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Abstract

In terms of group orbifold elements with definite monodromy, we give a construction
for the action functionals of the twisted sectors of all WZW orbifolds. Surprisingly,
locality of the theory dictates a form of the general twisted current algebra in which
the twisted right and left mover current algebras are not a priori copies of each other.
For the permutation orbifolds and the inner-automorphic orbifolds we are able to show
by a mode relabelling that the situation is equivalent to copies, but we do not have
an argument that this is always the case. In an extension, we also construct the
actions for all the orbifolds of any nonlinear sigma model with a symmetry which acts
linearly on the coordinates. Finally, implications for orbifold conformal field theory are
discussed, including a conjectured set of orbifold Einstein equations for those sigma

- model orbifolds in this class which are also 1- loop conformal.



1 Introduction

Recently, a construction!? was given for the chiral stress tensors of all sectors of the general
current-algebraic orbifold
14—(;2, H C Aut(g) (1.1)
where A(H) is any current-algebraic conformal field theory on semisimple g with a finite
symmetry group H. This construction drew heavily on recent advances®* in the theory of
cyclic permutation orbifolds, and the construction has been worked out in further detail
for the general Z, permutation orbifold?, the general Sy permutation orbifold?, the general
inner-automorphic orbifold?, the general WZW orbifold!2, the general coset orbifold®>? and
the cyclic coset orbifolds®.
The basic principles of the construction are given in Refs. 1 and 2:
e The H-eigenvalue problem, whose eigendata encodes the action of H on the untwisted
currents (the action of H in the adjoint of g).
o FEigencurrents, which are constructed from the currents using the eigendata of the
H-eigenvalue problem.
e Local isomorphisms on the sphere, from the eigencurrents to twisted currents with
definite monodromy.
o Derived local isomorphisms for the orbifold stress tensors.
Following these principles, one encounters orbifold duality transformations which express

twisted tensors in the orbifold as discrete Fourier transforms of the corresponding tensors in
the symmetric CFT A(H).
In this paper, we restrict our attention to the general WZW orbifold

A (H) _ A(H)
QH ‘C i ,

H C Aut(g) a (1.2)

while extending the construction to obtain the action formulation of each sector of all
A,(H)/H. This development requires that we con31der some natural extensions of the prin-
“ciples above: _

e The ezstended H-eigenvalue problem, whose eigendata encode the action of H in any .
representation T of g.

e FEigen-objects, including the left and nght mover eigencurrents and now the eigengroup
elements, which are constructed from the group elements using the eigendata of the
extended H-eigenvalue problem.

e Local isomorphisms on the cylinder (&,t), from the elgen-obJects to twisted objects,
including the twisted left and right mover currents and group orbifold elements with
definite monodromy.

e Derived local isomorphisms for the orbifold stress tensors and WZW orbifold actions.



Many new orbifold duality transformations and some surprises are encountered in thls ex-
tension. -
The organization of this paper is best summarized by the names of its sections:

The General Semisimple WZW Model
The Automorphism Group H
The Eigen-objects of Sector o
The General WZW Orbifold A,(H)/H
Orbifold Geometry
WZW Orbifold Examples
8. Implications for Orbifold Conformal Field Theory. v
A central result is the WZW orbifold action on the usual solid cylinder

5AT) = - g7 [ @& TH(M(T,0) 57T, 0)3:4(T,0) §7(T,0)2-3(T,))

N oot wN

1 [ o

- 57 [ TH(MT,0) (57(T,0)0(T,0) ), o=0,aNe=1  (L30)

r
21r1 - s)) s\ -

(T, +2m, 0NN =e W(N(T) NOG(T, €0 )N (1.3b)
for each twisted representation 7 in each sector o of each orbifold Aj(H)/H. Here (see
Sec.5), N, is the number of conjugacy classes of H and M(T, o) is called the twisted data
matrix. The objects {§} are the appropriate set of group orbifold elements with definite
monodromy (1.3b) when they are taken around the cylinder £ — £ + 2m. The integers
N(r) = N(T,r(o)) and R(c) = R(T,0) depend explicitly on the symmetry group H, the
sector o and the twisted representation 7. The equations of motion of the WZW orbifold
action are :

J(T,0) = —%“‘I(T, 0)8,4(T,0), J(T,0) = g(T 0)0_5\(T.0) (1.4a)
0_J(T,0)=08,J(T,0) =0 " (1.4b)

where J and J are the matrix forms of the twisted left and right mover currents. These
local relations require that the monodromies of J and J are the same when both are taken
around the cylinder.

But this simple fact dictates a form of the general twisted current algebra in which
the twisted right and left mover current algebras are not a priori copies of each other (see
Subsec. 5.4). For the permutation orbifolds and the inner-automorphic orbifolds we are able
to show by a mode relabelling (see Sec.7) that the situation is equivalent to copies, but we
do not have a proof for the general case (see Subsec. 8.2).

In an extension, we also construct the actions

1
SNLS 87ra / d2§ (Gn(r)”‘yn(s)l/ (za'y U) + Bn(r)u,n(s)y(xo-, 0')) 8 xn(r)”‘a n(s)l’ (1-5&)

2mi

2O 4 2m) = EXOH(E)RI), 5 =0,... N, —1 (1.5b)




A — 278 (nr)4+n(s)) A A~
Gn(,)mn(s),,(:f:a(ﬁ + 27(),0’) =€ F(;j( (r)n( ))Gn(r)u;n(s)u(ma'(g))o) (15(:)
Bn(r)u;n(s)u (flg (f + 271'), 0) = 6_;’?Z%(n(r)+n(s))Bn(r)u;n(s)u(fi"a (g)a 0) (15d)

for each twisted sector o of all the orbifolds of any nonlinear sigma model with a symmetry
group H which acts linearly on the coordinates (see Subsec.6.3). Here the quantities Z,,
G(&,,0) and B(&,, o) are the twisted Einstein coordinates, the twisted Einstein metric and
the twisted B field respectively, and the integers p(o) and n(r) = n(r(o)) depend explicitly
on the original sigma model, its symmetry group and the sector.

The classical results above are extended to orbifold conformal field théory in Sec. 8, mclud—
ing a canonical operator realization of the general twisted current algebra (see Subsec. 8.1)
and further discussion of the general current-algebraic orbifold A(H)/H (see Subsec.8.2).
We also obtain a set of orbifold Einstein equations (see Subsec.8.3) which are satisfied in
these sigma model orbifolds when the symmetric sigma model is 1-loop conformal, and which
we conjecture will control the twisted sectors of the sigma model orbifolds which are also
1-loop conformal.

A number of closely- related topics are discussed in the appendices, including a new set
of braid relations (Appendix A) which are associated to the extended H-eigenvalue problem
and an independent derivation of some of our central results using the method of twisted
affine Lie groups (Appendix E).

2 The General Semisimple WZW Model
2.1 Notation

In the following subsections, we will review the general semisimple WZW model Ay in the
composite notation

(To)e?,  9(T,€)o’ . L (2.1a)

— i f . C B _ __’f_._ B '
(T0,Ti] = ifuTe,  M(k,T)s’ = (y(T))a5“ (2.1b)
Tr(M(k,T)T,Ty) = Gap,. GocG? =6 ,[M(k,T),T,] =0 (2.1c)
9(T,8) = e"ﬂa“)T“, 9T, 6" (T,6) =1, [M(k,T),9(T,€)]=0 (2.1d)
a,b,c= ,dimg, «,8=1,...,dim7T, €£€]0,2n). (2.1e)

Here T, is any matrix representation of the compact semisimple Lie algebra g, with metric
Gy and structure constants f,;°. The diagonal data matriz M (k, T') stores information about
the Dynkin indices y of the matrix irreps and the affine levels k of each simple component of
g. The group elements g(T', £, t) parameterize the corresponding semisimple group manifold,
with tangent space coordinates 3, on a base space which is a cylinder (£,t). As seen in (2.1),
we often suppress the time coordinate 2.

When needed, the composite notation can be replaced by the explicit notation

g=@amg’, I=0,...,K-1 (2.2a)



a—a(l),I, a— a(l),] ' (2.2b)

Gas — Guarps = krtlypnbrs, G® — G = kptnfOH0517 (9.9¢)
Far® = farps™ = oy on ™ D0rs8s" | (2.2d)
(Ta)aﬂ — (TaI)aJﬂK (Tl)a(l)ﬂ(l)aIJ(sJ (2.2¢)
k

M(k,T)? — Mk, T)o?’ = (}I)aa(,)ﬁ(%ﬁ (2.26)

o |
MYk, T)o? — MYk, T)ot?’ = y’( )5 wn? Do (2.2g)
TT(TJTbJ ) =1 (Tl)ni(l),b(l)(s (2.2h)
9(D)o” — 9(T)ar’ = gr(Ta V817, g1(TT) = & XeP'Te (2.2i)

Here I is the semisimplicity index and a(I), a(I) are indices associated to the simple com-
ponent g/, with structure constants, Killing metric, matrix irrep and affine level f!, n!, T!
and k; respectively.

These forms simplify considerably for permutation-invariant systems,

gi~g, al)=a, o(l)=a ' (2.3a)

My =Ny, 1P =10%, fLe=/fu’ Ti=T., ki=k (2.3b)

e e k
[Ta,Tb] = zfab y T'I‘(TaTb) = y(T)nab, M(k, T) = gl—(T—)]l (2.30)
gr(T)of = (eZe'Te) 2, a,b=1,..,dimg, o f=1,.,dmT  (2.3d)

where we have taken the same structure constants, Killing metric, matrix irrep 7" and affine
level for each simple copy g’ ~ g. The relations in (2.3c) hold as well for simple g.

2.2 Local WZW Dynamics

We begin with a list of well-known local relations in the general semisimple WZW model
Ay, leaving the mode form of the corresponding current algebra to the following subsection.

e Equal-time current algebra and stress tensors

{9a(0), ()} =276 (Jus" e (€)5(€ ~ ) + Gusdd (€ — ) (2.42)
{Ja(€), Jo(m)} =2mi(fus"Je(E)5(E — m) — CusBe3 (€ — ) (2.4b)
{Jo(£), Js(n)} =0, a,b,c=1,...,dimg V (2.4c)
T,(6) = 5 L€ (6) = —;GM(&)J&(&) (2.52)
T,(€) = ZF—L;?(,OL@)J},(&) = SGULOMEO (2.5b)
{THO. Ty} = i To(&) + Ty(n) ) Be3(€ ~ ) (2:5¢)




{T,(€), Ty(m)} = —i( Ty(&) + Tym) ) Beb(€ — m) (2.5d)

{Ty(6), Ty(m)} =0 ' (2.5€)
{To(€), Ja(m} = iJa(§)3e8(E — ), {Te(), Ja(n)} = —iJu(€)0e6(§ —m)  (26a)
{T,(©), Ja(m)} = {T, (&), Jo(m)} = 0. (2.6b)

Here {-,-} are equal-time Poisson brackets multiplied by a convenient extra factor of
i. The stress-tensor coefficient L2 = G*/2in (2.5a), (2.5b) is the high-level limit of
the inverse inertia tensor L of the affine-Sugawara construction®=* on g.

¢ Group elements

{Ja(€),9(T,n)} = 2m6(E—n)g(T, MTa, {Ja(E), 9(T,m)} = —276(§—n)Ta g(T,n) (2.7)

{T4(&),9(T,m} = 6(§—mg(T,n)J(T,n) (2.8a)

{T,(6), 9(T,m)} = —6(¢ — m)I(T,m) g(T,m) (2-8b)

J(T,€) = L(OG*T, J(T,€) = L.(O)G"T; (2.8¢)

J(€) = Tr(M(k, T)T,J(T,€)), Ju(€) = Tr(M(k, T)T.J(T,¢)) . (2.8d)

Here, J(T) and J(T') are the matrix currents and M(k, T) is the data matrix in (2.1).

- o Hamiltonian formulation
H, = / de (T,(€) + T,(€)), Pe=—Pt= / ETE -TE)  (29)
OnA(E,t) = H{ Py A6, )}, O = (8, 09) | (2:9b)

06 ) =04 Tu(61) =0, O.T(6,1) =0,T(6,4)=0, 8.=8,+0 (210a)

Bg(T, &) = i(g(T, &, )T (T,&,8) — J(T,&,)g(T,, 1)) (2.10b)

Og(T,&,1) = i(g(T, & )I(T, &, 1) + J(T, &,8)g(T, €, 1)) (2.10¢)

049(T,&,1) = 2ig(T, €, (T,€,1), 0-g(T,&,1) = ~2J(T,£,)g(T,6,1)  (210d)
8(€ = m0,g(T,n, 1) = 2i{T, (&, %), 9(T, m, 1)} (2.10e)

8(¢ —m)0-g(T,n,t) = 21{Ty(&, 1), 9(T,m, 1)} . (2-10f)

The relations in (2.10e) and (2.10f) follow from (2.10d) and (2.8a-b).

e Action formulation!%!!



Swaw(T) =~ [ &€ Tr(M(kT) 7 (T)049(T) g™ (1)0-(D)

1; Tr(M(k T) (¢"(T)dg(T))® ), d* = dtde (2.11a)

= ZyI(T,) / ¢ Tr( g7'(TD0,g1(T") g7 (T")0-gi(T))) +..  (2.11b)
(97'dg) = dtd{ dp e*7C(g7'049)(97'0B9) (97 0c9), {A,B,C}={t.&,p}  (21lc)
J(T,¢,t) = —%g’l(T,g, )0, 9(T, &, t) = Ja(g,t)GabTb (2.12a)

J(T,&,t) = ———;—g(T, £,0)0_g7Y T, &,1) = (£, )GT, (2.12b)

| O_J(T,&,t) = 8, J(T,&,t) =0 (2.12c)

a6t = —%Tr(M(k,T)Ta oM (T, €,)0,9(T, £, ) (2.124)

Jo(&,8) = —%’TT(M(k, T)T, 9(T, &, 1)0_g~ (T, &,t) ) . (2.12¢)

Here M(k,T) is the data matrix in (2.1) and (2.2f), T is the usual solid cylinder and e4B€
with €% = 1 is the Levi-Civita density. The WZW action equations of motion (2.12a)-
(2.12¢) follow because the data matrix is invertible and commutes with the group elements
(see Eq. (2.1)). Moreover, the action equations of motion are equivalent to the Hamiltonian
equations of motion (2.10a)-(2.10c).

2.3 Mode Form of the Current Algebra

Using the equations of motion (2.10a) or (2.12c), we may expand the currents in modes

T(6,t) = 3 Ja(m)e e, T (6,8) = 37 J(m)emED (2.19)
and use the equal-time algebra (2.4) to obtain the mode form of the current algebra
{Ja(m)7 Jb(n)} = 'I;fachc(m + n) + mGab6m+n,0 (2'143)
{ja,(m)’ J_b(n)} = 7;fabCJ_c('m' + TL) - mGab5m+n,0 A (2-14b)
{Ja(m), Jy(n)} =0 ' (2.14c)

The left mover algebra (2.14a) is the bracket form of the general affine Lie algebra!3!*®,

which we call affine g. The algebra (2.14) is isomorphic to affine(g @ g). To see this, use the
mode-number reversed relabelling of the right mover modes

Jo(m) = Jo(-m), Ja(&,t) =) Ja(m)e™ED (2.15a)




{Ja(m), Jo(n)} = ifusTo(m + 1) + MGatdmn,g (2.15b)
to rectify the right mover algebra (2.14b) into a commutmg copy (2.15b) of the left mover

algebra.
The light-cone current algebra
Jo(te) = L&), Ji)=JE L), ti=t+E (2.16a)
{Ja(t2), (t})} = 2mi( farJe()8(ts — ty) + GaBe, 64 — t1)) (2.16b)
{Ja(t=), ()} = 2mi( fap®Te(tL)0(t- — ) + Gop0:_8(t— — 1)) (2.16¢)
{Jalts), Jo(t-)} =0 - (2.16d)

also follows from (2.13) and (2. 14)

3 The Automorphlsm Group H

3.1 Action inARépresentation T

Let H C Aut(g) be a symmetry group (automorphism group) of the WZW model A,(H)
and pick one representative h, € H of each conjugacy class of H. At the Hamiltonian level,
the H-symmetry requires that!!:2

Ja(f)’ = w(htr)ab']b(g), Ja(f) = w(h’o)abjb(g)a w(ha)wt(ha) =1, w(hy) =1 (3.1a)

{Ja(€)', To(n)'} = 2mi(fus°To(€)'6(E — m) + GasDeB(€ — 1)) (3.1b)
{Ja(€)', To(m)'} = 2mi( fas° To(€)'8(€ — 1) — GasOe(€ — m)) (3.1c)
ab . ab :
Ty€) = STV B =Ty(6), Ty() = o TalO) HlE) =Ty(6) (3.1d)
w(h,) € H C Aut(g), o= O, ceeyNe—1 - (31e)

where w(h,) is the action of h, € H in the adjoint of g and N, is the number of conjugacy
classes of H. These requirements are satisfied’>? when the metric G and the structure
constants f of g satisfy :

w(he)aW(he ) Coa= Gapy W(ho)a Wb ) faef W' (ho) o= fus?, Vho € HC Aut(g). (3.2)

In what follows, these relations are called the H —symmeti’y of G and f.
At the action level, we require the symmetry as follows

9(T, &) =W(he; T)g(T,E W' (ho; T), g7 (T,&)' = W(ho; T)g (T, E)W'(he; T) (3.32)

W(he;T)o? : W T)WHhe;T) =1, W(he;T) =1 (3.3b)
SwzwlM, g]' = Swzw(M, ¢'| = Swzwl(M, g], (3.3¢)
W(he;T) € H C Aut(g), 0=0,...,N.—1 (3.3d)



where W (h,; T) is the action of h, € H in matrix representation T" of g. This requirement
is satisfied when the data matrix M has the H-symmetry :

Wi(he; T)YM(k, T)W (he; T) = M(k,T), Vh, € H C Aut(g) ‘ (3.4)
because Sy zw(T) is a trace class functional. |

To find the relation between the actions w(h,) and W (h,;T), we also require that H is
an automorphism group of the mixed relations

{Ja (€)', 9(T,n)'} = 276(§~n)g(T, n)'Ts, {fa(E)f, 9(T,n)'}= —2m6(—nT.g(T,n) (3.5a)

J(T,€)' = Ju(§YG™Ty = — 297 (T, €)'0,9(T, €)' (3.5b)
J(T,€)' = T(6YG™Ty = —Zg(T, £)0_g™(T, €)' . - (350)
In conjunction with (3.2), we find that these relations are satisfied iff
W(he; TYT,W (he; T) = w(hy)o’Ty, VYh, € H C Aut(g) | (3.6a)
W (o3 T)TW H(ho; T) = w'(ho)a"Ty (3.6b)
W' (he)a" (W' (ho; T)ToW (he; T)) = who)o" (W (ho; T)TeW ' (ho; T)). = T (3.6¢)

where (3.6b) and (3.6c) are equivalent forms-of (3.6a). Because these relations are unfamiliar,
we outline the steps for the verification of (3.5b)

Tu(€)'GUTy = w(hy)o? H(€)G T, = Jy(6)G=w(he)a’Te = H(€)G™(w!(h)aT.)  (3.72)
= HEG (W (ho; TYLW! (h3 T) ) = W (hos THIH(E) G To) W (o3 T) (3.7b)
= W(ho; T)J(T,€) Wi(hes T) = = 97 (T, ) ,9(T, €)' | (3.7¢)

where (3.2) and (3.6b) were used in (3.7a) and (3.7b) respectively.

In what follows, we call (3.6a) the linkage relation and we will refer to the equivalent
forms in (3.6c) as the H-invariance of the representation matrices T. It is clear that the
linkage relation, which constrains W given w, lies at the heart of the H-symmetry of A,(H).

Here are some important consequences of the linkage relation. First, the linkage relation
guarantees that an H-transformation of a group element is still a group element,

- g(T,8) = O (3.82)
9(T, €)' = W(hg; T)G(T, E)W! (ho; T) = #°OW e LW (hoiT) _ (i)' e (3.8b)
T BE) = BE)w (ho)s® (3.8¢)

where the linkage relation in the form (3.6b) was used to obtain the final form.
The linkage relation also tells us that W reduces to w

W(he; T*%) = w(h,), (T2%)° = —ifus’ (3.9)




when T is taken to be the adjoint representation. In this case, the linkage relation is equiv-
alent to the H-symmetry of the structure constants f in (3.2). One also finds that

T (s) = sT*¥s™} — W (hy; T*%(5)) = sw(hy)s™? (3.10)

‘for similarity-transformed versions of the adjoint representation.

~ Finally, the linkage relation gives us information about the orders p(s) and R(T,o) of
w(hs) and W (hy; T') respectively. These are the smallest integers which satisfy

w(he) 7 =1, W(hs; ) =1 | (3.11a)
R(T*¥,0) = p(o) . (3.11b)

Using these definitions and the linkage relation, we find in general that
W(ho; T)),To] =0, w(h,)®™) =1, Eofdezy (3.12)

so that R(T,0) can be a positive multiple of p(c). In what follows we will often abbreviate
R(o) = R(T, 0). |

3.2 The Extended H-Eigenvalue Problem
For the action w(h,) of h, € H in the adjoiﬁt, the H -eigenvalue problem

w(he)PUT(0)s™ M = Ut (0) ;™™ Epry(0), 0=0,...,N,—1 (3.13a)
Eniry(o) = e"ZWi:_((%, n(r) = n(r(o)) € Z (3.13b)

Enryio@) (0) = Ba((0),  Ul(0)o"*# (% = Ul (0)," (3.13c)
UiU@) =1, U0 =1, E@®=p0=1 (3134
U(@)nryu"UN(@)a™ = 8nryu™”,  Gnieu™” = bnr)=n(a) 0mod pte)0u” (3-13¢)
a(r) = n(r p(o) Lf‘{%] a(r) € {0,...,p(c) — 1} (3.13f)

was defined and studied in Refs. 1, 5 and 2. Here r = r(0) runs over the degenerate subspaces
of the H-eigenvalue problem. The unitary eigenvector matrix Ut(o) and the eigenvalues E(c)
are periodic with period p(c) in the spectral index n(r), while 4 = p(r(o)) is a degeneracy
index. The pull-backs 7i(r) are identified in Ref. 2 as the twist classes of the twisted currents
of sector o. ' -

Correspondingly, we define now the extended H -eigenvalue problem

W (ho; T)oPUN(T, 0)sN ¥ = UNT, 0)o™PF Engy (T, 0), 0 =0,... Ne—1  (3.14a)

Eney(T,0) = ¥, N(r)= N(T,r(0)) €Z (3.14b)

Engyere)(T,0) = Eny(T,0), UNT,0)oNO*RO# = (T, 5) NO* (3.14c)
UNT,o)U(T,0) =1, UYT,0)=1, Enu(T,0)=R(T,0)=1 (3.144)

U(T, o) vy ®U(T, or) N — 5N( 1 NN = Snir)-N(s)0mod R (3-14e)
N(r) = R(o)| 53], N(r) € {o,..., R(s) - 1} (3.14f)



W =U'EU, W' = U'E*U, E*E =1 | (3.15a)
wut =U'E, UW = EU, U*W* = E*U*, UW' = E*U, WiU' = U'E* (3.15b)
E(T,0) v = vy Ene (T, 0) (3.15¢)

for the action W(h,;T) of h, € H in matrix representation T. Here, the order R(o) =
R(T, o), the spectral index N(r) = N(T,r(c)) and the degeneracy index p = p(T,r(0))
can all depend on 7. The relations in (3.15) are alternate forms of the extended eigenvalue
problem.

Because of the linkage relation (3.6), the two eigenvalue problems (3.13) and (3.14) are
not independent. In particular, the extended problem includes the original problem as the
‘special case when T = T°%:

W(ha;Tadj) = ’U)(ha)7 | R(Tadj’a) = p(O'), (T:dj)bc = —ifw° (3.16a)
E(T*%,0) = E(c), N(r)=n(r), UY(T*%,0)="U'(0). (3.16Db)

Moreover, Appendix A remarks on a set of braid relations, induced by the linkage relation,
among the quantities of the two eigenvalue problems. Solutions of the extended H-eigenvalue
problem are discussed for general permutation groups and general groups of inner automor-
phisms in Sec. 7.

It is known!? that the eigenvectors U'(o) of the H-eigenvalue problem are Fourier basis
elements with periodicity p(c) in the spectral index n(r), and similarly the eigenvectors
Ut(T, o) of the extended problem are Fourier basis elements with periodicity R(c) = R(T, o)
in the spectral index N(r). In what follows, all quantities inherit the periodicities

N(r) — N(r) £ R(o), n(r) — n(r)x p(o) (3.17)

in the spectral indices {n(r)}, {N(r)} of the H-eigenvalue problems. Since R(T,c) can be
a multiple of p(o), this means in particular that all the orbifold duality transformations of
sector o are discrete Fourier transforms with fundamental period p(o).

We will also need the behavior of the eigenvalue problems under conjugation in H:

w(hs) — vi(o)w(hs)v(o), v'(o)w(o) =1, wv(o)eH (3.18a)

Ul(o) — v1(0)U¥(0), U(o) — U(o)v(0) (3.18Db)

v(0)a®V(0)%Ged = Gap, V(0)e™(0)p¢fa’ 01 (0)° = fur® (3.18c¢)

W (he; T) — v1(T, 0)W (ho; T)v(T,0), v'(T,0)v(T,0) =1, v(T,0)€ H (3.18d)
UNT, o) — v!(T,0)UN(T,0), U(T,0) — U(T,0)v(T,0) (3.18¢)

v} (T, 0)T,v(T, o) = v(0)"Tp . (3.18f)

The relations in (3.18¢) follow from (3.2) because v(c) € H, and the first three relations
in (3.18) were given in Refs. 1 and 2. Taken together, the conjugation relations (3.18)
preserve the linkage relation (3.6), and will allow us to check that all the orbifold duality
transformations of this paper are class functions.
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4 The Eigen-objects of Sector o

4.1 Eigencurrents and Eigengroup Elements

Figen-objects are linear combinations of fields in the H-invariant theory, chosen so that they
have a diagonal response to the automorphism group.

Following Refs. 1 and 2, we define the eigencurrents J,J and the eigengroup elements
G of sector ¢ as follows:

Tyl o) = X(U)n(r)uU(U)n(r)uaJa(f)a jn(r)u (€ o0)= X(U)n(r)uU(U)n(r)uaja(ﬁ) (4.1a)

§(T,&,0) = U(T,0)g(T, &)UN(T, o) (4.1b)

S(T,€,0) Ny = U(T, 0) weryu®9(T, €,0)PUN (T, o) gV (4.1¢)
S$(T,¢,0)8'(T,€,0) =1, §7YT,&,0) =U(T,0)g™ (T, &,0)U'(T,0) (4.1d)
X@ar)zae)s = XOnrywr XOngryu =1 (4.1¢)

where Ut and UT(T) are the eigenvector matrices respectively of the H-eigenvalue problem
(3.13) and its extension (3.14). The quantities x(o), which satisfy the conventions in (4.1e),
are otherwise arbitrary normalization constants.

The response of the eigen-objects to elements of the automorphism group are

TIn)u(6:0) = Enr)(0)Ta@u(€:0)s  Tn)ul€;0)' = Enr)(0) Tniryu(és o) (4.2a)
S(T,&,0) = E(T,0)S(T,¢,0)E(T,0)*, §7H(T,¢,0)=E(T,0)57(T,£,0)E(T,0)* (4.2b)
(9(T, £, U),)N(t)uN(S)u — e-,fT’:;(N(r)—N(s))g(T, £, U)N(r)uN(s)y’- (4.2(:)

The diagonal response of the eigencurrents is well known in the theory of current-algebraic
orbifolds’2. To verify the two-sided diagonal response of the eigengroup elements, follow the
steps ' . o

S(T,€,0 =U(T, 0)9(T, /U, 0) = U(T,0)W (hys T)g(T, W (s, TV, )
=B(T,0) U(T,0)g(T, )UN(T,0) E(T,0)" =B(T,0)3(T,£,0)E(T,0)"  (43)

where the forms (3.15) of the extended H-eigenvalue problem were used to obtain the final
form. ‘

The next stage in the orbifold program is to rewrite all local relations in the symmetric
theory in terms of the corresponding eigen-objects. This step gives rise to orbifold duality
transformations, which express the twisted tensors in the orbifold as discrete Fourier trans-
forms of corresponding H-symmetric tensors in the symmetric theory. Moreover, the twisted -
tensors satisfy selection rules which are dual to the H-symmetry of the original tensors.

The case of the eigencurrent OPE’s was worked out in Refs. 1 and 2 and a copy of the
equal-time eigencurrent algebra is given in the following subsection. Here one encounters the
orbifold duality transformations from the metric G and structure constants f to the twisted
metric G(o) and the twisted structure constants F (o) of sector o

G —G(G,0), f— F(f,0). (44)
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The explicit form of these duality transformations is'2

Grryuin(s)p(0) = X(@) )X (@)n(s)p U (0)nrn*Ulo Ja(s)"Gab _ (4.5a)

= On(r)+n(s),0mod p(c) In(r)u;—n(r)w () | (4.5b)

GO () = X(0) 2y X(@)(ey GV (@)™ WU (0] (4.5¢)

= Sn(r)+n(s),0 mod p(o)G Y () (4.5d)

GRS ()G () (0) = Bagsy,™TH (4.5e)

Fayunsy " (o) = X)X @5y X(0 )ty U (OInryu®U (0 Ingsp FaeUt (o))" (4.5)
= Gnfr)n(s)—n(t),0 mod p(o) Frrumn(sypr T (o) - (4.5g)
fn(,)mn(s),,"(t)"(a) =0 unless n(r)+n(s) e {n(r)}. (4.5h)

The forms (4.5b), (4.5d) and (4.5g) are solutions to selection rules which are dual to the
H-invariance of G and f in (3.2). Twisted tensor indices can be lowered and raised with
the twisted metric and its inverse, and the twisted structure constants with all indices down
are totally antisymmetric. The twisted metric and twisted structure constants are also class
functions? under conjugation in H

G(U(o)v(o);0) =G(U(0); o), F(U(o)v(o);0) = F(U(0);0) (4.6)

according to Eqgs. (3.2), (3.18) and (4.5).
As an example beyond those of Refs. 1 and 2, we re-express the WZW action (2.11a) as
a functional of the eigengroup elements:

SolM, S| =Swzw([M, g(S(T,0) )] = Swzw(T)
= —1— f &€ Tr(M(T,0) §7(T, 0)8:S(T, 0) §71(T, 0)8-8(T, o))

_ 15” Tr(M(T, o) §74(T, 0)d3(T, &) )? ) (4.72)
TT(AB) = Z AN(,-)“N(S)VBN(S),,N(T)“ (4.7b)

M(T,0) = M(k,T,0) = U(T, o) M (k, T)U'(T, o) (4.7¢)
MYT,0) = U(T )M~ (k, T)U(T, o) ‘ (4.7d)

- M(T,0)neN Y = Z yr (TI) Z U(T, o) wen UNT, 0)ar™ (4'76)

Here we have encountered our first new orbifold duality transformation, namely the twisted
data matriz M(T, o) in (4.7c)

M — M(M,o) (4.8)
which is a duality transformation from the untwisted data matrix M in (2.1).
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Important properties of the twisted data matrix include
[M(T,0),9(T,&,0)] =0 | (4.9)

E(T,0)M(T,0)E(T,0)" = M(T,0), M(T, o), (1-¢™ "% ) =0 (4.10)

M (T’ O’) N(T)MN(S)V = 6N(r)—N(s),0 mod p(a)M(T, O)N(T)”N(r)u (4 10b)

where (4.9) follows from (2.1c). The M-selection rule in (4.10a) is dual to the H-invariance
(3.4) of the data matrix M, and the solution of the selection rule is given in (4.10b). The
form of M is particularly simple

v k 3172
M(T, G)N(r)uN(s) = g(“T“)‘éN(r)uN( ) (4.11)

for permutation-invariant WZW models and WZW models on simple g.
The twisted data matrix is also a class function

MU(T,o)v(T, 0);0) = MU(T, 0); 0) (4.12)

according to Eqgs. (3.4), (3.18) and (4.7c). We finally remark that the H-invariance of the
action in the form (4.7)

SeM, S(T, o)) = S;[M, (T, 0)], S(T,0) =E(T,0)3(T,0)E(T,0)" (4.13)
follows immediately from the M-selection rule in (4.10).

4.2 The Twisted Representation Matrices of Sector o

We consider next the twisted representation matrices T, which are duality transformations
T — T(T,0) (4.14)
> _

from the untwisted representation matrices T. The explicit form of the twisted representation
matrices is '

oty (T 0) = x()niry U (@) (U(T, 0)TUH (T, 0) ) (4.152)
T (T ) ryn ™ = X@)nryuU (0)arru® (U (T, 0) LU (T, 0) )N(,)uNW (4.15b)
To =To(T) = Uf(a)a"(r)“x(a);(lr)u( UNT, 0) Taryu(T, 0)U(T, o) ) (4.15c¢)

where we have noted the inverse T'(7) in (4.15¢). These objects appear for example in the
equal-time brackets of the eigencurrents with the eigengroup elements

{‘7_‘?'("')# (f’ 0)7 g(Ta n, 0)} = 27T6(€ - n)g(T’ 7, 0')7;1,(1-)”(T, 0') (4163)
{\Zl(r)lt(éi U), g(Ta 7 U)} = - 27I'5(€ - 77)7;1.(1");;(7‘; U) g(T, n, 0') (416b)
$(T,&,0) = S(T(T),¢,0) (4.16¢)
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and will play a central role in the orbifold dynamics below. As seen in (4.16¢), we will gener-
ally use the inverse relations (4.15c) to consider as a function of 7" those objects previously
labelled by 7. :

The twisted representatlon matrices satisfy many important relations, including

[Tatr)u (T, 0), Tageyw (T50)] = iFa(euntsp™ " (0) Tatr) tns) .6 (T5 0) (4.17a)

[Tageyu(T, 0), Tage (T, 0)G™ ™ (0) Tos (T, 0)] =0 (4.17b)

Farn mOOnW(0) = Frmpuniep™(@)GM MO (0) = — Fpp, "m0 () (4.17c)
Tr(M(T, 0)Tniryu (T, &) Tty (T, 8)) = Griryumioy (0)

= On(r)-+n(s),0 mod p(0) Gn(r)u,~n(r)w(0)

[M(T,0), Tmu(T,0)] =0, M(T,0) = M(T(T),0) (4.17¢)

where G(o) and F (o) are the twisted metric and twisted structure constants of sector ¢ in
(4.5). The Casimir property (4.17b) follows from (4.17a) because of the antisymmetry of the
twisted structure constants in (4.17c), while (4.17e) follows from (2.1c). The adjoint Tt of
the twisted representation matrices is discussed in Appendix B.

The twisted representation matrices also satisfy the selection rules

(4.17d)

Tnryu(T> ) = Enry)(0)*(E(T, 0)* Tairyu(T, 0) B(T, 0) ) (4.18a)
Toteyu(T> 0 w(ap N1 — 7G55 ) = 0 (4.18b)
Tau(T,0) = Engr) (0)( E(T, 0)Tar)u(T, 0) E(T,0)*) (4.18c)
T (T 0)iep O (1 — 2GR D) = 0. (4.184)

These selection rules are dual to the linkage relation (3.6) and in particular to the forms
(3.6c) of the H-invariance of the representation matrices T. To see this, insert the forms
(3.6¢) into the duality transformation (4.15a) and use both eigenvalue problems (3.14) and
(3.13). The useful intermediate relations

T,(U) = wl(hy)PE(T, 0)*Ts(U)E(T, 0) = w(he) E(T, 0)Ts(U) E(T, 0)* (4.19a)
T.(U) = U(T,0)T,UN(T, 0) (4.19b)

follow from (3.6c) and the extended H-eigenvalue problem (3.14) alone.
The two sets of selection rules in (4.18) are equivalent, and the solution of the selection
rules is the “Wigner-Eckart” relation

é o N(s)+ 22 .n 0
I;(r)u(T, U)N(s)”N(t) = 55{5%n(r)+N(s)—N(t),0modR(J)I‘(T)I‘(T’ U)N(S)V © Fé;% @ (4203’)
Tty (T, 0wy Ot FOE _ 0 unless N(s)+ 5 HMadn(r) € {N(r)} (4.20Db)
J%n(rnN(s)—N(t),o mod R(c) 6n(r)+%((g%(N(s) —N(£)),0 mod p(o) = 6,. £) 4 MO gmods (4.20c)

in terms of the reduced twisted matrices on the right. The Kronecker delta in (4.20a) can
be replaced by either of the equivalent forms in (4.20c). We remark that
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[E(T,0)"”, Towyu(T,0)] =0 (4.21)

follows from (4.20a) or |(3.12) and the extended H-eigenvalue problem.
The twisted representation matrices are also class functions under conjugation in H

T(U(0)v(0),U(T,0)v(T,0);0) = T(U(q), U(T,0);0) (4.22)

according to (3.18), (4.15) and the linkage relation (3.6). More generally, all the duality
transformations of this paper are class functions, although we will not mention this explicitly
below.

Finally, it will also be useful to define the rescaled twisted representation matrices

Tau(T, )™ = X(T, 0) v (T, ) tays Tatryn (T ) vy ™

= X(U)n(r)u X(T) O)N(s)v X(T1 U)]-\}tt)JU(a)n(r)ua( U(Ta U)Talff (T7 0) )N(S)UN(t)J (4233‘)

[Tatryu(T> 0), Ty (Ts 0)] = iFnirpuintsyp ™22 (0) Tagys (T, 0) (4.23b)
X(T, 0)nw)2r@)w = X(T 0Ny X(T0NEp=1 (4.23c)
X(T*Y,0)niryu = X(@niryur (Te¥)® = —ifa® (4.23d)
Tnyu(T%, ) (™ = —iForyuin(sp™ P (0) (4.23¢)

where {x(T,0)} are an extended set of normalization constants subject to the conventions
in (4.23c) and (4.23d). Then the rescaled twisted matrices 7(T°%, o) are related by (4.23e)
to the twisted structure constants F (o). We shall encounter these rescaled matrices again
in Sec. 6 and Appendix D. '

4.3 The Tangent Space Eigencoordinates of Sector a"

The explicit form of the eigengroup elements in terms of the twisted representation matrices

T is : : ‘

9(7-,5, 0) = S(T(T)7€v0) - U(T, U)Q(T,E)Ut(T, 0') l (424&)
' — B OVT VTN T0) _ ™ (E0) Ty (T0) (4.24D)
b€, 0) = x(0) sy, B*(E) Ut (0)a™ (4.24c)

ﬂa(‘g) = X'(a)n('r)y. bn(r)p.(é-, 0) U(a)'n(r),u.a . (424d)

The quantities {6™™#} in (4.24) are called the tangent space eigencoordinates of sector o;
because their response to the automorphism group is diagonal

6" (€, 0)' = X(0)5yuB (€ 0) UH(0)a™ O = 6" (E, ) By (0)* - (4.25)

To see this, use Eq. (3.8c) and the H-eigenvalue problem (3.13).
The closely-related response .
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(6"(€,0) Taru(T, 0)) = E(T,0) (0" (€, ) Tau(T:0)) E(T,0)" . (4.26)

follows from (4.25) and the selection rules (4.18) for 7, so the equivalence of the automorphic
-responses

ib"(r)“(ﬁ,a)'n(r)g(T,a') _ E(T ) ib"(r)“(ﬁ,o’)n(r)u(T»a)E(T’ g')* (427&)
” - mJ_L_(_l v
(g(T é) 0') )N(‘r)uN(s) =€ ? Rlo) (T 6, J)N(r)pN(S)
> BMOB(g, o) = prl(g, 0)627” @) : (4.27b)

is verified to all orders in b. In what follows, we often abbreviate b(¢) = b(¢, o).

5 The General WZW Orbifold A,(H)/H

5.1 Local Isomorphisms

To go to sector o of the WZW orbifold A,(H)/H, we apply the principle of local
isomorphisms>2. This principle tells us to replace all eigen-objects by corresponding twisted
objects, whose monodromies are taken to be the old automorphic responses. In the present
case, we have

| J(€0), (€ 0) — 6,00, 76,0 | (5.12)

S(T,&0) — §(T,&0), b(6,0) — B(&0), §(T,&0) =P &M@ (51b)
’ automorphism response E,,)(c) — monodromy E, (o) (5.1c)
automorphism response En(ry(o) — monodromy En(y() . (5.1d)

Here, fn(r)ﬂ(f , a)jn(r)u(f ,0) are the twisted currents, and the set of group orbifold elements
{g} = {g(Tv £a U)N(T)uN(s)u} (52)

parameterize the general group orbifold in sector o of A;(H)/H. The quantities {ﬁ"(’)“} are
called the twisted tangent space coordinates of the group orbifold.
We also note the equivalent forms of the group orbifold elements

:Ba (5) = X(a)n(r)u bn(r)y, (é’ O’)U(U)n(,-)“a —a—) 6"‘ ({',., G) = X(a)n(r)uBn(r)p(g’ U)U(a)n(r)ua (533‘)

9(T, B()) =T (5.3b)

§(T,&0) = U(T,0) g(T, B(§)=b(£,0)) UN(T,0) (5.3¢)
= " ENUNTTUNT o) (5.3d)

— eiﬁ"(')“(E,U)ﬁ(r)p(Tﬁ) (5.36)
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where (5.3a) is obtained by combining (4.24d) and (5.1b). The objects {b"} are identified
in Appendix C as tangent space coordinates with twisted boundary conditions. The form in
(5.3d) shows that the group orbifold elements are locally isomorphic to a reparameterization
of the original group elements g.

The local isomorphisms also tell us that the group orbifold elements are still unitary

§(T€,0)0(T, & 0) = §(T,€,0)14(T,&,0) = 1. (5.4)

The complex conjugation of /8 and the unitarity of § are further discussed in Appendix B.
The discussion of Appendix C gives an overview of the group and group orbifold elements
discussed above, including their relation to group elements with twisted boundary conditions.

We will also need the derived local isomorphisms*? for the stress tensors and the action

| Tg(g)’Ty(f) _a'> Ta(f),_f"a(é"), , So[M, 9] —U—) SU[M,g] | (6.5)

which follow from the local isomorphisms (5.1) after rewriting the untwisted objects in terms
of the eigen-objects (see e.g. (4.7)).

5.2 Monodromies

The monodromies of the twisted currents, the group orbifold elements and the twisted tan-
gent space coordinates® -

A

j”l(")u(€ + 2, 0) = En('r) (U) jn(r)u(fv 0)7 Jn(r)p.(f + 2m, 0) = En(r) (0) jn(r)u(f, 0) (563')
§(T,&+2m,0)=E(T,0)§(T,£,0)E(T,0)", B"™(E+2m,0) = B"O™(€,0) Engry (0)*  (5.6b)

9T, ¢+ 2r,0)=E(T,0)§~ (T, & 0)E(T, 0)* ~ (5.6c)
Eagr)(0) = ¢ 25, Ep(T,0) = ¢ %) (5.6d)

follow immediately from the local isomorphisms (5.1). The two-sided diagonal monodromy
of the group orbifold elements in (5.6b) is a central result of this paper. The twisted tangent
space coordinates B also have definite monodromy, a property not generally shared by other
choices of coordinates on the twisted tangent space.

Moreover, the closely-related monodromy

B (e + 2, 0) Tairyu(T, 0) = E(T, 0)( B¥(€,0) Taryu(T, 0) ) E(T,0)* (5.7

follows from (5.6) and the selection rules (4.18) for the twisted representation matrices. Then
we may verify that the 8 and § monodromies in (5.6) are consistent

eiﬁn(r)#(§+21r,a-)7'n(,.)“(T,O') — E(T, G)eiﬁn(r)#(g,a)’ﬁ,(,)u(T,U)E(T, 0,)* . (58&)
_ +N(r)~N(s) " v
g(Ta € + 27(', G)N('r)uN(s)u =€ ik 2c g(Ta f, U)N(r)uN(s)

. C, e (5.8b)
s PrOR(E 4 om, o) = BMOK(E, 0)627”7&’%

2The automorphic response of g and hence the £-monodromy of § is the same when the group orbifold
elements are extended to the solid cylinder T'.
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to all orders in f.
We also note that the multiplication law

§s(T,€,0) = §1(T, €,0)5:(T, £, 0) - (5.92)
Bs(€,0) = Bi(€,0) + Ba(€,0) + O(B?) (5.9b)
§i(T, € +2m,0) = E(T,0)5(T,€,0)E(T,0)*, i=1,2,3 (5.9¢)

preserves the monodromies of the group orbifold elements of sector o.

5.3 Local WZW Orbifold Dynamics

Continuing with the local isomorphisms, the list of local WZW relations in Subsec. 2.2 gives
the local dynamics of each sector o of the WZW orbifold A,(H)/H.

e Twisted equal-time current algebra and orbifold stress tensors

{361 0), Jnrn (1, 0)} = 218 Futrypinter™ ™+ (0) Jniryna) 6 (6, 0)8(€ = )

+ Bn(r)-4n(s),0 mod p(e) Tn(ryui—n(r)w () Bed(€ — 7)) (5.102)
{Fate (& @), Jagepn (1,0)} = 2 Fuorpan™ " (0) Juey nisr (6, 0)3(E = )

— Sn(r)4n(s),0 mod p(e) Tn(ryi—n(r)w () 0c6 (€ — 1) ) (5.10b)

7 {jn("')ll-(g’ U)’ jn(s)u("% 0)} = 07 o= Oa e ’Nc —1 (510C)

jn(r)ip(a),u(f’ o) = jn(r)u@ ,0), J n(r)tp(e) (&5 0) = Jn@yu(é, o) (5.10d)

Ta(f) :a};gn(r)mn(s»(U)jntr)u(f,U)jn(s)u(f,O') (5.11a)

_—_Z%an(r)#;—n(r),u( ) FnernlE ) eyl 0) (5.11b)

T, () = 21_17_rgn(r)u;—n(r)w_(a)jn(r)“(g, &) —nyw (€, 0) (5.11c)

Lygo —> LT (0) = ZGrOWn (o) (5.114)

Ty(6+2m) = To(e), To(e+2m) = To(e) (5.11e)

(To(e), T )} = (Tule) +Tolm) ) Beb(E = n) (5119
{T5(€),To(n)} = —i( T}(é) +To(n) ) 00§ —m) (5.11g)

{T,(€),To(m)} =0  (5.11h)

{AT&(f),:jn(r)p(n, o)} = ij.,i(r),‘(ﬁ, 0)06(€ — 1) (5.12a)

{T(8), Jneyu(m o)} = —iJ(ryu(€, 0)38(¢ —m) ~ (5.12b)

{Ta(g)’ jﬂ(f)#(n’ 0)} = {TU(E)v jn('r)u(T], 0)} =0. (5.12C)
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The general twisted equal-time current algebra in (5.10) is isomorphic to the equal-time
algebra of the eigencurrents 7, J defined in (4.1). The coefficients G(o) and F(o) in (5.10)
are the twisted metric and twisted structure constants in (4.5). The coefficient L(4),00 in
(5.11d) is the high-level limit of the twisted inverse inertia tensor Ly, of the general orbifold
affine-Sugawara, construction'?

e Group orbifold elements

(T, & 0) NmzrE) ™ = §(T, & 0)neu O = §(T, &, 0)nm™”  (5.13a)

[M(T,0),8(T,€,0)] =0 (5.13b)
{Jnru(€,9), §(T,m,0)} = 208(6 — (T, 1, 0) Taryu(T 0) (5.14a)
{jn(r)#(f’ 0),§(T,n,0)} = = 216(& — 1) Tnr)u(T, 0) §(T', 0, 0) (5.14b)
{Jniryu(€,0),8(T, n,0) sy D}
| = 208(6 ~ (T, 1, )i ™D H O 1 (T, 0) B,V (5140)
| {Janl&0), 8T, ¥} |

= —2m(€ — ) Tairyul(T, 0 ey O+ HAOT5(T O+ Bt NOF  (5.14d)
{T,(€),8(T,n,0)} = 6(¢ - n)ggT,n,a)J(T, o)  (5.153)
{T5(€),9(T,n,0)} = —=6(€ = m)J(T,n,0)§(T,m,0) (5.15b)

J(T,€,0) = J(E, ) nryuG™H" (0) Taoy (T, 0) |
= J(&, 0)n(ryu g () T-n(ry (T, o) (5.15c¢)

J(T,€,0) = J(€ 0)neuG™ "™ (0) Triepo (T, 0) |
= J(&, GO (0) T ey (T, 0) (5.15d)
Juryu(€,0) = TH{(M(T, ) Taryu(T, 0) J(T, £, 0)) (5.15¢)
Tneyu(€,0) = TH(M(T,0) Taru(T, 0)J(T €, 0)) . (5.15f)

Eq. (5.13b) follows from the local isomorphisms, using Egs. (4.9) and (4.17e). The last two
relations in (5. 14) are matrix element forms, using (4. 18), of the first two relations. The

objects J(T), J(T) are the matrix forms of the twisted currents.

e WZW orbifold Hamiltonian

27

Hy= [ dg(T (&) +To(®), (Po= 0"d5(ﬁ(5)—ﬁ(f)) (5.16a)

0

am/i(g, t, 0') = i{(pm)m A(f, t, 0’)} '(5'16b)
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O_Jnryu(6,8,0) = By Juu(6:1,0) =0, 8T, (6,0) =8, To(6,0)=0  (5.17a)
8G(T, &, 1) = i(a(T, &, ) J(T, &,8) — J(T,£,1)3(T, £,1)) ~ (5.17b)

Ocd (T, €,t) = i(3(T, &) (T, &,1) + J(T, & )3(T, &,1)) (5.17¢)

0,9(T, &,1) = 2%6§(T, &, ) (T, &,8), 0_§(T,&,8) = —20J(T,6,)3(T,6,t)  (5.17d)
(¢ — m)844(T,m, t) = 2i{T, (£, 1), 8(T, m, 1)} (5.17e)

5(€ —m)0_§(T,n,t) = 26{T,(£,4), (T, nt)} . (5.176)

As seen here, we often choose for brevity to suppress the sector label o.

o WZW orbifold action

5(T) = 8M, gl = - o= [ @ TH(M(T,0) 7T, 0)0:4(T,0) §7(T,0)0-9(T,))
1

- — [ Tr(M(T,0) (§7(T,0)d4(T,0) *) (5.182)
r

Tr(AB) = Y Aneu™ B "™, 0=0,...,N.—1 (5.18b)
' 51,8,V

(§71dg)® = de de dp *PC(57'049) (' 083)(510c8), {A,B,C}={t,6,0)  (5.180)
S [M(T,0),3(T, €+ 2m,0)] = S,[M(T,0), 5(T, & 0)] (5.19)

j(T7 gv t) == %g—l(T, 5; t)3+§(7', €a t) = jn(r)p, (5, t)g'n.(r)p.;—n('r),u (U)‘r—n(r),u(T, 0) (5203)

J(T,€,1) = —%Q(T V6,057 N(T L €,1) = Jniryu(&, )GOEOX (YT 0 (T, 0)  (5.20D)
| O_J(T,&,t) =0, J(T,&,8) =0 - (5.20c)

Frnl&,t) = —5TH( M(T,0) Tau(T,0) 47T, €,00:3(T,€,9) (5.200)
Fuo(61) = — ST M(T, 0 Tau(T,0) (T, 6:00-97T,6,8)) . (5.200)

'The general WZW orbifold action (5.18) is a central result of this paper. It is the correct
action functional for each twisted representation 7 in each sector o of any WZW orbifold
A H)/H. ' _ -

The trivial monodromy (5.19) of the general WZW orbifold action follows immediately
from the § and §~! monodromies in (5.6b), (5.6c) and the selection rule (4.10) of the twisted
data matrix M. The equations of motion (5.20a)-(5.20c) of the WZW orbifold action fol-
low because M is invertible and commutes with the group orbifold elements (see (5.13b)).
Moreover, the orbifold action equations of motion are equivalent to the orbifold Hamilto-
nian equations of motion (5.17a)-(5.17d). See Sec.7 for further details in the case of the
permutation orbifolds and the inner automorphic orbifolds.
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The local orbifold relations (5.20a,b) also provide what is perhaps the s1mp1est example

of the consistent interrelation among the monodromies of g, Jn(r)“ and J,,,(r),‘ In the first
place, the § and §~'monodromies in (5.6b) and (5.6c) give the same monodromies

A ‘ _ ',r.,;NS"!"Nf’! ~ 8
'](Ta € + 27r)N(r)p.{v(s)V =e 2 Rio J(T, f)N(r)y,N( ) (521&)
2 = 1riN r)—N(s) = s\
J(T, € +2m) NN = e 2w J(T, ) nrp™ (5.21b)

for the matrix forms of the twisted currents. On the other hand, the selection rule (4.18) for
T in the form

i T ) _ﬂ_iNa—Nt
e’ 7'%;%7-_,1(,.),6('1_', G)N(s),,N(t)5 = T nir),e(T, O')N(s),,N(t)‘se 2» K(o) (5.22)
and the monodromy of Jp(),(€) in (5.62) give the same result

j(Ta f + 271—)N(s)uN(t)¢s = jn(r)p.(§ + z,n_)gn(r)u;—n(r),e(o.)rr_ﬁ(r)’e(T, J)N(s)uN(t)a

.N(s)—N ~ : (5.23)
— e—??rz—l—)R(a) (¢t) J(f)N(r)p,N(S)V

for the twisted left movers. The same consistency is verified for the twisted right mover
currents Jp(r),(€) in (5.20b). As a consequence the local orbifold relations (5.20a,b) require,
by themselves, what we already knew from the local isomorphisms: The twisted left and
right mover currents Jn(,.),, (€), Jniry)u(§) have the same monodromies When both are taken
around the cylinder & — £ + 27.

5.4 Mode Form of the General Twisted Current Algebra

Having completed the local tangent space formulation of WZW orbifolds, we turn now to
the implied mode formulation.

The orbifold equations of motion (5. 17a) or {5.20c) and the monodromies (5.6a) give the
mode expansions

Tntryu(&: 1) = Z Ty (m + %)e—i(m*’%)(ﬁt) (5.24a)
Tniru(6:) = Z Jyu(m + 22yt H3NED (5.24b)
Jnrytoioru(m F 1+ 200 = F o (m + 2y (5.24c)
Tnyeoorun(m F 1+ 200 = J o), (m + 53) (5.24d)

where the mode periodicities in (5.24c)-(5.24d) follow from (5. 24a) (5.24b) and the period-
icities of the currents in Eq. (5.10d).
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Then the general twisted current algebra

{ngyu(m + f%‘%)’ Jagay (n + g(%)} =i Famun(sw™ T (0) Jnryin)s(m+n+ ﬂ%(i#s_)) ‘

+(m+ %) 6m+n+ﬂ'gf§'§lﬂ,o On(r)ui-n(r)w(0) (5.25a)

{J n(ryu(m + %)5), J n(syw (7 + %5})} =i Frunsp™ T (0) jn(r)J,n(s),J(m +n+ ﬂi%’éﬂ)
—(m+ %3) 5m+n+"<'p—-%')‘iﬂ,o Onrym-n(r)w(0) (5.25b)

{jn(r)u(m + %R), jn(s)u(n + %%)} =0, 0=0,...,N.—1 (5.25¢)

is obtained from the general twisted equal-time algebra (5.10). The operator analogue of
the general twisted left mover current algebra (5.25a) was called g(o) = §(H C Aut(g);0)
in Refs. 1 and 2. The twisted right mover algebra in (5.25b) has the same form as the
twisted left mover algebra, but with the opposite sign of the central term. Both algebras are
consistent with the Jacobi identity?, since the F and G terms satisfy the identity separately.
We will find it convenient to refer to the general twisted current algebra (5.25) as

§(hs) @ 8(ho) (5.262)
8(ho) = §(H C Aut(g); hy) = §(H C Aut(g); 0) (5.26b)
and more generally to follow the convention o — h, below.

In fact the twisted right mover algebra of sector o is not a new algebra. To understand
this, consider first the mode-number reversed form of this algebra

{Jn(r)p. (m+ %{%)7 '.]:n(s)u (n+ 3%5))')} "—‘?:f_n(r),u;—n(s),u—n(r)_n(s)’a (h'a') jn(r)-l-n(s),é (m+ n+ %ﬂ)

>

+ (m + %)'6m+n+ﬂ%’éﬂ,o g—-n(r),y.;n(r),u(ha) (527&)
jn(r)u(m + %%) = j_n(r),u(—m - Z(; ) (5.27b)

which exhibits the correct sign of the central term.
We claim that the algebra (5.27) is isomorphic to the twisted left mover current algebra
of the sector corresponding to h,! € H

8(ho) = (k5" - (5.28)
To see this, one needs to compare the corresponding forms of the H-eigenvalue problem
w(h;') =wi(hs), p(h;") = p(hs) '  (5.292)
w(he)U'(hs) = U'(hs) Engr) (ho) (5.29b)
w(hgl)UT(ha) = wt(ha)UT(ha) = Ut(ha)En(r)(ho')* ’ (529C)

where we used (3.15) to obtain (5.29¢). This allows us to choose

Ut(h; 1')a"(”" = Ut(hy) ™M# | (5.30)
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“and then the duality transformations for G(o) and F(0) in (4.5) imply that ‘
Gutryantey(h7") = Gontrrs-nionw (he)s Fawypnier™ P (h7") = Fontrysimnters™™ P (ho) (5.31a)
{Tntrnm -+ 20, Foeru(n -+ )} =6F aouinens™ O (057 Ty e (m + o+ R

+(m+ 225,10 +rl1;’_(%rfjgl’0gn(r)u;—n(r),11(ha ) (5.31b)
which establishes the claim. This argument identifies the general twisted current algebra as
affine(g & g) — §(h) @ g(hs) = §(bo) ® §(h;") (5.32)

in sector ¢ of Aj(H)/H. ~

The identification (5.32) leaves open the question of when the twisted right and left mover
current algebras are copies §(h,') ~ g(h,), which we call the rectification problem. For the
permutation orbifolds and the inner-automorphic orbifolds we shall see in Sec.7 that it is
possible to choose further rescalings

jﬂ(")# (m + % = Op(r)p (0) j—n(r),p,(—m - E{%) (533&)
j"(")u (f’ t) —n(r) M(a) Z J—-n(r),p.(m %%)ez(m——é—%)(ﬁ g (533b)

which rectify the fight mover algebra §(h;') into a copy §(h,) of the left mover algebra of
sector o. However, we do not have a proof that such rectification can be extended across
all right mover algebras §(h;!). Some general remarks on the rectification problem are also
included in Subsec. 8.2.
Finally, we give the equivalent twisted light-cone current algebra
jn(r)p.(t+) = jn(r.)p(é’ t, 0), jn(‘r)p,(t—) = jn(r)/,l.(€7 ta 0), ty =1 :t é. (5343')
{Fntryu(t+), Ingoyw (t4)} = 276 Faryn(or " (0) Jutryrnge) s (4 )8 (b — 1)
o + 5n(r)+n(s),0 mod p(n)gn(r)u;—n(r),v(a )at+6(t+ - tg_) ) (5.34b)
{Intryu(t-), sy (1)} = 28 Fatryun(sp™ ™ (0) T atryn(e) s ()0 (¢~ — 1)
+ On(r)+n(s), 0mod 0(0)Fn(ryus—n(r)w (0)Be_ 0 (t— — t_) ) (5.34c)
{Jn(r)u(t_*.) Jn(s),,(t )1}=0. (5.34d)
W J(ts)s  Inu(t- —2m) = € 3 Tu(t)  (5.34e)

where the light-cone monodromies in (5.34e) correspond to the usual path { — £ + 27
around the cylinder. There is another (on shell) monodromy

—2mi

Jnryu(ts +2m) =€

Jnults +2m) = €7D Jou(6,1),  Tumult +2m) = PR T u(€,t)  (5.35)

which corresponds to t — ¢ + 27, but this is not a closed path on the cylinder or the sphere

t— —it, z=€e"%, z=¢e"% : (£ E42n) > (z—ze¥, 2 ze72™)  (5.36)
where 7 is real Euclidéan’ time.
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6 Orbifold Geometry

6.1 Bracket Realization of the General Twisted Current Algebra

In this and the following subsection, we extend the tangent space considerations above to fill
in the geometric steps omitted in going from the orbifold Hamiltonian to the orbifold action
formulation. In particular, we will choose twisted Einstein coordinates, give the canonical
(bracket) realization of the general twisted current algebra and use the result to obtain the
twisted sigma model form of the WZW orbifold action. The results below can be obtained
by either of two methods :

e Eigen-objects and Local Isomorphisms

o Twisted Affine Lie Groups .

The second method is a straightforward extension of Clubok and Halpern’s method of
affine Lie groups'® which was originally used to find a canonical (quantum) realization of
affine(g @ g). In fact, we have checked the results of these subsections both ways and,
although the two methods are very different, we find total agreement. Here, we give only
final results, referring the reader to Subsec. 6.4 and Appendix E for further details of the two
methods. ‘ ‘

Our first task is to choose twisted Einstein coordinates Z(§) = %,(£) of definite
monodromy, a property which can hold only in a preferred class of coordinate systems.
For simplicity, we choose the coordinate system #(£) = 5(£) in which the twisted Einstein
coordinates are equal to the twisted tangent space coordinates (:

3O (E) = B (€,0)87 (0" = BMOE(E ), €0 = ™ (6.1a)
F2O(E + 2m) = BIOK(E) Bay (0)7,  §(T,€,0) = e OTemlTo) (6.1b)

Here €(0) = 1 is the twisted vielbein of sector ¢ evaluated at Z = 0 (see below).
Then we can state the canonical (bracket) realization of the general twisted equal-time
current algebra (5.10) ‘

7 »—. - n(t)s » ». 1 ~n(t)e 51 4 n(s)v
nryu(€; 0) = 2187 ()™ Prye(B) + 5068" P E(E)nys™ " Gnapmerin(@)  (6:22)
2 a—1, . n A > 1 A =5 n{s)v
Jn(r)u(‘fv U) = 2me (x)n(r)u (t)dpn(t)é (B) - Eaﬁmn(t)Je(x)n(t)é (s) gn(s)u;n(r)u (U) (62b)
~ » -~ 1 -~ A ~n(s)v
Pr(ryu(B) = Prrys + - Buiryumisw (£)968™ (6.2c)

{jn(r)# (f),f’n(s)u("?)} — 15(5 —_ n)(gn(s)un(r)n, (6.2d)
~ i ) ~ —ominr)
MO + 2m) = BPOH(E)E R, Puyu(€ +2m) = €O pr(€)  (6:2e)

in sector o of Ag(H)/H. Here, G(0) is the twisted tangent space metric in (4.5) and p(§) =
p°(£) are the twisted Einstein momenta. Beyond £ and §, the result (6.2) involves the twisted
vielbeins € and é and the twisted B field B, defined below.
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The twisted vielbeins é, € are defined as follows

Bun(®) = gy Onon€42m) = B, (€)  (63a)
eniryu (T, 8(6)) = =157 (T, £)Buiryudi (T, ) = 8(E(E))nrru™ Tae)o (T, 0) (6.3b)
E(E(E)n(ry"C = Tr(M(T, )en(ryu(T, 2T (T, o)niers )grsnte (o) (6-3¢)
ey (T B(E + 27)) ey VO = e~ 2W G R D (T, 5(E)) ey ™ P (6.3d)

&(H(E +2m))n™” = & B(B(E) ) iryu™ (6.3¢)

é—l(j)n(r)un(t)ﬁ é(Z)n(y) M = 5n(r)ﬂ"(s)”, é—l(fg)n(r)un(s)u é(T, L))y = Taw)u(Tr o) (6.3f)

én(r)M(T» i(é)) = én(r)u(T, ia(&)’ U)) é(j(f))n(r)pn(s)y = é(.’i'a (E), J)n(,)#n(s)" (63g)

entrn(T,2(6)) = ~19(T, )Onirud ™ (T, €) = E@(E))nryn™ Tago (T, 0) (6.42)
EE(E))nern™ = Tr( M(T, 0)n (T, 5(€)) T(T, 0)nps ) G5 (o) (6.4b)
enryu(T, £(€ 21 oV = e g (T, () o™ (6-4c)

B6(E + 2™ = TG O) P (6.4d)

é—%(f)n( n(t)s é(.’i‘) () (3)"=5n(r)u"(s)”,’ e (j)n( )u”(s)"é(']’ -’i)n(s)uz n(r)y.(T,O') (6.4e)
Enoul(T,5(0)) = nu (T, 20(6),0), EEEOm™ = E(Eo(€), )™ (6.40)

and the inverse twisted vielbeins &1, ¢ have the same monodromies as the twisted
vielbeins. According to the selection rules (4.18) for 7, the monodromies (6.3d) and (6.4c)
of é(T), &(T) are consistent with the monodromies (6.3¢) and (6.4d) of é and é. The twisted
vielbeins é(T), é and &(T), € are also invariant respectively under left and right translations
g — §og and § — ggo on the group orbifold.

The definitions of the tw1sted B field B and the twisted torsion ﬁeld A are

Hotyun(syin)6(£) = On(r)uBnioyin(ys(£) + On(sp Ba®pin(ru(2) + On()s Butryuin(syr (8)  (6.52)
= —iTr(M(T, 0‘)_@,,(,),, (T, 2) sy (T, £), nys (T, £)]) (6.5b)
= é(:f;)n(r)un(r’)#' é(.’f))n(s)un(s')u'é(fl\:)n(t)‘sn(t’),d’ '7:'"-("")#' (s in(t)8 (0’) (65(:)

r)+n(s A A
Bu(ryuin(syo (£(€ + 2m)) ) Bn(r)u,n(s v(8(€)),  Bagum(sy = —Bu(sym(ry  (6.62)
" n 7)4-n{s)4+n(t “
Ho(ryum(swin(s (£(€ + 21)) CO R n(r)um(s)rm)s (£(6)) (6.6b)
H@¢)=H (wa(f), 0), B(£(¢)) = B(3,(¢),0) (6.6¢)

where H and the twisted structure constants F(o) in (6. 5c) are totally antlsymmetnc
We will also need the definition of the twisted adjoint action :
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(T, 0) Tau(T, 0)§7H(T,€,0) = UE)aey™ Tago(T10) (6.7a)

Q(-'L')n,(r)u. (t)aﬂ(x)n(s)un( u)e gn(t)&;n(u)e (U) - n(’r)u;n(s)u(a) ‘ (67b)
en(:i;)n(r)pn(s)u — _-'é(ﬁ)n(r)un(t)éﬂ(i)n(t)dn(s)u, éz—l (i')n(r)un(s)u =_0O1 (j)n(r)“n(t)dé-l (j)n(t)(én(s);
6.7c

Q(2) = U&,,0) = @, H(E() = (wa(f) 0) = 8;E) Toryu(T*¥,0)  (6.7d)
Tateu(T, 0)n(s1™ = X(0Dngep X(0)reys Tatrsu (T, O™ = —iFniryuiniers™’ (@) (6.7e)
which relates the twisted vielbeins &, &. The rescaled twisted matrices 7 (T, o) were defined in
(4.23) and the relation between the twisted adjoint action {2 and the group orbifold element
g is discussed in Appendix D.

To verify that the twisted currents (6.2) satisfy the general twisted equal-time current
algebra (5.10), one uses (6.5a), (6.5b), (6.7c) and the twisted Cartan-Maurer and inverse
twisted Cartan-Maurer relations

én(r)ué(-'%)n(s)un(tm n(s)ue( )n(r)p, n(t)é = é(fi')n(r)pn(u)eé(Iﬁ)n(s)un(v)cfn(u)e;n(v)(n(t)a-(a) (683‘)
é\_.l(é\:)n(r)p. ( )Jan(t)de ("I;)ﬂ(s)un(u)6 - é_1(j;)'n.(s)un(t)(san(t)éé__1(i})n('r)un(u)e
aewin(eu" P (0)67 (B)ns™ ™ (6.8b)
which also have the same form for é — é.
Flnally, we give the expllmt forms of the twisted vielbein é and the twisted B field B

(@) n(r)u Y = (gt_z‘%_l)n(r)un(sw’ e(O)n(r)un(s)U = ‘5n(r)un(.s)u _ (6.9a)
Bn('l‘)ll’ in(s)v (x) (L-:%:‘[*‘;;{T—z_g{‘)n(T)un(t)Jgn(t)ﬁ;n(s)y(0) (69b)

which follow from the definitions above in the preferred coordinate system (6.1).

6.2 Twisted Sigma Model Form of the WZW Orbifold Action

Starting from the orbifold Hamiltonian (5.16a) and the canonical representation (6.2) of the
twisted currents, we find the canonical form of the orbifold Hamiltonian

3 An{r)pn(s)v s\ a DY.A > 1 an(r ~n(s)v A -~
H0=/d£ (27an( uin(s) (m)pn(r)u(B)pn(s)u(B)+ 'é;;aﬁx ()#afa: ()_Gn(r)u;n(s)u(x)) (6'103')

G (E(€)) = EE(€))neryu™P°E(2(€) n(e) ™™ Gnityain(uye (0)

= &(2())neryn"°&(2(6))n(apy ™ Gnitysi-n(t) () ~ (6.10b)
Gn(r)u,n(s)u(x(é-)) = gr(Fm(we (o) “‘1(x(§))n( 9 ROT “‘1(:v(£))n(u)e"(s)" (6.10c)
Gniryuin(tys (E(£)) GO (£(£)) = 6y, (6.10d)

Gnrypin(ey B (€ +2m)) = €2 T3 Gotryyinnn (3(6)) (6.10¢)

GrOmnll (3(¢ + 21)) = (}n(r)u;n(S)V(j(g))e“”i% | (6.10f)
Griryun(sy (&) = Cryuniow (Bs,0),  GrOWME (5) = Grinun) (g, o) (6.10g)
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where G,(o) is the twisted tangent space metric in (4.5), G.(%) is the twisted Einstein metric
and G* is the inverse twisted Einstein metric. The further results

85"W = n (PO D)o (B),  FuilB) = 1= Crtminian (E)0"  (611a)

. 1.
Jn("')# (6) = 2 Oy gr(® (6) é(j (&) )n(t)dn( w gn(s)u;n(r);z (0) (6 1 lb)
IS 1 . )
J'"-(T)l‘ (f) = _2_6_.,%n(t)5 (f)é("i;(g))n(t)5n(3)ygn(s)u;n(r)u(0) . (6110)

then follow from the orbifold Hamiltonian equations of motion.
Finally, we may eliminate the twisted momenta p in favor of the twisted time derivatives
0,4 to obtain the twisted sigma model form of the WZW orbifold action

S, =8,(T) = / d*¢ L,(2(¢)), 0=0,...,N,—1 (6.12a)

. 1,4 . '
L,(Z(8)) = %(Gn(r)u;n(s)u(fi) + Bn(r)mn(s)u(f:))6+§:"(r)”a_§3n(s)u (6.12b)
L (#(€ +2m)) = L,(£(€)) - | (6-120)

The trivial monodromy (6.12c) of the Lagrange density L, follows from the monodromies of
%, G and B in (6.2), (6.6) and (6.10).

The twisted sigma model form (6.12) of the WZW orbifold action is equal to the form
(5.18) in terms of the group orbifold elements. Equality of the kinetic terms follow from
(6.3b) and (4.17d), and one needs the orbifold “Gauss’ law”

ﬂ(M (g—ldg)3) ='d2fdp aAjAv jA = %GABCaBﬁn(r)'u'acin(s)l_lén(r)u;n(s)v (6133)
f Tr(M (§71dg)®) = —-2- / d2¢ Bn(,);,;n(s)ua@”(f)ﬂa_gz"@)" (6.13D)
- |

to see that the B term of (6.12) is equal to the twisted WZW term in (5.18).

6.3 Orbifolds of the Sigma Model with a Linear Symmetry

As we shall see, the geometric results of Subsecs.6.1 and 6.2 can also be derived by local
isomorphisms. We begin this discussion more generally however by studying the orbifolds of
nonlinear sigma models with a certain type of symmetry which we call linear.

Suppose we are given a nonlinear sigma model on a manifold M with a set of localP
coordinates {z'}, and that the sigma model has a symmetry group H which acts linearly on
the coordinates as follows: ‘

1 ) .
SNLs = / d2€ /:,NLS(III), ENL.S'(.’B) = 8—7;&—,(G,J(.’IJ) + Bi,-(x))6+a:’6_x’ (6.14&)
IEi, = zi(wf)ij, Bi(wf)jk =0 (614b)

YA complete treatment of the nonlinear sigma model should include discussion of global issues, but we

" will not do so here.
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Gij(x), = Gij(il?') = ’wt‘l’w]'kle(.'E), B,;j(.'l))’ = B,;j(:l,") = 'wil'wj'kB[k(.’E) ' (6140)
Lnrs(z)' = Lyrs(z') = Lyrs(z) (6.14d)
w=wlh,), Vhe e H ; 4,j=1,..,dimM . ~ (6.14e)

Linearity of the symmetry transformations can be maintained only in certain preferred co-
ordinate systems: In conventional language, we are considering the special case of a syni-
metry group H with one fixed point of M in each sector o, and the preferred coordinate
systems are those in which the fixed points are at the origin for all o. This restriction
defines a broad class of symmetric sigma models including (see Subsec. 6.4) the WZW mod-
els A;(H), the H-invariant principal chiral models and presumably the general H-invariant
coset construct10n5 2
The H-eigenvalue problem for this setup has the form

'w(ha),']Ut(o')j"(r)“z Uf(a)i"(r)”En(,)(U), En(-,-) (G) =e —2mi %, c=0,... N, —1 (6.15)

in analogy with the tangent space H-eigenvalue problem in (3.13). The relevant eigen-objects
and their responses to the symmetry group are:

X (2) = X5OH(2) = x(0) 7y, @ U H(0):™ ¥, 2H(X) = X(0Dn(ryuXe (@)U (0)nrys’  (6-168)

n(r)u?

Gn(ryum(s)p(X) = x(0)ngryux(@ )'ln,(s)uU (0)n(r)e U (0)n(sy? Gij (z(X)) (6.16b)
Bu(ryuin(sy (X) = X(‘Jr Jn(r)uX©@)ns U0 Yy U (o In(s)’ Bij (z(X)) (6.16¢)
Lnrs(X) = Lyps(X(z)) = (g’n(r)u,n(s)u(x) + Ba(ryuin(s)w (X)) 04 x"(r)“ 3 X" (6.16d)
f)C"(’)"(:L')' = X"(g) = XU () By (0)* (6.16e)
Gnruin(s (X) = Gn(rusn(s (X(2)) = En(r) (0) En(s) (0) Gnirypuin(syw (X) (6.16f)
Br(ryusn(s) (%) = Bu(ryuin(s)p (X (")) = Enr)(0) Ba(s) (0) Bagryusm sy (X) (6.16g)
Lyrs(X) = [—Nps(x(w')) = Lnrs(X) . (6.16h)

Finally, we use the local isomorphisms .
X — &, G(X)—G(E), BX)— B(#), Lyws(X)— LJ¥(@) (6.17a)
automorphism response Ey(r)(0) — monodromy En(r)(a) (6.17b)

to obtain the action for twisted sector o of the sigma model orbifolds:

SNLS — / d?¢ LNS(%), 0=0,...,N,—1 (6.182)
E’NLS( ) - —87&—’( n(r)u;n(s)u(-'i) + Bn(r)u;n(s)u(-’i))a.}-fln(r)ua_fin(s)u (618b)
g (€ 4 2m) = A“""‘(é) g (6.18¢)
Gn(r)lt,n(s)u(w(f +27)) = on Gn(r)#,n(s)y(x(g)) (6.18d)
- wz—%—é—u ns
B’n(r)u.;n(s)u(x(g + 27")) =e€ 2 ple Bn(r)p,;n(s)u (-'L' (6)) (6186)
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£NE5(2(¢ + 2m)) = LVES(2(¢)) (6.181)
2 =2,(6), G@&) =G(E(),0), B)=B(8,(6),0). (6.18g)

Here #, G and B are respectively the twisted Einstein coordinates, the twisted Einstein
metric and the twisted B field of sector o.
The local isomorphisms also give the explicit forms of the twisted Einstein tensors,

2" = X(O)n(ryuXg U (O)nry” — X'(2) = X5(20) = Xt *U(0)ne’  (6.198)
GA"(")M;n(s)u(‘%) = X(a)n(r)uX(o)n(s)uU(U)H(T)ﬂiU(a)n(s)VJGij (x—a) X(.'f))) (619b)
Bu(ryuin(s)w (&) = X(@nryux(@n(sypU (0)atr) 'V () oy’ Bis(w— %(%)) (6.19c)

in terms of the untwisted Einstein tensors G;;(z) and B;;(z). The objects X(£) are identified

in Appendix C as Einstein coordinates with twisted boundary conditions. Note that we do
not find any selection rules for G or B at this stage because the relations (6.14c), which
involve both z and z’, are not homogeneous in G;;(z) or B;;(z).

In fact, however, selection rules do exist for the moments of the twisted tensors. To show
this, we begin with the moment expansions of the tensors and the twisted tensors

' 00
Gij(z) = Z gwx inT ez, By(z) = Z bijir.in @t e+ T (6.20a)
m=0 m=0
Gn(")#m(s)" (iL‘ - Z gn(r)u,n(s)u,n(rl)m...n(f‘m)/.zmj:;n(rl)u1 e fin(rm)um (620b)
m—O

B"(T)Mﬁn(s)V(m) Z Bﬂ(f)u,n(s)u,n(rl)m 2T pum g . '-'in(rm)“m . : (6.200)

m=0

Then substitution of the moment expansions into (6.19b) and (6. 190) give an arbitrarily
large set of duality transformations '

g V [+3 m .
gn(r)u,n(s)u,n(n i1 (rm Jum EXn('r)y,Xn(s)yljn('r)y,iUn(.«;)u'7 (H Xn(ry )k Un("k)l—tk zk) Gijiy..im (6.21b)
k=1
m ) .
Bn(r)u,n(s)u,n(rl)m...n(rm)#m ‘i‘Xn('r)an(s)u(J'n,(r)pzU'n(s)ll'7 <H Xn(ry g Un(rk)‘ukzk) bij,i1...im (6210)
) k=1
= x(0), U=U(o) , (6.21d)
which express the twisted moments G and B Qf G and B in terms of the untwisted moments
g.and b .
Next, we need the symmetry transformations of the untwisted moments
(wt)ik(wt)jl(wt)ilj‘ o (Wi ™ Gkl = Gigin i - (6.22a)
(wh)* (W) (w)u - - (W1)in ™ bkt gy jon = bigin.im (6.22b)
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which follow from the transformations (6.14c) of the untwisted tensors. It follows from the
duality transformations in (6.21) that the selection rules for the twisted moments

Gn(ryum(s)wmlro)psentrm)um (1 = En(r)E*<s)E (1) " E:;(,m)) =0 (6.23a)
Buryum(s)ymir)usm(rmdim (1 = Eny Bne) Baryy -+ Engray) =0 (6.23b)
Gn(r)un(s)v.nlr)un ein(rm)pm X 6n(r)+n(s)+2;"=1 n(r;),0 mod p(c) (6.23c)
Bor)un(s)vm(ri)osemlrm)pm X On(r)4n(s)+ S, nir;),0 mod p(o) (6.23d)

are dual to (6.22). These selection rules guarantee® the correct monodromies (6.10e) and
(6.6a) of G(a:(f)) and B(z(£)).

The twisted canonical brackets of the sigma model orbifolds

{z(€), py(n)} = i6(6 — m)é;' - (6.240)
(&) = 2 (€)(wh), (€)' = wip;(€) | (6.24b)
Pae)n(€) = x@ iy Unemn'i(€),  Pamyu(8) = Enr)Paeryu(€) - (6.240)
{xn(r)u. (6)’ Pn(s)u (77))} = Z(S(f - n)an(s)un(r)# (624(1)
X — &, P—p | (6.24e)
{in(r)”(é.)a ﬁn(s)u(n)} = 26(6 - 77)5n(s)u"'(’)“ ) (624f)

are also obtained by the addition of the local isomorphism for the Einstein momenta in
(6.24e). One may also consider the twisted tangent space formulation of the sigma model
orbifolds, starting from the untwisted tangent space formulation in Ref. 17.

The sigma model orbifolds described here are in general not conformal at the quantum
level. To select those orbifolds which are 1-loop conformal, one will presumably need to
consider the orbifold Einstein equations which we present in Subsec. 8.3.

6.4 Local Isomorphisms and WZW Orbifold Geométry

In this subsection, we continue the sigma. model discussion above in the special case of WZW.
Our emphasis here is that all the geometnc results of Subsecs. 6.1 and 6.2 can be obtained
by local isomorphisms.

We begin by recalling that the WZW tangent space coordinates  have the automorphic
response ' = Bw' (see Eq. (3.8c)). So for the special case of the WZW model in sigma
model form, it is natural to choose the preferred coordinate system z = '

ot = %(0).¢, e(0)* =42, 3V =w(h,) d,a=1,..dimg (6.25a)
' w(he)d = e(0)*w(hs)oe(0)s’ ‘ (6.25Db)
Ut(0):"™* = e(0),2U(0)s™ ™, U(0)nir)’ = U(0)niryu®e(0)e] (6.25¢)

“Looking back, we see that this structure is analogous to that seen in the all-order equivalence (5.8) for
the group orbifold elements §. Indeed one finds that the twisted moments of § in powers of § satisfy selection
rules which are powers of the selection rules (4.18) for 7, and moreover that these twisted moment selection
rules (plus the monodromy of ) guarantee the monodromy of §. The bottom line is that selection rules are
satisfied only by constant (coordinate-independent) twisted tensors.
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in which e(0) = 1 is the left-invariant vielbein at the origin (see below), the H-symmetry
acts linearly on the Einstein coordinates and the (Einstein) H-eigenvalue problem (6.15) is

isomorphic to the (tangent space) H-eigenvalue problem (3.13). Then the analysis of the -

previous subsection gives the twisted sigma model form (6.12) of the WZW orbifold action.
As another example, we begin with the untwisted left and right invariant WZW vielbeins

ei(z,T) = —ig~ (T)8,9(T) = e(x);°T,, &(z,T) = —ig(T)0;g(T) = &(x):*T, (6.26a)

9(T) = g(T,z) = ¥, H(T,z) = z'¢;*(0)T, (6.26Db)
e(z)® = (St H(z) = o'e*(0)TY, *(0)=6" (6.260)

in the preferred coordinate system. The symmetry transformatlons of the vielbeins e, € and
the eigenvielbeins £, £ are

ei(z,T) = ei(z', T) = — ig ™ (T)'8,'9(T)' = wiiW (hy; T)ej(z, T)W'(hy; T) (6.27a)

ez, T) = &(2',T) = — ig(T)6/' g7 (T) = wiW (ho; T)e;(z, T)W'(he; T) (6.27b)

(e(z)):® = e(2')i® = wie (wh)y®,  (8(z)):* = &(a'):® = wile;*(w'),® (6.27c)
g(x)n(r)nn(s)u = Xn(r)uxr:(ls)uUn(*)uie(x(x))ia(Ut)an(s)V’ E(X) = er(w(IXI))UTx"l (6.27d)

E(XDnirn™™” = Xn(ryuXn(oy Un( €(@(X)): U, E(X) = xUe(z(X))Utx™  (6.27e)

(E) Inry™Y = EQE ™ = En)€(X)mirin™ Engey (6.27f)
(g(x)’)n(r)ﬂn(s)y = g(x(xl))n(r)un(s)y = En(r)g(x)n(r)un( UE*(s) | (6-278)

.y — n{s)v a
~iG (T, )0nr)uS(T, &) = E(X)nry™ Tagsyws . Oy = o (6.27h)
—1G(T, )Bn(ryuG (T €) = E(X)n(ryu™ Trioyw - (6.27i)

The eigencbordinate X is defined in (6.16) and we have suppressed all sector dependence in
these relations. Then the local isomorphisms

X — 3, E(X) — &), E(%) — &%) (6.282)
automorphism response Ey)(o) — monodromyEn(T) (o) (6.28b)

give the relations (6.3b), (6.4a), the twisted vielbein monodromies (6.3¢e) and (6. 4d) and the
explicit form of the twisted v1elbe1n

&(&)n(riu™ = Xn(ryuXn(sy Unto’ (52X (2)):2(Ua", &(2)=xUe(z—%(2))U'x " (6.29)

in terms of the untwisted vielbein e;%(x). The objects X(£) are defined in (6.19a). The same
result holds for &() with e — €.

Following the previous subsection, we introduce the moment expansions of the untwisted
vielbein e and the twisted vielbein é to obtain

e(2)i® = ) g in’s T (6.30a)

m=0
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(@ (@i -+ (Wi ™€ W = iy i - (6.30b)

oo .
é(f))n(r)#n(s)u = Z gn(r)p.,n('rl)p.l...n(rm)umn(s)ufi'n(rl)m ‘e j;"’("'m)l‘m ‘ (630C)
m=0 m
En(r ()i -nlrm)m O =Xn(r)u X sy Untr)id ( T xnte s Untep H) €igr..im (U1 (6.30d)
N J=1
Eneyuntrrypsntrmlim (1= By Bngryy** Bnry Ba(s) = 0 (6.30e)
8n(r)y,n(r1)p.1...n(fm)y,:(s)u = On(r)-n(s)+> 1, n(r:),0mod p(a)gn(r)u,n(‘rl)ul...n(rm);l,,:(r)+2i=l n(ri). (630f)

Here (6.30d) is an infinite set of duality transformations
e.— & (e.,0) (6.31)

which express the twisted vielbein moments in terms of the untwisted vielbein moments.
The selection rules (6.30e) for the twisted vielbein moments (and their solution in (6.30f))
follow from the duality transformations and the symmetry transformations (6.30b) of the
untwisted moments. These selection rules guarantee the monodromy (6.3¢) of the twisted
vielbein. Similar moment expansions lead to duality transformations and selection rules
which guarantee the monodromy of &(%).

In particular, the duality transformations (6.30d) imply

C(O)ia’ = e,—“ =6;* — (6.32&)
é(O)n(r)un(s)u = gn(r)un(s)y = Xn(r)ux;;(ls),,Un(r)'uie(o)ia(Ut)an(s)u = én(r)pn(s)u (6-32b)

so that the preferred twisted coordinate system # = /3 chosen in Subsec. 6.1 is dual to the
preferred untwisted coordinate system z = 8 chosen in (6.25). Moreover, Eq.(6.19a) is now
recognized as Eq. (5.3a).

Using (6.26¢), (6.27d) and (6.29), the eigenvielbein and the twisted vielbein can be eval-
uated in closed form

iH(x) _ . . '
£0) = g M) = WHGE@WR = 00T, (%), £0) =1 (63%)
iH(3) _ . _— B )
b8) = Cr =L H() = 8T (T), e0)=1  (6.33b)
iH(Z)

in agreement with (6.9).
The bracket realization (6.2) of the general current algebra also follows by the local
isomorphisms above from Bowcock’s bracket realization'®

Jo(€) = 2me(x(£))a'pi(B, €) + %agz"(f)e(a:(s)),-'be;' (6.34a)
ja(f) = 27ré(x(§))aipi(B,§) - %6§$i(§)é($(5))ibia (6.34Db)
{2'(&), pi(n)} = i6(€ — m)55", pi(B, &) = pi(€) + %Bij(z(g))agxf (€) (6.34c)

8;Bji(x) + 8; Bii(z) + 8 Bij(z) = —i Tr( M(k, T)e;(z, T)[e;(xz, T), ex(z,T)])  (6.34d)
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in the untwisted theory. To see this, use (6.34) to check first that the eigencurrents Jyr),,
Jn(r)u have the same form when rewritten in terms of G(o) and the eigen-objects, and then
use the local isomorphisms. Similarly, the untwisted WZW relations

Hy = [ de(nGe(z)ate()Ip(B)pi(B) + g-0a'Ole(a)eln)Gu)  (6:350)
Ju(6) = 20,2 ©e(z(E)Cumr  To(6) = 30T (OFEE) Gra  (6.35D)
give the WZW orbifold results (6.10a) and (6.11).

6.5 The Duality Algorithm

All the local orbifold results of this paper have been derived by the method of eigen-objects
and local isomorphisms. Looking back however we see that, just as observed in Refs. 1 and
2, all of these results can also be obtained by the duality algorithm

a— n(r)g, o — N(r)u (6.36a)
G—Glo), f— Flo), T — T(o) (6.36b)

5] — 3,7, T,T — T, T, (6.36c)

U 9, M — M(T,0), Swaw(T) - So(T) (6.36d)
B—B, p—p  (6.36e)

i— )y, z-—% G()— G(%) (6.36f)

B(z) — B(3), H(z) — H(&), Swis— S*° (6-368)
e(z) — &(2), e(z) — &(@) (6.36h)

from the corresponding local relations in the symmetric theory. The only proviso is that
the duality algorithm must be used before the selection rules are applied. For example, Eq.
(2.5a) and the duality algorithm give Eq. (5.11a) for the left mover stress tensor of the
orbifold, and then the selection rules give (5.11b).

The duality algorithm is more than a useful mnemonic: One finds that each step needed to
connect any two orbifold results follows by the duality algorithm from the corresponding step
needed to connect the corresponding relations in the H-symmetric theory. As an example,
the reader is invited to compare the steps in the verification of the Virasoro algebra (5.11f)
of the orbifold from Eqs. (5.10a) and (5.11a) with the corresponding steps in the derivation
of the original Virasoro algebra (2.5¢) from Egs. (2.4a) and (2.5a).

The duality algorithm also holds for the orbifold Einstein equations of Subsec. 8.3.
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7 WZW Orbifold Examples

For brevity, we concentrate in these examples on the central features of our construction:
e the explicit forms of the action W (h,;T) in matrix representation T
e solution of the extended H-eigenvalue problems
e rectification of the twisted right mover current algebras
e the explicit forms of the twisted representation matrices 7

o the explicit forms of the WZW orbifold actions, and the separability of the WZW
orbifold actions when the twisted current algebras are semisimple.

7.1 About WZW Permutation Orbifolds

To study WZW permutation orbifolds A,(H), H(permutation) C Sy we begin with the
current-algebraic formulation of the untwisted permutation-invariant theory,

g=€9f{='(,lgl, K<N, gl~g, a—al, oa— al, - - (7.1a)

Garps = knatOrs,  farps™ = F°01567%, (Tan)ad®™ = (T0)aPo1s6,5 (7.1b)
ab ‘ _ ab _ -

T(E) = g et @Jun(®), TO =g lu@u® (710

Tr(T,T) = y (Dt Mk, T)ar® = gg,—)aaﬂéﬂ. (7.1d)

- I=0,..,.K—-1, K<N, a=1,..dimg, a=1,..,dimT (7.1e)

where each copy g is taken at level k with Killing metric 7,5, structure constant fu;° and
irrep T,.
At this level, the theory is invariant under the symmetry transformations®

w(he)ar® = 6 w(h,)r?, Vh, € H(permutation) C Aut(g) _ (7.2)

where w(h,) is the action of H in the adjoint. Then we must find W (h,; T'), the corresponding
action of h, in matrix representation T'. It is straightforward to check that

W (ho; T)ar?? = 8uPw(he)r’ - (7.3)
solves the linkage relation (3.6a) so long as

wi(he) ' w(he) ;X = w(ho) 7615, Visk : (7.4)

and these relations indeed hold for all h, € H because each w(h,);’ is a permutation matrix.

The simple forms (7.2) and (7.3) tell us that, for permutation orbifolds, the extended
H-eigenvalue problem (3.14) and the H-eigenvalue problem (3.13) are both simply related
to the solution of the reduced eigenvalue problem for w(hy);” .

- n(r)p — n(r)aj, N(r)u — N(r)aj (7.5a)
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R(T,0) = p(o), E(T,0)=E(s), N(r)=n(r) (7.5b)

UHT, 0)or™ "1 = 6,PUY (o)™, Ut(0)ar™¥ = 8 U (o)1 (7.5c¢)
’w(ha)IJUf (O)Jn(r)_j =yt (J)In(r)jEn(r) (0), Enry (o) = 6—2“%% (7.5d)

| given in (7.5d). The degeneracy indices of the permutation orbifolds are conventionally called
(aj). This gives the simplified formulae

gn(r)aj;n(s)bl (0) = knabX(o)n(r)an(a)n(s)bl Z U(U)n("')jIU(a)n(S)lI
: I

= butey+n(0)0mod o) In(resi=n(r) 1) (7.62)
n(r i . na - - n(r)j n
g (r)ad; (s)bt(a) _ _k‘X(”)n(lr)an(”)n(ls)bzEI:UJ[(G)I ( )JUT(O.)I (s} |

= On(r)+n(s),0 mod p(a)gn(r)aj;—-n(r),bl (0') (76b)
fn(r)aj;n(s)bln(t)cm (U) = fach(U)n(r)aj X(U)n(s)le(U);(lt)cm Z U(U)n(r)j Il’j(a)n(s)lIU,r (0) In(t)m
T v

= On(r)+n(s)=n(t),0 mod p(a‘)]:n(r)aj,n(s)bln(r)+n(s)’cm(J ) (7.6¢)
n(T)aJ (T O-)Tb(s)aln(t)ﬁm (T )OL X(a)n(r)a] ZU n(r)] U(U)n(s)l UT(O-) n(t)m ' (7.6d)

1 n(r)+n(s)~n<t),omodp(a)"?z(r)aa (T, 0)n(s)a z"(r“"(s)’ﬂ " (7.6e)
Ty (€) = - G" V" 0) Jutryas &, 0)T-niry (8, 0) (7.6f)
2 1 ai—n(r 2 2 ’ '
T, (5) = _____gn(r) gimm(r) (U)J'n(r)aj(gy O')J——n(r),bl(ga o) (7.6g)

n(r)a,_y (f + 271' 0' =e —2m z_((_}.] (r)aj(fyo'), jn(r)aj(fﬂ' 27!',0') = 6-2“%;7”(1_)0']-(&',0) (76h)

§(T5g) = €579 Tnn@o) | a0 (¢ 4 o) = 5209 (6)*™HS  (B=2)  (7.7a)
(T2 80(€ + 2M))n(rras™ P = &2 4T, 8 () nryas™ (7.7b)

o ;
M(T; U)n(r)ajn(s)bl (T) n(r)a]n(s)bl (770)

5,(7) = (’i_,,)( [ @ To (477,00 0(T,0) 4T 0)0.0(To0)) (782

TT((g(T g 1dg(T 0’)) )> ’v TT(AB)— Z An(r)a:l nis)l 4 ()bln(r)aj

7,8,a,b,7,0

jn(r)aj (5) 2 (T) (7:1(7')0'.7)71«(5) ln(r)+n(3),ﬂm (g—l (T7 6)64’.@(7-7 f))'n('r)-i-n(s) Bm n(s)al (7.8b)

T 12r

7 Z T s m o s )
Tn(rai (€) = 2y(T) = (Tatryas Jntoped™ P (8(T, £)0-7(T, N nirynierpm o (78)
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which will be further evaluated in the examples below.

7.2 The WZW Cyclic Permutation Orbifolds A,(Z,)/Z,
For the cyclic permutation group H = Z,, it is known® that

n(r) = 'r; a(r) =7, B (0)=e ™ (7.9a)

o) = ™ R s X(0heg = VP(O) (7.9b)

Grajisti(0) = p(0)kNab8i1rtspmodpe), G % (0) = ;(g—)—gn“béﬂérﬂ,o mod (o) (7.9¢)
Frajisti™(0) = fap 00 ™6r15—t,0 modp(&) (7.9d)

a=1,...,dimg, 7=0,...,p(0c) -1, j=0,...,ﬂ%-1, 0=0,...,A—1 (7.9¢)

where I = 0,...,A—1 and the integers N (o) are defined in Ref. 1. In the standard notation
o ~ a(r 2 .

Jg) = Jraj) Jaj) = Jrqj, this gives the algebraic results for the WZW cyclic permutation
orbifolds Ay(Z»)/Zy: :

b R%? 1 p(a)-1

o 2(=r)
. neb 7‘%’ 1”(‘” ' 1 e )77
T+(8) 47r kp(a ,2:3 2 Jo; (€,0)Ty; (£,0) (7.10b)
JOE +2m,0) = e T IO, 0), Jor (€ +2m,0) = e (6,0)  (7.100)
JG(¢, o) Z (T)(m+ e oy  (7.10d)
_i,)(ﬁ, ZJ (m+ 5)e” M) (7.10€)
JGED (m 1+ 120 =] (m + 21y | (7.10f)
_(r:tp«r)) rtolo e |
J o5 Fl+ —%%l) J (m + é;%) (7.10g)
(D m+ 55), I (n +-—5—5)}
=4y (1fachc(;+8)(m +n+ 7E5) + (p(0)k)nas (m + )0, s rts g ) (7.11a)
ar) a(s
{Jaj (m+ 71‘_;) Jbl (n + 73—5)}
- ]l(zfab Jc] (m +n+ L?-—SS) + P a)knab(m + TF) m+n+r 3 0) (7‘11b)
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{Je )(m+7—5) JM (”+T‘)} =0 (7.11c)

2lr) -( r)

J o (m+ 7—) Joj (=m— 7’——;) . (7.11d)
Here the twisted left mover algebra!?? is a semisimple orbifold affine algebra with commuting
orbifold affine subalgebras labelled by j, at orbifold affine level k= p(o)k. Moreover, we
have used the mode-number reversed relabelling (7.11d) to rectify the twisted right mover
algebra into a copy (7.11b) of the twisted left mover algebra.

For the group orbifold elements of A,(Zy)/Z,, we find from Subsec. 7.1

TSNT,0) = Trai(Ty0),  3)(6,0) = &79(¢, 0) (7.12a)
TT, 0)sat®™ = (Tu)aP61181™ br-5-t,0 mod p(o) (7.12b)
(T3 (T,0), Ty (T, 0)] = 8 fu°Tey *(T, 0) ~ (7.12)

§(T, €,0) = T @) (7.12d)

§(T, & + 21, 0)p0 P = e 2@ G(T £, 0)r0i*, (6 +2m,0) =3 (£,0)e™ T (7.12€)

- where 7;(;) in (7.12b) are the twisted representation matrices in this case. The algebra of
the twisted representation matrices in (7.12c) shows the same semisimplicity (labelled by
j) as the twisted left and right mover current algebras in (7.11), and this semisimplicity is
reflected as well in the group orbifold elements and the WZW orbifold action:

| ,T(T) (T U)s&ltﬂm = jlélmﬂ(r) (T, U)saw, 7:;?”(11 U)satﬂ = (T )aﬁ r+s5—t,0mod p(o) (7133')

(T 6,0)res™ = 6195(T €,0)ra™®,  §5(T,€,0) = e FHENT(T) (7.13b)
Gi(T,E+2m,0)"F =€ =9, §;(T, & 0)ra?, f:‘(‘g)(§+27r,a) =‘§‘(lg')(£’a)e2«iﬂg_) (7.13¢)
| ok Tt o 1 ) o A
a('T) ( ) Z g/d éT'r(gj (T’ 0)a+gj(T’ 0') 9; (T’ a)a—gj(Ta U) )
1 o A ~
+f2;/FTT((9,-‘(T,0)dgj(T,a) )3)) (7.13d)
- p(a)-1
Tr(AB)= > > Awu*Byg™. (7.13¢)
rs=0 ap

In particular, the group orbifold element § in (7.13b) is block diagonal with unitary square
blocks §; of size p(o) x p(o), and the WZW orbifold action (7.13d) is separable according to
these blocks. The further relations

() k
T (60) == 2y(T)

—(r) k
a] (6’ ) - 2 y(T)

Tr (T(')(T 0)9; (T, €,0)0,.9;(T, ¢, 0)) (7.14a)

Tr (TE(T,0)§(T, €, 0)0-§; (T, €,0)) (7.14b)
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{J9(€,0),5(T,n,0)s®™} = 206(6 — n)§(T, M 0)se’ "™ (To),P6;™  (7.150)
{jé;) (E’ 0)’ gl(Tv , a)satﬁ} = 27‘-6(6 - n)gl (T’ n, a)sat—r’W(Ta)'yﬁéjl (715b)
5(r) . m ' R m
{Jaj (&,0),9(T,n, 0)saltﬁ } = —2n6(€ - 77)5jt(Ta)a79(T, m, 0)s+r,fyltﬂ (7.15¢)
2(r) R .
{Jaj (51 J), gl(T, n, U)satﬁ} = —27{6(6 - 77)5jz(Ta)aqu (T’ m U)s+r,'7tﬂ (715d)
show that the orbifold affine subalgebra labelled by j acts only on the block ;.
7.3 The WZW Permutation Orbifolds A,(Sn)/Sn
For the permutation group H = Sy, it is known? that
| I —jj, n(r)l—il (7.16a)
.t ¥ : —27t P
Ul@),t = Y pig) =, MO _nm) g (7.16b)
Vs i R(o) = plo) ~ o
- n(d)—-1
Z o; = N Oj+1 < 0 (7.16¢)
j.._
Jn(r)a] — J(ﬂ JJa]; Jn(r)aj —_—) J(J) = jja], Xjaj (6) = \/07 (716(1)
g]a.] lbl(a) = 0; lajknab(S +, Omodo;? gJaJ,lbl(—‘) - ; k 6_7+l ,0modo; (7'168)
]:faj;iblm cm(a') = fa,b _7151 6j+l,1ﬁ mod o; (7.16f)
l=0,...,0(3) -1, 7=0,...,0;—1, [=0,...,00—1. (7.16g)

Here each sector & = {0;} is a partition of V, which also labels a representative element hy
of each conjugacy class of Sy. (The integer j runs within each disjoint cycle o; of hz, while
the integer j runs over the set of all disjoint cycles.)

This leads to the algebraic results for the WZW permutatlon orbifolds A4(Sn)/Sn

a.b n(d)—1 ' gi—

To(6) = 4= > ZJ% *)J‘“J’(«f,a) (7.172)
b n(a) 1, g5-1 @) (=) o
Tale) = 41— Z ZJG, (€:3) ;" (£:0) (7.17b)
(e +2m,3) = & Jé?(f, 3), (’)(§+2vr F)=e 2’”*4(3 (65  (118)
J(J)(é-,t 5) = ZJ(J)(m_;_ aJ_j)e —itmet L)(E+t) (7.18b)

(J) . 2(9) —i(m+ L )(g 1)
Joi (§,1,0) = ZJ (m+ i) (7.18c)
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-~ ::ta'j o NS * :(_’;ﬂ:(f) (j)
Jg M mE 1+ By = JD(m+ ), J  mF1+EA) =T m+d)  (718)

aj

{f§§)<m+£>,féf’<n+%>}=6jz(z‘fabcf£f+"(m+n+; )+ @5k (Mt )0, i31,0) (7:198)

2(4)

{J45 (m+ 2 )J,,l (n+ L )} 6,,(zfa,, ¢ (m+n+ )+(G,k)nab(m+ )5m+n+,£,o) (7.19b)
{JO (m+ 1), F et byy=0 (7.19)
2(7) - 2(-9) :
Jogm+E)=Jy (-m—=1F) . | (7.19d)

Here the twisted left mover algebra? in (7.19a) is a semisimple orbifold affine algebra®, with
commuting subalgebras labelled by j, at orbifold affine level Ich = o;k. Moreover, we have
used the mode-number reversed relabelling (7.19d) to rectify the twisted right mover algebra
into a copy (7.19b) of the twisted left mover algebra.

It is known!®1? that the twisted left mover current algebra for all permutation orbifolds
is a collection of commuting orbifold affine algebras at various orbifold affine levels, and it is
clear that the mode-number reversed relabellings (7.11d) and (7.19d) rectify each commuting
right mover subalgebra separately. It follows that the mode-number reversed relabelling

Tntai(m+ 23) = J_nei(-m — B3) - (720)

will rectify the twisted right mover algebra (g(h;!) ~ g(h,)) for all sectors of all permutation
orbifolds. '
, Continuing with the group orbifold elements of A,(Sx)/Sw, we find

TI(T, 3) = T;,,(T, 3), % 1(6,9) = 2999 (¢, 3) (7.21a)

7;@ (T, & )lazm pm — (T )o? 5jz5t 074l -r omoda; (7.21b)

[T, 9 Ta (T, 8)] = 8y fu T (T, &) (7.21c)

§(T,£,6) = 2HENTEETD o (€ +2m,5) = 2 (€, F)e sami (7.21d)
§(T, € +2m,6) 5,7 TG (T )i a=1, o dimT (7.21e)

where 7—(13 in (7.21b) are the twisted representation matrices in this case.
The decompos1t10n corresponding to the semisimplicity of the twisted left and right mover
current algebras in (7.19) is

' . AAa.' 6" (J‘) i
§(T.6,8)507 P = 6755(T,6,6);,7°, §(T,6,5) = Tei?0@NT 0 (7.924)
A Al AII

(E(J)(T’ 0)) J ﬂ = 6]-4}-] _J Omoda' (T )aﬂ7 .7 .7 J - 0 J — ]‘ (7'22b)

9;(T,E+2m O.)JaJ P8 =e a'J 225 (T ¢, O.)JQJ '8 (7.22¢)
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n(d)—1

; k 1 e
S#(T) = i) ; (8—7}‘/‘125 Tri( 97M(T,3) 04+9;(T,3) ; I(T,U)a—gj(T,U) )
e [T (6T 7)) (7.220)
o;~—1
Tri(AB) = Y ZAfaJ ﬂBfﬂJa. o (7:22¢)
. j’j’:o af -

In particular, we see that the group orbifold element § is block diagonal with unitary square
blocks §; of size 0 x 0, and the WZW orbifold action (7.22d) is separable according to these
blocks. The same structure is seen in the relations between the group orbifold elements and
the twisted currents :

9 9) = (T)Tr] (TO@,a151(T,6.9)0:5,(T.6,8))  (1:238)

k o a .
a.] (g’ -‘) (T) )j (7;(1’) (T7 a)gj (T7 61 a)a—gj 1(T7 67 G)) (723b)
| {jé? (f,a)v g(T’ n, 5)ialm ﬁm} :271'5(5 _ "7)@(7-, n, 6)[alm -—f,’ym(Ta)’yﬂtsjm (724&)
{JD(€,3),a(T, n,'ﬁ)za‘”ﬂ } =2n6(¢ ~m)a(T,n, a)i;f'—f'V(Ta)Wﬂaj, (7.24b)
{J ,(:2(6, &), (T, m, &)™ P} = — 2m6(€ — m)u(Ta)a"9(T, 1, &)y 0™ (7.24c)
{Fo) (6,3), 6T 0, 3),,T} = — 2w(€ — mou(Ta)a™ (T, m, &)z, (7.24d)

so that the_orbifold affine subalgebra labelled by j acts only on the block g;.

7.4 The Inner-automorphic WZW Orbifolds A,(H(d))/H(d)

Let h, € H(d) C Aut(g) be an element of any group H(d) of inner automorphisms of simple
g. Following Ref. 2, we know the matrix action w(h,)

wiho)o? = 82274, w(he)a® =645, w(ho)a® =w(ho)a* =0 (7.25a)

a€A(g), A=1l.rankg, o=0,...,p(1)-1, N.=p(1) (7.25Db)

of >h¢., on the untwisted currents in the Cartan—Weyl basis. This is the action of h, in the

adjoint (T%%),° = —if,°. Refs. 20 and 2 discuss the conditions on the vector d such that -

H(d) is a group of finite order.

Then the matrix action W (h,; T') of h, in representation T' must solve the linkage relation
(3.6a) in the form

W(ho; T)TouW (ho; T) = €2™4T, Wi (hy; T)TAW (he; T) = T . (7.26)

To solve these equatlons it is convenient to introduce the weight basis of matrix represen-
tation T'
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(Ta)N = (T NHAO)T, XY = Aadsy,  (Ta)a¥ = (T, AE(O)|T, XY o Syyae (7.27)
where {\} are the weights of the representation. The solution of the linkage relation
W(ha; T),\X — 5AA’e—2wioA-d’ Wf(ha; T),\X — 5/\/\’e+21ria')\-d (728)

is obtained immediately in this basis. Note that the adjoint matrices of the weight basis are
similarity transformations of (T%),¢ = —ifu°, so that W does not reduce to w in this case.

We discuss the orders p(o) and R(T,o) of w(h,) and W (h,;T), which are the smallest
integers satisfying

2wrica-dp(o) _ 1
- )

e e—21riaA~dR(T,a) =1. (7_29)

These conditions imply that

R(T, o) = p(0) when T is in the conjugacy class of
the root lattice

e~ 2mi0AmindR(T0) = 1 when T is in the conjugacy class of
Amin Plus the root lattice

(7.30)

where {Amis } are the minimal weights of simple g, given in Ref. 21. As the simplest example,
we find

_ p(o)  for integral spin j '
R(T,0) = { 2p(o) for half-integral spin j _ (7.31)

for g = SU(2). In what follows, we revert to our abbreviation R(o) = R(T, o).
In this case the actions w(h,) and W (h,;T) are diagonal, so the solution of the H-
eigenvalue problem and the extended H-eigenvalue problem can be taken as

Ulthe)=x(e) =1, U'(T,h,)=1, G=G, F=f, T=T (7.32a)
i) = —oa-d, na=0, HP=0)-d (7.32b)
k

This tells us that all the selection rules discussed above are satisfied naturally by the un-
twisted objects in the Cartan-Weyl basis and weight basis. For example, the selection rule
(4.18) for T takes the form

e_zmo,()‘__)‘/)_d(TA))‘,\/ _ (TA),\)‘,, 6_27rio()‘~)")'d(Ta),\)‘, — 6—27riaa.d(Ta),\X (733)

which is easily checked from (7.27).
This gives the stress tensors and twisted currents of the inner-automorphic WZW orb-
ifolds Ag(Hd)/Hd
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1

T,(6) = ;5 (H Ha(€,0)HAE, 0) + Eo(€,0)E_a(€,0)) (7.34a)
To(€) = g (A€ DV E"(€,0) + Bult, ) E-al6,0)) (7.34b)
ﬁA(f +2m,0) = FIA(E,G), E, (€ +2m,0) = glricd &,0) (7.35a)
ﬁA(E + 2w, 0) = ﬁIA(f,a) ca(f + 27, 0) = ¥ dE &, 0) (7.35b)

A

Hy(¢,t,0)= ZHA (m)e™ ™0, Eo(€,t,0)= ZE (m — oo - d)e~{m-oadE+t) (7 35¢)

Ha(é,t,0)= ZHA(m)e imic- 0, Ea(€,t,0)= ZE (m — oo - d)e”{m-odE=t) (7 359)

{Aa(m), Hp(n)} = kmbapdmino,

{ﬁA(m),EA'&(TL—Oa.d)} =aAE'a(m+n_a.a d) (736&)
{E‘a(m ._-o'd d) Eﬂ(n of- d)}
N(aﬁ) .,(m+n-afy d) ifat+ 8=
= « H(m + n) + k(m o - d)5m+n,0 if a+ ﬁ =0 (736b)
0 | - otherwise '

N_,y(—a, —;,B) = —N,(o,8), A=1,..,tankg, a€A(g), o0=0,..,p(1)—1. (7.36c)
The twisted left mover algebra in (7.36) is the bracket form of the usual set?
~ §(ho) = 8(H(d) C Aut(g);hs), 0=0,..,p(1) =1 (7.37)

of inner-automorphically twisted affine Lie algebras, and the commuting twisted right mover
algebra g(h,) ~ §(h;') has the same form except for the sign change of the central terms.

In this case also we have been able to solve the rectification problem for the twisted right
movers. The simplest rectification is

. {I?A(m)’ ﬁB(n)} = kméAB5m+n,0; (738&)
{Ha(m),Eq(n—oa-d)} =asE,(m+n-—oa-d)
{EBa(m — 0a-d), Bg(n — 0B - d)}
N7(91,,B)l_777(m+n—0’7-d) fa+pf =7
= a-ﬁ(m+n)+k(m_ga.d)5m+n,0 ifa+B=0 (7.38b)
_ 0 otherwise
Ha(m) = —Ha(-m), EBo(m—oa-d)=—E_,(-m+oa-d) (7.38¢)

so that g(h;') =~ g(h,) for all sectors o of the orbifolds A,(H(d))/H(d).
We close this discussion with a collection of results involving the group orbifold elements
g of Ay(H(d))/H(d):
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(T,€,0) = PEATHIECAT) (B 3) (7.39)

A€ +2m,0) = 34(€,0), 2%(€+ 27, 0) = £%(€, 0)e2mioxd (7.39b)
§(T, € + 2m,0),Y = e 2O-X)d5(T ¢ 5),¥ (7.39c)
{f{A (57 U): g(T) 1 0)} = 27!'5(€ - "7)?](T’ 1, U)TA (7403)
{an(f, 0),§(T,n,0)} = 276(§ — n)§(T,n, 0) T (7.40D)
{Ha(§,0),3(T,n,0)} = — 2n6(€ — n)Tag(T, n, 0) (7.40c)
{Ea(€,0), (T, n,0)} = — 276(§ — n)Tug(T, 7, 0) (7.40d)
$,(T) = y(’}) (& o | #E T (7 T.009(T,0) 7T, 0)0-4(T, )
+ -1—;— Tr(( (T, 0)d§(T, 0) )® ) ) Tr(AB) = ZA,\"'B,\," . (7.41)

AN

Using the T selection rules (7.33), the reader is invited to verify the all-order equivalence of
the monodromies (7.39¢) and (7.39b).

7.5 A U(1)/Z; Example

Orbifolds A,(H)/H on abelian g are included in our construction. As an example, we
consider here the simple case

g =U(1) = Cartan (SU(2)), H =12, (7.42)

and we will follow the details through explicitly only for the spin _7 =1 5 representation. The
untwisted theory is defined by .

9(T, &) = O T, = -2—aa, Mk, T)=2, S= 51; / d*€ 8,20 z (7.43a)

HO=5(O)=50:2(6), JE) = T(O)=-30-0(), G=G"=1, Le=L=7 (7.43)

where we have chosen § = z and {&'} are the Pauli matrices. The action of the Z4 symmetry
group is
z(6) — —z(§) :  J(E) — =JE), J(€) — —J(©) (7.44)

in sector o = 1. ,
Then the H-eigenvalue problem gives the Z-integral moded scalar field?>?

p()=2, a(r)=1, x=1, G=G"'=1 (7.45a)
Tos(§) = 12 I @I, Tomi(6) = 1-I@FE) (7.45b)
J(+2m) = —J(e), J(E+2m)=-J() (7.45¢)
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J© =3 J(m+ e Je) =3 J(m + L) {mHaNen (7.45d)
{(Jm+1),Jn+ D} =={Jm+1),Jn+ D} = (m+ Dominsro  (7.450)
{(Jm+1),Jn+H}=0. (7.456)

in twisted sector 0 = 1 of the U (1) /Zy orbifold. The mode-number reversed relabelling of
the twisted right movers

Jm+1) = J(-m-1) (7.46)

gives a copy of the twisted left mover algebra, and it is clear that mode-number reversed
relabelling will rectify any multiple component orbifold of this type (z* — —z?).
For the extended H-eigenvalue problem, we find

| W(T) = ™ =igy,, WHT)T3W(T)=-T5, R(1)=4 (7.47a)
1 N 0
UlT) = — C _1%) . E(T) = ( ) — exp ( 2ri ( (()1) N(2))) ~ (7.47b)
N(1)=-1, N(2)=+1 , (7.47c)
and hence the further orbifold results ‘
T(T)=UTTUNT) =Ty, S(T,&) =U(T)g(T)UN(T) = =T (7.48a)
- 4(T,€) = 2OT1 = cog ?%)- + {0y sin é—(zéz, F(€ 4 2m) = —£(§) (7.48b)
WT,e+omnn™) =e —H )~ N(s))g(’T EnyN® (7.48c)
_ o |
S = g;/ d’¢0,20_%, M =2 (7.48d)

in the single twisted sector. The reader is invited to check that (7.48b) is consistent with
(7.48c), so that one finds trivial monodromy for the diagonal group orbifold elements and
monodromy -1 for the off-diagonal group orbifold elements.

The exponential form of W(T) in (7.47a) allows us to treat all spins j, but we shall not
do so here. '

8 Implications for Orbifold Conformal Field Theory

8.1 Operator Reahzatlon of the General Twisted Current Algebra

The canonical operator realization of the genera.l twisted currents
Jn(T)M(€7 U) = Zﬂé_l(i‘)n(r)un( ) ﬁn(t)é(B) + _6§:ﬁn(t)6é(i)n(t)én(s)ugn(s)u;n('r)p,(0) (813')
jn(r)u(éa 0) = 27ré—1(§7)n(r)p. n(®) pn(t)J(B) - _af An(t)ae("i‘) (t)Jn(s)ugn(s)u;n(r)u(U) (Slb)

Br(ryu(B) = Dari + "—Bn(r)u n(sy (£)0g™W (8.1c)
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[in(r)u (s)aﬁn(s)u(n)] = Z5(€ - 77)5n(s)u"(’)” (81d)

FOR(E 4 27) = FOM(E)e TR, fgru(€ + 2m) = €O gy, (€) (8.2a)
. _ ﬂzm " ~ - in T 2
Jn(r)u(f +2m)=e 2Toto) Jn(r)ﬂ(f), Jn(f)#(f +2m) =e i ;é;%‘]"(')”(g) (8.2b)

[jn(r)u(f)a jn(s)u(n)] = 27”;( fn(r)u;n(s)un(r)+n(3)’6(a) jn(r)+n(8),5 (6)6(5 - 77)

+ 5n(r)+n(s),0 modp(cr)gn(r)u;—n(r),u(a)a§6(§ - 7])) (833.)

nea (), Tnteye (1)) = 25 ( Frrrpm(on ™™ (0) Trtry (s, 5 (6)3(6 = m)
= On(r)+-n(s),0 mod p(o) gn(r)u;—n(r),u(a)agd(f - 7])) (83b)
[Jn(f)u( ) n(s)u( )] =0 (83(3)

is the quantum analogue of the canonical bracket realization in Eq. (6.2). The twisted -
* vielbeins &, & and the twisted B field B are the same as those defined in Subsec.6.1. In the
untwisted sector ¢ = 0, this result reduces to the semisimple generalization of Clubok and
Halpern’s canonical operator realization'® of affine(g & g).

Following Subsec. 6.4, the result (8.1) can be derived by local isomorphisms from the
Clubok-Halpern realization. An independent derivation by the method of tw1sted affine Lie
groups is g1ven in Appendix E.

8.2 More about All Current-Aklgebraic Orbifolds

The twisted left mover currents and stress tensors of the general current-algebraic orbifold
A(H)/H, H C Aut(g) were given in Refs. 1 and 2. The implicit assumption in these and -
prior references was that twisted right mover currents and stress tensors could be taken
as copies of the left movers. - However, locality of the WZW orbifold actions has led us to
question that assumption and, in what follows, we translate the . classical lessons above into
the operator formulation of the general current-algebraic orbifold.

In the symmetric CFT A(H), the OPE’s and automorphic responses of the currents and
eigencurrents are left-right copies:

Ja(2) Jp(w) = Bty + Labl o (w) + O ((2—w)°), Ja(2)Jo(0) = by + Yt J () +O((2—w)°)

B _ (8.4a)

Ja(2) = w(ho)a"Jo(2), Ju(2) = w(ha)abe(Z) (8.4b)
jn(r)u,(z) = Xn(r)pUn(r)uaJa(z)a ?n(r)u.(z) = Xn(r)ﬂgn(r)pajd(z) (8'4C)
TInryu(2) = En(r) In(ryu(2)s Inryu(2)' = Engry Fniryu(2) - (8.4d)

“To preserve the locality of the theory, however, we have learned that the statement of the
local current isomorphisms must be refined to

J,T =3 (8.5a)
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automorphism response E,)(0) — same-path monodromy Ey,(o) . (8.5b)

This gives the twisted current system of A(H)/H

6n(r)+n(s),0 mod p(o) gn(r)y.;—n(r),u
(z —w)?
n(r)+n(s),8 (0.)

jn(r)p. (z) jn(s)u ('w) =

+ 'Lfn(r)p,;n(s)u Jn(r)+n(s),6(w) + O((z — 'U))O) (863.)

Z—wW

£ 2 _ 6 4 g _ ’
J"'(")I‘ (Z) Jr_z(s)u (’LU) = n(r)-+n(s),0 1(11; j(g);-("‘)u n.('.r) v
+ 7;}.n(r)“?n(-‘f)"n(r)-H"(s)"s (U) jn(r)+n(8),6 ('U_))
Z—W

+0((z — )" (8.6b)

~

Jniou(2€™) = €53 Fr (), Tneyu(Fe2™) = €7D Joy(2) (8.6¢)

in which the OPE’s are left-right copies and the monodromies, although not left-right copies,
are the same when the same path is followed. Using Eq. (5.36), we see that this system is
the Euclidean quantum analogue of the twisted light-cone system (5.34). For comparison,
the twisted current system for the situation with left-right copies is given in Appendix F. -

The monodromies (8.6¢) give the mode expansions

nteg(2) = 32 Jaggulm + Bz D (8.72)
meZ .
2 2 alr)\ —+(m n(r)y
Faow(2) = 3 Fnu(m + 2 zH 5 (8.7b)
mezZ

and then the OPE’s in (8.6) give the general twisted current algebra §(h,) ® §(h ")
[nu(m + 58, Jatsyw (0 + FED] =iFatryuintor™ ™™ (0) Jnirynta) s(m +n + 2D
A | N + (‘m + %5%)5m+,,_+ﬂ:3(_g;fa,ogn(rw;—n(r),u(a) (8.82)
[Tagn(m + 223), Jaw(n + 2] =iFamyunen ™7+ (0) Tngysn(s),s(m + n + ML)
- (m + %)ém+n+%ﬂ,ogn(r)u;—n(r),v(‘7 ) (8-8b)
[y (m + %g%), jn(s),,(n + %(%)] =0, m,n€Z, 0=0,...,N.—1 (8.8c)

in sector o of A(H)/H. This result is the operator analogue of the bracket algebra (5.25).
We have also checked that the orbifold adjoint of the currents:

Jau(m + 1 =" Ray ™ (0)Joniry(—m — 23) - (89a)
Joeu(m+ 5NN =D Raw ™ (0) iy (—m = 3) (8.9b)
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defines a real form of the general twisted current algebra (8.8). Here, R is the orbifold
conjugation matrix of Ref. 2.
The integral affine subalgebra of (8.8) is

[Jou(m), Jou(n)] = iFou0n” (0) Jos(m + 1) + Mm4n,0G0u,00(0) (8.10a)
[jOu (m)a jo.,(n)] - 'ifOp;OVOJ (0') jog(m + n) + m(sm.;,_n,ogou,o,, (0’) (810b) )
[jou(m)a j(w(o)] =0, jo;z(m) = jo,;(—m) (8.10c)

where we have rectified the twisted right mover algebra by the relabelling in (8.10c). We
also note the Lie subalgebra

A

[Jo(0), Jo (0)] = i Fous00 ™ (0) Jos(0), [70,(0), J0u (0)] = iFoys0,%(0) Jos 0)  (8.11a)
[ou(0), Jou @] =0, Jou(0) = Jou(0) (8.11b)

>

generated by the zero modes of the integral affine subalgebra.
Using derived isomorphisms, we also obtain the stress tensors of A(H)/H and the OPE’s
of the stress tensors with the twisted currents

T, (2) = LPOBY () . jn(,)u_(z)j_n(,),,,(z) ;, To(ze®™) = T,(2) - (8.12a)
Ty (2) = LB (5) 1 T (D) amw(Z) 5 To(262™) = To(2) (8.12b)
LMY () = x(0) 5 X @ty LU (@)U (0),™Y, 0=0,...,Ne—1  (8.12¢)
5(0') = E(O) = zgn(r)“;_n(r),u(O.)ETL(T)M;—'IL(T),II(U) = 2GabLab =Cc=cC (8.12d)
2 7 n(r 1 a‘w 7 .
Ta(z){]n(r)u(w) :Mn(r)y. ( )#(0)[(2 _ w)g + (Z . w)]Jn(r)u(w) (8.133.)
N. , n(s)vin(r)—n(s),d . j y jn —nls
4 Mo Ll (W) Ineyn@6M@): | 6 = w)0)
2 2 _ nlr 1 a-— ES _
T3 (2) Jn(r)u (@) =Muey™ (o) Goop + G —wm)]J"")“(w) (8.13b)
n(s)in(r)—n(s)é . T 7 .
+ Nn(r)u ‘-zt_]—n’(;}-)v(w)']n(r)—n(s),é(w) . + O((f _ w)()) (8130)

where L£(o) in (8.12c) is the twisted inverse inertia tensor of sector o and : () : means OPE
normal ordering®!?. Both stress tensors are Virasoro when the H-invariant'® inverse inertia
tensor L% satisfies the Virasoro master equation®®-2%. The twisted tensors M and A in
(8.13) are given as duality transformations in Ref. 2. Together with the general twisted
current system in (8.6), we see that the basic OPE’s of current-algebraic orbifold theory are
left-right copies.

For permutation orbifolds it is clear from our discussion and Ref. 2 that the ground state
(twist field state) of sector o satisfies

Tntryu(m + 5 > 0)[0)5 = 5(0|Jn(ryu(m + ZH < 0) =0 (8.14a)
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Tnu(m+ 22 < 0)[0)s = o{0]Jngyu(m + 22 > 0) =0 (8.14b)
Jou(0)10)e = J0,(0)[0)6 = 5(01J0,(0) = 5{0]J0,(0) =0 (8.14c)

so that the ground state of each sector is a singlet under the zero modes (the conserved
- quantities) of the integral affine subalgebra. It is not difficult to check that these ground
states have the same conformal weights under the right and left mover stress tensors

L(m > 0)]0)e = L(m > 0)]0)s = 6m0A0(0)|0), (8.15)

where Aq(0) is given in Ref. 2.
For the special case of the WZW Orbifolds Ag (H)/H, take'?

En((g,"n(s)u(d) —_ X(a)n(r)pX(U)n(s)uLabUt (0.) n(r)uU'r (0.) n(s)v | (8.16&)
Mn(r)# n(s)v (o) = (5n(r)M n(s )V’ j\/'n(r)“n(s)u,n(t)fs (6)=0 (8.16b)

where L2 is the inverse inertia tensor of the affine-Sugawara construction®~* on g. In this

case our group orbifold elements § are closely related to the (Virasoro and) twisted affine
primary fields of the WZW orbifolds, a subject which deserves further study.

We also include two general remarks on the rectification problem (see Subsec.5.4 and
Sec. 7). First, in order to succeed in a rectification, it seems that we need to be able to find
g automorphisms A(o) which relate the action w(h;!) = w(h,) to the action w(h,):

Af(0)wl(ho)A(0) = w(hy), A'(0)A(c) =1, A(o) € Aut(g) . (8.17)

Here is a quick argument that the existence of such automorphisms is sufficient to rectify

the twisted right mover algebra. The currents j J with twisted boundary conditions (see
Ref. 1 and App. C) satisfy

A A

Tal) Fo(w) = Gtz + 4 F )+ Oz~ 0)), Ful) () = Sty + Yat2 () + O((2-)")

. (8.18a)
Tu(ze™Y=w(hy) b Jo(2), Ju(Ze™ ) =w(ho)a?To(Z) . (8.18b)

But then we find from (8.17) that the linear combinations Je of the right movers
Ja(2) = A(0)a" T (2)s | (8.192)

ﬁa(z)i(’w) z——ﬂ% + ;ff{;jc @) + O((2—m)?), fa(Zez’”') = w(h;)a"ib(z) (8.19D)

satisfy the same OPE'’s and twisted boundary conditions as the left movers J,(z). It follows
that the monodromy decompositions and mode algebras of both are identical.

Finally, although we have so far found no examples, suppose that there are some twisted
current algebras whose twisted right movers cannot be rectified. The possibility that the
twisted right and left mover current algebras might not be copies of each other has not
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been mentioned explicitly in the literature, but in fact there is no contradiction between this
possibility and what is known about partition functions and characters of general orbifolds?.
The point is that when one sees

Z = Z Ixi(q, o) (8.20)

in the literature, it is s-upposed to be read as

Z = in(q, o)xiv (g, 0) (8.21)

where 7V denotes the charge conjugate field of . Moreover, it is known that when i is a
representation in the sectors twisted by h, then ¢V is a representation in the sector twisted
by h;! (so that the two sectors can combine to the identity). Thus, in our notation, what is
required by (8.21)

Z =" xi(a ho)xev (@ h3") - (822)

is in precise agreement with the form §(h,) @ §(h; ) of the general twisted current algebra
(8.8).
8.3 Orbifold Einstein Equations

The nonlinear sigma model is 1-loop conformal when the sigma model Einstein equations?’—32

&j + %HkilHkU — 2V,;Vj¢ = 0, (Vk - 2vk¢)Hkij =0 ) (823)

are satisfied, where ¢ is the dilaton field. :
Using eigen-objects and local isomorphisms (see below), we have been able to find a set
of orbifold Einstein equations

N . 1. /oy B . A 2 ~n :
-R’Il(r)p.;n(s)ll(x) + ZHn(t)J;n(r)un(u) (IE) Hn(t)an(u)e;n(s)u(x) - 2Vn(r)p.vn(s)u¢(w) =0 (8243')

(ﬁn(t)& - Zﬁn(t)b‘&(f)) ) ﬁn(t)&;n(r)u;n(s)u(j) = 0, g = 0, ceey Nc -1 (824b)
=i, R&)=R@E,,0), HE) =HE,0), ¢&)=¢(Es,0) (8.24c)

which hold in sector ¢ of the sigma model orbifolds of Subsec. 6.3 when the Einstein equations
(8.23) hold in the symmetric sigma model. Here {1} are the twisted Einstein coordinates,
@(Z) is the orbifold dilaton and it turns out that all the twisted tensors are constructed in
. analogy to the usual untwisted Einstein tensors, following the duality algorithm

T —> ’I’L(T),Un Tt — if?n(r)”, 811 — én(r)ua V; — {7n(r)u (8.25&)
Gij (@) — Guumen(®), GY(z) — GMml (g) (8.25Db)
F"'Jk(x) —o'—) f‘n(f)u;n(s)un(t)é ("i)7 R’LJkl(x) —0'—) f?’n(r)u;n(s)u;n(t)ﬁ;n(u)e(i') (825C)
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(see also Subsec. 6.5). For example, the twisted torsion field H satisfies Eq. (6.5a) in terms
of the twisted B field B, while the twisted Christoffel connections I have the form

Coryum(ey " (2) = '“(a(n(r)an(s)u),n(u)e(x) n(u)eGn(r)#,n(S)V(x))Gn(u)en(t)é(m) (8.26)

in terms of the twisted Einstein metric G, and the inverse twisted Einstein metric G*.
We also obtain the explicit forms and monodromies of all the twisted tensors, including
the results for G, and B in Subsec. 6.3, and for example,

FO(E + 2m) = GROM(E) PG e
$(2) = $(z— X(2)), P(E(€ + 2m)) = $(2(£)) (8.28)
¢n(r)u(x) n(r)u¢($) n(r)u¢(x) ¢n(r)u (Z(E+2m))=e 2m%¢n(r)u(-’”(§)) (8.29a)
n(r)#¢n(s)u (113) n(r)u¢n(s)u($) n(r)u,n(s)u n(t)é ($)¢ (t)a(x) ) (829b)
g !+n!a! )
n(r)u‘ﬁn(s)u(z(g + 27")) =e i Vn('r)y.‘bn(s)u (-’17(5)) (829C)
(j;n(r)u;n(s)'/(i) = x;(lr‘)ux;(ls)uGij (a:—) g(ﬁ))(U‘r)in(r)u(Uf) (s (8.302)
GrOwsneW (3(¢ + 2m)) = GrOMRE ()P0 (8.30D)
Lrmin(ss ™ () = XX Xn(ysUni Unen ' Tis (@ L@ (U (8.31a)
~ ___ﬂ,znr—i‘ns—nt,\ n n
F"(")#?”(S)Vn(t)& (i(f + 27‘-)) =€ 2 rn(r)u;n(s)u (t)é(l‘(f)) (831b)
R‘n(‘r)y.,n(s)u(x) R'n(r)u.,n(s)u in(t)o; n(u)e(x) Gn(t)é;n(u)g (-’i) : (8323.)
= Xn(r)p.Xn(s)uUn(T)lt n(s)v (R’UHGM)(:E:) x(i)) (832b)
~ ) " _ ﬂin(r)+n(s)+n(t)+n(u) ~ - .
Ru(ryum(syn)smu)e(E(€ +2m)) = e ? o(e) Ro(ryum(s)in@)sme(£(§))  (8.32c)
~ . _21rin(r!+ngs) ~ R
_ Rn(r)u;n(s)u (IB(& + 27‘(’)) =e plo Rn(r)p.;n(s)u (:E(f)) (8'32d)
ﬁn(r)u;n(s)u;n(t)& ("2) = Xn(r)u.Xn(s)an(t)zSUn(r)uiUn(s)ujUn(t)JkHijk (277 :i:(i‘)) (833)
Unirye = U(0)niees  (UNnieys = U0 nends  Xn(ryw = X(@) oy - (8.34)

The quantities X(%) are defined in (6.19a), so that each twisted tensor is determined as.
a function of the twisted coordinates £, given the coordinate dependence of the untwisted
tensors. As in Subsec. 6.3, selection rules which guarantee the indicated monodromies can
be obtained for the moments of each twisted tensor.

The derivation of this result goes as follows: All Lorentz tensors in the symmetric sigma
model (6.14) transform under the symmetry group H with a factor w on the left for a down
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index and a factor of w! on the right for an up index. For example, we have (6.14b), (6.14c)
and

Gi(z)' = G¥(z') = G*(z)(wh)*(wh)?, &' =w’d;, Vi =uwlV; (8.35a)
[t (z) = Tyl (") = wifw; Ty (z) (W) d(z) = ¢(z') = ¢(z) . (8.35b)

This tells us that the corresponding eigentensors should be defined with a factor xU or |
x LU for each up or down index respectively. The Einstein equations have the same form
in terms of the eigentensors as they do in terms of the original tensors. Then the orbifold
Einstein equations (8.24) and the explicit forms (8.27)-(8.34) follow by local isomorphisms.

In the end, each twisted down index carries a monodromy e —2m3%5 and each twisted up

index carries a monodromy e+2“4(5% so that objects which are Lorentz scalars, such as the
orbifold curvature scalar R and the orbifold dilaton ¢, have trivial monodromy.

The orbifold Einstein equations (8.24) are very likely to be the condition that twisted
sector o of a sigma model orbifold is conformal, but a direct check (a one-loop computation
using the orbifold sigma model action SNX5 in (6.18)) is necessary to be sure. This situa-
tion is analogous to that of the general orbifold Virasoro master equation? which follows
from local isomorphisms, but which also needed a direct check using orbifold OPE’s. It is
expected that this check will go through for the sigma model orbifolds because (as seen for
the general orbifold Virasoro master equation) the short-distance singularities of the orbifold
computation are expected to follow the duality algorithm (8.25).
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Appendix A. New Braid Relations
The braid relations :
W (ho3 T) Tiagey (0) = €75 T (@)W (ko T), Toryu(0) = X@nryuU(@)negnTe (A1)

follow easily (start with Wan(,)#W) from the linkage relation (3.6) and the H-eigenvalue
problem (3.13). It is expected that the linkage relation leads to other connections of this type
between the H-eigenvalue problem and its extended form. We will encounter the matrices
Ta(r). 2gain in Appendix C.

Appendix B. Unitarity and the Orbifold Matrix Adjoint Operation

For the untwisted representation matrices T and the untwisted tangent space coordinates S,
we have
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T! = pTy, B* =B'p", | (B.1a)
pp=1, whe) pw'(hs)=p (B.1b)

where dagger is matrix adjoint, star is complex conjﬁga,tion and p is the complex conjugation
matrix of Refs. 25 and 2. It follows from (B.1) that the linkage relation (3.6a) is preserved
under the matrix adjoint operation, and that the untwisted group elements are unitary

(T, &) = PO ghT, )= e "1 = g\ (T,8) (B.2)

as stated in the text.
Using Egs. (4.24d), (5.1b) and following Ref. 2, we find for the corresponding eigen-
objects and twisted structures:

T (T, ) =R (0) Ta(syo (T, 0) = Rty ™ (0) Ty (T 0) (B-3a)
bn(r)u ( f) * =b"(s_)" ( f) R"(.s)un(r)# (U) * b-—n(r),u (f)R—n(r),.,n(r)u (g)* _ (B-3b)
BrOR(E)* =B ()R (0)* = BT (E)R -y, ™M (0)* (B.3¢)

Rn(r)#n(S)u(a) =X(d)"'(")l‘-* X(a)'r:(ls)u U(o)n(r)y.a*pabUf (o.)bn(s)u |
=bn(r)4n(s),0modp(c) Rn(ry "”(0), R(0)'R(e)=1. (B.3d)

Eq.(B.3a) defines the orbifold matriz adjoint operation, where R(o) in (B.3d) is the orbifold
conjugation matrix of Ref. 2. The orbifold conjugation matrix is dual to the conjugation
matrix p, and also controls the orbifold adjoint operation of the twisted current modes (see
Eq. (8.9)). Unitarity of the eigengroup elements and the group orbifold elements

S(T,&,0) = €O s GH(T, ¢,0) = 7(T &, 0). (B.42)
§(T,&,0) = e O s g1(T,€,0) = §74(T,€,0) (B.4b)

follows f;orﬁ the relations in (B.3).

Appendix C. Twisted Boundary Conditions
Other objects of interest in WZW orbifolds are the group orbifold elements G with twisted
boundary conditions : .

§(T,¢,0)a” 1 §(T,&+ 2m,0) = W(hs; T)S(T, £, 0)W'(hy; T) (C.1)

where W (h,;T) is the action of h, € H C Aut(g) in matrix representation T (see Sub-
sec.3.1). These are objects with mixed monodromy which are locally isomorphic to the
untwisted group elements g:

§(T, €,0) = UNT, 0)§(T £ 0)U(T, 0) = " Eo () = g €. (C.2a)
Tn(r)u(a) = X(O').n(r)uU(o')n(r)uaTaa Ga(g, 0) = X(U)n(r)uﬁn(r)u (f, a)U(U)n(r)ua (C2b)
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6% (€ + 2, 0) = B (€, o)w!(ho)s®  (C20)
§(T,€,0)=U(T,0)§(T,£,0)UN(T, 0), Bk, 0)=b"(£,0)Ut(0)a™ M x(0) 7 (C.2d)

n(r)p °
The matrices T, were defined in Appendix A and the quantities {ﬁa} which appeared in
(5.3), are identified in (C.2c) as tangent space coordinates with twisted boundary conditions.
According to (C.2d), the monodromy decompositions of G and b give the group orbifold
elements g and the twisted tangent space coordinates ﬁ In summary, we have the relations

g=ebT g= eib-T’ = eib-T, §= BT (C.3)

"The main discussion of the text follows the dotted line in the commuting diagram of Fig. 1,
but the same results can be obtained by following the path g -+ § — g.

g UgU't = 9 B x'pUt=b b
, ““““““ B S Sl N
| I
| |
f i
i i
| |
Y . X i : ! . I
§ USUt=g g b xBUT=8 5

Each vertical double arrow is a local isomorphism

= Lie group elements: trivial monodromy, mixed under automorphisms

= eigengroup elements: trivial monodromy, diagonal under automorphisms
= group orbifold elements with definite monodromy

= group orbifold elements with twisted boundary conditions

- Fig.1: Group and group orbifold elements

A closely-related commutmg diagram (see Fig. 2) was given for currents and orbifold
currents in Ref. 1. In particular, the currents J, .7 with twisted boundary conditions

Jal6 +2m,0) = w(h)a?To(€,0),  Tal +2m,0) = w(he)o?Ts(£,0) (C.4a)
ja(€ ,0)= Ut (U)an(r)#X(U );(l,-)ujn(r)u (E O ), J a(§ ) 0) =Ut (U)an(r)ux(ff );(i)“j n{r)u (&, 0) (C-4b)
jn('r)u (5’ 0) = X(U)n(r)uU(U)n(r)paja (6’ a)a jn(r)# (fa J) = X(U)n(r)uU(o)n(r)paja (67 0) (C'4C)

are objects with mixed monodromy which are locally isomorphic to the untwisted currents
J, J. According to (C.4c), the monodromy decompositions of .7, J give the twisted currents
J , J of the text.
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(J, J) w0ﬂ<3m (J,T)

7.7 wd.H=udhH (J,J)
Each vertical double arrow is a local isomorphism

J,J = _ = currents: trivial monodromy, mixed under automorphisms
J,J = eigencurrents: trivial monodromy, diagonal under automorphisms

= twisted currents with definite monodromy
= currents with twisted boundary conditions

Iy J,
J,J
Fig. 2: Currents and orbifold currents

Finally, one may consider Einstein coordinates % with twisted boundary conditions
Ko (€ +2m) = Ko (O)w! (ho);’ (C5)

in the geometric description of WZW orbifolds or the sigma model orbifolds of Subsec. 6.3.
These coordinates are also objects with mixed monodromy

£3O1(6) = X, Lo OV @M, Xo(6) = x(@rds MOV @’ (C)

which are locally isomorphic to the untwisted Einstein coordinates z*. We have encountered
the objects X = X(Z) and the local isomorphism z — X in Egs. (6.19), (6.29) and (8.27)-

(8.34). According to (C.6), the monodromy decomposition of X gives our twisted Einstein
coordinates . These results and the discussion of the text give the commuting diagram
shown in Fig.3. For the special case of the WZW orbifolds, the preferred coordinate system
chosen in the textisz = 8, X =b, X = b and 2 = 3 where 8, b, b and B are the tangent
space coordlnates and orbifold tangent space coordinates in Fig. 1.

T x zUt = X X

1

I

|

i

7 1

S
X xXUt=% %

Each vertical double arrow is a local isomorphism

= coordinates: trivial monodromy, mixed under automorphism

= eigencoordinates: trivial monodromy, diagonal under automorphisms

= twisted coordinates with definite monodromy

= coordinates with twisted boundary conditions

D R 8

Fig. 3: Coordinates and orbifold coordinates
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Appendix D. Rescaled Group Orbifold Elements

Another interesting class of objects are the rescaled group orbifold elements §

§(T,€,0) = X(T, 0)9(T, & O)x(T, 0)™* = & " OTn®)  (f = 3) (D.1a)
X(T,0) v = ™ xn (T 0) (D.1b) -

(T, &+ 2m,0)) N =e ~HNO-NENG(T ¢, 0 ) Tk (D.1c)

9(T,&,0) = x(T,0)7'§(T,&,0)x(T,0) | (D.1d)

where ¢ is the group orbifold element and 7;(,)” are the rescaled twisted representation
matrices defined in Eq. (4.23). We have already encountered an example of the rescaled
group orbifold elements, namely the twisted adjoint action (1 in Subsec. 6.1

Qz(6)) = e—zH(m(ﬁ)) — =i MO Taeu (T 0) _ G UT(1T°9),¢,0) (D.2)

which also occurs in the twisted vielbeins and twisted B fields.

We have refrained from using the rescaled group orbifold elements because their unitar-
- ity depends on the choice of the normalization constants x(T,c). In particular, using the
unitarity of the group orbifold element §, one finds that

Gt(T,€,0) = (T, 0)x(T, o)) g~(T, ¢, 0) (X(T, o)x(T,o)*) (D.3)

so that the rescaled grOUp orbifold elements § are unitary only when xx* oc 1.
Nevertheless, the results of this paper can be rewritten in terms of the rescaled group .
orbifold elements, for example,

SAT) = 5T = - o [ e Tr(MU(F,0) 77T, 0)045(T0) 57T, 0)0-5(T,0))

- [TAT0) (T 0T F) (0

M(T, o) = x(T, o) M(T,0)x(T,0) " ~ (D.4b)

{Inryu(€,),5(T, m, 0)} = 218(¢ = )3(T, 1, 0) Toou(T’ 0) (D-4c)
(€, 0), (T, m,0)} = ~2w8( — m) Taeyu(T, 0)3(T, 1,0) (D.4d)
Juo(& 0)G O 0Ty (T, 0) = —357(T,6,0)0:8(T,6,0)  (Dode)
Tntu(& )G O (0)T iy (T, 0) = = 25(T,£,0)0-57(T £, 0) (D-4f)

by using the rescaled twisted matrices 7 and the inverse relation (D.1d).

95



Appendix E. Twisted Affine Lie Groups

The method of affine Lie groups! is easily extended to give quantum or classical left and right
mover canonical realizations of the currents associated to any infinite dimensional Lie algebra.
In what follows we will work out the quantum and classical extension to twisted affine Lie
groups, which gives the realizations of the general twisted current algebra g(hs) ® g(h; 1Y)
discussed in the text.

We begin with a set of abstract modes E Wthh satisfy the general tw1sted current algebra
g(hs) in Ref. 2

[En(r)u (m + %)a En(s)u(n + %%)] =1 fn(r)”’n(s)un(r)+n(s),6(a) En(r)+n(s),6(m +n+ ﬂ’.’%‘%‘iﬂ)
+ (m + 2((%) m+n+W,(>(~':’"1(T)u;—n(r),v(0r ) - (E.1)
This algebra can be recast as an infinite dimensional Lie algebra,

€7, €l = iFpi"Ex (E.2a)

éf, = (En(r)ﬂ(m+ Bz(%) 1 L= ((n("')”"m + ::; )7g*)’ 817~ =1 (E2b)
T n(t) ’p+nt — 6

06\ '
fn(r)u,m+%3;n(s)u,n+: 8) m+n— p+ﬂ1ﬁ;&g}1ﬁt—),0 f”(")ﬂ?"(s)l’n( ) (0) (E2C)
Famme iinaw ez’ = —Hm+ %)5m+n+1‘"—)f‘—’§ﬂ 0 In(r)uin(sv () (E.2d)

whose non-zero structure constants are given in (E.2¢) and (E 2d). The elements 4 of the
corresponding twisted affine Lie group are defined as

§= W), BEE) = eap(iz™H™ I (1) Bygyu(m + ﬂ%) (E.3a)

IR F L+ PR (et ) (E.3b)
(0);™ = —&(0)™ = o, (E.30)

where {£(t)} are the ordinary (mode) coordinates at time ¢, the coordinate y corresponds to
the central term and (Z(t)) is the reduced twisted affine Lie group element. Here we have
chosen the preferred coordinate system (E.3c) on the affine Lie group, where é(0) = 1 is the
twisted mode vielbein at the origin (see below). This choice ultimately guarantees that the
local operators of the construction have definite monodromy. More generally, the twisted
mode vielbeins are defined as

(E.4a)
é = é(t), é= é(t), 6,: = a,;(t) (E.4b)

in terms of the elements 4 of the twisted affine Lie group. As seen in (E.4b), we often
suppress the fixed time label ¢.
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The method of Ref. 16 then gives the general twisted current modes as the reduced
twisted affine Lie derivatives

j n(r (o n(s)v,n+ 3028
Jn(r)u(m + 5{%2, t) = -—’L(C. 1)n(r)”’m+:_:5r_) ﬁpﬂ(s)y’n_*_% (E.5a)

7 n(r _ a1 n(s)v,n+ 2
neyulm + 33,t) = —i(é )n(r)n,m+;‘—é% e Dozt (E.5b)
"(r)"’m‘*iéﬂ "(’)"'"”% n(f)#,m+" L (E 5¢)
Dn(r)u,m+%_l n(r)p.,m+" n +1 en(r)u,m+2g% : (E 5d)
Fnoyulm+ 53, D3(@(0) = §6(0)) Bugru(m+ 23) (E.5¢)

n(r)u\TM p(o)? g\r g\z n(r)p (o -

Taeu(m + %3, 03(#®) = ~Eanu(m + 551)3(2 () (B

- which satisfy (at fixed t) the general twisted current algebra §(h,) @ g(h;?) in (8.8). The
sign reversal of the right mover central term in (8.8) is in fact completely natural from the
point of view of affine Lie groups (see Eq. (2.12) and (2.13) of Ref. 16) and twisted affine
Lie groups.

Following Ref. 16, we also find the equivalent B form of the twisted currents

(e (s)mt- 28 2 B+ 1g
T+ 565 ) = = oy ™ P2 (B) + 5 iy (B62)
-1 (st 225 A 3 1 a1 , G
n(r)ﬂ(m + %I% t) = )n(r)u m+;%;%n wn ﬁ_%’Dn(s)u,n+%‘;’%(B) - 5(9 )n(r)#,m+%§%y
(E.6b)
D"(")ﬂ m+%’%(B 9 n(r)u,m+ 7 (E-6c)

8 6 "(s)”’"*'g'é% g"(t)J,IH— - ,n(‘u).s,q+—§—;(0_)Q

_ 1 e
T 2 Bﬂ(‘l‘)‘l.,m-{-':%((g))';n(s)ll,n-i—%(gg% (e )n(t)J,p+ﬁQ} "(U)G,(I-l- o

~

QM = (e M

h — Z jn(r)p.,m+4(;§

: a2 (7*“")MN— szM (E.6d)

ram ' n(")uym 2(e)

P _ { eth_p—th_oif n(t)d,p+ 52>
Bn(r)u,m+‘f"%»n(s)u,n+ G (9_——(21—’*1)2_1—)"(")#1'”"'%‘% e "(t)‘s’p"'_(('%’"(s)"’""'&é%
| (E.6e)
gn(r)”,m:_((?,n(s)y, +M(o) . +n+§.(1‘)’i"T’)‘@l’0gn(r)u;n(s)u(U) . (E.6f)

Evaluating this result in the untwisted sectord we find some typos in Ref. 16: The second
(barred) equations in (2.30a), (2.33a), (3.6), (4.6a) and (4.31a) should read 2 — Q. Also,
the right hand sides of Egs. (4.22a,b) should have an extra factor -1.

The local twisted fields of the text are sums of the twisted modes above:

9For ¢ = 0 and simple g, our results can be compared to those of Ref. 16 in the special coordinate system
€in®™(0) = 4,,°™ where am =~ Jip. We find that our B field is identified with —kB in that reference, and
moreover our quantities ¥, e;,¥", (e71)iu?", Qam?” and (Q 1em?" also contain an extra factor of k.
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Jnu(€,8) = 3 R oy, (m + 20, 1) (E.7a)

jﬂ(")ﬂ-(&) t) = Z e_i(m+;é;%)£jn(r)ﬂ(m + %%, t) (E7b)
m
SUSEDY £l S gnImm 33 (1) (E.8a)
— .

. i —i(ma B
Pr(6rt) = =5 D eI 0 () (E.8b)
[jn(r)”(ga t)aﬁn(s)u(n, t)] = "'6(£ - n)(sn(s)un(r)“ (ESC)
& On™” = 30 T IT D), g™, VmEZ  (B89)

-

~ —i(n n(s)+n(r ~ .
B(f, t)n(r)u;n(s)u = Z e (nt+m+ (o) )EB(t)n(r)”,m+ :(r ;n(s)l/,n+§8%’ Vn € Z (ESC)
m .

PR

. N(@t)—N(s ‘ o . N(t
§(T,€,t,0)n (S)UN(t)JZZ R S )f(ez’H(T,t,a))N(s)u N(t)J,q+§%;§, Vg€ Z (E9a)
P .

H (T, t,0) = jn(r)u,mﬁf;%(t)']; (Pt %(T, o) : (E..Qb)
N(6)8,a+ 5} — — N(t)é
7:l(r)p,m+£‘%}(T7 G)N(s)u,p+ g((: Rlo) = 6m+p—q+gz(%+N s —GI)V t ,07:7.(1‘)#(T1 G)N(s)u . (EQC)

The mode expansions-of 6, & and & ' have the same forms as the twisted vielbein in (E.8d).

The objects Tn(r), in (E.9) are the twisted representation matrices of the text.
The time dependence of the twisted current modes

jn(f)ﬂ(m + %%7 t) = 6_i(m‘*-;é;%)tjn(r)u("'n + %%) ' (ElOa.)
Fnou(m + 2, 8) = ™D T, (m + 20 (E.10b)

follows from the operator WZW orbifold Hamiltonian H, = L,(0) + L,(0), where L,(0) and
L,(0) are the zero modes of the left and right mover orbifold affine-Sugawara constructions
discussed in Subsec.8.2. The time independent modes in (E.10) are the twisted current
modes of the text. To obtain the classical realization of the twisted currents in (6.2), one
needs only replace operator p above by classical g, so that the bracket (6.2d) is satisfied.
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Appendix F. Twisted Left-Right Current Copies

We have seen that locality of the WZW orbifold action dictates a form of the general twisted
current algebra (see Subsecs. 5.4 and 8.2) in which the twisted right and left mover current
algebras are not a priori copies of each other. For comparison, we give here the twisted
current system for left-right current copies:

5n(r)+n(s) ,0 mod p(0) gn(r)#;——n(r),u

Jn(r)u(z)jn(s)u(w) = (Z . ,w)2
1 Far)um Vn(r)+n(s),6 jn |
+ W n(r)uin(s) — ’LS)U) (r)+n(s),8(W) +0((z — w)%) (F.1a)
s N _ 6:",1- 8),0 mod a'gnr s—-n(r)w
Jn(r)#(Z)Jn(s)u(w) — (r)4+n(s) (; j(ﬁz)z (e (r)

e yuntey mHD () Tt n(e),s (D)
-

n(r)u( Y —e” 27”4(5%‘] n(r)u(2), _n(,)u(iez’ri)=e_27ri5é5%jn(,.)u(z‘), 0=0,...,N,— 1. (F.1c)

+0((z — w)?) (F.1b)

In this case, the monodromies are the same but the paths followed ‘are not. This gives the
mode expansions

] - n(r)y— 2 — =) — n(r)y_
Fuiow(2) = D duinulm + 563)z D, Faeu(®) = Y noulm + 23)2 (m+7'%3%) '
meZ ‘meL

(F.2)
and the twisted current algebra §(h,) & g(ho)
. [jn(r)u(m + J_l) Jn(s)u n+ 7(_Z)] = i F(r)umis)v n(r)+n(s), J(U)Jn(r)+n(s) s(m+n+2 rp-}(—Tn 3))

pla)
-+ (m + %I% +n+" r +n 2 Ogﬂ(r)ﬂy—"(f),"(a) (F'3a')
Untryu(m + 23, Juge (1 + )] = iFatryuinien™ DM (0) Ty ngey s (m tn+ nir)into)
+ (m + 53 )0rm gt 2tetnte) o Gn(ri—n(r) (0) (F.3b)
Gau(m + 20), o (n+ 2] =0, mneZ, o=0,...,N.—1. (F.3c)

The stress tensors and OPE’s of the stress tensors with the twisted currents are still given
by (8.12) and (8.13).

We also note that the copy system (F.1) can be obtained from the eigencurrent OPE’s
and automorphic responses in (8.4) by the non-local current isomorphisms

F.J—J,J | (F.4a)

automorphism response Ey)(0) — opposite-path monodromy E,)(c) (F.4b)
o

which should be compared with the local current isomorphisms in Eq. (8.5).

59



References

(1] J. de Boer, J. Evslin, M. B. Halpern and J. E. Wang, Int. J. Mod. Phys. A15, 1297 (2000).
[2] M. B. Halpern and J. E. Wang, “More About All Current-Algebraic Orbifolds,” UCB-PTH-
00/16, hep-th/0005187, to appear in Int. J. Mod. Phys. A.
[3] L. Borisov, M. B. Halpern and C. Schweigert, Int. J. Mod. Phys. A13, 125 (1998).
[4] J. Evslin, M. B. Halpern and J. E. Wang, Int. J. Mod. Phys. A14, 4985 (1999).
[5] J. Evslin, M. B. Halpern and J. E. Wang, “Cyclic Coset Orbifolds,” UCB-PTH-99/53, hep-
th/9912084, to appear in Int. J. Mod. Phys. A.
(6] K. Bardakci and M. B. Halpern, Phys. Rev. D3, 2493 (1971).
[7] M. B. Halpern, Phys. Rev. D4, 2398 (1971).
[8] R. Dashen and Y. Frishman, Phys. Rev. D11, 278 (1975).
[9] V. G. Knizhnik and A. B. Zamolodchikov, Nucl. Phys. B247, 83 (1984).
[10] G. Segal, unpublished.
[11] E. Witten, Comm. Math. Phys. 92, 455 (1984).
[12] S. P. Novikov, Usp. Math. Nauk. 37, 3 (1982).
[13] V. G. Kac, Funct. Anal. App. 1, 328 (1967).
[14] R. V. Moody, Bull. Am. Math. Soc. 73, 217 (1967).
[15] M. B. Halpern, E. B. Kiritsis and N. A. Obers, Int. J. Mod. Phys. A7 [Suppl. 1A], 339 (1992).
{16] K. Clubok and M. B. Halpern, Int. J. Mod. Phys. A11, 2167 (1996).
[17] J. de Boer and M. B. Halpern, Int. J. Mod. Phys. A12, 1551 (1997).
[18] P. Bowcock, Nucl. Phys. B316, 80 (1989).
[19] P. Bantay, Phys. Lett. B419, 175 (1998).
[20] J.K. Freericks and M. B. Halpern, Ann. of Phys. 188, 258 (1988); Erratum, ibid. 190, 212
(1989).
[21] J. E. Humphreys, “Introduction to Lie Algebras and Representation Theory”, Springer-Verlag
(1972).
[22] M. B. Halpern and C. B. Thorn, Phys. Rev. D4, 3084 (1971).
[23] M. B. Halpern and E. Kiritsis, Mod. Phys Lett. A4, 1373 (1989); Erratum, ibid. A4, 1797
(1989).
[24] A. Yu. Morozov, A. M. Perelomov A. A. Rosly, M. A. Shifman and A. V. Turbiner, Int. J.
Mod. Phys. A5, 803 (1990).
[25] M. B. Halpern, E. Kiritis, N. A. Obers and K. Clubok, Physics Reports 265, Nos. 1&2 1
(1996).
[26] R. Dijkgraaf, C. Vafa, E. Verlinde and H. Verlinde, Commun. Math. Phys. 123, 485 (1989).
[27] D. Friedan, “Nonlinear Models in 2 + ¢ dimensions,” Ph.D. thesis, LBL-11517 (1980); Phys.
Rev. Lett. 45, 1057 (1980). '
[28] L. Alvarez—Ga.ume D. Z. Freedman, S. Mukhi, Ann. Phys. 134, 85 (1981).
[29] C. Lovelace, Phys. Lett. B135, 75 (1984).
[30] E. S. Fradkin and A. A. Tseytlin, Nucl. Phys. B261, 1 (1985).
[31] C. G. Callan, D. Friedan, E. J. Martinec and M. J. Perry, Nucl. Phys. B262, 593 (1985).
[32] A. A. Tseytlin, Int. J. Mod. Phys. A4, 1257 (1989).

60




GRNEST BRLANEE LAWEENEE BEGELEY MNATIENAL LADERATERR
BNE GVELETREN REAE | BERKELEY, BALFEIRNK 94730

hreparediioriinclisYepartmenyoilEnergyfunderiEontractloND EFAE03276SLOU09E)




