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Abstract 

Recently a construction was given for the stress tensors of all sectors of the gener
al current-algebraic orbifold A( H) I H, where A( H) is any current-algebraic conformal 
field theory with a finite symmetry group H. Here we extend and further analyze this 
construction to obtain the mode formulation of each sector of each orbifold A( H) I H, 
including the twisted current algebra, the Virasoro generators, the orbifold adjoint op
eration and the commutator of the Virasoro generators with the modes of the twisted 
currents. As applications, general expressions are obtained for the twisted current
current correlator and ground state conformal weight of each twisted sector of any 
permutation orbifold A(H)IH, H C SN. Systematics are also outlined for the orb
ifolds A(Lie h(H)) I H of the (H and Lie h)-invariant conformal field theories, which 
include the general WZW orbifold and the general coset orbifold. Finally, two new 
large examples are worked out in further detail: the general S N permutation orbifold 
A(SN)ISN and the general inner-automorphic orbifold A(H(d))IH(d). 
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1 Introduction 

Orbifold theory1- 21 has a long history, yet until recently, orbifolds have been studied primar
ily at the level of examples. This situation has now changed due to a recent synthesis of the 
principles of orbifold theory with the principles of current-algebraic conformal field theory, 
and we may now view at a glance the panorama of all current-algebraic orbifolds. 19 

In particular, Ref. 19 gave a constructiona of the twisted currents J(a) and stress 
tensors Tu 

T _ Lab . J J . ------'" rP _ rn(r)J.L;-n(r),v(L . rr) . JA(rr) JA(rr) . 
- H · a b · -----ur .Lu- L H, v · v n(r)J.L v -n(r),v · (1.1a) 

a=O, ... ,Nc-1 (1.1b) 

of all sectors a of any current-algebraic orbifold A( H)/H. Here A( H), described by the stress 
tensor T, is any current-algebraic conformal field theory with a finite symmetry group H. 
Technically, A( H) is a member of the class of H-invariant CFT's23 - 25•19 on g, which includes 
all the CFT's with a symmetry H C Aut(g) in the general affine-Virasoro construction.26

•27•25 

The number of sectors Nc of the orbifold A(H)/ His the number of conjugacy classes of H 
and the construction (1.1) is shown schematically in Fig. 1. 

CFT's 

Fig. 1. The H-invariant CFT's A(H) and their orbifolds A(H)/H. 

The orbifold duality transformation indicated in (1.1) 

(1.2) 

gives the twisted inverse inertia tensor £,of each sector a in terms of the H-invariant inverse 
inertia tensor LH of the H-invariant CFT A(H). Other orbifold duality transformations 
exist for other twisted tensors of the orbifold, and the explicit form of the generic orbifold 
duality transformation is a discrete Fourier transform. 

The central ingredients underlying the breadth and depth of this construction are 
o local formulation of the theory in terms of currents, OPE's and OPE isomorphisms 

aThis construction drew heavily on recent advances in the theory of cyclic permutation orbifolds, including 
the discovery of orbifold affine algebra15 and the orbifold Virasoro master equation.22 
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o the Ljf formulation of the H -invariant CFT's in the general affine-Virasoro construction. 
The local formulation (as opposed to a mode formulation) is the key to the orbifold duality 
transformations, while the Ljf formulation allows us to study all current-algebraic orbifolds 
at once, or any example. 

The organization of this paper is best summarized by the names of its sections: 

2 Local Formulation of Current-Algebraic Orbifolds 

3 The Mode Formulation of Orbifold Theory 

4 The Orbifold Adjoint Operation 

5 The T J OPE's of A(H)/H 
6 The Orbifolds of the (H and Lie h)-invariant CFT's 

7 About Permutation Orbifolds 

8 The Permutation Orbifolds A(SN)/SN 
9 The Inner-Automorphic Orbifolds A(H(d))/ H(d). 

In particular, Sec. 2 reviews and extends the local formulation19 of current-algebraic orbifold 
theory in a form which exhibits the natural grading of the orbifold operator products. In 
Sees. 3-5, we work out the implied mode formulation and other consequences of the local 
formulation. We mention in particular four results obtained in the mode formulation for 
all sectors a of all orbifolds A( H)/ H: the general twisted current algebra in Eq. (3.4), the 
orbifold Virasoro generators in Eq. (3.13), the orbifold adjoint operation in Eqs. (4.4) and 
(4.7) and the commutator (5.9) of the Virasoro generators with the modes of the twisted 
currents. 

The (H and Lie h)-invariant CFT's A(Lieh(H)) are those "doubly-invariant" CFT's 
with both a finite symmetry and a Lie symmetry23- 25•28•22 although we mod out only by 
the finite symmetry to obtain (see Sec. 6) the orbifolds A(Lieh(H))jH. The general WZW 
orbifold and the general coset orbifold are discussed as special cases of A(Lie h(H)) j H in 
Subsec. 6.4. The twisted current-current correlators and ground state conformal weights 
of the general permutation orbifold are computed in Sec. 7. We also work out two new 
large examples in further detail, including the general S N permutation orbifold in Sec. 8 · 
and the general inner-automorphic orbifold in Sec. 9. The story of the inner-automorphic 
orbifolds A(H(d))/ H(d) is particularly interesting, not least because of their overlap with 
the orbifolds A(Lieh(H))jH. Indeed, we will argue that this overlap contains almost all the 
inner-automorphic orbifolds which can be equivalently described by stress-tensor spectral 
flow29•30•

26
•
25 whereas the generic inner-automorphic orbifold apparently can not be described 

in this way. 
The seminal case19 of the cyclic permutation orbifolds A(Z.x)/Z.x is used as an example 

in various sections, and the appendices include the setups for the permutation orbifolds 
A(lDl.x) j"'ill,x and the outer-automorphic orbifolds. 

This is as far as we have worked out the consequences of the "orbifold program", but 
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much remains to be done, including other large examples and analysis of the situation when 
A(H) has a larger chiral algebra. 

2 Local Formulation of Current-Algebraic Orbifolds 

In this section we review and extend the local formulation of the general current-algebraic 
orbifold19 . The extension includes a new periodic notation and new "selection rules", both 
of which are necessary to exhibit the natural grading of the orbifold operator products. As 
an illustration, the seminal case of the general cyclic permutation orbifold19 is recalled in 
Subsec. 2.6. 

2.1 The current-algebraic CFT's 

The study of current-algebraic CFT's begins with the general affine Lie algebra31•32•29•25 

g = EB1 l, a, b, c = 1, ... , dimg, m,nEZ 

(2.1a) 

,(2.1b) 

(2.1c) 

where Gab and fab c are the metric and structure constants of semisimpleb Lie g. The desired 
real form of the affine algebra is specified by the adjoint operation 

c * b 8 b 
Pa Pc = a' p*p= 1 (2.2a) 

G * p cp dG J c * = p dp ej fp c * ab = a b cd, ab a b de f (2.2b) 

where the conjugation matrix p is unity in any Cartesian basis, and corresponding forms 
follow in other bases. For integer level x1 = 2kJ/'lj;y of compact gl with highest root 'l/;1 , the 
adjoint operation in (2.2a) guarantees unitarity of the affine Hilbert space. 

The general affine-Virasoro construction26
•
27

•
33

•
34

•
25 is 

T(z)T(w) = (z~~)4 +((z:w)2 + z~ww)T(w)+O((z-w)0) 
Lab= Lba 

Lab= 2LacG Ldb _Led LefJ af b _ Lcdf fJ (a Lb)e 
cd cedf cedf ' 

--------------------------~ 

(2.3a) 

(2.3b) 

(2.3c) 

bNon-compact versions of g are included and abelian components of g are easily included26 as well (see 
Subsec. 3.3). 
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where we have chosenc OPE normal ordering 

. l ( ) r ( ) . _ t .!!:!.__ Ja(z)Jb(w) . a W Jb W . - 2 . 
w 7r~ z- w 

(2.4) 

and the inverse inertia tensor Lab satisfies the Virasoro master equation in (2.3c). The L* 
relation given below25 

guarantees the indicated adjoint of the Virasoro generators, and this adjoint operation guar
antees the unitarity of the CFT, given the unitarity of the affine Hilbert space. 

2.2 The automorphism group Hand the H-invariant CFT's 

We consider any H-covariant algebra g, that is, any algebra g with a finite-orderd automor
phism group H C Aut(g). The automorphism group H acts on the g currents J in matrix 
representation w, 

w(hu) E H C Aut(g) 

w(hu )acwt (hu )cb = oab 

w(hu)acw(hu)bdGcd =Gab, w(hu)adw(huhefd/wt(hu)/ =!abc 

w(hu)*p wt(hu) = p +-+ Ja(m) 1 t = Ja(m)t 1 

(2.6a) 

(2.6b) 

(2.6c) 

(2.6d) 

where the relations in (2.6) hold for all hu E H. The relations (2.6c) - which express the 
H-invariance of Gab and fab c - guarantee that J1 satisfies the same algebra as J, so that 
H c Aut(g) is also an automorphism group of affine g. Consequently, we often refer to the 
affine algebra as an H-covariant affine algebra on g. The H-covariance of the conjugation 
matrix pin (2.6d) is equivalent to the statement that the automorphism group preserves the 
real form of the affine algebra (2.1b). 

The H-invariant CFT's23- 25•19 A( H) are those CFT's for which the inverse inertia tensor 
L H is invariant under H 

V hu E H C Aut(g) 

T l Lab . J IJ 1 • Lab . J r . T = H · a b · = H · aJb · = · 

(2.7a) 

(2.7b) 

cBecause of the symmetry Lab= Lba, the stress tensor Tin (2.3b) can equivalently be described by various 
normal ordering prescriptions. OPE normal ordering however comes equipped with an efficient calculus35 for 
computing OPE's of products of ordered products and this prescription has been extended22 •19 to compute 
corresponding OPE's in the twisted sectors of orbifolds (see Subsec. 2.5). 

d Automorphism groups of infinite order (including Lie groups) are also included formally. See our remarks 
in Subsecs. 6.1 and 9.1. 
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' These are the CFT's whose stress tensors also describe the untwisted sectors of the general 
current-algebraic orbifold A(H)/ H. For each symmetry group H, it is known23 that the 
inverse inertia tensors of the H-invariant CFT!s satisfy a consistent reduced Virasoro master 
equation (with an equal number of equations and unknowns). 

The simplest H-invariant CFT's include A9 (H), H c Aut(g), whose stress ten
sor is the affine-Sugawara construction29•36- 39•25 on g, and the general H-invariant coset 
construction19•21 t(H). We will return to these popular examples as illustrations below (see 
Subsecs. 6.1-6.4 and 9.3). 

In what follows all inverse inertia tensors LH are H-invariant, so we may drop the sub
script Lfl --+Lab without confusion. 

2.3 The H-eigenvalue problem 

Choosing one representative hu from each conjugacy class a of H, the H-eigenvalue problem 
is defined as 

a= 0, ... ,Nc -1 (2.8a) 

U(a)tU(a) = 1, 
_211"in(r) 

En(r)(a) = e p(u) , n(r) E Z. (2.8b) 

Here Nc is the number of conjugacy classes of H and the integer r runs over the distinct 
eigenvalues of the problem at each a. The eigenvalues En(r)(a) are labeled by the spectral 
index n(r) n(r; a) and the degeneracy index f-l = p(n(r; a)) labels the degenerate eigen
states with eigenvalue En(r)(a). The quantity p(a) E z+ is the order of the automorphism 
hu, defined as the smallest positive integer satisfying 

As a convention, we assign a = 0 to the trivial automorphism 

u(o) = ut(o) = 1, En(r)(O) = p(O) = 1 . 

Other useful forms of the eigenvalue problem include 

w = utEu 
' 

wt = utE*U 

wut = utE Uw = EU U*w* = E*U* wtut = utE* uwt = E*U 
' ' ' ' 

where diag(E) = {En(r)}· As seen here, we often suppress the label a for brevity. 

(2.9) 

(2.10) 

(2.11a) 

(2.11b) 

The eigenvalues En(r) are invariant under the transformation n(r) --+ n(r) ± p(a), so we 
may require this periodicity for the eigenvectors as well, 

(2.12a) 
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U(o-)n(r)±p(u),JL. a= U(o-)n(r)/ 

U( ) aut( ) n(s)v- ~ v~ n(s) 
0" n(r)JL. 0" a - u J1. un(r) 

2:: f(n(s)) on(s)n(r) = f(n(r)) 
s 

(2.12b) 

(2.12c) 

(2.12d) 

where the last identity holds for all f with period p(o-). In what follows, relations such as 
the first relation in (2.12c) will generally be written as 

(2.13) 

with an implied summation on repeated indices. 
Using the H-covariance of pin (2.6d), the eigenvalue problem can be recast in the form 

(2.14) 

This tells us first that the eigenvalues E* are in the spectrum E 

(2.15) 

and, in particular, that -n(r) E {n(r)} is a spectral index when n(r) is a spectral index. 
Moreover, (2.15) tells us that the degeneracy of E-n(r)(o-) is the same as that of En(r)(o-). 

Since n(r) is only determined mod p(o-), it is useful to define the twist class n(r) 

_ _-_ n(r) 
n(r) = n(r) = n(r)- p(o-)lp(o-)J, n(r) E {O, ... ,p(o-) -1} (2.16) 

where L x J is the largest integer less than or equal to x. The twist class is an integer which 
evaluates n(r) in the fundamental range shown, and twist classes will control the mon
odromies of twisted fields in the orbifolds below. Note that n(r) = n(r) when n(r) is in the 
fundamental range. We also compute the twist class corresponding to -n(r) 

-n(r) = -n(r) = { p(o-)- n(r) when n(r) =1- 0 
0 when n(r) = 0 

(2.17) 

where we have used - L -x J = L x J + 1 for x not an integer. 
In what follows, the description of each sector a- of the general current-algebraic orbifold 

A( H)/His given in terms of the solution {Ut(a-), E(o-)} of the H-eigenvalue problem (2.8). 
It is unlikely that a solution of the H-eigenvalue problem can be found across all H, but 
solution of the H-eigenvalue problem is straightforward for any particular choice of H: The 
solutions for the cyclic permutation groups H = ZA 

a-+ a, I, 

ffiA-1 I 
g = WJ=Og ' 

a= 1, ... , dimg, 

6 

I= 0, ... , .\-1 

(2.18a) 

(2.18b) 



(}" = 0, ... , >.- 1 

n(r), p,---+ r, aj, f = 0, ... , p(CT) - 1, 
. . >. 

J = 0, ... , p(CT) - 1 

b , •.. 

Ut( ) n(r)JL ut( ) rbj - . 6a 2>riN(u)r(j-J) S: 
0" a ---+ 0" al - . r::r::\ e .>. u j I mod .>. ' 

V p(CT) ' p(u) 

(2.18c) 

(2.18d) 

(2.18e) 

were given in Ref. 19, which also defines the integers N(CT). In this case, the labels (a,j) are 
the degeneracy indices of the spectral indices n(r) = r, with f = r- p(CT)lr I p(CT)j. The ut 
periodicity r ---+ r ± p( CT) is a consequence of the support ( (j - I) pI>.) E Z of the Kronecker 
factor. More generally, the eigenvectors of each H-eigenvalue problem are the ba.Sis elements 
of discrete Fourier transforms with period p(CJ) in the spectral indices {n(r)}. 

The solutions for the permutation group H = SN and the general group of inner au
tomorphisms of simple g will be given in Sees. 8 and 9 respectively. The setups for the 
permutation group H = lDl>. and the general group of outer automorphisms of simple g are 
given in Apps. J and K respectively. Many other large examples remain to be worked out in 
further detail, including the other permutation subgroups of SN (see also Subsec. 3.1). 

2.4 The twisted currents of the orbifold A( H)/ H 

We turn next to the twisted currents J of the current-algebraic orbifold 

H c Aut(g) 

where A(H) is any H-invariant CFT. 

(2.19) 

For each conjugacy class O", the· eigencurrent19 J (CJ) is defined as the linear combination 
of the untwisted currents J 

(2.20a) 

(2.20b) 

which (according to (2.6a) and (2.11)) has a diagonal response En(r)(O") to the automorphism 
group. The numbers x(a)n(r)±p(<T),JL = x(a)n(r)JL with x(O) = 1 comprise an otherwise arbitrary 
set of normalization constants. 

In general orbifold theory10•13•15•16•19•21 the sectors of each orbifold A(H)I H are labeled 
by the conjugacy classes O" = 0, ... , Nc- 1 of H. The twisted currents J(CT) of sector O" are 
obtained from the eigencurrents of sector O" by the OPE isomorphism15•19 

(2.21a) 

automorphisms En(r)(O") ----u+ monodromies En(r)(O") (2.21b) 
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which includes the automorphism/monodromy exchange in (2.2lb). 
The OPE isomorphism (2.21) gives the twisted current system19 of sector CY 

. n(t)o ( ) ~ ( ) 

J.~ ( )J.~ ( ) _ 9n(r)JL;n(s)v(CY) + ~:Fn(r)JL;n(s)v CY ln(t)o W + O(( _ )·o) 
n(r)JL Z n(s)v W - ( ) 2 Z W z-w z-w 

~ 2 · ~ Z1rin(r) 

ln(r)JL(ze m) = En(r)(CY)ln(r)p(z), En(r)(CY) = e-P<Ul 

jn(r)±p(u),JL(z) = jn(r)JL(z), jp(u)-n(r),JL(z) = j-n(r),JL(z) 

9n(r)JL;n(s)v(CT) = x(u)n(r)p.X(u)n(s)vU(CY)n(r)JL aU(CT)n(s)v bGab 

:Fn(r)JL;n(s)v n(t)o(CY) = x(u)n(r)p.X(u)n(s)vX(u)~(~)oU(CT)n(r)JL aU(CT)n(s)v bfabcut(O")cn(t)o 

#{J(CY)} = #{J} = dimg 

(2.22a) 

(2.22b) 

(2.22c) 

(2.22d) 

(2.22e) 

(2.22f) 

and (2.22b) tells us that the twisted current Jn(r)JL has twist class n(r) in (2.16). The relations 
(2.22d) and (2.22e) are the orbifold duality transformations 

G -u+ Q(G; CY), (2.23) 

from the untwisted metric Gab and structure constants fab c to the twisted metric Q(CY) and 
the twisted structure constants :F(CY) of sector CY. 

The twisted tensors Q(CY) and :F(CT) inherit the spectral index periodicity 

9n(r)±p(u),JL;n(s)v(CY) = 9n(r)JL;n(s)v(a), :F n(t)o( ) __: :F n(t)o( ) ( ) 
n(r)±p(u),JL;n(s)v a - n(r)JL;n(s)v a 2.24 

from the periodicity (2.12b) of the eigenvectors U(a) and ut(a), and similarly for n(s) and 
n(t). For the same reason, the periodicity n(r) --+ n(r) ± p(a) holds for each spectral index 
of each of the twisted tensors introduced below. 

For the untwisted sector O" = 0 one has ut(o) = 1, n(r) = 0, 1-l. a and 

Ja(a = 0) = .Ja(a = 0) = la (2.25) 

so the system (2.22) reduces in this case to the OPE's (2.1a) of the affine Lie algebra of 
the H-covariant algebra g. The number of twisted currents in (2.22£) is independent of a 
because ut (a) is an invertible square matrix. The twisted current system (2.22) was called 
g(H C Aut(g); a) in Ref. 19. 

The twisted metric of sector a also satisfies 

Yn(r)JL;n(s)v(a) = Yn(s)v;n(r)JL(a) 

Yn(r)JL;n(s)v(a)(1- En(r)(a)En(s)(a)) = 0 

9n(r)JL;n(s)v(a) = On(r)+n(s),O mod p(u)9n(r)JL;-n(r),v(CY) 

8 
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'where the selection rule for g in (2.26b) is the duale in sector a of the H-invariance of G 
in (2.6c), and (2.26c) is the solutionf of the selection rule. Similarly, the twisted structure 
constants of sector a satisfy 

n(t)o( ) _:__ n(t)o( ) 
:Fn(r)p.;n(s)v a - -:Fn(s)v;n(r)p. a 

:F n(u)p.' ( ):F n(v)"y ( ) :F n(u)p.' ( ):J: n(v)"y ( ) 
n(r)p.;n(s)v a n(t)o;n(u)p.' a + n(s)v;n(t)o a n(r)p.;n(u)p.' a 

+:F . n(u)p.' ( ):F n(v)"y( ) _ 0 
n(t)o;n(r)p. a n(s)v;n(u)p.' a -

:Fn(r)p.;n(s)v;n(t)o(a) = :Fn(r)p.;n(s)v n(u)E(a)Yn(u)E;n(t)o(a) = -:Fn(r)p.;n(t)o;n(s)v(a) 

:Fn(r)p.;n(s)vn(t)o(a) (1- En(r)(a)En(s)(a)En(t)(a)*) = 0 

-r n(t)o( ) _ fJ :F n(r)+n(s),6( ) 
.r n(r)p.;n(s)v a - n(r)+n(s)-n(t),O mod p(cr) n(r)p.,n(s)v a 

:Fn(r)p.,n(s)vn(r)+n(s),o(a) = 0 unless n(r) +n(s) E {n(r)}. 

(2.27a) 

(2.27b) 

(2.27c) 

(2.27d) 

(2.27e) 

(2.27f) 

The relation (2.27b) is the Jacobi identity of the twisted structure constants, and the twisted 
structure constants in (2.27c) with all indices down are totally antisymmetric; The :F

selection rule (2.27d) (and its solution in (2.27e,f)) is the dual in sector a of the H-invariance 
(2.6c) of the untwisted structure constants. 

The H-invariance conditions (2.6c) also implyg that the twisted metric and twisted struc
ture constants are class functions 19 under conjugation in H 

w(hcr)-+ vt(a)w(hcr)v(a), 

U(a) -t U(a)v(a), 

9(U(a)v(a); a) -t Q(U(a); a), 

v(a) E H 

ut (a) -+ v t (a) ut (a), 

:F(U(a)v(a); a) -t :F(U(a); a) 

(2.28a) 

(2.28b) 

(2.28c) 

where the H-eigenvalue problem (2.11) was used to obtain the change of U(a), ut(a) under 
conjugation. 

A more informative presentation of the twisted current system (2.22) is 

J.~ ( )J.~ ( ) _ {Jn(r)+n(s),O mod p(cr)Yn(r)p.;-n(r),v(a) 
n(r)p. Z n(s)v W - ( )2 z-w 

eTo prove the selection rule (2.26b), use (2.6c) to replace G by w 2G in the orbifold duality transformation 
(2.22d), followed by the appropriate form of the H-eigenv~ue problem in (2.11). All the selection rules below 
follow similarly from the orbifold duality transformations, the H-eigenvalue problem and the corresponding 
H-invariances of the untwisted tensors. 

rwhen H is a direct product group, further Kronecker factors can occur in the reduced twisted tensor 
9n(r)JL;-n(r),v(o-). Similarly, further Kronecker factors can occur in the reduced forms of each twisted tensor 
below. 

gTo prove that g is a class function, use the duality transformation (2.22d), the change of U in (2.28b) and 
the H-invariance of G in (2.6c). With the relevant duality transformation and H-invariance, each twisted 
tensor introduced below is similarly proved to be a class function. 
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·;:_ n(r)+n(s),8( )J ( ) 
+ 't n(r)J.I.;n(s)v (J n(r)+n(s),8 W + O((z- w)O) (2.29a) 

z-w 

o- = 0, ... , Nc - 1 (2.29b) 

where the F term is summed only on the repeated degeneracy index 8. In this form, we 
have incorporated the solutions of the Q- and F-selection rules to exhibit the grading of 
the orbifold system~ Looking back, one sees that this grading is a consequence of the H
covariance of the untwisted affine algebra g. 

2.5 The general orbifold affine-Virasoro construction 

The stress tensor Tu of sector a of A(H)/H follows by first rewriting the stress tensor T 
of the untwisted sector in terms of the eigencurrents and then using the OPE isomorphism 
(2.21a) to obtainh the derived OPE isomorphism19 

T(z) --ut Tu(z) . 

The result is the general orbifold affine- Virasoro construction 19 

T~ (z) l'n(r)J.I.;n(s)v(a) . J,~ (z)J~ (z) . u = 1-- • n(r)J.I. n(s)v ., 

_cn(r)J.I.;n(s)v(a) = x(a)";;(~lf.lx(a);;/slvLabut(a)a n(r)J.I.ut(a)b n(s)v 

_cn(r)J.I.;n(s)v(a) = _cn(s)v;n(r)J.I.(o-) 

(2.30) 

(2.31a) 

(2.31b) 

(2.31c) 

(2.31d) 

which reduces in the untwisted sector of each orbifold to the general H-invariant affine
Virasoro construction Tu=O =Tin (2.7a). Here (2.31c) is the orbifold duality transformation 

L --ut .C(L; a) (2.32) 

from the H-invariant inverse inertia tensor £(0) = L of the untwisted sector to the twisted 
inverse inertia tensor £ ( o-) of sector a. 

The symbol:(·): in (2.31b) denotes the orbifold extension of OPE normal ordering35•22•19 

· n(t)8( ) ~ ( ) 
. J,~ ( )J-~ ( ) . _ J,~ ( )J~ ( ) gn(r)J.I.;n(s)v(a) tFn(r)J.I.;n(s)v (J Jn(t)8 W 
· n(r)J.I. Z n(s)v W · = n(r)J.I. Z n(s)v W - ( ) 2 -z-w z-w 

. J,~ ( )J~ ( ) . _ t !!!._ Jn(r)J.I.(z)Jn(s)v(w) 
· n(r)J.I. W n(s)v W · -

2 
. 

w 1!"1, z- w ---------------------------
hSchematically, T = L : J J := .C : .J .J: u+ T" = .C : J J :. 
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(2.33a) 
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where the contour in (2.33b) does not encircle the origin. We emphasize that the simplicity 
of the result (2.31b) would be compromised should other ordering prescriptions be employed 
(see Eqs. (3.11) and (H.2b)). Following the usage in Refs. 22, 19, and 21, we will refer to 
the prescription (2.33) as OPE normal ordering.i 

The general orbifold affine-Virasoro construction (2.31) is the center of the orbifold pro
gram. Although the OPE isomorphisms (2.21) and (2.30) gave a simple derivation of this 
result, the Virasoro property (2.31a) of Tu was checked against the earlier general Vira
soro construction22 for cyclic permutation orbifolds. The Virasoro property (2.31a) was also 
checked by direct OPE computation in Ref. 19 (see also Sec. 5 and App. E). Because of the 
OPE normal ordering, one finds that every step of this computation follows by the duality 
algorithm 19 

f -;rtF, (2.34) 

from the corresponding step in the direct OPE verification of the Virasoro property of the 
general affine-Virasoro construction T in (2.3b). The final result of this computation is that 
the twisted inverse inertia tensor .C(a) must satisfy the general orbifold Virasoro master 
equation19 

.cn(r)JL;n(s)v (a) = 2£n(r)JL;n(r')JL
1 

(a )9n(r')JL' ;n(s')v' (a ).Cn(s')v' ;n(s)v (a) (2.35) 

-.Cn(r')JL';n(s')v' ( )£n(t)5;n(t1 )5' ( )F n(r)JL(a)F n(s)v( ) 
a a n(r')JL';n(t)5 n(s')v';n(t')5' a 

_ .cn(r')JL' ;n(s')v' (a)F n(t'W (a)F (n(r)JL (a)£n(s)v);n(t)5 (a) 
n(r')JL' ;n( t)5 n(s')v' ;n(t')5' 

which can indeed be obtained by the duality algorithm (2.34) from the Virasoro master equa
tion in (2.3c). Moreover, the general orbifold Virasoro master equation (2.35) is dual (by the 
orbifold duality transformation (2.31c)) to the Virasoro master equation. A final connection 
is that (2.35) reduces to the Virasoro master equation (2.3c) when the automorphism group 
His trivial. The result (2.35) generalizes the earlier orbifold Virasoro master equation22 for 
cyclic permutation orbifolds. 

The twisted inverse inertia tensors .C(a) of the various sectors of each orbifold are related 
by the orbifold duality transformation (2.31c) and its inverse L(.C) according to 

.cn(r)'JL';n(s)'v' (a') 

x(~)n(r)tt x(~)n(s)v .cn(r)JL;n(s)v(a)(U(a)Ut(a'))n(r)JL n(r)'JL' (U(a)Ut(a'))n(s)v n(s)'v' (2.36) 
x(a )n(r)'tt' x(a )n!r)'tt' . 

Similar relations are easily found among the sectors a of the twisted tensors Q(a), F(a) 

introduced above, as well as among the sectors of the other twisted tensors introduced 
below. 

;The OPE normal ordering in (2.33) is the natural finite part of the orbifold operator product, but, except 
in the untwisted sectors,35 this ordering is generally not a true normal ordering (with zero vev). Indeed, this 
fact accounts for the non-zero ground state conformal weights of most orbifold sectors. 
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The twisted inverse inertia tensors .C(a) also satisfy19 

l"n(r)J.L;n(s)v ("') _ £ l"n(r)J.L;-n(r),v ("') 
1-- v - Un(r)+n(s),O mod p(u)L- v 

(2.37a) 

(2.37b) 

where the £-selection rule in (2.37a) is the dual in sector a of the H-invariance (2.7a) of the 
inverse inertia tensor L in the untwisted sector. Another consequence of the H-invariance 
(2.7a) is that each .C(a) is a class function 19 

.C(U(a)v(a); a) = .C(U(a); a) (2.38) 

under the H-conjugation in (2.28). 
Incorporation of the £-selection rule (2.37) gives a more informative presentation of the 

general orbifold affine-Vir'asoro construction 

TA (z) l"n(r)J.L;-n(r),v("') . JA (z)J' (z) . u = L- v · n(r)J.L -n(r),v ., 

'( ) 2Q ( ) l"n(r)J.L;-n(r),v( ) 2G Lab C a = n(r)J.L;-n(r),v a 1-- a = ab = c, a = 0, ... , Nc - 1 

(2.39a) 

(2.39b) 

which shows that the orbifold stress tensors have trivial monodromy. Moreover, the £
selection rule (2.37) is consistent with the general orbifold Virasoro master equation (2.35), 
and the two can be combined to obtain a reduced master equation for .cn(r)~-L;-n(r),v(a). 

Looking back, one sees that this consistency is a consequence of the underlying H-symmetry 
of the CFT A(H). 

2.6 The cyclic permutation orbifolds A(Z>.) /Z>. 

As an example, we recall the seminal case19 of the general cyclic permutation orbifold 
A(Z.x)/Z_x, 

a---+ a!, Lab---+ Lai,bJ = L~~J' I= 0, ... ,.A- 1 

, '( r) r::r::\ 
n(r), f.-£---+ r, aj, ln(r)J.L ---+ Jaj ' x(a)n(r)tt ---+ x(a)raj = y p(a) 

(2.40a) 

(2.40b) 

9raj;sbl(a) = p(a)kTJabOjlOr+s,O mod p(u), Fraj;sbltcm(a) = fab COjlOl mor+s-t,O mod p(u) (2.40c) 

J!;l (z)J~l (w) =0;,{ p(<T)k~("'*·);""d p(•l + if,.(' J;;+'lt)} + O((z- w)') (2.40d) 
z-w z-w 

(2.40e) 

p(u)-1 p(:,_) -1 

Tu(z) = I: I: .craj;-r,bl(a): j~~)(z)J~~-r)(z) : (2.40£) 
r=O j,l=O 
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p(u)-1 
.. 1 L _21riN(u)rs .c.ra1 ,-r,bl(cr) = __ e p(u) Lab>- . 

p(cr) p(u) s+J-l 
s=O 

(2.40g) 

. 2( ) p(u)-1 ( ) 
Ao(cr) = )..kf/ab {p cr - 1 Laf_ L csc2(TrN cr r) Lab>. } (2.40h) 

4p2 (cr) 3 .Q r=
1 

p(cr) p(a)r 
. ).. 

a,b = l, ... ,dimg, f,S= O, ... ,p(cr) -1, ],l = 0, ... , p(cr) -1, CT = 0, ... ,.>.-1 

(2.40i) 
whose relation to the orbifold Virasoro master equation22 provided a nontrivial check of the 
orbifold program. 

The special case (2.40) follows from the discussion above and the Z>.-eigendata in (2.18). 
In this case the twisted current system (2.40d,e) describes a sector-dependent set of semisim
ple orbifold affine algebras. 15 The orbifold duality transformation .C.( L; cr) in (2.40g) is a set 
of discrete Fourier transforms of L, with spectral index periodicity r-+ r + p(cr), where Lis 
the inverse inertia tensor of any Z>.(permutation)-invariant CFT A(Z>.)· The twisted inverse 
inertia tensors .craj;-r,bl(cr) were called .C~(j)b(l)(cr) in Ref. 19 and the result in (2.40h) is the 
ground state conformal weight of sector cr. 

The orbifold duality transformations for g and Fin (2.40c) can also be written as discrete 
Fourier transforms and, indeed, because of the periodicity of the eigenvectors of each H
eigenvalue problem, all the orbifold duality transformations· of this paper 

Q(G; cr), F(J; cr), .C(L; cr), ... (2.41) 

are discrete Fourier transforms with period p( cr) in the spectral indices { n( r)}. 

3 The Mode Formulation of Orbifold Theory 

As an application of the local formulation above, we turn now to the mode formulation of 
the general current-algebraic orbifold. 

3.1 The general twisted current algebra 

The first step in the mode formulation is to find the twisted current algebra of each sector 
of each orbifold A(H)/ H, beginning with the general twisted current system (2.29). 

The mode expansion of the twisted currents . 

(3.1a) 

~ ~ """" ~ n(r)±p(u) -(m+ n(r)±p(u) )-1 
ln(r)p.(z) = ln(r)±p(u),p.(z) = L.....t ln(r)±p(u),p.(m + p(u) )z p(u) (3.1b) 

mEZ 
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follows from the monodromies (2.29b) and the periodicity (2.22c). From (3.lb) we find the 
periodicity of the modes 

J~ ( 1 n(r)±p(u)) JA ( !lid) J~ ( + !lid) 
n(r)±p(u),p. m =F + p(u) = n(r)±p(u),p. m + /i\(T) = n(r)p. m /i\(T) 

j-n(r),p.(m- ;(~~) = jp(u)-n(r),p.(m- 1 + p(uJ~)(r)) 
Jn(r)±p(u),p.(m + n rp :.}(u)) =/= Jn(r)p. (m + ;~p 

(3.2a) 

(3.2b) 

(3.2c) 

which includes and generalizes the mode periodicity of orbifold affine algebra. 15•22•19 Note 
that the modes do not satisfy the nai~e periodicity (3.2c). 

We introduce next the operators J with trivial moriodromy 

(3.3a) 

:: :: n(r)+n(s) 1 n(r)/ p(CJ) 
ln(r)p.(z)Jn(s)v(w) = On(r)+n(s),Omodp(u)W p(u) (( )2 + ( ) )Qn(r)p.;-n(r),v(CJ) 

z-w w z-w 

. iFn(r)p.;n(s)vn(r)+n(s),8(CJ)Jn(r)+n(s),8(w) 0(( )0) 
+ + z-w . (3.3b) 

z-w 

The Kronecker delta in the first term of (3.3b) guarantees that these OPE's are free of branch 
cuts, which is a necessary condition for the monodromies (2.29b) to be consistent with the 
OPE's (2.29a). 

Then standard analysis of the OPE's (3.3b) gives the general twisted current algebra 
g(CJ) = g(H c Aut(g); CJ) 

[Jn(r)p.(m + ;(;n, jn(s)v(n + ;(;j}J = iFn(r)JL;n(s)v n(r)+n(s),\CJ)Jn(r)+n(s),8(m + n + n(rJt)(s)) 

+(m + ;{;~)Om+n+n(r)+n(s) 0 gn(r)p.;-n(r),v(CJ) 
p(u) ' . 

m,nEZ, CJ = 0, ... , Nc- 1 

(3.4a) 

(3.4b) 

in sector CJ of each orbifold A( H)/ H. Here Nc is the number of conjugacy classes of H, and 
the duality transformations for g and F are given in Eq. (2.22). To obtain (3.4) we have 
used the identity 

On(r)+n(s),O mod p(u)Om+n+ n(r)+n(s) 0 = om+n+ n(r)+n(s) 0 
p(u) ' p(u) ' 

(3.5) 

to simplify the g term. 
The general twisted current algebra (3.4) shows a natural grading across all orbifolds. 

The general twisted current algebra also satisfies the Jacobi identity (see App. A), which is 
the ultimate check of the consistency of the principle (2.21). 

Looking back, one sees that the grading and the consistency of the general twisted current 
algebra are consequences of the H-covariance of the underlying affine algebra (2.lb) on g. 
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·The general twisted current algebra is also consistent with the mode periodicity relations 
(3.2) and, in the untwisted sector a = 0, the general twisted current algebra reduces to the 
H-covariant affine algebra on g. 

Another feature of the general twisted cutrent algebra is the integral affine subalgebra 
h (0) h h h • 06 h 

g (a) C g(a) : [JoiL(m), lov(n)] = ~:FoiL;ov (a)loa(m + n) + m8m+n,o QoiL;ov(a) (3.6) 

which is an untwisted affine Lie algebra generated by the set of currents in twist class 
n(r) = 0. The integral affine subalgebra g(o)(a) is non-trivial for all known non-abelian g(a). 

As an example of g(a), we mention the semisimple orbifold affine algebra at orbifold 
affine level k(a) = p(a)k 

g(a) = g(Z,\(permutation) c Aut(g); a), g = E±17:Jg1
, g1

"' g (3.7a) 

[J~j)(m+ p[u) ), Jit)(n+ p(:) )] = Ojl{ ifab c J~j+s) (m+n+ ;t)) + (m+ lu) )8m+n+~,o p(a)k77ab} 

j(~±p(u)) (m + r ) = j(~) (m + r ) 
UJ p(u) aJ p(u) 

(3.7b) 
(3.7c) 

a, b = 1, ... , dimg, f, s = 0, ... , p(a)- 1, 
. ). 

J, l = 0, ... , p(a) - 1, a= 0, ... , >.- 1 

(3.7d) 
which holdsj in sector a of each cyclic permutation orbifold A(Z-\)/Z-\. Using the data 
(2.40b,c,i), the form (3.7) follows from the general twisted current algebra (3.4). The algebra 
is also equivalent to the twisted current system in (2.40). 

Here is a summary of what is known about (the H-eigenvalue problem and) the twisted 
current algebra g(H C Aut(g); a) : 

o His any subgroup of SN(permutation) -+sets of commuting orbifold affine 
algebras15- 17•22•19- 21 at various levels. 
o His a group of inner or outer automorphisms of simple g -+ inner-automorphically 
twisted40A1•30•42•18 and outer-automorphically twisted43 ,41•18 affine Lie algebras. 
o His a group of inner automorphisms of each copy g1 ~ g times a permutation group 
which acts among the copies -+ doubly-twisted affine algebras.22•19•21 

The results19 for H = Z-\(permutation) are collected in Eqs. (2.18), (2.40) and (3.7). The 
case H = SN(permutation) is discussed in detail in Sec. 8 and the case of the general group 
H = H(d) of inner automorphisms of simple g is discussed in Sec. 9. The setups for the 
case H = JD>-\ (permutation) and the outer automorphism groups of simple g are included in 
Apps. J and K respectively. 

There are many other cases for which the twisted current algebras have not yet been 
worked out (e.g. H is a group of outer automorphisms of each copy g1 "' g times a permu
tation group which acts among the copies). Another basis for the general twisted current 
algebra g(a) is given in App. C. 

jFor prime A one has p(a) = A and j = 0 for all A -1 twisted sectors, so each twisted sector has only the 
simple orbifold affine algebra at level k = Ak. This was first seen15 in the characters of cyclic copy orbifolds. 
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3.2 Operator products and mode ordering 

In addition to OPE normal ordering (2.33), it is convenient to introduce a mode orderingk 

· J~ ( ~)J~ ( ~) · - B( + ~ > 0) J~ ( ~)J~ ( + ~) · n(r)tt m + p(a) n(s)v n + p(a) ·M = m p(a) - n(s)v n + p(a) n(r)tt m p(a) 

(}( ~ 0) J~ ( ~)J~ ( ~) + m + p(a) < n(r)tt m + p(a) n(s)v n + p(a) (3.8) 

denoted by the subscript M. Then one may use (3.1a), (3.4) and (3.8) to compute the exact 
operator product of the twisted currents 

~ ~ w n(r) 1 n(r)fp(cr) . 
Jn(r)tt(z)Jn(s)v(w) = (-)PT<Tl{[( )2 + ( )]Yn(r)tt;n(s)v(cr) z z-w wz-w 

":F n(r)+n(s),8( )J ( ) 
~ n(r)tt;n(s)v (J n(r)+n(s),8 W } . J.~ ( )J.A ( ) . + + · n(r)tt Z n(s)v W ·M z-w 

(3.9) 

where n(r) is the twist class of Jn(r)tt (see Eq. (2.16)). The partial conversion n(r) -+ n(r) 
seen here is detailed in App. D, and it is easily checked that the result (3.9) is consistent with 
the OPE's (2.29). We also note that every term in (3.9) is periodic under n(r)-+ n(r)+p(cr), 
n(r)-+ n(r). 

Comparing (3.9) with (2.33), we may express the OPE normal ordered product 

• ~ ~ . _ . A A • ifi(r) n(r)+n(s),8 A 
· Jn(r)tt(z)Jn(s)v(z) · - · Jn(r)tt(z)Jn(s)v(z) ·M - zp(cr) :Fn(r)tt;n(s)v (cr)Jn(r)+n(s),8(z) 

(3.10) 

in terms of an M ordered product. 
With the relation (3.10), the general orbifold stress tensor (2.39a) can be expressed in 

terms of an M ordered product as 

T~ ( ) "'"' rn(r)w-n(r) v( ){· J.~ ( )J~ ( ) . in(r) -r 08( ) Jo8(z) a Z = L...J L ' ' CJ • n(r)tt Z -n(r),v Z ·M - p(cr) .r n(r)tt;-n(r),v CJ -Z-

r,tJ.,V 

1 n(r) n(r) 
+ z2 2p(cr) (1- p(cr) )Yn(r)tt;-n(r),v(cr)} . (3.11) 

In this form, we note the presence of the Freericks-Halpern30 term }08 (z)/z, where }08 are 
· the generators of the integral affine subalgebra. 

kMany mode orderings are possible, the most effective ordering being the one that is closest to "normal" 
(zero vev), given the mode characterization of the ground state of a given sector. TheM-ordering in (3.8) 
is a normal ordering for the orbifold affine algebras of the general permutation orbifold (see Sees. 7 and 8). 
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3.3 The Virasoro generators of sector O" 

The OPE normal ordered product of the twisted current modes can also be expressed in 
terms of M ordering· 

1 ( ~) 1 ( ~) . 1 ( + ~)J ( ~) · : "n(r)J.I. m + p(u) "n(s)v n + p(u) · = : "n(r)J.I. m p(u) n(s)v n + p(u) ·M 

. n( r) 'L n(r)+n(s),8 ( ) j ( n r)+n(s ) . 
-~p(o-)~n(r)J.t;n(s)v (j n(r)+n(s),8 m+n+ pu 

n(r) n(r) 
+-2 ( ) (1- -( ))8m+n+n(r)+n(s) o9n(r)J.t;-n(r),v(o-) . (3.12) 

p (j p (j p(u) ' 

Then (using the mode expansion (3.1a) of the twisted currents) the general orbifold stress 
tensor in (2.39) or (3.11) gives the orbifold Virasoro generators 

Tu(z) = L Lu(m)z-m-~, 0" = 0, ... , Nc- 1 (3.13a) 
mEZ. 

"e,n(r)J.t;-n(r),v(o-) " . j ( ) (p + ~)1 ( ) (m- p- ~) · (3.13b) 
~ ~ · n r J.1. p(u) -n r ,v p(u) · 
r,J.t,V pEZ 

L e,n(r)JJ.;-n(r),v(o-) {L: 1n(r)J.t(p + ;(~~)1-n(r),v(m- P- ;(~P :M 

r,J.t,V . pEZ 

.n(r) oo h 

-~ p(o-) :Fn(r)JJ.;-n(r),v (o-)Joo(m) 

n(r) n(r) 
+8m,o 2p(o-) (1- p(o-) )9n(r)JJ.;-n(r),v(o-)} (3.13c) 

for all sectors o- of each orbifold A(H) /H. This result is the mode form of the general orbifold 
affine-Virasoro construction. For the untwisted sector o- = 0, the general construction (3.13) 
reduces to the mode formulation of the general H -invariant affine-Virasoro construction23 in 
(2.7a). 

The simplest example of this result is the orbifold U(1) /Z2 : 

1 
J(z)J(w) = ( )2 + O((z- w) 0

), 
z-w 

o- = 1: J(z)' = -J(w), p(1) = 2, 
h h 1 . 
J(z)J(w) = (z _ w)2 + O((z- w) 0

), 

mEZ 
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1 
T(z) = - : J 2 (z) : 

2 

U(1) = x(l) = 1 

1(ze21ri) = -1(z) 

(3.14a) 

(3.14b) 

(3.14c) 

(3.14e) 



(3.14f) 

Here J = Jn(r)=1 = Jn(r)=-1 =oX is the current of the standard ~-integrally moded scalar 
field X. This twisted field was invented1 by Halpern and Thorn, who used it to construct 
the first twisted sector of an orbifold. 

For the seminal non-abelian example, 19 the Virasoro generators of the permutation orb
ifolds A(Z.\)/Z.\ 

>p(u)-1 p(u) -1 

L [ L c,raj;-r,bl(O") L: J~;)(p + pfuy)J~l-r)(m- p- pfuy) :M 

r=O j,l=O pEZ 

p(~)-1 . 

+ ~ c,raj;-r,bj(O"){ ~~ fab c J~J) (m) + 6m,O 2p~O") (1- p[O") )kp(0")11ab}] (3.15) 

follow from (2.40) and (3.13). 

4 The Orbifold Adjoint Operation 

4.1 The orbifold conjugation matrix 

To study the adjoint operation in the twisted sectors, we first introduce the orbifold conju
gation matrix n, 

P --ut R(p; O") 

n n(s)v( ) _ ( ) * ( )-1 U( ) a* bUt( ) n(s)v 
n(r)p, 0" = X 17 n(r)JL X 17 n(s)v (J n(r)p, Pa (J b 

R(O")*R(O") = R(O")R(O")* = 1 

Rn(r)p, n(s)v(O") (1- En(r)(O")En(s)(O")) = 0 

(4.1a) 

(4.1b) 

(4.1c) 

(4.1d) 

n n(s)v( ) 6 n -n(r),v( ) ( ) 
n(r)p, 0" = n(r)+n(s),O mod p(u) n(r)p, 0" 4.1e 

which is the dual in sector O" (see the following subsection) of the conjugation matrix p in 
Eq. (2.2). Eq. (4.1a) and its realization in (4.1b) is another orbifold duality transformation 
on the same footing as the earlier ones for Q, F and£. From Eq. (4.1b) and the H-eigenvalue 
problem (2.11), one sees that the R-selection rule in (4.1d) (and its solution in (4.1e)) is 
the dual in sector O" of the H-covariance (2.6d) of the conjugation matrix p. The orbifold 
conjugation matrix n also controls the 'complex conjugation of the other twisted tensors1 

" . ( )* n n(t)JL
1 

( ) n n(u)v' ( ) " ( ) ~n(r)p,;n(s)v 0" = n(r)p, 0" n(s)v 0" ~n(t)p,';n(u)v' 0" (4.2a) 
1To prove (4.2c), for example, use the duality transformation .C(L) in (2.3lc) and the L* relation in (2.5), 

followed by the inverse L(.C) of the duality transformation. 

18 



T n(t)o( )* _ -n n(u)p.' ( ) -n n(v)v' ( ) T n(w)o' ( ) -n n(t)o((J)* 
.r n(r)p.;n(s)v (J - 1"'n(r)p. (J 1'-n(s)v (J .r n(u)p.';n(v)v' (J 1'-n(w)o' 

(4.2b) 
.c,n(r)p.;n(s)v((J)* = .c,n(t)p.';n(u)v'((J) .R n(r)p.((J)* R n(s)v((J)* (4.2c) 

· n(t)p.' n(u)v' 

in each sector a of each orbifold A(H)/ H. These results are dual to Eqs. (2.2b) and (2.5), 
so that, in particular, the relation (4.2c) holds when the CFT A(H) is unitary. 

Another consequence of the H-covariance of p in (2.6d) is that each R(a) is a class 
function 

R(U((J)v(a); (J) = R(U(a); a) 

under the H-conjugation in (2.28). 

4.2 The adjoint of the twisted currents 

We can now give the adjoint of the twisted currents of sector (J 

jn(r)p.(m+ ;(;~)t = LRn(r)p.-n(r),v(a)J-n(r),v(-m- ;(;p 
v 

.Jh ( ~) tt .Jh ( 11._(d) 
n(r)p. m + p(u) = n(r)p. m + P(O} 

(4.3) 

( 4.4a) 

(4.4b) 

where R((J) is the orbifold conjugation matrix defined above. The orbifold adjoint operation 

( 4.4a) is the dualm in sector (J of the adjoint operation (2.2a) on the untwisted currents. The 
consistency relation (4.4b) is easily checked with Eqs. (4.4a) and (A.3). 

The orbifold adjoint operation ( 4.4a) defines a real form of the general twisted current 
algebra g((J) in (3.4) because the adjoint of the algebra 

·;: -(n(r)+n(s)),o( )*.Jh ( n(r)+n(s))t 
-'/, -n(r),p.;-n(s),v (J n(r)+n(s),o m + n + p(u) (4.5) 

is consistent with g((J). To verify this statement, use (A.4a) and (A.4b). 
Iri the case19 of the permutation orbifolds A(Z>.)/Z>., the twisted current algebra is the 

semisimple orbifold affine algebra (3.7) and we obtain the orbifold adjoint operation 

b bJ bb J 
Pa -t Pal = Pa I ' I, J = 0, ... , A- 1 (4.6a) 

n((J) -tRra/b
1
((J) = Pab6/6r+s,Omodp(u)' Jlj)(m+ PC;))t =pabJ~;r)(-m- PCu)) (4.6b) 

from (2.18), (2.40) and (4.4a). This adjoint operation is in agreement with the standard 
adjoint operation for orbifold affine algebra15,19 and it is known15 that this adjoint operation 

mThe local form J(z)t = nJ(z-1 *)z-h of the adjoint operation (4.4a), including the form (4.1b) of n, 
follows by duality transformation from the local form J(z)t = pJ(z- 1 *)z-2 * of the adjoint operation (2.2) 
in the untwisted sector. 
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guarantees unitarity of the twisted affine Hilbert space when the untwisted affine Hilbert 
space is unitary. 

More generally, as we will note in Sees. 7, 8 and 9, the orbifold adjoint operation defines 
a unitary twisted affine Hilbert space for each sector of the orbifoldsn 

o A(H)/H, where His any subgroup of SN(permutation) 
o A(H(d))/H(d), where H(d) is any group of inner automorphisms of simple g 

o A(H)/H, where His a product of any subgroup of SN(permutation) times a group of 
inner automorphisms 

when the untwisted affine Hilbert space is unitary. On the basis of this evidence, we con
jecture that the orbifold adjoint operation implies unitarity of all the twisted affine Hilbert 
spaces of A( H)/ H, given the unitarity of the untwisted affine Hilbert space. 

4.3 The adjoint of the orbifold Virasoro generators 

The adjoint ( 4.4a) of the twisted currents gives the desired adjoint operation on the Virasoro 
generators 

(4.7) 

in every sector rJ of each orbifold A( H)/H. To see this, apply the orbifold adjoint operation 
(4.4a) to the mode form (3.13c) of the Virasoro generators and use the£* relation (A.4c). 
In further detail, one finds that the (1) 2 , (1) 1 and (1) 0 terms in (3.13c) satisfy the adjoint 
relation ( 4. 7) separately. 

It follows that all the twisted sectors of the orbifolds bulleted in Subsec. 4.2 are unitary 
when the CFT's A( H) are unitary,0 and similarly for all A( H)/ H if our conjecture in that 
subsection can be proven. 

5 TheTJOPE'sofA(H)/H 

The OPE isomorphisms also allow us to compute the Tcr }(rJ) OPE's of orbifold theory. 
To begin this discussion, we remind the reader of the TJ OPE of the general affine

Virasoro construction26
•
44

•
45

•
23

•
25 

[L(m), la(n)] = -nM(L)ab Jb(m + n) + N(L)abc L: Jb(p)Jc(m + n- p) : (5.1b) 
pEZ 

(5.1c) 

n1n all these cases, unitarity of the twisted affine Hilbert spaces follows easily from known orbifold induc
tion procedures.40,41,30,42,15,22 

0 This result was established for the permutation orbifolds A('ll>.)/'ll>. in Ref. 19. 
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M(L)ab = M(L)acGcd = M(L)ba, N(L)abc = N(L)acb (5.1d) 

M(L)* = pM(L)p* = M(L)t, N(L)abc* = -p/N(L)def Pcb*p/*. (5.1e) 
,, 

In the special case of the H-invariant CFT's-A(H), one finds that the H-invariances of the 
tensors M(L) and N(L) 

[w, M(L)] = 0, V w E H c Aut(g) (5.2) 

follow from (5.1c), (2.6c) and (2.7a). 
For the general orbifold A( H)/ H, the OPE isomorphisms for }(rJ) and t, in (2.21a) and 

(2.30) combine to give the derived OPE isomorphism 

T(z):Tn(r)JL(w) ----a+ i'c,(z)Jn(r)JL(w) (5.3) 

and this isomorphism gives the general t, }(rJ) OPE in sector rJ of A(H)/ H 

~ ( ) ~ ( ) n(s)v( )[ 1 8w J ~ ( 
T 17 Z Jn(r)JL W = Mn(r)JL rJ (z _ W )2 + (z _ W) Jn(s)v W) (5.4a) 

N n(s)wn(t)8( ) 1 ( ) 1 ( ) 
n(r)JL ' (J : Jn(s)v W Jn(t)8 W : 

+ + O((z- w) 0
) 

z-w 

M n(s)v( ) _ -1 U( ) a M(L) bUt( ) n(s)v 
n(r)JL (J - x(cr)n(r)JL~(cr)n(s)v (J n(r)JL a (J b (5.4b) 

N n(s)v;n(t)o( ) _ x(cr)n(rl~t U(rJ) a N(L) bcut(rJ) n(s)vut(rJ) n(t)a 
n(r)JL (J - ( ) ( ) n(r)JL a b c · 

X CT n(s)vX CT n(t)c5 
(5.4c) 

The twisted tensors M(rJ) and N(rJ) in (5.4b,c) are the dual in sector rJ of the untwisted 
tensors M(L) and N(L) 

M(L) ----a+ M(M(L); rJ), N(L) ----a+ N(N(L );rJ) (5.5) 

and the same result (5.4) can be obtained by direct OPE calculation (see App. E) in the 
twisted sectors of the orbifolds. The orbifold duality transformations (5.5) (and their real
ization in (5.4b,c)) are on the same footing as the earlier ones for Q, F, .C and R. 

One also finds the M- and N-selection rules and their solutions 

M n(s)v( ) x M n(r)v( ) 
n(r)JL (J = Un(r)-n(s),O mod p(u) n(r)JL (J 

Nn(r)JL n(s)v;n(t)o(rJ)(1- En(r)(rJ)En(s)(rJ)*En(t)(rJ)*) = 0 

N n(s)v;n(t)o( ) 0 N n(s)v;n(r)-n(s),o( ) 
n(r)JL (J = n(r)-n(s)-n(t),O mod p(u) n(r)JL (J 
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Nn(r)JL n(s)v;n(r)-n(s),\a) = 0 unless n(r)- n(s) E {n(r)} (5.6e) 

which are the dual in sector (J of the H-invariances (5.2) of M(L) and N(L) in the untwisted 
sector. 

Another consequence of the H-invariances in (5.2) is that the twisted tensors M(a) and 
N (a) are class functions 

M(U(a)v(a); a)= M(U(a); a), N(U(a)v(a); a) = N(U(a); a) (5.7) 

under the H-conjugation in (2.28). 
Using theM- and N-selection rules in (5.6), one obtains the 'f'u. }(a) OPE's in the more 

informative presentation 

n(r)v( )[ 1 aw ] A ( ) 

Mn(r)~t a (z- w)2 + (z- w) Jn(r)v w (5.8) 

N n(s)v; n(r)-n(s),8( ) JA ( )JA ( ) + n(r)JL a : n(s)v W n(r)-n(s),8 W : + O((z _ w)O) 
z-w 

. which shows the consistency of the monodromies on both sides of the relation. The associated 
commutatorP 

[Lu(m), Jn(r)JL(n + ;?;j)] = -(n + ;f;j)Mn(r)/(r)v(a)Jn(r)v(m + n + ;f;~) (5.9) 

+N n(s)v;n(r)-n(s),o( ) "" . j ( + ~)J ( + _ + n(r)-n(s)) . n(r)JL a LJ · n(s)v P p(u) n(r)-n(s),o m n P p(u) · 
pEZ 

follows from (5.8). 

6 The Orbifolds of the (H and Lie h)-invariant CFT's 

Our presentation of these "doubly-invariant" CFT's and their orbifolds will follow the pro-
gression 

A(Lie h) --+ A(Lie h(H)) --+ A(Lie;;(H)) (6.1) 

starting with a review of Lie symmetryiil current-algebraic conformal field theory. 

_ PThe complex conjugates M* and N* can be computed with (5.1e), and the results follow the pattern 
seen in Eq. (4.2): a factor of R* orR for an up or down index respectively. Then it is easily checked that 
(5.9) is consistent with the adjoint operations in (4.4a) and (4.7). 
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6.1 The Lie h-invariant CFT's 

The Lie h-invariant CFT's23
-

25
•
28

•
22 on g, called collectively A(Lieh), are those CFT's with 

a Lie symmetryq h C g, which may be realized globally or locally. Large numbers of Lie 
h-invariant CFT's are known,23 and simple e~amples of A(Lie h) include the WZW model 
A9 (Lie g), described by the affine-Sugawara construction 29•36- 39•25 on g, and the g / h coset 
constructions. 29•36•46•25 

To describe this class of CFT's more precisely, we begin with the index decomposition 

a= (A, I), A in h, I in gjh: GAl= lAB 1 = IAI B = 0 (6.2a) 

JA(z)JB(w) = ( GAB )2 + iiAB c lc(w) + O((z- w)o) (6.2b) 
z-w z-w 

where his any reductive subalgebra of the ambient algebra g and Jh = {JA} are the h 
currents. The Lie h-invariant CFT's A(Lieh) are those CFT's on g whose inverse inertia 
tensor is invariant under infinitesimal transformations generated by Lie h 

T =Lab : lalb :, OALab = Lc(a leA b) = -iN(L)A ab = 0, A= 1, ... , dimh (6.3) 

where N(L) is defined in (5.1). The inverse inertia tensors of A(Lieh) satisfy a consistent23 

reduced Virasoro master equation. 
At least for all unitary CFT's in A(Lie h), it follows that45

•
23 

M(L)A 1 = 0, M(L)AcM(L)cB = M(L)AB (6.4a) 

T(z)JA(w) = M(L)AB(( 
1 

)2 + ~)JB(w) + O((z- w) 0
) (6.4b) 

z-w z-w 

where M(L)AB is the h block of M(L) (see Eq. (5.1)). As seen in (6.4), the essential 
simplifications of the Lie h-invariant CFT's are that a) M(L)A B is a projector and b) there 
is no two-current term on the right side of (6.4b). It then follows45•23 in a left eigenbasis 
of M(L)A B that the h currents are either (1, 0) or (0, 0) operators of T(z). For the affine
Sugawara constructions, one has h = g and all the h currents an~ (1, 0) operators, so that 
Lie his realized globally. For the gjh coset constructions the h currents are (0, 0) operators, 
so that Lie h is realized locally. For general Lie h-invariant CFT's, the affine h subalgebras 
(6.2b) decompose as23 

h = ho EB h1 (6.5) 
where h0 and h1 are the closed affine subalgebras of the (0, 0) and the (1, 0) operators 
respectively. r 

qThe Lie h-invariant CFT's A(Lie h) are also invariant (at least) under the connected part (Lie H)c of 
the corresponding Lie group Lie H. Moreover (LieH)c C LieG C Aut(g) and (LieH)c C Aut(h), so one 
may consider the orbifolds by a Lie group A(Lieh)/(LieH)c for any Lie h-invariant CFT. We shall not do 
so here. 

<Jn what follows, we will generally assume unitarity of the Lie h-invariant CFT's and hence the Lie h 
relations (6.4). For the affine-Sugawara and coset constructions, however, it is clear that (6.4) holds without 
assumption of unitarity. Section 9 gives further evidence that the relations (6.4) may follow directly from 
the Virasoro master equation. 

23 



6.2 The (Hand Lie h)-invariant CFT's 

We consider next the (Hand Lie h)-invariant CFT's, called collectively A(Lieh(H)), 

A(Lieh(H)) c A(Lieh), 

h c g, H c Aut(g), 

A(Lieh(H)) c A(H) 

H c Aut(h). 

(6.6a) 

(6.6b) 

These are the CFT's which are simultaneously invariant under some Lie h and also a finite 
group H, and the CFT's of A(Lieh(H)) can be used to from the orbifolds A(Lieh(H))/H. 
Because g, h and H are not fixed, these doubly-invariant CFT's provide a different slice of 
orbifold theory than the large examples in Subsec. 2.6 and Sees. 8 and 9. 

We will not attempt to classify the (Hand Lie h)-invariant CFT's, but the set is large, 
including the general WZW model 

A9 (H) = A9 (Lieg) = A(Lieg(H)), H c Aut(g) (6.7) 

which is described by the affine-Sugawara construction29•36- 39•25 on g, and the general H
invariant coset construction 19•

21 

*(H) c A(Lieh(H)) . (6.8) 

Many other examples in A(Lie h(H)) are known including a) the level families that live on 
the Lie h-invariant graphs with a graph symmetry34

•23•
25 and b) the Lie (h = 9dia9)-invariant 

CFT's22
•19 in A(Z.x,permutation)), whose stress tensors describe the untwisted sectors of the 

Gdiag(u)-invariant cyclic orbifolds. 
Another large class of doubly-invariant CFT's A(Cartang(H(d))) is discussed in Sec. 9, 

where H = H(d) is any group of inner automorphisms. These doubly-invariant CFT's 
are particularly important because, as we shall see, they underlie the connection between 
inner-automorphic orbifolds and stress-tensor spectral flow. 

For CFT's in A(Lie h(H)), the subalgebra h C g is an H-covariant subalgebra21 

V w(hu) E H, A= 1, ... ,dimh (6.9) 

of the H -covariant ambient algebra g. Here w ( hu) l is the h block of w ( hu) and J A ' satisfies 
the same OPE as JA, given in (6.2b). Then, using (2.6b,c) and (6.2b), the properties 

(6.10a) 

(6.10b) 

are obtained for all hu. The relations in (6.10b) express the H-invariance of the h tensors 
GAB and JAB c. It follows that each matrix action w(hu) is block diagonal 

(6.11) 
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and that the h and g / h blocks w ( hu) A B and w ( hu) 1 J of w ( hu) are separately unitary. Then 
the unitary eigenvector matrices U ( (J) and ut ( (J) may also be taken block diagonal with each 
block separately unitary. Finally, Eqs. (5.2) and (6.11) imply the vanishing commutator 

w(hu)A c M(L)cB = M(L)A cw(ho-)cB 

among the h blocks of w(hu) and M(L). 

6.3 The orbifolds A(Lie h(H)) / H 

We turn now to the orbifolds by H of the doubly-invariant CFT's A(Lieh(H)) 

A(Lieh(H)) A(H) 
H ell, h Cg, H c Aut(g), H c Aut(h). 

The twisted g currents ln(r)Jl. of these orbifolds satisfy the twisted current algebra 

g(H c Aut(g), H c Aut(h); (J) 

(6.12) 

(6.13) 

(6.14) 

whose form is included in (3A). In this case, the ambient algebra (6.14) has a twisted h 
subalgebra21 generated by the twisted·h currents J6(u)' which we will discuss below. When Lie 
h is realized locally, one must learn to gauge the twisted h currents in an action formulation 
of these orbifolds. 

To study the twisted h currents in a "conformal weight" basis (see Eq. (6.16)), we begin 
with the simultaneous left-eigenvalue problem 

U((J)n(r)OiJl.Bw(hu)BA = En(r)((J)U((J)n(r)OiJl.A 

U((J)n(r)Bi!l- B M(L)BA = eiU(cr)n(r)BiJl.A 

n(r) E {n(r)}, ei E {o, 1}, (J = 0, ... , Nc- 1 

(6.15a) 

(6.15b) 

(6.15c) 

defined on the (unitary) h block of U. Eq. (6.15a) is the induced H-eigenvalue problem21 for 
the H-covariant subalgebra h, and the consistency of the simultaneous eigenvalue problem 
(6.15) is guaranteed by the vanishing commutator in Eq. (6.12). The allowed values of ei 
in (6.15c) follow from M 2 = M in (6Aa), and we emphasize that the matrix M(L) and its 
eigenvalues Oi((J) = ei(O) = ei are independent of cr. 

The analysis19 reviewed in Sec. 2 for the ambient algebra g can now be applied, mutatis 
mutandis, to the H-covariant subalgebra h. With (6A) and (6.15), we find that the h
eigencurrents .:h((J) = {.Jn.(r)Bill-} of sector (J 

(6.16b) 
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have conformal weight ()i E {0, 1} and simultaneously a diagonal response En(r)(a) to the 
automorphism group H. 

Then using the OPE's (6.2b) of the h current algebra, the h-eigencurrents (6.16a) and 
the OPE isomorphism 

(6.17a) 

automorphisms En(r) (a) --;;:+ . monodromies En(r) (a) (6.17b) 

one finds the twisted h current system (read Eq. (2.22a) with n(r)J1---+ n(r)OiJ1). The twisted 
h tensors of this system are 

(6.18a) 

·~ n(t)fhc5( ) - x(a)n(r)8;JLx(a)n(s)8;v U( ) Au( ) Bf cut( ) n(t)8kc5 
.rn(r)O;J.L;n(s)Bjv a - ( ) a n(r)O;J.L a n(s)Ojv AB a C 

X a n(t)Okti 

(6.18b) 
F n(u)Oz€( )F n(v)Om'Y( ) + :F n(u)8z€( ):F n(v)Bm'Y( ) 

n(r)O;J.L;n(s)Bjv a n(t)(}kc5;n(u)8z€ a n(s)Ojv;n(t)Okc5 a n(r)(};J.L;n(u)BzE a 

J= n(u)81E( )J= n(v)Om'Y( ) _ 0 (6 18 ) + n(t)Okc5;n(r)O;J.L a n(s)Ojv;n(u)(}zE a - · C 

Fn(r)8;J.L;n(s)8iv;n(t)Okc5 (a) - Fn(r)8;J.L;n(s)8i v n(u)BtE( a )Yn(u)8zE;n(t)Okc5 (a) = -Fn(r)8;J.L;n(t)8kc5;n(s)8i v( a) 

(6.18d) 
Yn(r)8;J.L;n(s)8iv (a )(1 - En(r) (a )En(s) (a)) = 0 ( 6.18e) 

Fn(r)O;J.L;n(s)Biv n(t)Bk
5
(a)(1- En(r)(a)En(s)(a)En(t)(a)*) = 0 (6.18f) 

and the corresponding twisted h subalgebra is 

6(a) 6(H C Aut( h); a) C g(H C Aut(g), H C Aut( h); a) (6.19a) 

[JA ( n(r)) JA ( n(s))]- ( ~)J: g ( ) 
n(r)8;J.L ffi + p(a) 7 n(s)8jV n + p(a) - ffi + P(U} Um+n+ n(r)+n.(s) 0 n(r)8;J.L;-n(r),8jV (J 

p(u) ' 

.'L n(r)+n(s),8kc5( )JA ( n(r)+n(s)) 
+z.r n(r)8;J.L;n(s)8iv a n(r)+n(s),8kc5 m + n + p(a) 

#{J~(a)} = #{Jh} =·dimh. 

(6.19b) 

(6.19c) 

The subalgebra 6(a) is the dual in sector a of the untwisted affine h subalgebra in (6.2b), 
· and the Jacobi identity of 6(a) follows with (6.18c,d). 

We turn next to the twisted inverse inertia tensor £(a) in the stress tensor Tu of each 
· orbifold in A(Lieh(H))jH. In addition to the selection rules (2.37)- which are dual to the 

H -symmetry of A(Lie h( H)) - we find that .C( a) also satisfies the conditions 

£n(u)'Y;(n(s)v(a)Fn(u)'Y;n(r)B;J.L~(t)c5)(a) = -iNn(r)B;J.L n(s)v;n(t)c5(a) = 0 

sA special case of this condition was first seen for cyclic permutation orbifolds in Ref. 22. 
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which is dual to the Lie h condition (6.3). Moreover, the Ta16(a) relations 

M n(s)Oiv( ) _ (). 8 n(s)Oiv 
n(r)B;p. a .:- ~ n(r)O;p. (6.21a) 

~·;' 

h h 1 aw h 0 
Ta(z)Jn(r)O;p.(w) = ()i (( )2 + --)Jn(r)O;p.(w) + O((z- w) ) 

z-w z-w 
(6.21b) 

[L ( ) J.h ( ~)] - () ( ~)J.h ( ~) a m , n(r)O;p. n + p(a) - - i n + p(a) n(r)O;p. m + n + p(a) (6.21c) 

can be obtained from (6.16b), (6.17) and the derived isomorphism (2.30), or as a special 
case of (5.8) and (5.9). These results show that each twisted h current of any orbifold 
A(Lie h(H)) I H is either21 a twisted (1, 0) operator (defined by ()i = 1) or a twisted (0, 0) 
operator (defined by ()i = 0). Looking back, we see that the properties (6.21) are orbifold 
reflections of the Lie h properties in (6.4) and (6.16b). 

6.4 WZW orbifolds, coset orbifolds and orbifold K-conjugation 

We work out here the general WZW orbifold 19 and the general coset orbifold, 21 which provide 
simple sets of examples in A(Lie h( H)) I H. In this discussion, we emphasize the role of the 
WZW orbifolds in orbifold K-conjugation,19 and the role of orbifold K-conjugation in the 
construction of the coset orbifolds. 

The affine-Sugawara construction29,36- 39 ,25 on g 

A9 (H) = A(Lieg(H)), H c Aut(h =g) 

T _Lab. J J. . 
g - g • a b ., 

ab 
Lab = El1I 'TJJ 

g 2kl + QI 

'V w E H c Aut(h =g) 

N(L9 )abc = 0, M(L9 )ab = 8ab 

[L9 (m), la(n)] = -nJa(m + n) 

(6.22a) 

(6.22b) 

(6.22c) 

(6.22d) 

(6.22e) 

is always a (global Lie h =g)-invariant CFT which is also H-invariant under any H c Aut(g). 
Then the description of the general WZW orbifold 19 

A9 (H) 
H 

A(Lieg(H)) 
H 

h n(r)p.;-n(r),v . h h • _ 

Tg(a) £ 9(a) (a) . ln(r)p.l-n(r),v ., a- 0, ... , Nc- 1 

_cr;:(r)p.;-n(r),v(a) = (a)_1 (a)-1 Labut(a) n(r)JLUt(a) -n(r),v 
g(a) X n(r)I-'X -n(r),v g . a b 

N n(s)v;n(t)o(d) = O M n(s)v(a) = 8 n(s)v 
n(r)p. ' n(r)p. n(r)p. 

[L~(a)(m), Jn(r)p.(n + ;(~PJ = -(n + ;(~PJn(r)p.(m + n + ;(~p 
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(6.23a) 

(6.23b) 

(6.23c) 

(6.23d) 

(6.23e) 



is obtained from the results of the previous subsection. In the WZW orbifolds, the twisted 
g currents {J(a)} satisfy the general twisted current algebra g(a) in (3.4) and each of the 
twisted g currents is a twisted (1,0) operator (with Oi(a) = Oi = 1) under the orbifold 
affine-Sugawara construction Tg(u)· The case of the WZW cyclic permutation orbifolds was 
discussed in Ref. 19 and further discussion of WZW orbifolds is found in Sees. 7 and 9. 

Returning for a moment to the general affine-Virasoro construction (2.3), we remind the 
reader that the affine-Sugawara construction T9 also plays a central role in the operation 
known as K -conjugation29•

36
•
46

•
47

•
26

•
25 

T9 (z) = T(z) + T(z), T(z)T(w) = O((z- w) 0
) 

Lab= Lab+ £ab 
9 . ' 

c9 = c+ c 

(6.24a) 

(6.24b) 

(6.24c) 

which relates K-conjugate pairs A, A of current-algebraic CFT's on g. The simplest example 
of K-conjugation is the gjh coset construction29

•
36

•
46

•
25 

A= 1, ... , dimh (6.25) 

which is a (local Lie h)-invariant CFT (with Oi = 0 for each h current). 
We emphasize that K-conjugation is closed on the space of H-invariant CFT's 

A(H) 7A(H), H c Aut(g) (6.26) 

because the affine-Sugawara construction T9 describes the H-invariant CFT A9 (H). 
For the corresponding orbifolds by H, one finds that K-conjugation (6.26) and the duality 

transformation (2.31c) combine to give orbifold K-conjugation19 

A(H) A(H) 
1I71I 

.c;{:~JL;n(s)v(a) = _cn(r)JL;n(s)v(a) + ~n(r)JL;n(s)v(a) 
Cg(u) = Cg, c(a) = c, c(a) = c 

(6.27a) 

(6.27b) 

(6.27c) 
(6.27d) 

which relates K-conjugate pairs of stress tensors in A( H)/ H through the orbifold affine
Sugawara construction Tg(u). 

The simplest example of orbifold K-conjugation, namely the general coset orbifold 

HH) A(Lie h(H)) 
lie H ' h c g, H c Aut(h), 
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H c Aut(g) (6.28a) 

(6.28b) 



,.., _ LAB . J J . ,..;,_ _ rn(r)OJL;-n(r),ov( ) . .1~ J~ . . (6.28c) 
1 h- h · A B · 7 l.~(u) - .(.,6(u) (J • n(r)OJL -n(r),Ov · 

cn(r)OJL;n(s)Ov( ) = ( )-1 ( )-1 LABut( ) n(r)OJLut( ) n(s)Ov (6.28d) 
6(u) (J X u n(r)o!LX u n(s)Ov h (J A (J B 

is also found in A(Lie h(H))/ H. The untwisted sectors of these orbifolds are formed from 
the H-invariant coset constructions *(H), and the twisted h currents J6(u) = { Jn(r)oJL} have 
Oi((J) = (}i = 0 in this case because the untwisted h currents JA are (0, 0) operators of Tgfh· 

In further detail, the twisted h currents are twisted (1, 0) operators under Tg(u) and T6(u) 

and hence twisted (0, 0) operators under T(gfh)/H: 

[L~(u)(m), Jft(r)oJL(n + ;t;j}J = -(n + ;t;~)Jn(r)oJL(m + n + ;t;p (6.29a) 

[L~(u)(m), Jn(r)OJL(n + ;(;p] = -(n + ;(;pJn(r)Ott(m + n + ;(<;p (6.29b) 

ill ~ nir) 
[LuH (m), Jn(r)OJL(n + ~)] = 0 · (6.29c) 

The eigenvalue (}i = 0 of the twisted h currents controls the vanishing final commutator with 
the coset orbifold Virasoro generators. The results (6.28a,b) and (6.29c) are equivalent to 
those given in Ref. 21, which also discusses the orbifolds of the Z>.-invariant coset construc
tions in further detail. Finally, the twisted h currents satisfy the twisted h subalgebra 

[J.~ ( n(r)) .1~ ( ~)] _ ( ~)-' g ( ) 
n(r)Ott m + p(u) , n(s)Ov n + p(u) - m + p(u) Um+n+ n(r)+n(s) O n(r)OJL;-n(r),Ov (J 

p(u) ' 

. -r n(r)+n(s),Oo( )J~ ( n(r)+n(s)) +v-n(r)Ott;n(s)Ov (J n(r)+n(s),oo m + n + p(u) (6.30) 

which is dual to the untwisted h algebra whose OPE's are given in (6.2b). 
Other applications of orbifold K -conjugation are found in the following subsection and 

Subsec. 9.5. 

6.5 Decomposition of the twisted h su.balgebras 

With the help of orbifold K -conjugation, we will show in this subsection that the twisted 
affine h subalgebra 6((J) of each sector of each orbifold A(Lie h(H))/ H decomposes as 

(6.31) 

where 6o((J) and 61 ((J) are the closed affine subalgebras of the twisted (0,0) and (1,0) opera
tors respectively. The algebra 6((J) C g((J) is given in (6.19) and the orbifold argument given 
below parallels the argument in Ref. 23 for the decomposition (6.5) of the h subalgebra of 
any Lie h-invariant CFT. 

For the orbifolds A(Lieh(H))/H, we may combine orbifold K-conjugation (6.27) with 
the Lu, J6(u) commutator in (6.21) to find the relation 

A(Lieh(H)) A(Lieh(H)) 
H +--j(+· H (6.32) 
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among the "conformal weights" () of the twisted h currents of each K -conjugate orbifold pair 
in A(Lieh(H))jH. 

In what follows, we consider various pairs of generators J6(u) of the twisted h subalgebra 

6( a) of sector a in any particular orbifold A(Lie h(H)) / H, starting with an arbitrary pair of 
twisted (0, 0) operators. According to (6.21), the commutator of this pair oftwisted currents 
commutes with the stress tensor 't, of this orbifold 

[Lu(m), [Jn(r)OJL(n + ~), Jn(s)ov(P + mt)J] = 0 (6.33) 

so the set of twisted (0, 0) operators of this orbifold is closed under commutation. Similarly 
the set of twisted (1, 0) operators of this orbifold is closed under commutation because, 
according to (6.32), these cu_:rents and their commutators are twisted (0, 0) operators of the 

K-conjugate stress tensors Tu. To prove that the twisted (0, 0) and twisted (1, 0) operators 
of the orbifold commute, use the chain rule and the commutator (6.21) to see that 

[Lu(m), [Jn(r)oJL(n + ~), 1n(s)1v(P + mt)]] 

= -(p + :(;p[Jn(r)OJL(n + :(;p, jn(s)1v(P + m + :~DJ · (6.34) 

Then use the twisted h algebra ·(6.19) on both sides, followed by the commutator (6.21) 
again on the left side. The result of this computation 

r. rr: n(r)+n(s),Bko O 
~n(r)OJL,n(s)1v = .r n(r)OJL,n(s)1v = (6.35) 

establishes the decomposition (6.31) of the twisted h subalgebra 6(a) of sector a. As dis
cussed in Subsec. 6.4, the general WZW orbifold and the general coset orbifold provide simple 
examples of this decomposition. 

7 About Permutation Orbifolds 

. In this section, we discuss some features common to all permutation orbifolds 

A(H) 
II' H C SN(permutation) C Aut(g), K-1 I 

g = EBI=o g ' K~N (7.1) 

where the copies g1 
I'..J g in the (H c SN) permutation-invariant CFT's are taken at level 

k. In this case, the general twisted current algebra g(a) of sector a consists of a set of 
commuting orbifold affine algebras15•16•19•20 at various orders (see also Sec. 8). We have also 
checked that the orbifold adjoint operation ( 4.4a) gives the standard 15•19 adjoint operation 
(see Eq. ( 4.6b) and Sec. 8) for each commuting orbifold affine algebra in each sector a, so that 
unitarity of the twisted sectors of any permutation orbifold A(H)/ H follows from unitarity 
of the permutation-invariant CFT A(H). 
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From the orbifold induction procedure for orbifold affine algebras15 we know that the 
ground state jO)cr of sector CJ is a twisted affine primary state 

(7.2) 

where the second relation follows from the first by the orbifold adjoint operation. It follows 
·from (7.2) that M ordering, defined in (3.8), is a true normal ordering 

(7.3a) 

L : jn(r)tt(P + ;(;PJ-n(r),v(m- P- ~) :M jO)cr = 0, form 2:: 0, 'V n(r), 1-£, V (7.3b) 
pEZ 

for all permutation orbifolds. The relations (7.2) and (7.3) hold for all n(r) and n(s), not 
necessarily in the fundamental range. As a consequence of (7.3a), we obtain the twisted 
current-current correlators in each sector CJ of the general permutation orbifold 

~ ~ w ~ 1 n(r)/ p(CI) 
(Jn(r)tt(z)Jn(s)v(w))cr = On(r)+n(s),O mod p(cr) (-) p(o-) [( ) 2 + ( ) ]Qn(r)tt;-n(r),v(CI) 

z z-w wz-w 

(7.4) 
from the exact operator product (3.9). Correlators of more than two twisted currents can 
be computed from (3.1a), (3.4) and (7.2). 

Using (3.13c), (7.2) and (7.3b), we may also compute the ground state conformal weight 
Ao ( CJ) of sector CJ 

(7.5a) 

Ao ( CJ) """"' n(r) (1- n(r) )£n(r)tt;n(s)v(CI)Q (CI) 
L....J 2p(CI) p(CI) n(r)JL;n(s)v 

r,s,JL,v 

(7.5b) 

= """"' n(r) (1 _ fi(r) )£n(r)tt;-n(r),v(CI)Q . (CI) 
L....J 2 (CI) (CI) n(r)JL;-n(r),v · 
r,JL,V p p 

(7.5c) 

The ground state conformal weights are class functions and the factor n(r) in (7.5c) tells 
us that twist class n(r) = 0 (the integral affine subalgebra) does not contribute to Ao(CI). 
When the CFT A(H) is unitary, the ground state conformal weights .6.0(CI) must be real 

(7.6) 

· because the twisted sectors of these orbifolds are also unitary in this case. To see this 
explicitly, use the Q* relation (A.4a), the £* relation (A.4c), the relation (A.3) for R and 
the symmetry of g and £. 

Using the duality transformations for g and C in Eqs. (2.22d) and (2.31c), the ground 
state conformal weights (7.5b) can also be expressed in terms of the inverse inertia tensor 
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Lab of the untwisted sectort 

A ac """' n(r) n(r) - b 
~o(o-) = L Gcb ~ 2p(o-) {1- p(o-) )P(n(r); o-)a 

r 

(7.7a) 

P(n(r); o-)ab = l:.:tt ut(a-)an(r)ttU(o-)n(r)tt b, w(hu)ab = l:.:r En(r)(o-)P(n(r); o-)ab (7.7b) 

P(n(r); o-)ac P(n(s); o-)cb = bn(r)n(s)P(n(r); o-)ab (7.7c) 

where P(n(r); a-) is the projector onto the n(r) subspace of sector a-. Other properties of 
these projectors are collected in App. B. 

To go further for H C S N, we need a more explicit notation for the semisimplicity of the 
Lie algebra g in (7.1) and the degeneracy indices of the H-eigenvalue problem: 

a-+ a, I, n(r), p,-+ n(r), aj, a = 1, ... , dimg, l=O, ... ,K-1 

Gab-+ Gal,bJ = k'f/abb[J, .f c t eM .f cs: s: M Jab -+ Jal,bJ =Jab U[JUJ 

( ) ( ) { k'f/ab fabcJcJ(w)} (( )0) 
lal z JbJ w = bu (z _ w)2 + z _ w + 0 z- w 

Lab-+Lai,bJ pb-+p bJ pbbJ ' a al =al' 

(7.8a) 

(7.8b) 

(7.8c) 

(7.8d) 

ut ( 0" )an(r)p. -+ ut ( 0" )aJ n(r)bj = &abut (a-) Jn(r)j' w(hu) / ut ( 0") Jn(r)j = ut (a-) In(r)j En(r) (a-) 

P(n(r); a-)/= L ut(a-)In(r)jU(o-)n(r)/ 
j 

Yn(r)aj;n(s)bl(o-) <X k'f/ab,. :Fn(r)aj;n(s)bl n(t)cm(o-) <X fab c, nn(r)aj n(s)bl (a-) <X Pab 

T _ Lal,bJ . J T • -----'- rf, _ l"n(r)aj;n(s)bl( ) . J.A J.A . - · a[JbJ · -----ri' 1u- '-' 0" · n(r)aj n(s)bl · · 

(7.8e) 
(7.8f) 

(7.8g) 

(7.8h) 

(7.8i) 

Here the a indices to the right of the arrows are the Lie algebra indices of the copies g1
, with 

Killing metric 'r/ab, and p, = (a,j) labels the n(r) subspace. The reduced matrix ut(a-)1n(r)i 
(which solves the reduced eigenvalue problem in (7.8e)) is also unitary, and the reduced 
matrix P(n(r); a-)/ is also a projector onto the n(r) subspace. 

Then the ground state conformal weight (7.7a) takes the form 

Lio(o-) = kLai,bJ 'f/ab L 2:~;) (1- ;(~j )P(n(r); o-)u 

--------------------------- r 

(7.9) 

tThe structure ~ (1 - ~) was first seen in the ground state conformal weights of the free-field examples 
discussed by Dixon, Harvey, Vafa and Witten in Ref.· 6. 
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for all H c SN, where Pu = piKoKJ· For the case of the cyclic permutation orbifolds 
A(Z")/Z..\, a more explicit form of the ground state conformal weights can be obtained 

1 211"iN(u)(J-I)r 

P(r; a)u = -( ) e A 8I J mod _A_ p a ' p(u) 
(7.10a) 

a= 1, ... ,A- 1 ('(.lOb) 

from (2.18) and (7.9), in agreement with the result given in Ref. 19. 
Returning to the general permutation orbifold, we find that the reduced matrices w and 

U satisfy 
(7.11a) 

I 

(7.1lb) 
I I 

(LUt(a)In(r)j), (LU(a)n(r)/) and LP(n(r);a)/ ex On(r),Omodp(o-) (7.11c) 
I I I 

for all H C SN. Here (7.1la) follows because w(hu)IJ is a permutation matrix, while the 
selection rules (7.11b) follow from (7.11a) and the reduced eigenvalue problem. 

The relations (7.9) and (7.11c) give a simple form for the ground state conformal weights 
of the permutation orbifolds A(SN )/ SN 

LP(n(r); a)/= dim[n(r)] (7.12a) 
I 

A ab"""' n(r) n(r) 0 -

~o(a) = kf/abA ~ -(-) (1- -(-)) d1m[n(r)] 
2p a p a 

r . 

(7.12b) 

where dim[n(r)] is the dimension of the n(r) subspace. This simplification depends on the 
form of the inverse inertia tensor in (7.12a), which describes the general SN-invariant CFT. 
A more explicit form of these ground state conformal weights will be obtained in Sec. 8. 

The relations (7.11) also give a simple form for the ground state conformai weights of the 
general permutation copy orbifoldu 

H C SN(permutation) 

A c"""' n(r) n(r) . _ 
~o(a) = 2 ~ 2p(a) (1- p(a)) d1m[n(r)], 

r 

uFor the case H = ZA(permutation), results equivalent to (7.13) were given in Refs. 19 and 21. 
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(7.13a) 

(7.13b). 

(7.13c) 



where AI "' A are K copies (permuted by H c S N) of any affine-Virasoro construction A 
with central charge c. Included in this set of copy orbifolds is the general WZW permutation 
orbifold (see also Subsec. 6.4), whose twisted inverse inertia tensors are given by 

_c~(r)aj;n(s)bl(o-) = Xg _ gn(r)aj;n(s)bl(o-) 

g(a) 2(x
9 
+ h

9
) ' 

ab 
gn(r)aj;n(s)bl ( 0") ex T]k ' 0" = 0, ... , Nc- 1 . 

(7.14) 
Here Nc is the number of conjugacy classes of H C S N, h9 is the dual Coxeter number of 
each copy g and x9 is the invariant level of affine g. The twisted tensor Q with all indices up 
is the inverse of the twisted metric 9n(r)aj;n(s)bl(o-) in (7.8h). 

For both A(SN )/ SN and the general permutation copy orbifold (7.13) we find an a++ b 
symmetry of .C 

_cn(r)aj;n(s)bl ( 0") = _cn(r)bj;n(s)al ( 0") 

rf, (z) _ rn(r)aj;-n(r),bl( ) . J.~ (z)J~ (z) . + 1 A ("") .La - J-, 0" • n(r)aj -n(r),bj ·M z2 .u.o v 

(7.15a) 

(7.15b) 

so that no linear terms in the currents appear in the M -ordered form of the stress tensors. For 
ZA-(permutation) copy orbifolds, many examples of this phenomenon were seen in Ref. 15. 

8 The Permutation Orbifolds A(SN)/SN 

8.1 The permutation group SN 

·As a large example beyond A(ZA)/ZA, we will work out the permutation orbifolds 

SN(perinutation) C Aut(g) (8.1) 

in further detail, where A( S N) is any S N (permutation)-invariant affine-Virasoro construction. 
The case of A(S3 )/S3 was worked out previously in Ref. 19. In the SN-invariant CFT's, we 
have N copies gi of an affine Lie algebra on simple g with currents lai 

CDN-1 I 
g = WI=O g ' 

wE SN(permutation) 

a, b = 1, ... , dimg, I, J = 0, ... , N -1, m,nEZ 

and the action of SN(permutation) on the currents is given in (8.2c). 
In the cyclic notation for the elements of S N, the action of a cycle of length l 

!3 = O, ... ,N -1, ]=O, ... ,l-1, 
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(8.2a) 

(8.2b) 

(8.2c) 

(8.2d) 

(8.3) 



is a cyclic permutation of the copies of g according to 

3 = 0, ... , l- 2; (8.4) 

All elements of 8 N are products of disjoint cycles, and the general element can be written 
as a product of elements of disjoint cyclic groups Zui 

n-1 

IT(!~ 0 .• .!~ 1), 
J== J==Uj-

I~ =I= I~ when j =I= i 
J ~ 

(8.5) 
j==O 

where <5j is the length of the jth disjoint cycle, 3 counts within a cycle and n (the number 
of disjoint cycles) is some positive integer. 

A property of each element of 8N is its cycle type 5, which is the collection of lengths of 
cycles written in order of decreasing length 

n(0')-1 

5 = { Uo, ... , Un-1}, L <5j = N. (8.6) 
j==O 

The cycle types 5 are the ui+l ~ ui partitions of N for any n = n(5), and 5 also labels 
the conjugacy classes of 8N. Conversely, the elements of conjugacy class 5 are obtained by 
relaxing the restriction on the ordering of the lengths in 5. As an example, th~ table below 

Conj.Class 5 Elements 
{ uo, u1, u2}={1,1,1} (0)(1)(2) 

{ u0 , ui}={2,1} (01)(2),(02)(1),(12)(0) 
{ u0}={3} (012),(021) 

shows the conjugacy classes of 83 . 

(8.7) 

Modeling our choice on the cycle types, we choose one representative from each conjugacy 
class 5 by determining {I{} as follows 

J 

j-1 

j,}-+ {Ij}: Ij - Lo-k + 3, 
k==O 

n(0')-1 

L <5j = N 
j==O 

(8.8a) 

j = 0, ... , n(5)- 1, 3 = 0, ... , ui- 1 (8.8b) 

given 5 and the ranges of j, 3 in (8.8b). Here j labels the disjoint cycles and 3 labels the 
integers in each disjoint cycle. For example, the chosen representatives for the elements of 
83 and 84 are 

83 : Conj. Class 5 Representative 
{1,1,1} (0)(1)(2)=(I8)(IJ)(I~) 

{2,1} (01) (2)=(I8If)(IJ) 
{3} (012)=(I8If rg) 
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84 : Conj. Class 5 Representative 
{1,1,1,1} (0)(1)(2)(3) 

{2,1,1} (01)(2)(3) 
{2,2} (01)(23) 
{3,1} (012)(3) 

{ 4} (0123). 

(8.9) 



We will refer to the representative of conjugacy class a as ha E SN· 

8.2 Automorphisms and the twisted currents 

To construct the action w of the automorphism ha on the currents, we begin by relabeling 
the copies of g 

a, I --+ a, j 3, (8.10a) 

j-1 

Lak + 3 =I, j E {o, ... ,n(a) -1}, 3 E {O, ... ,ai -1} (8.10b) 
k=O 

where I is the semisimplicity index in (8.2), j and 3 are the unique solutions to (8.10b) given 
I, and iJ solves Eq. (8.8). This relabeling (which is the inverse of (8.8)) corresponds to the 
pictorial representation in Fig. 2 of the action of ha on the copies 

j=O j = 1 j = n(if) - 1 

1~1 
1=0 uo l=N-1 

Fig. 2. The action of hu on the copies. 

where ] labels the integers which are cyclically permuted 3 --7 3 + 1 inside each box (disjoint 
cycle) j. It follows that the action w (a) w ( ha) on the currents is 

w --+ w bJ(a) = w ·"bli(a) = o bw_"li(a) 
al UJJ a JJ 

Jai3 
1 

= Lwi/(a)Jall' 
l,i 

(8.11a) 

(8.11b) 

where the block-diagonal matrix w ·' ti (a) is orthogonal. In what follows, all quantities have 
JJ 

the spectral index periodicity 3 --7 3 + ai. 

The next step is to solve the SN-eigenvalue problem 

n(r),J-L --7 3,aj, (8.12a) 

Lwmmit(a)Ut(a)it]j = ut(a)mjiEf(iJ) (8.12b) 
i,l 

for the block-diagonal and unitary matrix ut(a) and the eigenvalues E(a): 

Ut ( ..... ) il - oil - 2:ili 
a-.. - --e J ' 

JJ .;a; 
. U( ... ) it oil 2:ili 

a"· = --e J ' 
JJ .;a; 

. -~ 
E~(5) = e "i 

J 
(8.13a) 
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""'U(_,) mm * ut(_,) i1 _ 0 0 L...J a Jj a mm - jl ]+i,o mod ui' ~ ut(a)Jjil = yfalO[,o mod Uz • (8.13b) 
m,m ],j 

The second identity in Eq. (8.13b) is the form taken by Eq. (7.1lc) in this case. 
With the choice X]ai(ii) = ..jCfj we find the twisted current system of sector iJ of the 

orbifold A(SN)/SN 

j(~)(ze21ri) = e -~ j(~)(z) 
aJ aJ ' 

n(0')-1 

#{J} = dimg( ~ aj) = Ndimg = dimg = #{J} 
j=O 

(8.14a) 

(8.14b) 

(8.14c) 

(8.14d) 

(8.14e) 

a, b = 1, ... , dimg, j, l = 0, ... , n(iJ) - 1, 3 = o, ... ,aj -1, l = 0, ... , a1 - 1 (8.14f) 

where 3 = 3- aiL3/aiJ evaluates 3 in its fundamental range. According to (8.14d), the 
fraction . 

n(r) 
p(a) 

controls the monodromies of the twisted current J~~). 
The modes of the twisted currents follow from the monodromies 

Jq)(z) = ""'jC~)(m + L)z -(m+;;-)-1 

UJ L...J UJ Uj 

mEZ 

j(~+ui)(m- 1 + ]+ui) = jq)(m + L) 
~ ~· ~ ~ 

JC~) (m + L) jO) = 0 when (m + L) > 0 
UJ Uj Uj -

(8.15) 

(8.16a) 

(8.16b) 

(8.16c) 

where the periodicity and ground state condition are special cases of Eqs. (3.2a) and (7.2) 
resp ecti vel y. 

This leads to the twisted current algebra g(5) of sector iJ 

g(iJ) = g(SN(permutation) C Aut(g); 5) = E!1j~~)- 1gui (8.17a) 
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a, b = 1, ... , dimg, j, l = 0, ... , n(a)- 1, 3 = 0, ... , ai - 1, f = 0, ... , at-1 (8.17c) 

which is a special case of the general twisted current algebra in (3.4). This algebra consists 
of a product of n(a) commuting sets of orbifold affine algebras15 9o"i of order ai, where the 

factor 9u; has orbifold affine level ki = aik and k _is the level of the untwisted algebra. 

According to the identification (8.15), the quantity 3 = 3- ail3/aiJ is the effective twist 

class of J~~), relative to the order ai of 9u.i. 
For this case, the orbifold adjoint operation ( 4.4a) takes the form 

-----* j(~) (m + j_)t = p b j( -:-3) (-m _ j_) . aJ u; a bJ u; (8.18) 

This is the standard adjoint operation of orbifold affine algebra, 15,19 which guarantees u
nitarity of the twisted affine Hilbert space given uni~arity of the untwisted affine Hilbert 
space. As noted above, unitarity of the permutation orbifolds A(SN)/SN then follows from 
unitarity of the CFT A(SN ). 

8.3 The stress tensor of sector a 
The stress tensors of the S N-invariant CFT's A ( S N) are 

N-1 

T _ LaJ,bL "'""' . J J . - L-J · aJ bL ., (8.19a) 
J,L=O 

zab = zba, c = 2Nk'T/ab(-\ab + zab) (8.19b) 

where the inverse inertia tensors -\ab and zab satisfy the reduced Virasoro master equation 

(8.20a) 

zab = 4kzac'T/cd(Adb + zdb) + 2k(N- 2)zac'T/cdAdb _zcdze! fee a fd/- (-\cd + zcd)fc/ Jd/azb)e. (8.20b) 

This is a consistent set of dimg( dimg + 1) quadratic equations for the same number of 
unknowns and so the generically-expected number of inequivalent solutions at each level is 

M(g, N) = 2(dimg)z . (8.21) 

Remarkably, M(g, N) is independent of N. 
Then the stress tensor of sector 8 of A ( S N) / S N 

(8.22a) 

(8.22b) 
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follows as a special case of the general Virasoro construction (2.31). Here z =gcd(x, y) is the 
greatest integer such that xjz and yjz are also integers: Combining (8.22a) and (8.22b), we 
·find a more transparent form of these stress tensors 

n(0')-1 ur1 . n(0')-1 

T~- = ,ab "'""' _!_"'""' . 1~q) 1~<-:-3) . +lab "'""' . J~(~)J~(o) . 
u A L....J L....J · aJ bJ · L....J · aJ bl · 

j=O O"j 3=0 j,l=O 

(8.23a) 

n(0')-1 1 CTj-1 ~ , , ~ •. , 

La(m) = L{Aab L ;-. L: J~;)(p+ i;)J~-J)(m-p- *): 
pEZ j=O J 3=0 

n(u)-1 

+lab L : J~J)(p)Ji?)(m- p) :} (8.23b) 
j,l=O 

(8.23c) 

(8.23d) 

The ground state conformal weight of sector iJ is given in (8.23d). 
The result (8.23d) for the ground state conformal weights of A(SN)/SN is in agreement 

with our earlier result (7.12b). To see this, start with (7.12b) and follow the steps 

ab"'""' n(r) n(r) . - ab "'""' n(r) n(r) 
Ao(o-) = k7]abA ~ 2p(o-)(1- p(o-))d1m(n(r)]= k7]abA r~) 2p(o-)(1- p(o-)) 

k Aab n(0')-1 1 
'T/ab "'""' ( 0". __ ) • 

. 12 L....J J ()"· 
j=O J 

(8.24) 

Here we have used Eq. (8.15) in the fundamental range (where]=]) and the identities 

n(0')-1 CTj-1 

L = dim(n(r)], I:~ I: I: (8.25) 
JL(r) r,JL(r) j=O 3=0 

to convert from the notation of Sec. 7 to the present notation. As examples, the cases 
A(S3 )/S3 and A(S4)/S4 are further discussed in App. F. 

9 The Inner-Automorphic Orbifolds A(H(d))/ H(d) 

Our next large example is the set of aUV inner-automorphic orbifolds A(H(d))/H(d), where 
A ( H (d)) is any inner automorphic invariant CFT. The story of these orbifolds is particularly 

vThe special case of inner-automorphic WZW orbifolds has been considered in Refs. 40, 48, 30, 49, 14 
and 18, and inner-automorphic coset orbifolds were also considered in Ref. 30. 
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interesting, not least because of theiroverlap with the orbifolds A(Lie h(H))/ H. Indeed, we 
will argue that this overlap contains almost all the inner-automorphic orbifolds which can 
be equivalently described by stress-tensor spectral flow29•30•26•25 whereas the generic inner
automorphic orbifold apparently can not be described in this way. 

9.1 Inner Automorphisms of simple g 

We begin in the Cartan-Weyl basis of the general affine algebra on simple g 

b ({JAB 0 ) 
'TJab = Pa = 0 s; 

Ua+,B,o 
(9.1a) 

HA(z)HB(w) = ( kfJAB)2 +0((z-w)0 ), HA(z)Ea(w) = o:AEa(w) +0((z-w)0 ) (9.1b) 
z-w z-w 

{ 

Ny(a~P_l!-r(w) +O((z- w)0) if 0: + (3 = "( 

Ea(z)Ef3(w) = (z!w) 2 +a~~<;)+ O((z- w)0
) if 0: + (3 = 0 

O((z- w) 0
) otherwise 

(9.1c) 

a= (A, o:), A, B = 1, ... , rankg, o:, (3, 'Y E ~(g) . (9.1d) 

In this basis, the action of the general group H(d) of inner automorphisms has the form 

H(d) c LieG c Aut(g) 

.a= 0, ... , p(1)- 1, Nc = p(1) 

(9.2a) 

(9.2b) 

(9.2c) 

where Lie G is (the action in the adjoint of) the Lie group whose algebra is Lie g and p(1) = 

p( a = 1) is the order of the a = 1 element of H (d). The general form w of the vector d 

2 
rankg \ 

d = N L Qi~i) 
0:· 

i=l t 

NEZ+, (9.3a) 

gcd(N, Q1, ... , Qrankg) = 1 (9.3b) 

gives p(1) = N. Here {o:i} and {,\i} are the simple roots and weights of g, and z = gcd({xn}) 
is the greatest integer such that (xnf z) E z+ for all n. Note that dis inversely proportional 
to the length of the highest root. For a 2:: 2 one finds that p(a) = p(1)/gcd(a, p(1)), which 
holds for all cyclic groups. As an example, the grade automorphism is discussed in App. G. 

wFurther discussion of the allowed vectors d is given in Ref. 48. More general forms of the vector d 
describe automorphism groups of infinite order. Our results below are well defined in this case, leading at 
least formally to orbifolds with an infinite number of sectors a = 0, 1, ... oo. 
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We also need the H-invariance condition (2.7a) for the inverse inertia tensor in this case: 

£1~.8 (1 - e21Tiu(a+.8)·d) = 0, 

a=O, ... ,p(1)-1. 

no restriction on LAB 

This gives the stress tensors of the inner automorphic invariant CFT's A(H(d)) 

L Aa = 0 unless a · d E Z, £ 0
.8 = 0 unless (a+ ,B) ·dE Z 

where (9.5b) is the solution of (9.4a). 
As a simple example, the affi.ne-Sugawara construction29

•
36

-
39

•
25 on g 

T. -Lab.J T. 
g - 9 • a"b ., 

(9.4a) 

(9.4b) 

(9.5a) 

(9.5b) 

describes an H(d)-invariant CFT for any H(d). When we have in mind a particular H(d), 
we say that the affine-Sugawara construction describes the H(d)-invariant CFT A9 (H(d)). 

9.2 Inner-automorphically twisted currents 

The action of the automorphism group H(d) in (9.2) is already diagonal, so the eigenvalues, 
spectral indices n(r) and twist classes n(r) read 

211'in(r) . 

E _ e- p(O'J _ e21rzua·d 
n(r)- - , a= 0, ... , p(1) - 1 

n(r) --+ n0 = -p(a)aa · d, nA = 0 

fi0 = -p(a)(aa · d + l-aa · dJ ), fiA = 0 

where (9.7c) is obtained from (2.16). By the same token, we may choose 

a= 1, ... ,dimg 

(9.7a) 

(9.7b) 

(9.7c) 

(9.8) 

so that the eigencurrents .:1 are the untwisted currents J. It follows that the twisted tensors 
of the general inner-automorphic orbifold A(H(d))/ H(d) are identical to the tensors of the 
untwisted sector 

(9.9) 

Then, the £-selection rule (2.37a) is nothing but the H-invariance of L in (9.4), and the Q
and F-selection rules in (2.26b) and (2.27d) are automatically satisfied by the metric and 
structure constants in the Cartan-Weyl basis. 
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Then Eq. (2.22) gives the inner-automorphically twisted current system of sector a 

if a+ ,B = 1 

ifa+,B=O 

otherwise 

Ea(ze21ri) = e2rriua·dEa(z), fiA(ze21ri) = fiA(z) 

A, B = 1, ... , rankg, a, ,8, 1 E b..(g) 

(9.10b) 

(9.10c) 

(9.10d) 

of each orbifold A(H(d))/H(d). Here we have suppressed our usual labeling by the spectral 
indices of the twisted currents, but the monodromies (9.10c) are recorded in the modes 

fiA(z) = L HA(m)z-m-1, 
mEZ 

Ea(z) = L Ea(m- aa. d)z~(m-ua·d)-1 . 
mEZ 

(9.11) 

These expansions lead to the twisted current algebra g(a) = g(H(d) C Aut(g); a) 

{ 

N.y(a, ,B)E7 (m + n- a1· d) 
[Ea(m- aa ·d), E13(n- a,B ·d)]= a· H(m + n) + k(m- aa · d)6m+n,o 

. 0 

A, B = 1, ... , rankg, a, ,8, IE b..(g), a= 0, ... , p(1)- 1 

if a+ ,B = 1 
if a+ ,B = 0 
otherwise 

(9.12b) 
(9.12c) 

which is a special case of the general twisted current algebra (3.4). As expected, this algebra 
is a sector-dependent set of inner-automorphically twisted40,41 ,30,42 affine Lie algebras, and 
we note that, in this case, the integral affine subalgebra g(o) (a) of each sector is at least the 
affine Cartan subalgebra. 

The adjoint of the twisted currents 

(9.13) 

follows from the orbifold adjoint operation (4.4a), using R(a) =pin this case, and we know 
from the orbifold induction procedure for inner-automorphic twists40 ,41 ,30,

42 that this adjoint 
guarantees unitarity of the orbifolds A( H (d))/ H (d) when the CFT A( H( d)) is unitary. 

In this cas~, it is convenient for our discussion below to choose M' ordering (mode ordering 
with respect tomE Z) defined in App. H. This gives the exact operator products 

(9.14a) 
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A, B = 1, ... , rankg, a, /3, "( E !:::..(g) 

and then the relations 

express the OPE normal ordered products in terms of M' ordering. 

9.3 The Virasoro generators of A(H(d))/ H(d) 

(9.14b) 

if 0'. + j3 = "/ 

if 0'. + j3 = 0 

otherwise 
(9.14c) 
(9.14d) 

(9.15a) 

if 0'. + j3 = "/ 
if 0'. + j3 = 0 
otherwise 

(9.15b) 

For each inner-automorphic orbifold A(H(d))/H(d), the stress tensor of twisted sector a 

(9.16) 

is obtained from (2.39a), (9.5) and (9.9). For these orbifolds, all the sector dependence of 
Tu resides in the twisted currents. -

With M' ordering, the corresponding Virasoro generators of sector a are 

L!(m) 
pE'll A,B 

A,a 

+Ea((p + aa ·d)- aa · d)HA(m- p)] :M' 

(9.17a) 

(9.17b) 

+ L La,B : Ea(P- aa · d)Ef3((m- p + a(a + /3) ·d) - a/3 ·d) :M'} 
a,(3 

L~(m) (9.17c) 
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LAo: = 0 unless a · d E Z, Lo:/3 = 0 unless (a+ ,B)· dE Z, (J = 0, ... , p(1)- 1 (9.17d) 

where q and llabel the terms quadratic and linear in the twisted current modes. The result 
(9.17) follows from (9.11), (9.15) and (9.16), or as a special case of the general M'-ordered 
orbifold Virasoro generators in (H.2c). In this result, we have written the arguments of the 
twisted root operators in the form 

Eo:((integer)- Cia· d) (9.18) 

to exhibit their proper modeing. To see that the quantities in the inner parentheses are 
integers, one must usex the solutions (9.17d) of the £-selection rules. 

As a simple example of (9.17), we use the affine-Sugawara construction (9.6) to obtain 
the Virasoro generators of the general inner-automorphic WZW orbifold: 

A9 (H(d)) 
H(d) 

pEZ o: 

(J = 0, ... ,p(1) -1 

[L~(a)(m), HA(n)] = -nHA(m + n) 

[L~(a)(m), Ea(n- Cia· d)] = -(n- Cia· d)Ea(m + n- Cia· d) . 

(9.19a) 

(9.19b) 

(9.19c) 

(9.19d) 

This result (including the fact that E, H are twisted (1, 0) operators) is a special case 
of the result given for the general WZW orbifold in Eq. (6.23). In sector CJ, the orbifold 
affine-Sugawara construction L~(a) is equivalent (with CJd---+ d) to the inner-automorphically 
twisted affine-Sugawara construction of Refs. 40 and 30. 

Other special cases included in the result (9.17) are the Virasoro generators of the general 
inner-automorphic coset orbifold 

HH(d)) A(H(d)) 
H(d) c H(d) . (9.20) 

These orbifolds were discussed at the level of stress-tensor spectral flow in Ref. 30. 

xFor example, consider the term proportional to ~&JtE/3 in Eq. (9.17b). The quantity in the inner paren
theses of E13 is an integer because the solution of the La/3 selection rule allows the term to contribute only 
when er(a + (3) ·dE Z. This term can also he written simply as La/3 Ea(p- era· d)E13(m- p +era· d). Since 
this term can contribute only when Ef3 is in the twist class of E-a, the simple expression is actually in the 
form Jn(r)j_n(r) of the general result (H.2c). Similarly, all the other terms in (9.17) can be put in the form 
of (H.2c). 
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9.4 Action on the untwisted affine vacuum 

In this and the following subsection, we study the action of the orbifold Virasoro generators 
(9.17) on a particular state IO) which satisfies 

(9.21) 

According to the orbifold induction procedure40•41 •30•42 for inner-automorphically twisted 
affine Lie algebras, the state IO) is the untwisted affine vacuum (see Eq. (9.26b)). (Except 
for small { m:~ · d}, the untwisted affine vacuum IO) is not the true ground state IO)u of twisted 
sector a, but, so far as we know, identification of the true ground state is an unsolved 
problem.) As emphasized in Ref. 30, the untwisted .affine vacuum IO) is a twisted affine 
highest weight state only so long as aa · d > -1 for all a E ~(g). One may compute 

(OILu(m)jO) = Om,o {k2 L LAB(adA)(adB) + ~ L La,-a(aa · d) 2
} 

A,B a 
(9.22) 

for all { aa · d}, but, as also emphasized in Ref. 30, jO) is not Virasoro primary in general 
unless aa · d > -1 for all a E ~(g). 

This situation can presumably be avoided by computing on twisted affine primary states 
or, as we will study here, by choosing only LAB and La,-a not equal to zero in (9.17). In 
this case, we find that IO) is Virasoro primary 

Lu(m) = LLLAB: fiA(p)HB(m- p) :M' (9.23a) 
pEZ A,B 

+ LLa,-a{L: Ea(p-aa·d)E-a(m-p+aa·d) :M' +aa·d(a·H(m) -Om,oO"et·d)} 
a pEZ 

Lu(m 2': O)IO) = 6m,ofio(L, d; a)jO), (J = 1, ... , p(1)- 1 

fi 0 (L, d; a)= k2 L LAB(adA)(adB) + ~ L La,-a(aa · d) 2 

A,B a 

(9.23b) 

(9.23c) 

without restriction on { aa · d}. Recall from (9.5b) that there is no H-invariance restriction 
on LAB or La,-a. 

9.5 Connection with spectral flow 

When there is an orbifold induction procedure, one may rewrite orbifold Virasoro generators 
in terms of untwisted current modesY la(m) which satisfy (2.1b). Such procedures are known 

YThe inverse of this unconventional step30 was introduced by Freericks and Halpern, who studied the 
twisted current formulation of inner-automorphic WZW orbifolds starting from the spectral flow discussed 
below. 
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for inner-automorphically twisted affine Lie algebra40,41 ,30,42 and orbifold affine algebra15 

ErAm- aa ·d) = Ea(m) 

A(r) r _ 
Jaj (m + p(a)) - laj(p(a)m + r), r = 0, ... , p(a)- 1 · 

as well as the doubly-twisted affine algebras22,19 which combine (9.24a) and (9.24b). 

(9.24a) 

(9.24b) 

As discussed in App. I, rewriting orbifold stress tensors in terms of untwisted currents 
leads to generically exotic and unfamiliar forms of the Virasoro generators Lu(m). In these 
forms one sees a generic mode imbalance, in which the modes of the untwisted currents do 
not sum to the integer m. 

We rewrite here only the special case LAB, La,-a =/= 0 of the inner-automorphic orbifolds 
in (9.23), which avoids this mode imbalance phenomenon. In this case one finds 

Lu(m) = L(m) + D(L, d; a) · H(m) + 6m,ofio(L, d; a), a= 0, ... ,p(l) -1 

pEZ A,B 

D(L,d;a)A =a Ld8 M(L) 8 A, 
B 

(Lu(m ~ 0)- 6m,ofio(L, d; o-))10) = 0, A ka
2 
""' AB fl 0(L,d;a) = -2-~dAdsM(L) AB 

(9.25a) 

(9.25b) 

(9.25c) 

(9.25d) 

where the matrix M(L)AB is 6AcM(L)c 8 and M(L)AB is the Cartan block of M(L)ab in 
(5.1c). In (9.25d), the conformal weight Ji0 (L, d; a) of the untwisted affine vacuum IO) is the 
same as that given in (9.23c). All the current modes in (9.25) are untwisted and we have 
written the operator L(m) in (9.25b} as an OPE normal ordered product 

HA(m ~ O)IO) = Ea(m ~ O)IO) = L(m ~ -:-1)10) = 0 (9.26b) 

although OPE normal ordering is the same as M' ordering for untwisted currents. 
The form (9.25) (but not the more general case in (I.1)) provides an opportunity to 

check some results of the orbifold program against known results in affine-Virasoro theo
ry. In particular, we want to compare the result (9.25) to the general c-fixed conformal 
deformation 29

,30,
26

,
25 of the general affine-Virasoro construction: 

pEZ 

Lab= 2LaeG Ldb _Led LefJ af· b _ Ledf fJ" (a Lb)e ed eedf eddf ' 
DbM(L) a= Da M(L) b = 2G Leb + f eLdef b b ' a ae ad ce 
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(L(m 2 0; D)- bm,o6.o(D))IO) = 0, (9.27d) 

Here the first term in (9.27a) is the undeformed affine-Virasoro construction with central 
charge c, and 6.0 (D) is the conformal weight of the untwisted affine vacuum IO) under the 
deformed Virasoro L(m; D) as a function of the deformation D. The matrix M(L) in (9.27c) 
is the same matrix defined in (5.1c), and the eigenvector condition DM(L) = D constrains 
the allowed values of the deformation D. The eigenvector condition is equivalent to the 
requirement that D · J is a (1, 0) operator of the undeformed Virasoro. Because the scale 
of D is not fixed by the eigenvector condition, the c-fixed conformal deformations are also 
called stress-tensor spectral fiow 29•30•26•25 which is equivalent30 to inner-automorphic twisting 
or spectral flow of the underlying currents.40•41 •30•42 The first example of stress-tensor spectral 
flow was given by Bardakci and Halpern in Ref. 29. 

To begin this comparison, we note first that the orbifold result (9.25) must be in the 
spectral flow (9.27), with the identifications 

Lu=o(m) = L(m) = L(m; D = 0), 

DA = D(L d· a)A 
' ' ' 

Lab= {LA~, La,-a}, c(a) = c(D) = c 

Da = 0, 6.0 (D) = fio(L, d; a) 

(9.28a) 

(9.28b) 

because the first term L(m) in (9.25a) is precisely the Virasoro generator Lu=o(m) we started 
with in the untwisted sector of each orbifold. For the affine-Sugawara construction on g in 
(9.6), the two systems (9.25) and (9.27) are indeed equivalent with 

. 'flab 
L~(cr)(m) = L9 (m; D9 ) = 

2
k + Q1{; L: Ja(p)Jb(m- p) : +D: JA(m) + 6.o(D9 )bm,o (9.29a) 

. pEZ 

M(Lg)ab = ()ab' 

c9 (a) = c9 (D) = c9 , 

A k . 
D: = D(L9 , d; a)= adA, 6.0 (D9 ) = 6.0 (L9 , d; a)= 2n; (9.29b) 

a= 1, ... , dimg, A= 1, ... , rankg, a= 0, ... , p(1) - 1 (9.29c) 

and these Virasoro generators are also the same as those in (9.19}. For arbitrary D9 the 
result (9.29) is the canonical example of stress-tensor spectral flow first studied by Freericks 
and Halpern in Ref. 30, and applied more recently in Refs. 14 and 50. As emphasized in 
Ref. 30, the orbifold sectors in (9.29) are special points of the spectral flow. 

But the more general identification given in (9.28) is surprising because the "deformation" 
D(L, d; a) in (9.25c) is a function of the inverse inertia tensor Lab and it is not obvious that 
the conformal weight fi 0 (L, d; a) in (9.25d) of the untwisted affine vacuum agrees with the 
spectral flow form 6.0 (D) in (9.27d). 

The key to understanding this identification is an unsuspectedz Lie h invariance in the 
Virasoro generators Lcr=O ( m) of the untwisted sectors of these orbifolds! 

zMotivation for a Lie h invariance of the orbifold Virasoro generators Lu=o(m) = L(m; D = 0) comes 
from the spectral-flow side of the identification: Lie h-invariant CFT's with a non-trivial global component 
h1 (see (6.5)) are the only known CFT's with (1,0) operators. Conversely, for any Lie h-invariant CFT, 
arbitrary deformation by the (1,0) operators of h1 automatically solve the spectral flow system (9.27). 
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To see this Lie invariance,. one must verify the identity 

8 Lab= U(af b)= -iN(L) ab = 0 A - cA A ' A= 1, ... , rankg (9.30) 

which follows (when only LAB and £fY.,-a are non-zero) from the form of the structure con
stants in the Cartan-Weyl basis. The identity (9.30) tells us (see Subsec. 6.1) that the subset 
LAB, La,-a =I= 0 of inverse inertia tensors in A(H(d)) also has a Lie symmetry 

Lie h = Cartan g (9.31) 

in addition to the inner-automorphic invariance H(d). 
In the nomenclature of Subsec. 6.2, we have shown that Ltr=o(m) = L(m) in (9.28a) 

describes a large set of doubly-invariant or (Hand Lie h)-invariant CFT's which we will call 

A(Cartang(H(d))) c A(H(d)), A(Cartang(H(d))) c A(Lieh). (9.32) 

It follows that the orbifold Virasoro generators L(T(m) in (9.23) or (9.25) describe the orbifolds 

A(Cartang(H(d))) A(H(d)) 
H(d) c H(d) ' 

A( Cartan g(H( d))) A(Lie h(H)) 
H(d) c H 

by H(d) of the doubly-invariant CFT's A(Cartang(H(d))). 
Returning to the untwisted sectors, the Cartan invariance (9.30) implies that 

M(L)AcM(L)c 8 = M(L)AB, M(L)f = 0 

[L(m), HA(n)] = -nM(L)f HB(m + n) 

[L(m), DA(L, d; O")HA(n)] = -nD(L, d; O")A HA(m + n) 

(9.33) 

(9.34a) 

(9.34b) 

(9.34c) 

at least for unitary CFT's,45 ,23 where (9.34a,b) are special cases of the general properties 
of Lie h-invariant CFT's in (6.4). The relation (9.34c), which follows from (9.25c) and 
(9.34a,b), says that D ·His a (1, 0) operator of the undeformed Virasoro. As noted above, 
this means that DA(L, d; O") solves the eigenvector condition forD in (9.27c). More explicitly, 
the eigenvector condition in (9.27c) takes the form 

(9.35) 
B c 

upon substitution of D(L, d; O") for D. Then, using M2 = M in (9.34a), we see that the 
eigevector condition is satisfied identically for arbitrary O" and d. 

Finally, the equality of the conformal weights 

1 2 h 

!J.0 (D = D(L,d;O")) = 2,kD (L,d;O") = !J.0 (L,d;o-) (9.36) 
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is established by using the definition of D(L, d; a) in (9.25c) and M2 = Min (9.34a). This 
completes our check that, at least for unitary A(Cartang(H(d))), the orbifold systems (9.25) 
are points in the general spectral flow (9.27). 

We close this section with a number of remarks: 
o Conditions on the vector d. The vector d is determined in the orbifolds by the choice of 

H(d), but, as we saw in (9.35), the vector dis not determined by the eigenvectorcondition 
(9.27c) for the spectral flow. This is of course the phenomenon described by Freericks and 
Halpern in their original study30 of inner-automorphic orbifolds as special points of stress
tensor spectral flow. 

o Unitarity revisited. In fact, the Lie h relations (9.34)- and hence the conclusions above 
for the orbifolds - can be checked directly, without using unitarity. The Lie h relations 
N(L)A be = 0 and MAo. = 0 (which are necessary for (9.34b)) follow immediately from 
LAB, Lo.,-o. =/= 0. To check the last Lie h relation M 2 = M in (9.34a) we need the reduced 

Virasoro master equation of the doubly-invariant CFT's A(Cartang(H(d))) 

LAB = 2k L LAD LDB- L(Lo.,-o.)2aAaB + L Lo.,-o.aD LD(AaB) (9.37a) 
D o. ~D 

Lo.,-o. = 2(k + a 2)(Lo.,-o.) 2 + L (2Lo.,-o.- L1·-1 )Lf3,-f3 N~(f3, --y) (9.37b) 
f3+T=o. 

(9.37c) 
A o. 

where the structure constants N1 (a, !3) are defined in (9.1). The inverse inertia tensors of 
A(Cartang(H(d)l) are controlled entirely by this system because there are no H-invariance 
restrictions on LAB, Lo.,-o. f=. 0. The reduced Virasoro master equation (9.37) is a consis-. 
tent subansatz of the Virasoro master equation, with the generically-expected number of 
inequivalent solutions at each level 

N(g) = 2n(g) = 2~((rankg)2 +dimg) (9.38) 

where n(g) is the number of equations and unknowns in the system. 
Using the reduced master equation (9.37) to eliminate terms linear in L, we find that the 

relation M 2 =Min (9.34a) can be reduced to the consistency relation 

- L L'Y,-'Y L{J,-{3 N~(/3, --y)} (9.39) 
fJ+"f=OI. 

and this relation is in fact an identity because 

(9.40a) 
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(9.40b) 

where (9.40b) follows from the Jacobi identity of Lie g. This completes the check that the 
Lie h relations (9.34) are true independent of unitarity, and we conjecture that the general 
Lie h relations in (6.4) are similarly true independent of unitarity. 

o K-conjugation in spectral flow. We note that orbifold K-conjugation 

Lu(m; D(L, d; a))+ Lu(m; D(L, d; a))= L~(u)(m; D(L9 , d; a)) 

c+ c= c9 , [Lu(m; D(L, d; a)), Lu(n; D(L, d; a))] = 0 

(9.41a) 

(9.41b) 

holds for the special points of the stress-tensor spectral flow which describe the orbifolds 
A(Cartang(H(d)))/H(d). Here the modes of L~(u) are given in Eq. (9.29), and (9.41) is a 
special case of the general orbifold K-conjugation in (6.27). Eq. (9.41) is the first observation 
of K-conjugation in stress-tensor spectral flow, and K-conjugation in the general spectral 
flow (9.27) deserves further study. 

o Twisted h currents. We return for a moment to the twisted current formulation of the 
orbifolds A(Cartang(H(d)))/H(d). Another consequence of the Lieh =Cartang invariance 
of A(Cartang(H(d))) is the orbifold statement 

A= 1, ... , rankg, a= p(1) - 1 (9.42) 

where Lu(m) is given in (9.23) and fiA(m) are the Cartan modes of sector a. In a left 
eigenbasis of M(L), Eq. (9.42) is a special case of the more general result (6.21). 

o Beyond spectral flow. We have seen that A(Cartang(H(d)))/H(d) is a large subset 
of inner-automorphic orbifolds which can also be described by stress-tensor spectral flow. 
We emphasize however that Eqs. (9.17) and (1.1) contain the Virasoro generators of a much 
larger class of inner-automorphic orbifolds which apparently (due to the mode-imbalance 
phenomenon discussed in App. I) can not be described by spectral flow. 

o SL(2,R) WZW models. We finally note that the stress tensors proposed for SL(2,R) 
WZW models in Ref. 50 are special cases (with aa · d E Z for g = SL(2,R)) of the inner
automorphic WZW orbifold stress tensors (9.19) or (9.29). 
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Appendix A. Incorporation of the Selection Rules 

In this appendix we incorporate the solutions of various selection rules to obtain reduced 
forms of relations in the text. 

For example, we may combine the solution (2.27e) of the F-selection rule and the Jacobi 
identity (2.27b) for F to obtain the reduced form of the Jacobi identity 

"' {:F n(r)+n(s),tt' ( )F. n(r)+n(s)+n(t),'"f( ) 
~ tt' n(r)tt;n(s)v (I n(t)5;n(r)+n(s),p.' a 

+:F n(r)+n(t),tt' ( )F. n(r)+n(s)+n(t),'"f( ) 
n(t)5;n(r)tt a n(s)v;n(r)+n(t),tJ.' a 

+:F n(s)+n(t),tt' ( )F. n(r)+n(s)+n(t),'"f( )} _ 0 
n(s)v;n(t)5 a n(r)tt;n(s)+n(t),tt' a - (A.l) 

in which no spectral indices are summed. Similarly the solution of the F-selection rule and 
(2.27c) imply the relation 

Fn(r)tt;n(s)v;-(n(r)+n(s)),5 (a) = -Fn(r)tt;-(n(r)+n(s)),5;n(s)v (A.2) 

among the reduced, twisted totally-antisymmetric structure constants of sector a. The 
relations (A.l) and (A.2) are found to guarantee the Jacobi identity of the general twisted 
current algebra g(a) in Eq. (3.4). 

Using the solution ( 4.le) of the selection rule for the orbifold conjugation matrix n, we 
obtain the reduced form of ( 4.lc) 

2:5 nn(r)tt -n(r),5(a)n_n(r),5 n(r)v(u)* = 2:5 nn(r)tt -n(r),5(u)*n_n(r),5n(r)v(u) = JtLII (A.3) 

which is needed to verify Eq. (4.4b). 
Similarly, the reduced forms of (4.2a), (4.2b) and (4.2c) 

I! ( )* ""'n -n(r),tt'( )R n(r)v'( )t! ( ) 
~n(r)tt;-n(r),v a = L....J n(r)tt a -n(r),v a ~n(r)tt';-n(r),v' a (A.4a) 

tt' ,v' 

-r: 05( )* _ ""' -n -n(r),tt'( )-n n(r)v'( )'7:: 05'( )-n 05( )* 
.r n(r)tt;-n(r),v a - L....J 1'--n(r)tt a '"'-n(r),v a .r-n(r),tt';n(r)v' a 1'--05' u 

tt' ,v' ,5' 

.c,n(r)tt;-n(r),v(a)* = ""'.c,-n(r),tt';n(r)v' (a)R n(r)tt(a)*R -n(r),v(a)* 
L....J -n(r),tt' n(r)v' 
Jl.',v' 

are needed to verify ( 4. 7) and (7.6), and to check the consistency of ( 4.5). 

Appendix B. The Projectors of A( H)/ H 

The projectors P(n(r); a) onto the fi(r) subspaces of sector a, 

P(n(r); a)ab I:tt ut(a)an(r)ttU(u)n(r)tt b, P(n(r); a)aa = dim[n(r)] 
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P(n(r) ± p(o-); o-) = P(n(r); o-), P( -n(r); o-) = P(p(o-) - n(r); o-) 

P(n(r); o-) P(n(s); o-) = 8n(r)n(s)P(n(r); o-), l:r P(n(r); o-) = 1 

w(hu) = l:r En(r)(o-)P(n(r); o-), [w(hu), P(n(r); o-)] = 0 

P(n(r); o-)acP(n(~); o-hdGc~(1- En(r)En(s)) = 0 

P(n(r); o-)adP(n(s); o-he Jd/P(n(t); o-) /(1- En(r)En(s)E~(t)) = 0 

LabP(n(r); o-)acP( -n(r); o-hdGcd = LacGcbP(n(r); o-)ab 

(B.1b) 

(B.1c) 

(B.1d) 

(B.1e) 

(B.lf) 

(B.lg) 

are defined for all orbifolds A(H)/ H. The identity in (B.1g) can be proven by using duality 
transformations to write out 'Er,s,JL,v f(n(r))£n(r)JL;n(s)vgn(r)JL;n(s)~ in two ways, both with 
and without the selection rules, for arbitrary periodic f. These projectors were encountered 
in Sec. 7 and will play a central role in App. C. 

Appendix C. A Constrained Basis for Twisted Currents 

We consider another basis for the twisted currents of A(H)/ H 

jn(r)(m + ~) ="" X(G')-1 ut(o-) n(r)J.£ j ( )' (m + ~) a p(u) L....,.; J.£ n(r)fJ. a n r J.£ P(O} 

J:(r)(m + ;(;pt = p} jb-n(r)( -m _ ;~p 

P(n(s)· o-) b jn(r)(m +!!_(d)= jn(s)(m + !l:hl) <5 n(r) 
' a b P(Gl. a P(O} n(s) 

a= 1, ... , dimg, n(r) E {0, ... , p(o-)- 1} 

(C.1a) 

(C.lb) 

(C.1c) 

(C.ld) 

where {P(n(r); o-)} is the set of projectors in App. B. These twisted currents carry the 
original Lie algebra index a, but the basis is overcomplete with the constraints (C.1c). 

In this basis, the twisted current algebra and the orbifold stress tensors take the form 

(C.2a) 

jn(r) (z) = """ jn(r) (m + n(r) )z -(m+*l- )-1 
a L....,.; a p(o-) · ' (C.2b) 

mE/E. 

+if e jn(r)+n(s)(m + n + n(r +n s))} 
~ e ~u (C.2c) 

where Lab is the H -invariant inverse inertia ten.sor of the untwisted sector of the orbifold. 
The Jacobi identity for (C.2c) is verified with the selection rules (B.le,f). 
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Appendix D. Conversion from n(r) to n(r) 

In Eq. (3.9), various integers n(r) are converted into their corresponding twist class n(r). To 
see how this happens, follow the steps 

(D.1a) 

0 
n(r) 

1 :::; p(a) < (D.1b) 

(D.1c) 

where we have used (2.16) and the change of variable m' = m+ ln(r)/ p(a)J to obtain (D.1b). 

A A 

Appendix E. Direct Computation of the T J OPE's 

Orbifold operator products of the general currents Jn(r)J.L can be obtained in one step by the 
prescription 

A( ) A 
ra--+ n(r)J-L, Jar --+ Jn(r)J.L (E.1) 

from the formulas of Appendix A of Ref. 22. For the operator product Tu }(a), one finds the 
sa:rp.e OPE's as in Eq. (5.4a), but the forms of the twisted tensors M(a) and N(a) which 
result from this computation are: 

Mn(r)J.L n(s)v(a) = _cn(t)o;n(u)€(a)Mn(t)o;n(u)£;n(r)J.L n(s)v(a) (E.2a) 

N n(s)v;n(t)o(a) = _cn(u)£;n(v)'y( )N . n(s)v;n(t)o(a) 
n( r )J.L CJ n( u )£;n( v )'y;n( r )J.L (E.2b) 

M n(u)€( ) _ 
n(r)J.L;n(s)v;n(t)o CJ -

r . n(u)£g ( ) 
u( n(r)J.L n(s)v );n(t)o CJ 

+~Fn(v)'y;( n(r)J.L n(u)€ ( CJ )Fn(s)v);n(t)o n(v)'y ( CJ) (E.2c) 

N n(u)£;n(v)'y( ) _ 't 6 (n(u)£:F n(v)'y)( ) (E 2d) 
n(r)J.L;n(s)v;n(t)o CJ - 2 (n(r)J.L n(s)v);n(t)o CJ • • 

As expected, these results can be obtained by the duality algorithm (2.34) from the untwisted 
T J OPE's in (5.1) and the standard relations among the untwisted tensors26

•
44

•
45

•
23

•
25 

N(L) be= Lde N be 
a dea (E.3a) 

M d - 6 dG 1 f df e N de - 1 6 (df e) (E 3b) 
abc . - (a b)c + 2 e(a b)c ' abc - 2 (a b)c · · 

Using the duality transformations (2.22d,e) and (2.31c) for Q, F and £, one finds that the 
forms of M(a) and N(a) in (E.2) are equivalent to the duality transformations for M(a) 
and N(a) in (5.4b,c). 
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Appendix F. A(S3)jS3 and A(S4)jS4 

oA(S3)jS3 
We begin this appendix by checking the results of Sec. 8 against th~ results for the permu
tation orbifolds A(S3)/S3 given earlier in Ref. 19. The permutation orbifolds A(S3)/S3 have 
three sectors named by the partitions (J = {1, 1, 1 }, {2, 1} and {3}. The first of these is 
the untwisted sector (see (8.19)), where the ambient algebra g consists of three copies of an 
untwisted (o-0 = o-1 = o-2 = 1) affine algebra at level k0 = k1 = k2 = k. 

The twisted sector (J = {3} has an order o-0 = 3 orbifold affine algebra15 whose currents 
A(J) ~ 0 . A 

Ja,j=O' J = 0, 1, 2 have orb1fold affine level k0 = o-0k = 3k. The stress tensor, central charge 
and ground state conformal weight of this sector are 

;..ab 
TA --. (JA(O)JA(O)+JA(1)JA(-1)+JA(2)JA(-2)). + zab. JA(O)JA(O). 

{3} - 3 · aO bO aO bO aO bO · · aO bO · (F.1a) 

c( {3}) = c = 6k1Jab(;..ab + zab), Lio( {3}) = 2k1Jab;..ab 
9 

(F.1b) 

With the identification ]~3) Ji~)=o and the symmetry of the bilinears given in22
, the result 

(F .1) is recognized as the stress tensor and ground state conformal weight o~ the sector w1 
given in Ref. 19. 

Finally, the twisted sector (J = {2, 1} has an order o-0 = 2 orbifold. affine algebra whose 

currents Ji~)=o' 3 = 0, 1 have orbifold affine level k0 = o-0 k = 2k, and a commuting order 

o-1 = 1 untwisted affine algebra with currents Ji~)= 1 at level k1 = k. The stress tensor, central 
charge and ground state conformal weight of this sector are 

T{2,1} 

(F.2a) 

(F.2b) 

With the identifications J~]) - Ji~)=o' la - Ji~)= 1 this is recognized as the stress tensor and 
ground state conformal weight of sector w2 in Ref. 19. Agreement is obtained in this case 
because w2 and our w(iJ = {2, 1}) are in the same conjugacy class of S3 . 

oA(S4)/S4 
We turn next to the permutation orbifolds A(S4 )/S4 , which have five sectors named by the 
partitions (J given in Eq. (8.9). Consider first the sector (J = {3, 1} with the identifications 

3 = 0, 1, 2; (F.3) 
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where J is an orbifold affine algebra of order three and J is a commuting integral affine 
algebra. In this notation, we obtain 

(F.4a) 

(F.4b) 

from Eq. (8.23). The remaining ground state conformal weights of A(S4)jS4 are easily 
computed 

~ ab511 
.6.o( { 4}, {2, 2}, {2, 1, 1}) = kTJabA ( 

16
, 4' 8) 

from the partitions if in Eq. (8.9). 

Appendix G. The Grade Automorphism Group 

The grade (inner) automorphism group is defined by 

i=O 

1 
a·d= -h G(a), 

2 g 

T 

V a E .6.(g) 

when a= L ni(a)ai 
i=O 

a = 0, ... , 2h9 - 1 . 

(F.5) 

(G.1a) 

(G.1b) 

(G.1c) 

Here r = rankg, h9 is the Coxeter number of g and G(a) is the grade of a E .6.(g). The 
order p(1) of the a = 1 automorphism given in (G.1c) is computed from (2.9) and the fact 
that G('ljJ9 ) = h9 - 1, where 'ljJ9 is the highest root of g. Using (2.16), one may also compute 
the twist classes of the twisted currents J of sector a = 1 

_ ( = 1) = { 2h9 - G(a), 
na a -G(a), 

and the other sectors may be similarly analyzed. 

a >0 
a<O 

(G.2) 

lnvariance under the grade automorphism group restricts the inverse inertia tensors of 
the untwisted sectors to the form LAB, La,-a =/= 0, so the stress tensors of the orpifolds by 
the grade automorphism group are included in Eqs. (9.23), (9.25) and (9.27). 
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Appendix H. Another Mode Ordering 

M' ordering is mode ordering by the integer part m of the mode number ( m + ;(~~), 

: jn(r)~(m + ;(;pl~(s)~(n + ;(;p :M'= O(m ~ o)ln(s)~(n + ;(;pln(r)IL(m + ;(;p 
+O(m < O)Jn(r)~(m + ;(;pJn(s)IL(n + ;(;~) . 

With M' ordering, we find in place of Eqs. (3.9), (3.11) and (3.13c): 

A A w ~ 1 n(r)/ p(a) 
Jn(r)IL(z)Jn(s)v(w) = (- )p(u) {[( ) 2 + ( ) ]Qn(r)!L;n(s)v(a) , z z-w wz-w 

·;: n(r)+n(s),a( )J ( ) 
'/, n(r)~;n(s)v 0" n(r)+n(s),a W } . JA ( )JA ( ) . + + · n(r)IL Z n(s)v W ·M' z-w 

(H.1) 

(H.2a) 

,Y,a(z) ""'_cn(r)JL;-n(r),v( ){· A ( )JA ( ) . in(r) -r 0<5( ) lo.s(z) 
.L L...J . 0" • Jn(r)JL Z -n(r),v Z ·M' - p(a) .r n(r)JL;-n(r)v a -Z-

r,/L,V 

1 n(r) n(r) 
+ z2 2p(a) (1- p(a) )Qn(r)!L;-n(r),v(a)} (H.2b) 

La(m) = L _cn(r)JL;-n(r),v(a) {L: Jn(r)JL(p + ;(:PJ-n(r),v(m- P- ;((:p :M' 
r,JL,II pEZ 

.n(r) 06 A n(r) n(r) 
-z p(a) Fn(r)JL;-n(r),v (a)Jo.s(m) + Om,O 2p(a) (1- p(a) )Qn(r)!L;-n(r),v(a)} . 

(H.2c) 
Curiously, the M' results (H.2) can be obtained by the map M ----t M', n(r) ----t n(r) from 
their M-counterparts in (3.9), (3.11} and (3.13c). The M' ordered product in (H.2a) is not 
periodic under n(r) ----t n(r) + p(a), but the change is compensated by the g term so that 
the operator product on the left is periodic. Similarly, the total summands of (H.2b,c) are 
periodic, so that each n(r) can be replaced by n(r). 

Because of its relation to the untwisted affine vacuum !O), M' ordering is used to discuss 
the general inner-automorphic orbifold in Sec. 9. 

Appendix I. The Mode Imbalance Phenomenon 

We begin this appendix by using the orbifold induction procedure (9.24a) to rewrite the 
stress tensors (9.17) of the inner-automorphic orbifolds in terms of untwisted currents. The 
result is 

I f A 

La(m) = L~ (m) + La(m) + Om,o6.o(L, d; a) (1.1a) 

Lt ( m) - L {L LAB : H A (p )H B ( m - p) : M' 

pEZ A,B 
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+ L LAa : [HA(p)Ea(m- p + CJCt ·d)+ Ea(P + CJCt · d)HA(m- p)] :M' 
A,a 

(1.1b) 
a,{J 

(1.1c) 

LAa = 0 unless a· dE Z, Laf3 = 0 unless (a+ (3) ·dE Z, CJ = 0, ... , p(1)- 1 . (1.1d) 

where the quantity l 0 (L, d; CJ) is given in (9.23c). In this form, the arguments (modes) of the 
root operators are exactly the quantities in the inner parentheses ofEq. (9.17), so (according 
to the discussion around (9.18)) all the modes here are integers. 

In spite of their unfamiliar form, these constructions are Virasoro generators when their 
inverse inertia tensors satisfy the H-invariance conditions (I.1d) and the Virasoro master 
equation (2.3c). Although the current modes were balanced (i.e. summed to m) when the 
generators were written in terms of the twisted currents (see Eq. ( 9.1 7)), we see in the form 
(1.1) a generic mode imbalance (when LAa and Laf3, a+ (3 =f 0 me non-zero) in which the 
modes of the currents of Lu ( m) do not necessarily sum to m. It follows that the generic 
inner-automorphic orbifold can not be described by the stress-tensor spectral flow (9.27), in 
which the current modes sum to m. (The mode imbalance phenomenon is avoided however 
for the special case when only LAa and Laf3 are non-zero, so that, as discussed in the text, 
these special inner-automorphic orbifolds can be described by spectral flow.) 

A similar mode imbalance is found for all the stress te~sors of all the permutation orbifolds 
when the orbifold induction procedure (9.24b) is used to express these stress tensors in terms 
of untwisted current modes. As an example, we mention the form 

"' p(u)-1 p(u) -1 

L [ L _craj;-r,bl(CJ) L: laj(P(CJ)p + r)Jbt(P(CJ)(m- p)- r) :M 

r=O j,l=O pEZ 

_L_1 
p(u) . 

+ L _craj;-r,bj (CJ){ -(~r) lab c lcj(P(CJ)m) + 8m,O 2 r( ) (1 - _(r ) )kp(CJ)rJab} l (!.2) 
j=O p CJ p (J p CJ 

obtained from (3.15) for the sectors of the orbifold A(Z.\)/Z.\. 

Appendix J. The OVME and A(I!)).x)/JI))>. 

In Ref. 19 it was shown that every solution of the orbifold Virasoro master equation22 

(OVME) at order A is a sector of a permutation orbifold of type A(lDl.\)/Z.\. Moreover, it was 
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asserted in Ref. 19 that the sectors described by the OVME also occur in the permutation 
orbifolds A(lDlA) /lOlA. ~ 

To see this we begin with (the inverse of) the first (a = 1) duality transformation,19 

which constructs a particular lOlA -invariant CFT described by L from any particular solution 

£ovME = £ of the OVME at order .A: 
A-1 

L[~J =A L £~bU(1)r;rU(1)-r;J, £~b = £~r =£~a ~ LW = L~K = L~ (J.1a) 
r=O 

Ut( ) _ 1 _21rirl 
1 I;r - .../Xe >. , p(1) =.A, I, J; r = 0, ... ,.A- 1 . (J.1b) 

The solution£ of the OVME was identified in Ref. 19 as a sector of the orbifold A(lDlA)/ZA 
because of the lOlA symmetry of Lin (J.1a) and the fact that ut(1) satisfies 

( 
J t ( t _ 2rrir 

w h1)1 U 1)J;r = U (1)r;re >. , (J.2) 

which is the ZA-eigenvalue problem at a = 1. 
Consider next the permutation orbifold A(lDl>.) /lDl>., where the untwisted sector is de

scribed by the same lOlA -symmetric L. The 2-A elements of the group lOlA are 

{h} = {ru, sru; a= 0, ... ,A- 1}, 

and lDl>. acts by permuting the currents according to 

(J.3) 

(J.4a) 

(J.4b) 

The action of the element w ( ru=1) E lDl>. in ( J .4b) is the same as the action of the element 
w(hu=1) E Z>. in (J.2). Then, the first duality transformation into the first twisted sector of 

A (lDlA) /lOlA 

>.-1 

£~b = ± L L[~Jut (1)r;rut (1)J;-r, 
I,J=O 

gives the original solution £ of the OVME. This establishes the assertion of Ref. 19. 

Appendix K. The Setup for Outer-automorphic Orbifolds 

In our notation, the outer automorphism43•41 groups of simple g are described by 
ran kg ran kg 

a~ = T(ai) ~ a'= L niT(ai) : w! = ~aOr(a),,e, wl = L AiAT(ai)B (K.1a) 
i=l i=l 

~a;= 1, ~a~-a = 1, (K.1b) 
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where a,/3,'"'( E /:l(g), {.Ai} are the fundamental weights of g and we have taken a2 = 2. 
For SU(3), the outer automorphism group is a Z2 

p(a = 1) = 2, (K.2) 

and solution of the H -eigenvalue problem gives eight twisted currents J { Hn(r)=o,1 , 

E~~)=o,l, E~(~)~iaz)} which, as expected, satisfy the outer-automorphically twisted affine 

Lie algebra A~2). The inverse inertia tensors of the outer automorphic invariant CFT's on 
SU(3) satisfy the H-invariance conditions · 

(K.3a) 

(K.3b) 

and corresponding conditions on LAB, £Aa. The reader is encouraged to work out the outer
automorphic orbifolds in further detail. 
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