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Exact and Variational Solutions of 3D Eigenmodes in High Gain Free Electron Lasers 

Ming Xie 
Lawrence Berkeley National Laboratory, Berkeley, California 94720, USA 

(October 11,~999) 

Exact solution and variational approximation of eigen­
modes in high gain Free Electron Lasers (FELs) are presented. 
These eigenmodes specify transverse profiles and exponential 
growth rates of the laser field before saturation. They are 
self-consistent solutions of coupled Maxwell-Vlasov equations 
describing FEL interaction taking into account the effects due 
to energy spread, emittance and betatron oscillations of the 
electron beam, as well as diffraction and optical guiding of 
the laser field. A new formalism of scaling is introduced and 
based on which solutions in various limiting cases are dis­
cussed. In addition, a fitting formula is obtained from in­
terpolating the variational solution for quick calculation of 
exponential growth rate of the fundamental mode. 

PACS numbers: 41.60.Cr, 42.55.Vc, 52.35.Hr, 02.60.Nm 

The main objective of this letter is the determina­
tion of exponential growing modes (eigenmodes) in high 
gain FELs, taking into account the effects due to energy 
spread, emittance and betatron oscillations of the elec­
tron beam, as well as diffraction and optical guiding of 
the laser field. To deal with all these effects simultane­
ously, the most effective approach for analytical inves­
tigation is through coupled Maxwell-Vlasov equations. 
An equation satisfied by the modes oflaser field was first 
derived by Kim [1], but without providing a solution. 
The first approximate solution of the equation was ob­
tained by Yu et al. [2] for the fundamental mode, using 
a variational technique first introduced by Xie et al. [3]. 
The approximate solution [2] assumes a waterbag model 
for unperturbed electron distribution in transverse phase 
space. Later, a special 2D case (sheet beam) of Gaus­
sian model was considered by Hafizi et al. [4] for the 
fundamental mode, using also the variational technique. 
Taking a different approach from that of Kim [1] in han­
dling the coupled Maxwell-Vlasov equations, Chin et al. 
[5] derived an equation satisfied by the mode of perturbed 
distribution function and obtained another approximate 
solution for the fundamental mode. However, this solu­
tion is known [5] to have a significant systematic error 
when approaching to the ID limit. 

In this letter, we present the first exact solutions of 3D 
FEL eigenmodes, both fundamental and higher order. 
The unperturbed electron distribution is assumed to be 
of Gaussian shape in four dimensional transverse phase 
space and in energy variable, but uniform in longitudinal 
coordinate. For the fundamental mode, a variational so­
lution is derived and from which a fitting formula is gen­
erated for the growth rate. A new formalism of scaling 
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is introduced and based on which solutions are presented 
and discussed in various limiting cases. 

The eigenmodes of laser field independent of initial 
condition can be determined by the equation [1] 

(::2 + ~: q) E(x) = ::L l~ ds 

I: d2
p I: drJfll(rJ)!J.(x

2 + p2 /k~) 
se<I> E[xcos(k{3s) + (p/k{3) sin(k{3s)] , (1) 

where 

<I> = [2Ld + i2kwrJ - ikw6.v - ik;k~ (x2 + p2 /k~)l S , 

kr = 2,~kw/(1 + a;), rJ = (T - ,0)110, 6.v = 
(w - Wr)/Wr and h = (2/V3)3. The transverse pro­
file of the slowly varying monochromatic laser field, 
E(x), is defined by &(x, z, t) = E(x) exp[qz/2L Id + 
i(kz - wt)]. To comply with a new scaling to be intro­
duced later, here the complex exponential growth rate 
(eigenvalue), q, is scaled by the ID power gain length, 
LId = 1/2V3kwp, where p = V7frenoa'tJ~/4k'fv,3 is 
the Pierce parameter, fB = 1 for helical Wiggler, fB = 
Jo(aU2(1 + a;)) - JI (a;/2(1 + a;)) for planar wiggler, 
aw = 0.934>'w[cm]Brms [T], no is the peak electron den­
sity on the axis, and r e is the classical radius of electron. 
It is noted that the term proportional to x2 was absent 
from the phase factor <I> in the original equation [1] and 
corrected later [2]. 

The focusing system for the confinement of electron 
beam in wiggler is assumed to have a transverse gra­
dient invariant along the beam axis. It is character­
ized by a constant betafunction f3f in both transverse 
planes. Thus betatron motion is governed by p = dx/dz, 
dp/dz = -k~x. In particular for natural wiggler focus-

ing, k{3 = kw aw /V2,o. Respectively, the unperturbed 
longitudinal and transverse distribution functions are 
normalized according to J~oo drJfll('T}) = 1 and u(x = 

0) = 1, where u(x) = J~oo d2p!J.(X2 + p2 /k~). 
For convenience, Eq. (1) can be reduced to [2] 

(::2 + ~~ q) E(x) = I: d2x'r(x, x')E(x'), (2) 

where 



= X2 2/k2 = X2 + X,2 - 2x·x' cos(kf3s) 
x - + p 13 . 2(k ) sm f3s 

Now specify the unperturbed electron distribution as: 

(3) 

(4) 

Here the transverse distribution is matched to the beta­
tron focusing channel, giving rise to a constant beam size, 
()x. With Eqs.(3,4) and X = x/(}x,r = s/2L I d, Eq.(2) 
can be expressed in a scaled form 

(217d 8~2 + iq) E(X) = i: d2X'II(X, X')E(X') , (5) 

where 

II(X, X') = 10 

;drh ell! , 
"- -<Xl 211" sin (2..j17d17er) 

111 = (q - i17w)r - 217;r2 

(1 + i17er)[X2 + X,2 - 2X·X' cos(2~r)] 
2 sin2(2..j17d17er) 

There are four scaling parameters [6] in Eq.(5): 17d = 
l/Fd is a diffraction parameter, where Fd = 2kr(r'~/Lld . 
is a Fresnel number of the electron beam correspond­
ing to a length scale of Lid; 17e = 411" (L ld />'f3) krE and 
17, = 411" (Lld/>'w) (}fJ characterize the effective spread 
in longitudinal velocity due to emittance and betatron 
focusing and due to energy spread, respectively, where 
>'13 = 211"{3f, E = kf3();' is rms beam emittance and (}fJ is 
relative rms energy spread; finally, 17w = 411" (Lld/>'w) t1v 
is a frequency detuning parameter. The Pierce param­
eter can now be expressed more conveniently as p = 
{/(I/IA)(>'wawiB/211"(}x)2(1/2'Yo)3, where I is the peak 

beam current and IA = 17.05 kA is the AlfVen current. 
It has been shown [2,7,8] that FEL equations can be 

scaled with a minimum number of scaling parameters 
and in different ways. The scaling formalism introduced 
here, termed LId scaling, differs from the previous ones 
in the following aspects. First, parameter 'r/e is chosen 
to emphasize the combined effect of emittance and beta­
tron focusing, rather than using krE or kf3/kwp separately. 
Second, by employing the scaling with Lid, rather than 
with p or D, the formulation is made more transparent 
and elegant, and its presentation and elucidation more 
convenient, as it will become evident later on. 

In the 1D limit without diffraction, 17d = 0, all modes 
are degenerate with the same eigenvalue and Eq:(5) be­
comes 

(6) 
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where h = (q - i17w)r - 217~r2. Further, if 17e = 0 and 
17, = 0, then, q(q-i17w)2 -ih = o. This is the well-known 
1D cubic equation [8] which admits root with the highest 
growth rate, q = 1 + i/V3, at 17w = o. From now on we 
will refer the origin, {O, 0, 0, O}, in the scaled parameter 
space {17d, 17e,17,,17w} as the 1D, ideal beam limit. In this 
limit, the scaled growth rate, qr == Lid/ L9 , reaches the 
absolute maximum of unity, where L9 is the power gain 
length by definition. 

Another limiting case is known as the parallel beam 
limit, which can be obtained from Eq.(5) with 17e = 0 

[ 
82 2 10 

] 217d 8X2 + iq - he-x 
/2 -<Xl rdreh E(X) = 0 . 

Further, if 17, = 0, then for axially symmetric modes 

[ d ( d). h _R2/2] _ 
2'T]d RdR RdR +zq+ (q-i'T]w)2 e E(R) -0. 

This is the same equation systematically studied earlier 
by Xie et al. [3,9,10]' where both exact solutions for all 
modes and variational approximation for the fundamen­
tal mode were obtained. 

In polar coordinate X = {R,4>}, Eq.(5) reads 

[2'T]d [~R (Rd~) - ~:] +iq] Em(R) 

= 1<Xl R'dR'Gm(R, R')Em(R') , (7) 

where m is the azimuthal mode index and 

Applying Hankel transform pair 

Em(Q) = 1<Xl RdRJm(QR)Em(R) , 

Em(R) = 1<Xl QdQJm(QR)Em(Q) , 

Eq.(7) can be converted into an integral equation 

where 

Tm(Q,Q') =. 1 2 {<Xl RdR roo R'dR' 
zq - 217dQ Jo Jo 

Jm(QR)Jm(Q'R')Grn(R, R') . 



\ , 

( 

where 

Upon discretization in Q space, the integral equation, 
Eq.(S), can be casted into a matrix form: [Tm(q)­
I]Em = 0, where I is a unit matrix. Then all the 
eigenvalues, qnm, can be determined by solving equa­
tion: IITm(q) - III = O. The corresponding eigenmode, 
Enm , can be calculated subsequently given the matrix 
Tm(qnm), where n is the radial mode index. 

Consider LCLS nominal case as an example with the 
following parameters [11]: Ar = 1.5A, "fo = 2S009, 
I = 3.4kA, "foE = 1.5mm-mrad, a1] = 2x10-4, {3f = ISm, 
a planar wiggler with Aw = 3cm and /2aw = 3.7. The 
scaled parameters take the values: 'r/d = 0.0367, 'r/€ = 
0.739 and 'r/'Y = 0.24S. For the three lowest order modes, 
Eoo , ElO and EOl , the eigenvalues and corresponding 
optimal detunings are, respectively, qoo = 0.4901 + 
iO.227 ('r/w = -1.161), qlO = 0.125-iO.0245 ('r/w = -1.52) 
and qOl = 0.297 +iO.0662 ('r/w = -1.40). Intensity profile 
of the fundamental mode is shown in Fig.(l). 

0.75 
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0.25 

MODE INTENSITY PROFILE 

1.25 2.50 
r/ux 

3.75 5.00 

FIG. 1. Intensity profile of Eoo mode from exact solution 
and variational approximation, superimposed with electron 
density profile. 

Next, we present an approximate solution for the fun­
damental mode, Eoo. Similar solutions for the higher 
order modes, ElO and EOl will be published elsewhere. 
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The approximate solution derived here is, first of all, 
more efficient in calculation than the exact one. Sec­
ondly, it provides more physical insights, in particular on 
the mode profile, in a simpler manner. The solution is 
based on an approximation technique introduced by Xie 
et al. [3]. There, standard variational method [12] was 
first extended to treat the eigenvalue problem in which 
the operator of the eigenmode equation, being neither 
Hermitian nor self-adjoint, has a nonlinear dependence 
on the complex eigenvalue. The generalized variational 
technique, acclaimed as one of the most flexible and gen­
eral approximation method [13], has later been proven 
effective for a variety of 2D or 3D FEL eigenvalue prob­
lems [2,4,13,14]. According to the recipe [3], a variational 
functional may be constructed from Eq.(7) as follows: 

100 

RdRE(R) [21Jd R~R ( R d~) + iq] E(R) 

= 100 

RdR 100 

R' dR' E(R)Go(R, R')E(R') . (9) 

Substituting into Eq.(9) a trial function of the form, 
E(R) = exp( -aR2), where a is a complex variational pa­
rameter to be determined, and applying the variational 
condition, 8q/8a = 0, to the resulting equation, we ob­
tain the following two equations from which the eigen­
value q and mode parameter a can be determined, 

iq 10 
eft Fl(q,a) == - -1Jd - rdrh- = 0, 

4a -00 12 
(10) 

8Fl iq 10 
heft F2(q,a) == - = --2 + rdrh-f2 = 0, 

8a 4a -00 2 
(11) 

where 

12 = (1 + i'r/€r)2 + 4a(1 + i'r/€r) + 4a2 sin2(2v''r/d'r/€r) , 

13 = 4(1 + i'r/€r) + Sa sin2(2v''r/d'r/€r) . 

To take the 1D limit appropriately, a singularity is re­
moved by introducing a = as ('r/d, 'r/€, 'r/'Y' 'r/w)/ Jijd, where 
as is a well-behaved, smooth function of its arguments. 
Then by taking 'r/d = 0, Eqs.(10,11) lead to Eq.(6) for the 
eigenvalue and for the mode parameter 

1 
as =-

4 
(12) 

Therefore in the ID limit, variational solutions are the 
same as the exact ones. On the other hand, in the parallel 
beam limit with 'r/€ = 0, and furthermore with 'r/'Y = 0, 
Eqs.(lO,l1) become 

iqiP + 'r/dtP - 2.;r;J;.q + h = 0 , (13) 

a= ~ ( (h -1) , 
4 V~ 

(14) 



where ij = q - irJw. These are the same equations derived 
earlier by Xie et al. [3]. Equation (13) is a 3D extension 
of the usual ID cubic equation. 

Given parameter a, mode properties can be de­
termined completely by comparing E(R == r/(Jx) = 
exp( -aR2 ) with the usual Gaussian mode E(r) = 
exp(-r2/w2 + ikrr2/2Rc). Thus w/2(Jx = Jl/4ar and 
Re/ LId = -Fd/4ai, where w is the mode size and Re the 
radius of phasefront curvature. Due to optical guiding, 
w remains constant along the wiggler and Re is always 
positive (diverging phasefront) for the growing mode [3]. 
If such a mode is allowed to propagate in free space from 
a location such as the end of the wiggler, the mode will 
diverge with a Rayleigh length L r , and have an appar­
ent waist wo, located within the wiggler at a distance 
Zo from the end of the wiggler, specifically: Lr / LId = 
Fd/4ar [1 + (ai/ar)2], wo/2(Jx = 1/ J4ar [1 + (ai/ar?] 
and ZO/Lld = -Fd/4adl + (ar/ai)2]. In addition, 
the far field divergence angle is 0d == wo/ Lr = 
Jar [1 + (ai/ar)2] (Ar/1f(Jx). For the LCLS example, 
the variational method yields q = 0.4902 + iO.2271 and 
as = 0.099 - iO.11, optimized at rJw = -1.161. A com­
parison of mode profiles is shown in Fig.(I). 

One of the most important FEL performance parame­
ter is the gain length of the fundamental mode, Lg • To 
facilitate quick calculation of this quantity, a fitting for­
mula is generated in a scaled form 

(15) 

where at each point in the three dimensional parameter 
space {rJd,l7E,l7,}, the scaled quantity, Lld/Lg , is maxi­
mized at the optimal detuning 17:'. 

The function :F is determined by interpolating the vari­
ational solutions with the following functional form 

. LId 1 

Lg 1 +A ' 

where 

A = all7da2 + a317E a4 + a517, a6 

+ a717E aa l7, a9 + alOl7dall l7, a12 + al317dal417E a15 

+ al617dal717E alal7, al9 , 

and the 19 fitting parameters are given in Table 1. 

Table 1. Fitting parameters for gain length. 

al = 0.45 a2 = 0.57 a3 = 0.55 a4 = 1.6 
a5 =3 a6 = 2 a7 = 0.35 as = 2.9 

a9 = 2.4 alO = 51 all = 0.95 al2 = 3 
al3 = 5.4 a14 = 0.7 a15 = 1.9 a16 = 1140 
al7 = 2.2 alS = 2.9 al9 = 3.2 

(16) 

This is the same fitting formula published before without 
giving the derivation [6]. 
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In conclusions, a systematic approach is developed in 
three steps for the determination of 3D eigenmodes from 
Eq.(I). First and foremost, the exact solutions of both 
fundamental and higher order modes are obtained for the 
first time. Based on these solutions, complete informa­
tion on the eigenmodes including eigenvalues and mode 
profiles can be extracted, examined, and used as a bench­
mark as well as an inspiration for approximate solutions. 
Secondly, a variational approximate solution of the fun­
damental mode is derived for the first time for Gaus­
sian model. The solution is shown to be highly accurate 
in the parameter regime of interest to short wavelength 
FELs. It is also highly efficient and robust in calcula­
tion, and as a result, the solution has been mapped out 
in the entire scaled parameter space. Finally, based on 
the wealth of information obtained with the variational 
solution, a transparent and elegant fitting formula for 
the gain length is generated. Apart from being com­
pared with the variational solution, the formula has been 
found to be in good agreement with full-blown simula­
tions [15]. Because of its convenience and accuracy, the 
formula has been widely used for design and optimiza­
tion of high gain FEL systems [11]. This work was sup­
ported by the U.S. Department of Energy under contract 
No.DE-AC03-76SF00098. 
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