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Abstract

Vanvder Waals perturbétion theory is used to calculate'ﬂuid-solid phase diagrams for a system of
perturbed-hard-éphere chains. In both fluid and solid phases, tﬁe free energy is the sum of a hard-
sphere-chain term as the reference system, and a van der Waals term as the perturbation. The
reference system for both phases follows from the‘Percus-Yevick integral theory coupled with
Chiew’s results for hard chains. An analytic model for the solid-phase reference term of a hard-
chain system agrees well with Acomputer-simulation data for the solid hard-chain compressibility.
Simulation data for fluid-solid coexistence curves. for hard spheres, and for 4-mer hard chains, are
used to fit the reference Helmholtz free energy of the solid phase. The pressure and solid- and fluid
densities at the hard-chain melting point, predicted by our model, fairly reproduce the available
simulation data at different chain lengths. |

The attractive perturbation term follows from an inverse-power potential with variable exponent n
~ for both fluid and solid phases. The (theory here presented feproduces the sirﬁulated phase diagrams
of chain-like molecules and gives the correct trend for experimental melting points of normal

alkanes.

(Keywords: van der Waals theory; solid-fluid equilibria; phase diagram; chain-like molecules)



Introduction

In recent years; there has been much interest in understanding the effects of molecular size and
shape on solid-fluid e(juilibria. Solid-liquid equilibria for asymmetric and chain-like molecules are
of interest for industrial applications such as wax precipitation in petroleum systems [1] or polymer
precipitation by liquid or compressed-gas antisolvents [2].

Several models have been proposed previously. Some of these use modifications of regular-solution
theory of mixtures as well as an equation of state [3,4,1]. Hdwever, application of these models
requires the fugacity of the sélid, as obtained from the following pure-component properties: the
triple (or melting) temperature, heat capacity and molar volume of both .ﬂuid and solid phases, and
the énthalpy of fusion at the tripie poiﬁt.

On the other hand, the solid-phase equation of state can be derived from a van der Waals
perturbatiqn theory. Although this theory is based on simple ideas, it can be used not only for fluid-
" fluid phase calculations, as intended originaily, but also for fluid-solid phase equilibria.
Unfortunately, the only reported anélytical equations of state for a solid are for hard spheres [5-7].
To understand the solid-fluid phase behavior ofa hard-sphére-chain system, molecular simulations
of these systems were recently presented [8-11]. The simulation déta are only applicable to the
simulated chain l‘ength.

In this work, we develop an analy.tic theory for describing the solid phase of perturbed-hard-sphere-
chain systems. The model here proposed is of general applicability; both fluid and solid equations
of state are functions of the number of éhain segments. Althéugh the model gives only a crude
description of the solid perturbed-hard-sphere-chain system, it provides a phenomenological
description of chain-length effects on the thermodynamic properties of both the fluid and the solid

phase.
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Theoretical framework

Both fluid and solid reference systems are modeled by a chain of r-freely-jointed tangent spheres.
" Attractive interactions are given by a perturbation mean-field i)otential. The pressure follows from
three contributions: a nonbonding contribution (i.e. hard spheres before bonding to form the chain),
a bonding contribution due to chain formation (hard chain) and a perturbation contribution to
account for attraction (dispersion forces). Contrary to the perturbation contributions; the reference
terms in both fluid and solid phasés do not take chain connectivity into account.

Dimensionless equations are used for convenience. The dimensionless variables are:

~ ~ kyT wpo? :
5= T=28" p=22P2_ . (1)
Pof & 6

where p is the molecular density, » is the number of segments, 0' is the hard-sphere diameter, ¢ is
the potential energy parameter, py is the one-particle density (reciprocal volume of one particle), ks
is Boltzmann’s constant and 7, T and, 77 are resbectively, the reduced pressure, the redﬁced
temperature and the segment packing fraction. .

To derivg the reference hard-sphere-chain equa;tion of state for both fluid and solid phases, we use
results from Chiew [12] and from Song ét al. [13] where the Percus-Yevick integral equation of
state is coupled with chain connectivity. A generalized Chiew’s equation of state is represented by

the radial distribution function of hard spheres at contact. The reference compressibility factor of

. the hard-sphere chain can be rearranged in a general form [13]:

er,:(ﬁ} =1+4rg(d*)-(r-1)[gle*)-1] @)

where g(d") is the radial distribution function of hard spheres at contact, prior to bonding to form
the chains. Here, d is the effective hard-sphere diameter.
The reference Helmholtz free energy 4, obtained by integrating [14] the compressibility factor Zref

of Eq. (2), can be written in the general form for a one-component system:




( 4 A°
- = +4rpW +(r-1)Q0 +1In 3.
( NkBT),ef AR (r-1Q+Inzy (3)

where A’ is the reference Helmholtz energy, while /¥ and Q are defined by:

W:%jg(d*}’n | @
Q=I(g(d*)—1)d7p | )

These expressions hold for both liquid and solid phases. However, each phase requires an explicit
-expression for the radial distribution function g(d"). Details are reported in the following section.
The perturbation term for both equations of state is derived from a simple potential. We assume that

spheres interact through an attractive inverse-power potential (generalized Sutherland Potential):

B Je 17 @

where R =R/c is the reduced center-to-center distance between spheres, R is center to center

distance of spheres and » is a positive constant. Upon varying n, it is possible to changé the
interaction range; increasing n reduces the range of attractive interéction.

Expressions for the equation of state and Hehnholtz free energy are obtained by combining the
reference and the perturbation terms of each equation as derived from the van der Waals
perturbation theory in the following sections. The fluid-fluid and fluid-solid coexistence curves for
a pure fluid are calculated by equating the reduced pressure and 'the chemical potential of the

coexisting phases at the same temperaturé.



Equations of state and thermodynamic functions

Fluid phase

For the fluid phase, the radial distribution function was derived from the Camahan-Starling [15]
equation. The reference equation of state (Eq. 2) and the integration of W and O for the Helmbholtz
free energy reference term (Eq. 3) are reported elsewhere [13] for the fluid phase.

The Helmholtz free energy perturbation term of the fluid phase is proportional to the product of the
number density and the average paif potential evaluated over the center-to-center intermolecular
distance. The van der Waals perturbation term for the Helmholtz free energy, der_ive'd' using the

inverse power potential [5], gives two identical expressions:

p J . 112 | | )
pert

@8)

Solid Phase

The resuits from Chiew [12] and from Song et al. [13] were rearranged using a model for the radial
distribution function appropriate for hard spheres in a solid.

We use a simple expreséion for the radial distribution function of hard spheres, based on the model

proposed by Daanoun et al. [5]:

A 11 |
g(d )—mm ©)

where Jis the inverse of the reduced distance between two solid-phase particles given by:
u .
§=| D | ‘ g (10)
T]cp

Here 7, is the maximum value of the density at close pacing (cp) of the given lattice structure. This

value depends on the crystal structure. We use a face-centered cubic (fcc) structure with




77:=0.74048 and a coordination number, zq of the corre;c,ponding Iattipe equal to12. Substitution of
Egs. (9) and (10) in Eq. (2) gives the compressibility factor for hard-sphere chains in the solid
phase.

The fluid-solid phase equilibrium calculations require an expression for the Helmholtz free energy
of the solid phase. Integfation of W and Q from zero density is not obvious. It is of fundamental
importance that both the fluid and the solid Helmholtz energy have the same reference state. To
obtain an expression for W, it may be possible to infegrate Eq. (4) from zero density to solid density
By adding the contribution of the communal entropy [16]. However, Eq (9) is accurate only at high
density and the free énergy derived from the ideal-gas integral gives an erroneous hard-sphere
Iﬁelting point. According to Monte Carlo éimulation databf()r solid-flmd equilibriuin, a constant cg;
has been adjusted to reproduce the simulated melting pressure. The fluid and solid densities at
melting conditions were predicted by:

W= 1"(1:‘5)“0I , (11.)
Ujep O

with ¢y, =-0.4784. For r>1, a second constant was added to Q for the reference Helmholtz energy

to reproduce the simulated 4-mer hard-sphere-chain melting pressure [8] Eq (5) becomes:

0=-3m(6)+ [ni_l_i}w | (12)

p
with ¢y, =1.1575.
For the solid-phase perturbation term we follow the model based on the lattice stru;:ture that
represents a solid phase as a perfect crystal. In this case the perturbation term for the Helmholiz free
energy is proportional to the pfoduct of lattice coordination number Ziaw and the pair potential
evaluated at the system’s intermolecular separation distance.
For the solid-phase perturbation term We use the cell theory combined with the inverse-power
potential [5]. The Helmholtz perturbation energy can be expressed by the sum over spherical shells

of sites centered around the site at the origin. Applying the pair potential to the first lattice shell



containing zj,, sites for each segment of the chain, the perturbation Helmholtz energy and

compressibility factor are given by:

4 j oy €1 (13)
N T) 2 kT R

p =yl € 1 ' ' (14)
oT) 6 k;TR"

where R is the average reduced distance between closest neighbors in the lattice.

Results and discussion

This section discusses the features of the model for the solid hérd-sphere chain and for solid-fluid
equilibrium. For all systems studied, calculated results are compared with those from Monte Carlo
simulations.

Figure (1) shows the calculated compressibility factor and the simulation data of Malanoski and
Monson [8] for a system of hard-sphere chains. The model predicts the tl'leoretical behavior of the
éhains as a function of number of segments. Unfortunately, because simulation dafa vare available
only for. short chains (8 mers), it is not possible to. test the model for longer chain molecules.
Althdugh Chiew’s theory can be considered exact only at low density, agreement with simulation
data can be considefed satisfactory for developing a practical equation of state for a solid.

Figure (2) shows a comparison of calculated liquid and solid compressibilify factors with simulation
data [8]. The iﬁtegration constants, ¢y; and ¢y, fairly reproduce the melting pressure of the 4-mer
chain. The model predicts the hard-chain reduced densities at equilibrium conditions for both fluid
'and solid phases. The fluid reduced density is stable up to the freezing value 0.54, whereas the
corresponding reduced density value of the solid phase is 0.60 for the fcc lattice. These results are
consiétent with computer-simulation data [8] that give fluid and solid reduced densities stable at

least up to 0.52 and 0.59, respectively.



Table 1 presents a summary of calculated and predicted .hard-sphere—chains melting points for

chains of 2, 4, 6 and 8 segrhents. The model predicts the solid-liquid equilibrium pressure up to an

8-mer hard-sphere chain (maximum chain length available in open'litera'ture) within 2% error,
indicating that the integration constants ¢y; and cp; may be considered independent of chain length. -

The fluid and solid density predictions at the melting point are reproduced by the model for all

C(;nsidered chain lengths. A slight overestimation of both densities appears due to approximations in

Chiew’s theory.

It is well known that in any equilibrium calculation the important parameter is the one that specifies

the range of attractive interaction. As shown by Hino and Prausnitz [7], where the solid van der

Waals theory was applied to protein systelﬁs, Qarying the exponent.n of the inverse-power potential

gives different phase diagrams. Figure (3) shows a 'typical example for hard spheres corresponding

to n=5 in Fig. (3a) and to n=6 in Fig. (3b), respectively. The position of the fluid-fluid critical point

" does not change. However, upon increasing the exponent of the inverse power potential, the triple
point moves to lower density. The same behavior was observed for the phase diagram of hard-
sphere chains.

“To represent chain-like molecules we assumé n=5. Figure (4) shows how the phase diagram
changes upon increasing the number‘ of segments in the chain. These results are qualitatively
representative of the phase behavior of chain-like molecules. For all chain lengths considered, the
ratio between thé critical and triple temperature is a_round 0.4, similar to that for normal alkanes.
Figure (5) shows the p-T phase diagram for two different chains; results are consistent with
simulation data reported by Polson and Frenkel [9]. A quantitative comparison of the two results is
not possible because Polson and Frenkel use different interaction potentials. |
Figure (6) shows the reduced melting-point temperature versus the number of segments at different
pressures; these results fairly reproduce the trend of the experimental melting-point temperatﬁres for

n-alkanes.



The simple inverse-power potential used in this work doés not allow us to represent the
- experimental normal melting point of alkanes with one value of the segment-segment interaction
parameter, & Probably better results may be obtained using a more sopﬁiéticated soft-core potential.
The average reduced distance for the solid phase hard-sphere chain at melting point is around 1.10
(the minimum of the Lennard-Jones potential is 1.12). In this region the segments are close together

and their interactions are poorly described by our oversimplified potential.

Conclusions

An an;alytic theory was derived to describe the solid phase. Applicability of this model requires only
properties of the molecules expressed by the potential of the chains. Results obtained here may be
modified by using any suitable segment-segment potentival.‘

The analytic equations shown here give a reasonable description of solid-phase pfoperties; good
agreement between the model and simulation data for hard-sphere chains was found. Solid and fluid
densities at equilibrium for hard-sphere chains ére predicted with satisféctory accuracy. The
qualitative solid-ﬂ{xid phase diagram reproduces the trend of the experimental melting-point
temperatureé for n-alkanes. |
Phase-diagram predictions and the behavior of the melting point as a function of the number of
segments, although qualitatively correct, are limited by.the accuracy of the pertlirbation term based
on the attractive mean-field approximation. Improvement may be obtained through a more accurate
perturbation term or through a solid reference term that takes into account sofiness of the segment

diameter.
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~ List of Symbols
A Helmbholtz free energy
d effective hard-sphere diameter
g(d’) radial distribution function
kg Boltzmann’sv constant
n ‘exponent of the inverse power potential
p pressure
p V‘red'uced pressure
r number of segments
R center to center distance
R reduced center-to-center distance
T absolute temperature
T reduced temperature

z compressibility factor

zie  lattice coordination number
Greek

5 inverse of the reduced distance
£ potential energy parameter
Y2 molecular density

o one-particle density
7 segment packing fraction
7  packing fraction at close pacing

o hard-sphere diameter
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Tables

Table 1.
Comparison between simulated and calculated hard-sphere-chain melting points. Simulation data
for hard spheres from Hoover and Ree [16]; hard-sphere chains from Malanoski and Monson [8]; P

data from our model; © data used to fit integration constants cg; and cy,.

Simulated data ‘ Calculated data
r 7F s pro’ 7IF 77s pro’
’ kT k,T -
1 0.494 0.545 _ 11.7 0.493 0.556 11.7°
3 0.529 0.591 39.6 - 0.541 0.602 3837
4 0.529 0.591 52.1 0.549 0.608 52.1°¢
6 0.539 0.602 82.2 0.557 0.615 80.07
8 6.539 0.602 107.5 10561 0.618 108.1-p

77¢ and 775 are the segment packing fractions for the fluid and solid phase, respectively.



Figure captions

Figure 1.

Figure 2.

Figure 3.

Figure 4.

Figure 5.

The hard-sphere-chain compressibility factor (@/p) vs the segment packing fraction
(rzz,ooj/6) curves for different chain lengths. The curves lie in sequence with n=1
having the lowest pressures. For the solid phase, the points are simulation result for
chains of 1, 4 and 8 segments proposed by Malanoski and Monson [8]; the lines are
predictions of the model proposed in this work. Here #=(kzT)™".

Fluid and solid hard-sphére-chain compressibility factor (fp/p) vs segment packing
fraction (r7zpo’/6) for the 4-mers hard-sphere chain. The points are Monte Carlo
simulation results. Full circles are data from Malanoski and Monson [8]; oper.l circles
are from Dickman and Hall [17]. The line connecting the two branches (F=fluid,;

S=solid) marks the equilibrium coexistence pressure of 4-mer hard-sphere chai'ns'.

Here S=(ksT).

Theoretical diagrams showing reduced temperature (kp7/&) vs segment packing . |

fraction (%72;003 /6) for a perturbed-hard-sphere system with different power potential:
(a) n=5 and (b) n=6. The model fér the solid phase (S) is based on a fcc lattice and in
part (b) the broken curve is the coexistence curve for fluid-fluid (F) equilibria. |
Theoretical diagrams for reduced‘temperature (ksT/€) vs segment packing fraction
(r7zpd’l6) for perturbed-hard-sphere chains ofr different lengths with n=5 (F=fluid;
S=solid). The model for the solid phase is based on an fcc lattice. Curves for
different chain lengths lie in sequence with r=1 having the lowest pressure. Thi;s
figure shows» both fluid-fluid and solid-fluid equilibria for chains of 1, 2 and 4
segments.

Theoretical phase diagrams showing reduced | pressure (po’/é) vs reduced

temperature (kp7/¢) for perturbed-hard spheres and for 4-mer perturbed-hard-sphere

14




Figure 6.

chains with #»=5 (F=fluid; S=solid): (2) solid-fluid coexistence curve and (b) solid-
fluid-fluid coexistence curves for 1-mer and 4-mer hard-sphere chains.

Melting-point temperature of perturbed-hard-sphere chains vs number of segment of -

the 'chain, r, at two different reduced-pressures.
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