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Multiple Arrivals using Liouville Equations
S. Fomel and J.A. Sethian
Mathematics Department

Lawrence Berkeley National Laboratory
University of California, Berkeley
April 16, 2001*

Traveltime from a fixed source 7(x) in an isotropic medium (x € RN) is
governed by the eikonal equation

Vol v¥(x) =1, (1)

where v(x) is the velocity distribution. _
The rays [characteristics of equation (1)] are defined by the system of Hamilton-
Jacobi ordinary differential equations:

dx

& e "
dp 1
dt  u(x) Ve, )

where { has the meaning of the traveltime along the ray, and p corresponds to
V7 and is constrained by the Hamilton equation

Ipl® (x)=1, (4)

equivalent to (1).

In the two-dimensional case, where x = {x,z}, it is convenient to introduce
the angle # between the vertical.and the slowness vector p such that p =
{siné/v(x,2z),cosf/v(x,z)}. Equation (4) is then automatically satisfied, and
we can rewrite system (2-3) in the form

dz

- = v(z,z) sinf ; - (9)
dz :

e v(z,z) cosb ; (6)
df ov . Ov

- = _5;s1n0~5—£cos0. )

The initial conditions for solving system (5-7) consist of the initial point {zo, 20}
and the take-off angle 6. . . :

The solution of system (5-7) as a function of time ¢ and the initial conditions
Zg, 20, and @ satisfies the Liouville partial differential equations:

0z Oz Oz Ov Ov Oz
— +4vsinfg — +vcosfyp—+{ =— sinfg— — cosfp ) =— = 08
ot 6.’130 320 820 8:80 600 (’ )
1This Lawrence Berkeley National Laboratory Technical Report was written on April 16,
2001. Backup files listing from Department of Energy computers are included at the end of
the report, as well as dated e-mail containing the correspondence between the two authors.
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where the velocity v is evaluated at {z¢, zo}. The appropriate initial conditions
for system (8-10) are {x, z,0} = {zo, 20,00} at t = 0.

Let us denote by T(z,z,0) the time at which the ray that starts at point
{x, z} with the take-off angle § first reaches the surface z = 0. Correspondingly,
the emergence point and the emergence angle of this ray at the surface will be
defined by functions X(z, z,6) and O(z, z, ). Differentiating the condition

2(T'(zo, 20, 00), Zo, 20,00) = 0, (11)
where z(t, 2o, 20, 00) is the solution of equation (9), we find that, in the re-
gion where g—i is different from zero, the function T has to satisfy the partlal

differential equation

., 0T or ov . Ov or
v(x,z)51n6&-+v(x,z) cosag—;—f—(ggsmH—(—?—m—cosO) 8—0_1. (12)

with the bounda.ry condition T|,_, = 0. As follows from equations (12}, (8),
. and (10), and the conditions

z(T(xo, 20,00), %0, 20,00) = X(zo,20,00); (13)
6(T (o0, 20, 00), Zo, z0,00) = ©O(zo,20,600), (14)

“the functions X (z, z,6) and ©(z, z, H)Aadditionally satisfy the orthogonal equa-
tions ‘

. 0X X ov . v 0X
’U(J,',Z) 51n6——8—;+v(x,z) COSg—a—;+ ('5; smB-—a—x COSH) 6_6 = (x15)
00 00 Ov . Jv 00
v(z, z) sm98—+v(:c z) cosb’a—+(az n0—$c030> 5 = 0(16)

with the boundary conditions X|,_, =z and O},_, = 6.

We propose to apply equations (12), (15) and (16) for a numerical com-
putations of traveltimes on a fixed x,z grid. Although both - T(z,2,8) and
X(z, z,0) functions are strictly single-valued, we can extract from them the
possibly multi-valued traveltimes from every grid point z,z to a surface point
y at z = 0. The extraction would simply amount to evaluatmg T(z, z,0) at the
level set of X(z,z,0) = y.
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Traveltime from a fixed source $\tau(\bold{x})$ in an isotrepic medium
($\bold{x} \in R"N$) is governed by the eikonal equation
\begin{equation}

\label{eq:eikonall}

\leftf\nabla \taulrightl-2\,v-2(\bold{x}) = 1\;,
\end{equation}
where $v(\bold{x})$ is the velocity distribution.

The rays [characteristics of equation”(\ref{eq:eikonal})] are defined
by she system of Hamilton-Jacobi ordinary differential equations:
\begin{eqnarray}

\label{aq:xray}

\frac{d \bold{x}}{d t} & = & v 2(\bold{x})\,\bold{p}\;; \\



\label{eq:pray} ’ :

\frac{d \bold{p}}{d t} & = & - \frac{1}{v(\bold{x})}\,\nabla v\;,
\end{eqnarray} '
where $t$ has the meaning of the traveltime along the ray, and
$\bold{p}$ corresponds to $\nabla \tau$ and is constrained by the
Hamilton equation
\begin{equation}

\label{eq:hamilton}

\leftl\bold{p}\right|~2\,v-2(\bold{x}) = 1\;,
\end{equation}
equivalent to~(\ref{eq:eikonall}).

In the two-dimensional case, where $\bold{x} = \{x,z\}$, it is
convenient to introduce the angle“$\theta$ between the vertlcal and
the slowness vector~$\bold{p}$ such that $\bold{p} =
\left\{\sin{\theta}/v(x,2),\cos{\theta}/v(x,z)\right\}$.
Equation~™(\ref{eq:hamilton}) is then automatically satisfied, and we
can rewrite system”(\ref{eq:xray}-\ref{eq:pray}) in the form
\begin{eqnarray}

\label{eq:xt}

\frac{d x}{d t} & = & v(x,2)\,\sin{\theta}\;; \\

\label{eq:zt} .

\frac{d z}{d t} & = & v(x,z)\,\cos{\theta}\;; \\

\label{eq:thetat}

\frac{d \theta}{d t} & = .

\frac{\partial v}{\partial z}\,\sin{\theta} -

\frac{\partial v}{\partial x}\,\cos{\thetal}\;.
\end{eqnarray}
The initial conditions for solving
system” (\ref{eq:xt}-\ref{eq:thetat}) consist of the initial
point“$\{x_0,z_0\}$ and the take-off angle"$\theta_0$.

The solution of system”(\ref{eq:xt}-\ref{eq:thetat}) as a function of
time $t$ and the initial conditions $x_0%, $z_0$, and $\theta_0$
satisfies the Liouville partial differential equations:
\begin{egnarray}
\label{eq:x1} .
\frac{\partial x}{\partial t} + v\,\sin{\theta _O}\,
\frac{\partial x}{\partial x_0} + v\,\cos{\theta_O}\,
\frac{\partial x}{\partial z_0} + \left(
\frac{\partial v}{\partial z_0}\,\sin{\theta_0} -
\frac{\partial v}{\partial x_O0}\,\cos{\theta OMright)\,
\frac{\partial x}{\partial \theta.0} & = & O\;; \\
\label{eq:z1} .
\frac{\partial z}{\partial t} + v\,\sin{\theta_O}\,
\frac{\partial z}{\partial x_0} + v\,\cos{\theta_O}\,
\frac{\partial z}{\partial z_0} + \left(
\frac{\partial v}{\partial z_.0M,\sin{\theta_ 0} -
\frac{\partial v}{\partial x_0}\,\cos{\theta_ 0}\r1ght)\,
\frac{\partial z}{\partial \theta_0} & = & O\;; \\
\label{eq:thetal}
\frac{\partial \theta}{\partial t} + v\,\sin{\theta .0}\,
-\frac{\partial \theta}{\partial x_0} + v\,\cos{\theta_O}\,
\frac{\partial \theta}{\partial z_0} + \left(
\frac{\partial v}{\partial z_O}\,\sin{\theta_0} -
\frac{\partial v}{\partial x_O}\,\cos{\theta O}\right)\,
\frac{\partial \theta}{\partial \theta_0} & = & O\;,
\end{eqnarray}
where the velocity $v$ is evaluated at $\{x_0,z.0\}$. The appropriate
initial conditions for system”(\ref{eq:x1}-\ref{eq:thetal}) are
$\{x,z,\theta\} = \{x_0,z_0,\theta_O\}$ at $t=0$.

Let us denote by $T(x,z,\theta)$ the time at which the ray that starts
at point $\{x,z\}$ with the take-off angle $\theta$ first reaches the
surface $z=0$. Correspondingly, the emergence point and the emergence
angle of this ray at the surface will be defined by functions
$X(x,z,\theta)$ and $\Theta(x,z,\theta)$. D1fferentlat1ng the
condition .




\begin{equation}
\label{eq:zsurface}
z(T(x_0,2z_0,\theta_0},x.0,2_0,\theta_0) = 0\;,
\end{equation}
where $z(t,x_0,z_0,\theta_0)$ is the solution of
equation”(\ref{eq:zl}), we find that, in the region where .
$\frac{\partial z}{\partial t}$ is different from zero, the function
$T$ has to satisfy the partial differential equation
\begin{equation}
\label{eq:tmarch}
v(x,2)\,\sin{\theta}\,
\frac{\partial T}{\partial x} + v(x,z)\,\cos{\theta}\,
" \frac{\partial TH\partial z} + \left(
\frac{\partial v}{\partial z}\,\sin{\theta} -
\frac{\partial v}{\partial x}\,\cos{\theta}\right)\,
\frac{\partial T}{\partial \theta} = 1\;.
\end{equation}
with the boundary condition $\left.T\right|_{2=0} = 0$. As follows
from equations” (\ref{eq:tmarch}), (\ref{eq:xl1}),
and” (\ref{eq:thetal}), and.the conditions
\begin{egnarray}
\label{eq:xsurface}
x(T(x.0,z_0,\theta_0),x_0,z_0,\theta 0) & = &
X(x_0,2_0,\theta_0)\;; \\
\label{eq:thetasurface}
\theta(T(x_0,z_0,\theta_0),x_0,z_0,\theta_0) & = &
\Theta(x_0,z_0,\theta_0)\;,
\end{eqnarray}
the functions $X{x,z,\theta)$ and $\Theta(x,z,\theta)$ additionally
satisfy the orthogonal equations
\begin{eqnarray} .
\label{eq:xmarch}
v(x,z)\,\sin{\thetal}\,
\frac{\partial X}{\partial x} + v(x,2)\,\cos{\thetal}\,
\frac{\partial X}{\partial z} + \left(
\frac{\partial v}{\partial z}\,\sin{\theta} -
\frac{\partial v}\partial x}\,\cos{\thetaX\right)\,
\frac{\partial X}{\partial \theta} & = & O\;. \\
\label{eq:thetamarch}
v(x,z)\,\sin{\thetal}\,
\frac{\partial \Theta}{\partial x} + v(x,z)\,\cos{\thetal}\,
\frac{\partial \Theta}{\partial z} + \left(
\frac{\partial v}{\partial z}\,\sin{\theta} -
\frac{\partial v}{\partial x}\,\cos{\theta}\right)\,
\frac{\partial \Theta}{\partial \theta} & = & O\;.
\end{egnarray} .
with the boundary conditions $\left.X\rightl|_{z=0} = x$ and
$\left.\Theta\right|_{z=0} = \theta$.

He propose to apply equations”(\ref{eg:tmarch}), (\ref{eq:xmarch}) and
(\ref{eq:thetamarch}) for a numerical computations of traveltimes on a
fixed ${x,z}$ grid. Although both $T(x,z,\theta)$ and $X(x,z,\theta)$
functions are strictly single-valued, we can extract .from them the
possibly multi-valued traveltimes from every grid point ${x,2}$ to a
surface point $y$ at $z=0$. The extraction would simply amount to
evaluating $T(x,z,\theta)$ at the level set of $X(x,z,\theta) = y$.

--Band_of_Gorillas_852_000-~
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Traveltime from a fixed source $\tau(\bold{x})$ in an isotropic medium
($\bold{x} \in R"NS) is governed by the eikonal equation
\begin{equation}

\label{eg:eikonal}

\left|\nabla \taulright|”2\,v"2(\bold{x}) = 1\;,
\end{equation}
where $v(\bold{x})$ is the velocity distribution.

The rays [characteristics of equation~(\ref{eg:eikonal})] are defined
by the system of Hamilton-Jacobi ordinary differential equations:
\begin{egnarray}

\label{eqg:xray}

\frac{d \bold{x}}{d t} &

\label{eqg:pray}

\frac{d \bold{pl}}{d t} &«
\end{egnarray} _
where $t$ has thé meaning of the traveltime along the ray, and
$\bold{p}$ corresponds to $\nabla \tau$ and .is constrained by the
Hamilton eqguation
\begin{equation}

\label{eg:hamilton}

\left{\bold{p}\right|"2\,v" 2 (\bold{x}) = 1\;,

\end{eguation}
equivalent. to~(\ref{eqg:eikonal})

& v*2(\beld{x})\,\bold{p}\;; \\

& - \frac{1}{v(\bold{x})}\,\nabla v\;,

In the two-dimensional case, where $\bold{x} = \{x,z\}$, it is

convenient to introduce the angle~$\theta$ between the vertical and

the slowness vector~$\bold{p}$ such that $\bold{p} =

\left\{\sin{\thetal}/v(x, z),\cos{\theta}/v(x,z)\right\}$.

Equation~ (\ref{eqg:hamilton}) is then automatically satisfied, and we

can rewrite system~(\ref{eq:xrayl}-\ref{eqg:pray}) in the form

\begin{egnarray}
\label{eqg:xt}
\frac{d x}{d t} &
\label{eqg:zt}
\frac{d z}{d t} &
\label{eg:thetat}
\frac{d \theta}{d t} & = &
\frac{\partial v} {\partial z}\,\sin{\theta} -
\frac{\partial v} {\partial x}\,\cos{\thetal}\;.

\end{egnarray}

The initial conditions for solving

system~ (\ref{eg:xt}-\ref{eqg:thetat}) consist of the initial

point~$\{x_0,z_0\}$ and the take-off angle~S$\theta_0%.

& vi(x,z)\,\sin{\theta}\;; \\

& v(x,z)\,\cos{\theta}\;; \\

The solution of system~(\ref{eg:xt}-\ref{eqg:thetat}) as a function of
time $t$ and the initial conditions $x_0$, $z_0$, and $\theta_0$
satisfies the Liouville partial differential equatlons
\begin{egnarray}
\label{eqg:x1} ,
\frac{\partial x}{\partial t} + v\,\sin{\theta_0}\,
\frac{\partial x}{\partial x_0} + v\,\cos{\theta_ 0}\,
\frac{\partial x}{\partial z_0} + \left(
\frac{\partial v} {\partial z_0}\,\sin{\theta_0} -
\frac{\partial v} {\partial x_0}\,\cos{\theta_0}\right)\,
\frac{\partial x}{\partial \theta_0} & = & 0\;; \\
\label{eg:2z1}
\frac{\partial z}{\partial t} + v\,\sin{\theta_01}\,
\frac{\partial z}{\partial x_0} + v\,\cos{\theta_0}\,
\frac{\partial z}{\partial z_0} + \left(




\frac{\partial v} {\partial z_0}\,\sin{\theta_0} -
\frac{\partial v}{\partial x_0}\,\cos{\theta_O}\right)\,
\frac{\partial z}{\partial \theta_0} & = & 0\;; \\
\label{eg:thetal}
\frac{\partial \theta) {\partial t} + v\,\sin{\theta_0}\,
\frac{\partial \thetal}{\partial x_0} + v\,\cos{\theta_0}\,
\frac{\partial \theta} {\partial z_0} + \left(
\frac{\partial v} {\partial z_0}\,\sin{\theta_0} -
\frac{\partial v} {\partial x_0}\,\cos{\theta 0}\right)\,
\frac{\partial \theta}{\partial \theta_ 0} & = & 0\;,
\end{egnarray}
where the velocity $v$ is evaluated at $\{x_0,z_0\}$. The appropriate
initial conditions for system~ (\ref{eg:x1l}-\ref{eqg:thetal}) are
S\ {x,z,\theta\} = \{x_0,z_0,\theta_0\}$ at $t=0S.

Let us denote by $T(x,z,\theta)s the time at which the ray that starts
at point $\{x,z\}$ with the take-off angle $\theta$ first reaches the
surface $z=0$. Correspondingly, the emergence point and the emergence
angle of this ray at the surface will be defined by functions
$X(x,z,\theta)$ and $\Theta(x,z, \theta)$. Differentiating the
condition

\begin{equation}

\label{eg:zsurface}

z(T(x_0,z_0,\theta_0) ,x_0,z_0,\theta_0) = 0\;,
\end{equation}
where $z(t,x_0,z_0,\theta_0)$ is the solution of
equation~(\ref{eqg:21}), we find that, in the reglon where

$\frac{\partial z}{\partial t}$ is different from zero, the functlon
$T$ has to satisfy the partial differential equation
\begin{equation}
\label{eqg:tmarch}
v(x,z)\,\sin{\thetal}\,
\frac{\partial T} {\partial x} + v(x,z)\,\cos{\thetal}\,
\frac{\partial T} {\partial z} + \left(
\frac{\partial v} {\partial z}\,\sin{\theta} -
\frac{\partial v} {\partial x}\,\cos{\theta}\right).\,
\frac{\partial T}{\partial \theta} = 1\;.

\end{equation}
with the boundary condition $\left.T\right!|_{z=0} = 0$. As follows
from equations~ (\ref{eqg:tmarch}), {(\ref{eg:xl}),

and~ (\ref{eg:thetal}), and the conditions
\begin{egnarray}
\label{eg:xsurface} . _
Xx(T(x_0,z_0,\theta_0),%x_0,z_0,\theta_0) & = &
X(x_0,z_0,\theta_0)\;; \\
\label{eqg:thetasurface} .
\theta(T(x_0,z_0,\theta_0),x_0,z_0,\theta_0) & = &
\Theta(x_0,z_0,\theta_0)\;, :
\end{egnarray}
the functions $X(x,z,\theta)$ and $\Theta(x,z,\theta)$ additionally
satisfy the orthogonal equations
\begin{egnarray}
\label{eqg:xmarch}
vix,z)\,\sin{\theta}\,
\frac{\partlal X} {\partial x} + v(x,z)\,\cos{\theta}\,
\frac{\partial X}{\partial z} + \left(
\frac{\partial v} {\partial z}\,\sin{\theta} -
\frac{\partial v}{\partial x}\,\cos{\theta}\right)\,
\frac{\partial X}{\partial \theta} & = & 0\;. \\
\label{eg:thetamarch}
v(x,z)\,\sin{\thetal}\,
\frac{\partial \Theta}{\partial x} + vi{x,z)\,\cos{\thetal}l\,
\frac{\partial \Theta}{\partial z} + \left(
\frac{\partial v}{\partial z}\,\sin{\theta} -
\frac{\partial v}{\partial x}\,\cos{\theta}\right)\,
\frac{\partial \Theta}{\partial \theta} & = & 0\;.

7



\end{egnarray}
with the boundary conditions $\left.X\right|_{z=0} = x$ and
S\left . \Theta\right|_{z=0} = \theta$. . .

We propose to apply equations~(\ref{eg:tmarch}), (\refl{eg:xmarch)}) and
(\ref{eqg:thetamarch}) for a numerical computations of traveltimes on a
fixed ${x,z}$ grid. Although both $T(x,z,\theta)$ and $X(x,z, \theta)$
functions are strictly single-valued, we can extract from them the
possibly multi-valued traveltimes from every grid point ${x,z}$ to a
surface point S$Sy$ at $z=0%$. The extraction would simply amount to
evaluating $T(x,z,\theta)$ at the level set of $X(x,z,\theta) = ys$.
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