 = —
p a0’ Y4 a0’

as

3:
. o’

ayg =ay +az +as

___1_%(’\1_)\2)'{‘#1_/12+_2_<El_1):)’_2
2 %/\1+u1+2u2 3 \p2 D

o= (3-)
P2

\ A2
—_oft _\ 1L
%= 2(#2 l)D

Substituting equation (B-3) in equation (B-1) results in

%0 0 dzd :
TP = [ [ A6, LR = anla(PG, _- (B-4)
where
6 wR
Gp = ng(wp)Pk, wp = 2— (B-5)
k=2 ' Up2

and the coefficients P; have the simple forms
P, = pl, P3 = 2p1py, Py = 2p1p3 + 1}

P5 = 2p,ps, Ps = p3
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The functions gx(w) are integrals of the form

.2 . 0 w .2 2 k+1
® ji(wmsin3) pdp _ 36 /7‘*2 31(?) 2t 4
= = - t -
.gk(wm) 9 b (wn sin%)z cos" @ ) A " 1 wl (B-6)

These integrals can be analytically evaluated for low values of k. For instance, when £ = 0 we have

9 1 sin2d sin®d 4 [dsin?t
90_@25(”37”7*7"@/0 _t—dt)" d=wn/V2 (B-7)

As k increases the expressions for gi(w) become increasingly bulky and contain special functions
similar to the go case. An examination of these integral expressions revealed that, for the purposes
of this paper, the exact expressions were not necessary and the following approximate expressions

were sufficiently accurate

1
a(k+2) (1+ %k +2))

(W) = k=0,1,2,.. (B-8)

A demonstration of this fact is given in Figure B-1, where the exact (equation B-6) and approximate
(equation B-8) expressions are compared for ¥ = 0, ... 6. Note that for large arguments (high

frequencies) all g approach the same asymptotic value

gr(wm) & — | (B-9)

m

In the case of an incideﬁt S wave we have

(R (0,9l = S1(sin? ¢ + cos® ¢ cos? 8) + Sz(cos® ¢ — sin? ¢ — 2 cos? ¢ cos? 6) cos 6 (B-10)

|R(0,0)|
where
S1 = ﬁ, S2 = 93,
bo bo
bo = b1 — b

n=(2-1)

P2
_(m_\1

bz_(#z )D
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Corresponding to equation (B-4), we have for S waves

A /: /oo°°|[Ass(o,¢)]t|2d””fy = 21| 4(2)[2G,

T

where

6
Gs = Egk(ws)ska Wg = 2V_
k=0 52

and the g functions are the same as those defined in equation (B-6)

by
3 1 1
So = gsf, S1 = —53182, Sy = Z(s% + 2322)),
3 3 -3
S4 = gsf - 8%, S5 = —23132, Se = 58%,

It is easy to show that at low frequencies the functions
Gm(w) = GO
do not depeI;d on frequency ahd satisfy the inequalities
169 <1

whereas at high frequencies they approach
' 3v, \2
Gm(w) = (m)

Appendix C

(B-11)

 (B-12)

. The coefficients Sy are given

S3=10

The body of this paper contains expressions for the mean field and the mean squared field as

it propagates through a layer containing randomly distributed scatterers. It is desirable to have

similar results for the phase shift and attenuation of the propagating wave. Starting with equation

(5), the primary component of the total field after interaction with a single scatterer is

U fin = o + AUD = o |1+ [Amm (8 B)]o &
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In terms of increments in phase and attenuation this can also be represented as

U- Uy = UpoetAEm—Adm) (C-2)
Assuming the change in phase and attenuation are small, this is

U - Uy & U [1 + iAGy, — Agn] (C-3)

Comparing this with equation (C-1) yields

) e—ikm(r—z) :
2A¢m - AQm = [Amm(e, ¢)]cm——_r— ) (C'4)
or, equivalently,
_ l .—ikm(r—z)
Adm = ~Im {[Amm(8, $)lome } (C-)
_ l —ikm(r—z) “ _
Agn = = ~Re {[Amm(8, ®)lome } (C-6)

Following the same procedure used in deriving equation (8), the phase and attenuation can be

averaged over a thin slab to obtain
- 2
iDGm(2+ AZ) — AGm(z + A2) = — z'#—r—N(z)Am(z)Az (C-7)

This result can be converted to two differential equations which can be integrated to obtain equa-
tions (14) and (15).
Next, following the same procedure used in deriving equation (24), we obtain the squared

deviations

Al¢m(z + A2 + Algm(z + B2) = 27N (2)| Am(2)[2 G Az | (C-8)

This can be integrated with respect to z to obtain

B + (D = 25 [ Nl An(2) G d (C9)
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It is also possible to start with equations (C-4) and show that so long as

2km(r — 2) > Bm

where f3,, is given in Appendix A, the squared fluctuations will be evenly distributed between |¢|?

and [¢|? and thus

z
(207 = [an(2F = 7 [~ N(2)|An(2) G d2 (C-10)

References

1. Aki, K. (1969). Analysis of the seismic coda of local earthquakes as scattered waves, J. Geoph.

Res., 74, 615-631.

2. Aki, K. (1973). Scattering of P-waves under the Montana LASA, J. Geoph. Res., 79, 1334-

1336.

3. Aki, K. (1980). Scattering and attenuation of shear waves in the lithosphere, J. Geoph. Res., |

85, 6469-6504.

4. Chernov, L. A. (1960). Wave Propagation in a Random Medium, English translation by R.

A. Silverman, Dover, New York, 168 pp.

5. Dubrovsky, V. A., and Morochnik, V. S. (1986). Scattering of elastic waves from a large

spherical low-contrast inclusion, Fizika Zemli, 4, 32-41, (in Russian).

6. Flatté, S. M., and Wu, R. S. (1988). Small-scale structure in the lithosphere and astheno-

sphere deduced from arrival time and amplitude fluctuations, J. Geoph. Res., 93, 6601-6614.

7. Groenenboom, J., and Snieder, R.. (1995). Attenuation, dispersion, and anisotropy by multiple
scattering of transmitted waves through distributions of scatterers, J. Acoust. Sbc. Am., 98,
3482-3492.

29



10.

11.

12.

13.

14.

15.

16.

17.

18.

Hudson, J. A. (1968). The scattering of elastic waves by granular media, Q. J. Mech. Appl.

Math., 21, 487-502.

. Hudson, J. A. (1977). Scattering waves in the coda of P, J. Geophys., 43, 359-374, 1977.

van de Hulst, H. C. (1957). Light scattering by small particles, John Wiley Inc., New York,

470 pp.

Kaelin, B., and Johnson, L. R. (1998). Dynamic composite elastic medium theory. Part II.

Three-dimensional media, J. Appl. Phys., 84, 5458-5468, 1998.

Knopoff, L., and Hudson, J. A. (1964). Scattering of elastic waves by small inhomogeneities,

J. Acoust. Soc. Am., 36, 338-343.

Knopoff, L., and Hudson, J. A. (1967). Frequency dependence of scattered elastic waves, J.

Acoust. Soc. Am., 42, 18-20.

Korneev, V. A., and Johnson, L. R. (1993a). Scattering of elastic waves by a spherical

inclusion, I. Theory and numerical results, Geophys. J. Int., 115, 230-250.

Korneev, V. A., and .Johnson, L. R. (1993b). Scattering of elastic waves by a spherical

inclusion, II. Limitations of asymptotic solutions, Geophys. J. Int., 115, 251-263.

Korneev, V. A., and Johnson, L. R. (1996). Scattering of P and S waves by a spherically

symmetric inclusion, Pure and Appl. Geophys., 147, 675-718.

Kuster, G. T., and Toksoz, M. N. (1974). Velocity and attenuation of seismic waves in

two-phase media : Part 1. Theoretical formulations. Geophysics, 39, 587-606.

Li, X., and Hudson, J. A. (1995). Elastic scattered waves from a continuous and heterogeneous

layer, Geophys. J. Int., 121, 82-102.

30



19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

Li, X., and Hudson, J. A. (1997). Time-domain computation of scattering from a heteroge-

neous layer, Geophys. J. Int., 128, 197-203.

Sato, H. (1982a). Amplitude attenuation of impulsive waves in random media based on travel

time corrected mean wave formalism, J. Acoust. Soc. Am., 71, 559-564.

Sato, H. (1982b). Attenuation of S waves in the lithosphere due to scattering by its random

velocity structure. J. Geoph. Res., 87, 7779-7785.

Sato, H. (1984). Attenuation and envelope formation of three-component seismograms of
small local earthquakes in randomly inhomogeneous lithosphere, J. Geophys. Res., 89, 1221-

1241.

Sato, H. (1990). Unified approach to amplitude attenuation and coda extension in the ran-

domly inhomogeneous lithosphere, Pure Appl. Geophys., 132, 93-122.

Wu, R. S. (1982). Attenuation of short period seismic waves due to scattering, Geoph. Res.

Lett., 9, 9-12.

Wu, R. S. (1989). The perturbation method in elastic scattering, Pure Appl. Geophys., 131,

605-637.

Wau, R. S. (1994). Wide-angle elastic wave one-way propagation in heterogeneous media and

an elastic wave complex-screen method, J. Geophys. Res., 99, 751-766.

Wu, R. S., and Aki, K. (1985a). Scattering characteristics of elastic waves by an elastic

héterogeneity, Geophysics, 50, 582-595.

Wu, R. S., and Aki, K. (1985b). Elastic wave scattering by a random medium and the

small-scale inhomogeneities in the lithosphere. J. Geoph. Res., 90, 10261-10273.

31



Figure Captions

Figure 1 The basic geometry for the scattering problems considered in this paper. A plane P or
S wave propagating in the z direction encounters a thin slab of thickness Az containing randomly
distributed spherical scatterers having material properties different from the background medium.
A distance h on the other side of the slab there is a line of receivers spaced a distance Az apart in

the z direction.

Figure 2 Comparison between effective velocities calculated with the low-frequency results from
this paper (solid lines) and the effective media results of Kuster and Toks6z (dashed lines). The
background medium has properties: v, = 5.3 krn/sec, vs = 3.2 km/sec, p = 2.65 gm/cm3. Part (a)
is for low velocity scatterers with properties: vpv = 3.0 km/sec, v; = 2.0 km/sec, p = 2.6 gm/cm?3.
Part (b) is for high velocity scatterers with properties: v, = 7.0 km/sec, vs = 4.0 km/sec,

p=3.0gm/cm?.

Figure 3 Synthetic seismograms for waves that have been transmitted through a slab of thickness
Az = 0.5 km containing spherical scatterers randomly distributed with a concentration ¢ = 0.1.
For this example the backgfound medium has properties: v, = 5.3 km/sec, vy = 3.2 km/sec,
p2 = 2.65 gm/cm?® while the scatterers have the lower values: vy = 3.0 km/sec, v = 2.0 km/sec,
p1 = 2.60 gm/cm3 The results are shown for 20 different values of z where the offset in the z
direction is b = 4.0 km and the spacing in the z direction is Az = 0.5 km. Part (a) is for an
incident S wave and the transmitted waves are shown for the = component. Part (b) is for an

incident P wave and the transmitted waves are shown for the z component.

Figure 4 Scattering characteristics for an incident S wave as calculated by taking Fourier trans-

forms of the seismograms in Figure 3a, where the results for a single seismogram are shown in the

32



. upper panels (a and b) and the results for the average of all the seismograms are shown in the
lower panels (cv and d). The results of these transforms are shown as broken lines, while analytical
estimates for the mean values are shown as heavy solid lines and analytical estimates.for the mean
plus and minus one standard deviation are shown as liéht solid lines. T:he nondimensional atten-
uation is shown on the left (a and c) and the nondimensional phase is shown on the right (b and

d).
Figure 5 Similar to Figure 4 for an incident P wave and the seismograms of Figure 3b.

Figure 6 Amplitude of the fluctuations as a function of the non-dimensional distance of propagation
cZ/R, where R is the radius of the scatterers; ¢ their concentration, and Z the distance of propa-
gation. The results are shown for various values of the non-dimensional frequency Wy, =-wR/ Uma2,
where w is angular frequency, v,,2 is the background velocity, and m can be either p for an incident
P wave or s for an incident S wave. The material properties are the same as those used in Figure

3.

Figure 7 Similar to Figure 6 except that the non-dimensional distance to the maximum in the
fluctuation amplitude curve is now plotted as a function of non-dimensional frequency wR/v, for

both incident S waves (dashed line) and incident P waves (solid line).
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Figure 8 Theoretical effective velocities for the transmitted coherent P and S waves as a function

of the non-dimensional frequency wR/v;.

Figure B-1 The functions gi(w), k¥ = 0,1,2,3,4,5, 6 (solid lines) and their approximations (dashed

lines).
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Figure 1 The basic geometry for the scattering problems considered in this paper. A plane P or
S wave propagating in the z direction encounters a thin slab of thickness Az containing randomly
distributed spherical scatterers having material properties different from the background medium.
A distance h on the other side of the slab there is a line of receivers spaced a distance Az apart in

the z direction.
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Figure 2 Comparison between effective velocities calculated with the low-frequency results from
this paper (solid lines) and the effective media results of Kuster and Toksoz (dashed lines). The
background medium has properties: v, = 5.3 km/sec, v, = 3.2 km/sec, p = 2.65 gm/cm3. Part (a)
is for low velocity scatterers with properties: v, = 3.0 km/sec, v, = 2.0 km/[sec, p = 2.6 gm/cm3.
Part (b) is for high velocity scatterers with properties: v, = 7.0 km/sec, v, = 4.0 km/sec,
p=3.0gm/emd. L
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Figure 3 Synthetic seismograms for waves that have been transmitted through a slab of thickness

Az = 0.5 km containing spherical scatterers randomly distributed with a concentration ¢ = 0.1.-
For this example the background medium has properties: Up2 = 5.3 km/sec, v, = 3.2 km/sec, "
p2 = 2.65 gm/em® while the scatterers have the lower values: vp1 = 3.0 km/sec, v, = 2.0 km/sec,

p1 = 2.60 gm/cm® The results are shown for 20 different values of z where the offset in the z

direction is & = 4.0 km and the spacing in the z direction is Az = 0.5 km. Part (a) is for an

incident S wave and the transmitted waves are shown for the r component. Part (b) is for an

incident P wave and the transmitted waves are shown for the 2z component. '

N
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Figure 4 Scattering characteristics for an incident S wave as calculated by taking Fourier trans-
forms of the seismograms in Figure 3a, where the results for a single seismogram are shown in the
upper panels (a and b) and the results for the average of all the seismograms are shown in the
lower panels (c and d). The results of these transforms are shown as broken lines, while analytical
estimates for the mean values are shown as heavy solid lines and analytical estimates for the mean
plus and minus one standard deviation are shown as light solid lines. The nondimensional atten-
uation is shown on the left (a and c) and the nondimensional phase is shown on the right (b and
d).

38



computed from a single trace

(wrapped)

Phase of the P- wave

15
15

averaged over 20 traces
(unwrapped)

Phase of the P- wave

____________:__:_____________::‘_::___:__:_ =)

A I G A

.,.D. aseyq - =]

Ty |
8 l . ©
g2 g - & ¢
g -2 g
n...ma ~ n.-m
@ 2 ﬁu R o £
ma L m‘
5§ 3 5 8
e & = 9
Sx 23
858 b— £
2 EE
SE - g5
<38 - <&
~° BERRE
w9 o wnv o Q v 9 n Q9 [=} n Q w : w
m M AN N - - S o S < P ™ - I~} M nu

uolenuany uopenuUaNY

nac .

39

Figure 5 Similar to Figure 4 for an incident P wave and the seismograms of Figure 3b.
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’

Fluctuations

c*z/R

Figure 6 Amplitude of the fluctuations as a function of the non-dimensional distance of propagation
cZ[R, where R is the radius of the scatterers, ¢ their concentration, and Z the distance of propa-
gation. The results are shown for various values of the non-dimensional frequency Wy, = wR/vm2,
where w is angular frequency, v, is the background velocity, and m can be either p for an incident
P wave or s for an incident S wave. The material properties are the same as those used in Figure
3.
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Figure 7 Similar to Figure 6 except that the non-dimensional distance to the maximum in the
fluctuation amplitude curve is now plotted as a function of non-dimensional frequency wR/v, for
both incident S waves (dashed line) and incident P waves (solid line).
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Figure 8 Theoretical effective velocities for the transmitted coherent P and S waves as a function
of the non-dimensional frequency wR/v,.
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Figure B-1 The functions gx(w), k = 0,1, 2, 3,4, 5, 6 (solid lines) and their approximations (dashed
lines). ' :
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