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Beam Conditioning for FELs: Consequenes and MethodsA. Wolski, G. Penn, A. Sessler, and J. Wurtele�Ernest Orlando Lawrene Berkeley National Laboratory, Berkeley, CA 94720(Dated: July 8, 2004)The onsequenes of beam onditioning in four example ases (VISA, a Soft X-Ray FEL, LCLS anda \Green�eld" FEL) are examined. It is shown that in emittane limited ases, proper onditioningredues sensitivity to the transverse emittane and, furthermore, allows for stronger fousing in theundulator. Simulations show higher saturation power, with gain lengths redued by a fator of two ormore. The beam dynamis in a general onditioning system are studied, with \mathing onditions"derived for ahieving onditioning without growth in the e�etive emittane. Various onditioninglatties are onsidered, and expressions derived for the amount of onditioning provided in eahase when the mathing onditions are satis�ed. These results show that there is no fundamentalobstale to produing beam onditioning, and that the problem an be redued to one of properlattie design. Nevertheless, beam onditioning will not be easy to implement in pratie.PACS numbers: 41.60.Cr, 29.27.-aI. INTRODUCTIONSuessful operation of proposed short-wavelength freeeletron lasers (FELs) demands eletron beams with verysmall transverse emittane. Partiles with large betatronamplitude will tend to slip bak with respet to a nomi-nal partile with zero betatron amplitude, and thus anfall out of phase with the radiation produed in an un-dulator, limiting the gain of an FEL. It has been knownfor some time that it is possible in priniple to ease therequirements on the transverse emittane by introdu-ing a orrelation between partile energy and betatronamplitude [1℄. Inreasing the energy, and hene the lon-gitudinal veloity, of partiles with large betatron ampli-tudes ompensates for the phase slip resulting from thebetatron amplitude. Thus, an appropriate orrelationbetween betatron amplitude and partile energy in theundulator an ensure that the neessary phase relation-ship between partiles in the beam and the radiation ismaintained, allowing FEL operation with larger eletronbeam emittanes than would otherwise be possible.The analysis in Referene [1℄ was limited to a bunhonsisting of partiles all having the same longitudinalo-ordinate at the onditioner. Reent work [2℄ suggestedthat any attempt to \ondition" a non-zero length beamfor an FEL by introduing the orret orrelation be-tween betatron amplitude and energy inevitably resultsin betatron mismathes at di�erent longitudinal positionsalong the bunhing, ausing an inrease in the e�etivetransverse emittane. In parameter regimes of interestfor proposed failities, this e�etive emittane inreasewas found to be suÆiently large as to outweigh the ben-e�ial e�et of onditioning, and even to prevent any op-eration of the FEL. Here, we show that the inrease inthe e�etive emittane is not, in fat, inevitable, andwe present designs of systems where the required ondi-�Also at University of California, Berkeley, Department of Physis.

tioning is ahieved without inrease in the e�etive emit-tane. Simulation results for the most promising methodare the same as that for an ideally onditioned beam.In Setion II we onsider the potential bene�ts of beamonditioning in the ontext of proposed and possible fa-ilities, and suggest some interesting parameter regimes.We then proeed in Setion III to onsider the soureof the e�etive emittane growth found by the authorsof Referene [2℄, and to show the strategy for avoidingthis problem. In Setion IV we give examples of varioussystems that may be used to ahieve onditioning. InSetion V we simulate the output from one of the morepromising lattie designs and show that a real systemis as e�etive as the ideal beam onditioning assumedin Setion II. In this paper, we fous on using on-ventional elements and lattie on�gurations to ahievebeam onditioning; it is also possible to use \exoti" laseror laser/plasma methods as desribed in Referene [3℄.II. CONSEQUENCES OF BEAMCONDITIONING FOR FEL PERFORMANCEOptimal FEL output radiation from an eletron beamis ahieved when the eletrons have a spei� averageforward veloity; after eah undulator period, eletronsshould fall behind the laser �eld by one wavelength. Thisimplies a resonane ondition whih is often expressedas a resonant energy, assuming zero transverse betatronamplitude. However, for a beam that has non-zero emit-tane, there is a spread in forward veloity assoiatedwith the path-length di�erenes from betatron motion.This results in a spread in forward veloities whih, whentoo large, limits FEL performane. For FELs that areemittane-limited, more eletrons an be brought intoresonane, with the orret forward veloity, by introdu-ing a orrelation between transverse amplitude and en-ergy. This orrelation improves performane while leav-ing the intrinsi energy spread and emittane of the ele-tron beam unhanged.



2For a partile having zero transverse amplitude, the av-erage angle inside of an undulator is aU=, where me2is the eletron energy, me is the eletron mass,  is thespeed of light, and aU = eBRMS�U=2�me is the normal-ized strength of the undulator; here, BRMS is the RMSvalue of the undulator �eld on axis, and �U is the pe-riod of the undulator. In the limit of large , the angle isroughly the same as v?=, where ~v is the veloity. Hene,taking the average over an undulator period,�v2z2 = 1� 12 � �v2?2 = 1� 1 + a2U2 : (1)The slippage after one undulator period, �U , is given by(1� �vz=)�U . To be in resonane, this should be equal tothe desired laser wavelength �. To lowest order in 1=2,� = �1� �vz ��U ' 1 + a2U22 �U : (2)An eletron at non-zero amplitude will have an additionalangle due to its betatron motion. This angle will addin quadrature to the angle in Equation (1). When thevariation of the undulator �eld with radius is taken intoaount, this leads to the ondition� = 12 �1 + a2U2 + 2Jx�x + 2Jy�y ��U ; (3)where Jx, Jy, are the transverse ations. In terms of theTwiss parameters,Jx = 12 "x2�x + �x �pxP0 + �xx�x �2# ; (4)where P0 is the referene momentum, px is the anonialtransverse momentum, and similarly for Jy. The aver-age value of Jx in a beam is equivalent to the geometriemittane �x; the normalized emittane �N = �x. Belowwe assume negligible �x and �y, and that �x = �y = �.FEL performane is limited by the spread in resonantwavelength when either the relative energy spread, �=,or emittane-related bandwidth, �N�U=4��, are om-parable to the \FEL parameter" [4℄, whih reets thetolerane of an FEL to deviations from resonane. Whentransverse emittane is the limiting fator, more partilesan be brought into resonane by introduing a orrela-tion between transverse amplitude and energy,� = �xJx + �yJy: (5)The spread in the RHS of Equation (2) aross the partiledistribution is minimized if this orrelation is hosen suhthat �x = �y = �, with� = 1� 21 + a2U = 12� �U� : (6)Values of � required for proper onditioning are typiallyof the order of 10 { 100 �m�1. A value of � = 1 �m�1 im-plies that for a beam with 1 �m normalized emittane in

both transverse planes, a typial eletron must have justover 1 MeV more energy than a zero amplitude partilein order to be resonant at the same wavelength.When the beam is more strongly foused, so that� � �U=�aU , the variation of magneti �eld with posi-tion in the bunh is not important. However, when thegain length is shorter than a betatron period, instead ofaveraging over angle the optimal onditioning is to ad-just partiles to be resonant at their peak angles, beausethis ours when they are lose to the axis, whih is alsowhere the laser �eld is strongest. This leads to the sameonditioning parameter as above.Below we onsider several examples of FEL parame-ters to see how onditioned beams perform di�erentlyfrom unonditioned beams. In all ases, the two trans-verse diretions have idential beta funtions and we takethe onditioning parameter �x = �y = �. The expressionfor onditioning given above has been veri�ed by simu-lations to be the optimal value. Note that reduing thebeta funtion of the beam in an FEL requires strongeronditioning for proper mathing. Simulations for FELampli�er performane were performed using the GENE-SIS ode [5℄.In the following �gures, red is used for the nominalemittane, green for twie the nominal emittane, andblak for higher emittanes. Points represent unondi-tioned beams, and lines represent onditioned beams.Beause onditioned beams are optimized at smaller betafuntions, results using the best value for the beta fun-tion for a onditioned beam are represented as lines with`+' symbols. Conditioned beams are taken to have theoptimal onditioning parameter in eah ase.We onsider four examples: VISA [6℄, a soft X-RayFEL [7℄, LCLS [8℄, and a \Green�eld" FEL [9℄. Table Igives the parameters used in the simulation in eah ase.A. VISAResults are shown in Figure 1 for various emittanes ator above the nominal value, for both onditioned and un-onditioned beams. The optimum gain length is roughly16 m. It is seen that at nominal values the performaneis not limited by emittane, and onditioning has littlee�et until the emittane is inreased by a fator of four.B. Soft X-ray FELFigure 2 shows results for nominal and twie nomi-nal emittane, for both onditioned and unonditionedbeams, in a Soft X-Ray FEL. The optimum gain lengthis roughly 7 m, while for an unonditioned beam the gainlength is twie as long. There is some degradation of theFEL performane at higher emittane for the onditionedbeam, but the performane is still muh improved overthe nominal, unonditioned ase.



3TABLE I: Parameters used in modeling four FELs.VISA Soft LCLS Green�eld Green�eldX-Ray Low Energy High EnergyRadiation wavelength [nm℄ 840 1 0.15 0.04 0.04Eletron beam energy [GeV℄ 0.070 2.5 14.3 12.1 27.8Frational energy spread [10�4℄ 8 4 1 1.2 1Normalized emittane [�m℄ 2.1 2 1.2 0.1 0.1Peak urrent [kA℄ 0.24 0.5 3.4 3.5 3.5Undulator period [m℄ 1.8 2.5 3 3 3Undulator parameter aU 0.89 0.96 2.62 0.71 2.62Beta funtion [m℄ 0.29 4.8 17.5 17.5 17.5Conditioning parameter [�m�1℄ 0.036 2.6 5.8 22 22
FIG. 1: Radiation power as a funtion of undulator lengthin the VISA FEL. Conditioned and unonditioned beams atdi�erent emittanes are ompared.
FIG. 2: Radiation power as a funtion of undulator length inthe Soft X-Ray FEL. Conditioned and unonditioned beamsat di�erent emittanes are ompared.

FIG. 3: Radiation power as a funtion of undulator lengthfor LCLS, with di�erent beta funtions, and with onditionedand unonditioned beams.C. LCLSFigure 3 shows the variation of FEL performane withbeta funtion; the unonditioned beam does not improveas the fousing is made stronger, but the onditionedbeam has a shorter gain length and higher saturatedpower for beta funtions down to 4.4 m. The optimumgain length is 2.5 m, while for the unonditioned beamthe gain length is 5 m.Figure 4 shows the variation of LCLS performane withemittane; the unonditioned beam performs far worse athigher emittanes, while even at 4 times nominal emit-tane the onditioned beam performs as well as the un-onditioned beam at nominal emittane. Note that atsmaller beta funtions, the onditioning parameter is pro-portionately larger, with a value of 23.2 �m�1 for a 4.4m beta funtion.
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FIG. 4: Radiation power as a funtion of undulator lengthfor LCLS, with di�erent values of beam emittane, beta fun-tion, and for onditioned and unonditioned beams. Note thata onditioned beam with four times larger emittane (blakline) ahieves the same performane as the nominal ase (reddiamonds). D. \Green�eld" FELFuture FELs may be imagined that reah wavelengthsof 0.1 �A. Using onventional design riteria this wouldrequire ultra small emittanes of order 0.1 �m. Condi-tioning allows us to reah lose to Green�eld FEL designsperformane using a beam with an order of magnitudelarger emittane and smaller beta funtions.We onsider two parameter sets for Green�eld FELs(see Table I). In both ases, FEL performane for on-ditioned beams improves as the beta funtion is reduedfrom the nominal design value of 17.5 m to 4.4 m. Forthe smaller beta funtion the onditioning parameter is88 �m�1. The results are shown in Figure 5 and Figure6. At 12 GeV, for a normalized emittane of 0.1 �m, thegain length is 3.2 m. At emittanes of 1.2 �m, a ombi-nation of beam onditioning and stronger fousing yieldsa gain length of 6 m, with a lower saturation level. At28 GeV, for a normalized emittane of 0.1 �m, the gainlength is 3 m. At emittanes of 1.2 �m, a ombinationof beam onditioning and stronger fousing yields a gainlength of 5 m, with a slightly lower saturation level.As we shall show, beam onditioning requires largenonlinear orrelations to be introdued into the eletrondistribution in order to minimize the number of partileswith large deviations from the resonane ondition forhigh emittane beams. Proper onditioning then reduessensitivity to beam emittane and allows stronger fous-ing in the undulator. Simulations show gain lengths afator of two shorter, with higher saturated power, om-pared to unonditioned beams. The bene�ts of beamonditioning are seen to be appliable to a wide range ofFEL designs.

FIG. 5: Radiation power as a funtion of undulator length fora \Green�eld" FEL at 12 GeV. Di�erent beta funtions andemittanes are shown, with onditioned and unonditionedbeams.
FIG. 6: Radiation power as a funtion of undulator length fora \Green�eld" FEL at 28 GeV. Di�erent beta funtions andemittanes are shown, with onditioned and unonditionedbeams.III. BEAM DYNAMICS IN CONDITIONINGSYSTEMSWe an show in a straightforward fashion that on-ditioning may be ahieved in a sympleti system with-out inrease in the e�etive transverse emittane of thebeam. For simpliity, we onsider partile motion onlyin the longitudinal and one transverse plane; it will beseen that the extension to two transverse planes is triv-ial. We use anonial ation-angle variables (J , �) inthe transverse plane, and anonial variables (z, Æ) inthe longitudinal plane, with distane s along a referenetrajetory as the independent variable. The referene



5trajetory is the path of a partile with J = Æ = 0; zis the displaement along the referene trajetory of theseleted partile with respet to a partile following thereferene trajetory, and Æ is the energy deviation of theseleted partile with respet to a partile following thereferene trajetory.Let us onsider a system of length L de�ned by theintegrable Hamiltonian:H = �LJ + 2�z ~�LJ: (7)The transformation of phase spae variables followingfrom this Hamiltonian is:JL = J0�L = �0 + 2�~�z0 zL = z0ÆL = Æ0 + 2�~�J0: (8)The subsript 0 denotes values at the beginning of theonditioning system, and the subsript L denotes valuesat the end. Sine the angle and energy deviation variablesdo not appear expliitly in the Hamiltonian, the ationand time variables are onserved. We note that the en-ergy deviation inreases by an amount proportional tothe ation, so a beam of partiles where the energy de-viation and ation are initially unorrelated aquires aorrelation between these variables:hÆLJLi = 2�~�hJ20 i: (9)Thus the above Hamiltonian gives the required ondi-tioning.We now need to onsider what has been the e�et onthe mathing onditions and the emittane of the bunh.In general, the Twiss parameters are funtions of the en-ergy deviation of the partile, but it is possible to designa beamline where the energy dependene vanishes (atleast to �rst order) at some point in the lattie. This isdisussed further in Setion IVA. In this ase, the beammoments are orretly given by:hx2i = �� hxpxi = ���P0 hp2xi = (1 + �2)�P 20 =�;(10)where P0 is the referene momentum and� = hJi (11)is the transverse geometri emittane of the beam; thebrakets h�i denote an average over all partiles in thebeam. If the ation of the partiles is onserved alongthe beamline, then the transverse emittane de�ned by11 will be onserved.It is lear from the Hamiltonian in 7 that the betatronphase advane of the partile over the onditioning sys-tem depends on its position with respet to the referenepartile. This is a benign e�et from point of view ofbeam onditioning, but it implies that the beta funtionvaries with longitudinal o-ordinate, sine�� = Z 1� ds: (12)

In pratie, the beta funtion has an energy dependene,whih is related to the hromatiity of the beamline. In aonditioner, the \required" dependene of phase advaneon longitudinal o-ordinate may be assoiated with anenergy dependene, by introduing a orrelated energyspread along the bunh, as we shall see in Setion IVA.Thus, the energy dependene of the beta funtion maybe used to give us the onditioning we require. However,there is an important point here: if the energy of thepartiles is hanged at a loation where the beta fun-tion has strong energy dependene, then the beam willbeome mismathed to the phase spae, and an inreasein the e�etive emittane will result. These apparentlyoniting requirements (for the beta funtion to havesome variation to allow the onditioning, and to be �xedto avoid emittane growth) may be resolved by zeroingout the variation of beta funtion with energy at thoseritial setions of the onditioner where the energy ofthe partiles is hanging.The authors of referene [2℄ reahed an inorret on-lusion that an e�etive inrease in emittane is an in-evitable onsequene of onditioning. Their onlusionwas based on an analysis of a onditioning Hamiltonianof a spei� form that did not preserve the ation as aonstant of the motion. If an alternative Hamiltonian, forexample 7, is used, then onditioning is ahieved withoutan aompanying inrease in emittane. In the ase ofthe solenoid hannel used in referene [2℄, the emittanewas not onserved beause a beam with large beta fun-tion was injeted into a large solenoid �eld, reating largeswings in beta funtion that did not anel out for o�-momentum partiles. The lattie onsidered had too fewfree parameters to remove all of the energy dependeniesat the ritial loations.IV. VARIOUS CONDITIONERSIn this setion, we onsider four possible realizationsof onditioners that both preserve beam emittane andprovide mathing into the FEL along the length of thebunh. A. A \Chromati Conditioner"Partile motion in a simple fousing hannel may beapproximately desribed by a Hamiltonian:H = �LJ + 2�Æ �LJ: (13)Here, � is the phase advane over the length of the beam-line for a partile with the nominal energy, and � is thehromatiity, de�ned by:� = 12� ��Æ��; (14)



6where �� is the hange in angle variable of a partile overthe length of the beamline. We note that the Hamilto-nian 13 is essentially the same as 7 whih we used inour disussion of onditioning, but with the longitudi-nal o-ordinate z replaed by the energy error Æ. Thissuggests we an onstrut a onditioner by �rst using anRF avity to \hirp" the beam (i.e. introdue a orre-lation between longitudinal position and energy), thenpassing the beam through a fousing hannel with somehromatiity, and �nally using a seond RF avity to re-move the hirp. The �rst of our onditions for a pratialonditioner is satis�ed by the extent to whih the Hamil-tonian 13 is a good approximation for the dynamis inthe beamline. The seond ondition is satis�ed if we areable to design the beamline in suh a way as to make theTwiss parameters at the RF avities independent of thepartile energy. Note that it is not possible to satisfy theseond ondition everywhere along the beamline (sinethe hromatiity is related to the energy dependene ofthe beta funtion), but nor is this neessary, as we shalldemonstrate.Physially, our onditioner will work as follows. The�rst RF avity e�etively makes the energy deviation ofpartiles in the bunh a linear funtion of the longitudinalo-ordinate. In the beamline, partiles \slip bak" withrespet to the referene partile by a distane depend-ing on the betatron amplitude. This is a neessary e�etof the hromatiity, as is easily seen from the Hamil-tonian 13. The seond RF avity \orrets" the energydeviation introdued by the �rst avity. However, the en-ergy orretion will not be that required to exatly anelthe energy deviation introdued by the �rst avity, andthere will be a residual energy deviation depending onthe partile's betatron amplitude and the hromatiityof the beamline. This is exatly the onditioning thatis required. Considering the e�etive emittane, if thebeta funtions at the RF avities are dependent on en-ergy, then di�erent \slies" of the bunh will beome mis-mathed in terms of the transverse phase spae distribu-tion. Tuning the lattie so that the beta funtions are in-dependent of energy at the avity ensures that the bunhremains mathed along its entire length going into theFEL. The strength of the orrelation is proportional tothe slope of the RF gradient, whih remains very nearlyonstant along the bunh for typial bunh lengths of theorder of 100 �m.As an illustration of this simple onditioner, we on-sider the beamline shown in Figure 7. This uses thinquadrupoles alternately fousing and defousing as in aFODO lattie, but the quadrupoles are tuned to mini-mize the variation of the Twiss parameters with energydeviation at either end of the beamline, where the (thin)RF avities are plaed. In alulating the beta funtions,the beamline is assumed to be periodi. In priniple, theamount of beam onditioning an be inreased by repeat-ing the beamline a number of times between the two RFavities. Figure 7 shows the beta funtions in both a\mathed" ase, in whih the quadrupole strengths are

adjusted to set the energy dependene of the Twiss pa-rameters to zero at eah end of the beamline, and ina \mismathed" ase, where the Twiss parameters havesigni�ant energy dependene at eah end of the beam-line. Figure 7 also shows the energy dependene of thebeta funtions; this dependene is best given in terms ofthe W funtion, whih is de�ned by:W =pa2 + b2; (15)where a = 1� ���Æ b = ���Æ � �� ���Æ : (16)To understand the signi�ane of the W funtion, notethat at a symmetry point in a beamline (as at either endof the fousing hannel shown in Figure 7) the symmetryondition enfores � = 0 at all energies, and we have thensimply: ��� ' WÆ: (17)In other words, the frational hange in the beta funtionis just W times the energy deviation.In the mathed ase, the values of the W funtions atthe start and end of the beamline are essentially zero.In between, the non-zero values indiate variation in thebeta funtions (and hene the phase advane) with en-ergy, whih is a neessary feature for the onditioning. Infat, the larger the values of the W funtions, the moreonditioning is provided. Note that the required tuningof the quadrupoles may be ahieved easily in a lattiedesign ode suh as MAD [10℄.A onditioning beamline an be ahieved by ombiningrepeated ells of suh a lattie, either in a hain or by in-sertion into a ring, with RF avities at either end to applyand anel an energy hirp. In Figure 7, we show Twissparameters for a properly mathed ase as well as a \mis-mathed" ase with ��=�Æ = 30� for the periodi betafuntion at the endpoints. The results of traking simula-tions for the mismathed ase after 10 ells are shown inFigure 8 for partiles at longitudinal positions z = 0, �2mm. The mismathed ase shows a strong dependeneon z, aused by sensitivity to the energy hirp impartedby the �rst RF avity. We note that the shapes of theellipses in the horizontal phase spae have been hangedas a result of passing through the onditioner; this is on-sistent with the hange in the Twiss parameters with thedi�erent energies of the di�erent groups of partiles.Unfortunately, the amount of onditioning that maybe provided by this simple hromati onditioner withrealisti parameters is not great. The parameters of themathed example are given in Table II. Note that fromthe Hamiltonian 13, we �nd that the amount of ondi-tioning in a hromati onditioner is given by:�J = �2�eVRFE !RF �: (18)
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FIG. 7: Lattie parameters for a simple hromati, onditioning beamline. The left-hand plots show the \mathed" ase, andthe right-hand plots the \mismathed" ase. Blak lines orrespond to the horizontal plane, red lines to the vertial plane.(Top) Beta funtions. (Bottom) Variation of the above beta funtions with energy, expressed in terms of the W funtion.Using the parameters in Table II, we �nd that the hangein energy deviation for a partile with ation 5.34 �mis about 0.01, in good agreement with traking results.The amount of onditioning provided by this beamline is1:9� 10�3 �m�1, or about 3000 times smaller than thatrequired, for example, by LCLS.TABLE II: Parameters in the example mathed hromationditioning beamline.Beam Energy E 1 GeVNormalized emittane hJi 5.34 �mRF Voltage VRF 52.4 MVRF Frequeny !RF 2� � 4:85 GHzMax Quad Strength k1l 15.2 m�1Beamline Length L 37 mChromatiity � -57.4Conditioning � 0.0019 �m�1Conditioning in both planes an be ahieved eitherwith two latties or by oupling the planes. We note that
the Hamiltonian in 13 averaged the phase advane overthe length of the beamline, whereas in a �nite beamline,there will be some dependene on initial betatron phase.However, while the onditioning parameter grows linearlywith distane, the variation with betatron phase will re-main bounded, and so it is not a serious problem. If thelattie is not properly mathed for the variations in beamenergy driven by the RF avities, on the other hand, thevariation with longitudinal position will get muh worseas the onditioning inreases.B. A Solenoid-based ConditionerInstead of using quadrupoles to fous the beam as inthe simple hromati onditioner, we an use a solenoidas proposed in Referene [2℄. The importane of math-ing the beam to the solenoid was observed by Kwang-JeKim at the University of Chiago and Argonne NationalLaboratory, in produtive disussions with the authors.The basi arrangement and priniples of operation are



8
FIG. 8: Phase spae ellipses in the horizontal plane after 10ells of the \mismathed" onditioning lattie, at three dis-tint longitudinal beam oordinates: z = 0 (stars), z = 2 mm(squares) and z = �2 mm (diamonds). For the \mathed"ase, all urves oinide.the same as for the hromati onditioner: a solenoid is\sandwihed" between two RF avities, with the avitiestuned to apply an energy hirp at the entrane to thesolenoid, and anel the hirp at the exit. In general, apartile follows a helial path through the solenoid, withthe radius of the path determined by the horizontal andvertial o-ordinates of the partile at the entrane ofthe solenoid. For simpliity, let us onsider a solenoidof length L that is tuned suh that the linear transfermatrix in the two transverse planes is the identity, i.e.jkjL = 2n�; (19)where n is an integer andk = BzB� ; (20)here Bz is the longitudinal solenoid �eld, and B� is thebeam rigidity. To math the beam to the solenoid, weneed to impose the ondition:� = 1k : (21)In this ase, it turns out that the hromati variation inthe beta funtion is zero, as well as the beta funtionsbeing onstant along the length of the solenoid. Thehange in longitudinal o-ordinate from a partile passingthrough a single solenoid is given by:�z1 = �12k2L� �Jx os2 (�x) + Jy os2 (�y)� : (22)If we onsider two solenoids separated by a �=2 betatronphase advane in both planes, then the ombined hangein longitudinal o-ordinate is:�z = �12k2L� (Jx + Jy) : (23)

Now adding an RF avity to hirp the beam at the en-trane to the �rst solenoid, and a seond RF avity toanel the hirp (in the ase of zero betatron amplitude)at the exit of the seond avity, we �nd the followingexpression for the amount of onditioning provided:�J = eVRFE !RF BzL4B� = eVRFE !RF n�2 ; (24)where J = Jx + Jy. Although it is possible, in prini-ple, to inrease the amount of onditioning by using alarge beta funtion, if the beta funtion is not properlymathed to the solenoid then there an be a strong depen-dene of the Twiss parameters on the energy deviation,and a growth in the projeted transverse emittane.As an example, we onsider the parameters given inTable III. Note that BzL=B� = 2� in this example.These parameters give a onditioning of roughly 1:6 �10�6 �m�1, whih is about 6 orders of magnitude smallerthan the amount of onditioning needed for the examplesgiven in Setion II.TABLE III: Parameters for estimate of onditioning providedby a solenoid onditioner.Beam energy E 1 GeVRF Voltage VRF 10 MVCavity frequeny !RF 2� � 4:85 GHzIntegrated solenoid �eld BzL 20.96 TmC. A TM210 Cavity ConditionerSessler, Whittum and Yu [1℄ have suggested using anRF avity operating in the TM210 mode. Having realizedthat transverse phase spae mismath an our alongthe length of a bunh with non-zero length, they onlyonsidered a very short bunh. However, this mismathmay be avoided using the tehniques desribed above, toeliminate the (�rst-order) dependene of the beta fun-tion on energy and thus on the longitudinal oordinate.The amount of onditioning provided by a onditionerbased on a TM210 avity may be written:�J = 1 eE0m2 !RF (�max � �min) ; (25)where E0 spei�es the peak longitudinal eletri �eld inthe avity:Ez = 14 �j21R �2 (x2 � y2)E0 os(!RFt); (26)for avity radius R and frequeny !RF. The onstantj21 is the �rst zero of the Bessel funtion J2. As anexample, we onsider the parameters given in Table IV.These parameters give a onditioning of roughly 270 �10�6 �m�1, whih is again small ompared to the amountof onditioning needed for the examples given in SetionII.



9TABLE IV: Parameters for estimate of onditioning providedby TM210 avity onditioner.Beam energy E 1 GeVCavity �eld amplitude eE0=m2 200 m�1Peak RF Voltage 3.2 MVRF power (Q=1000) 20 MWCavity frequeny !RF 2� � 4:85 GHzBeta funtions �max 30 m�min 5 mV. FEL SIMULATION RESULTSAlthough the lattie with a TM210 avity produesweak onditioning, unwanted nonlinear e�ets are suf-�iently small to onsider implementing it in a ring withmany turns to provide the neessary onditioning. Witheah pass, the hange in energy deviation resulting fromthe avity is:�Æ = eE02m!RF �j21R �2 os(!RFt)� �2�maxJx os2(�x)� 2�minJy os2(�y)� :(27)Now suppose we make N passes through the whole sys-tem, starting from a di�erent betatron phase eah time,so we an average over all values of �. The total hangein energy deviation is:�ÆN = N eE02m!RF �j21R �2 os(!RFt)� [�maxJx � �minJy℄ ; (28)and after exhanging the x and y planes, and a seondround of N turns, the net energy shift is proportional toJ = Jx + Jy, yielding:N ��J � = N2 eE0m2 !RF os(!RFt) [�max � �min℄ : (29)This is written in terms of an \average onditioning perpass", noting that onditioning is only properly obtainedin this system by makingmany several passes through thesystem, inluding oupling between the x and y planes.The onditioning is limited by the strength of the �eldsin the RF avity and the number of passes whih an betaken.As an example, we onsider the parameters given inTable IV. These parameters give a onditioning per passof roughly 270�10�6 �m�1, whih is larger than that pro-vided by the other methods desribed here, but is againsmall ompared to the amount of onditioning neededfor the examples given in Setion II. Many thousands ofpasses would be required to provide the beam ondition-ing required for LCLS, for example. It may be possible touse a onditioning setion as an insert in a small storagering; however, there are then a wide variety of e�ets thatould disrupt the beam quality, inluding transverse and

FIG. 9: Results of simulation of TM210 avity onditioner.Correlation between energy and horizontal ation after on-ditioning. The emittane growth is negligible.longitudinal nonlinear e�ets, and olletive e�ets suhas wake�elds and oherent synhrotron radiation. Thepossibility of developing a pratial onditioning ring re-quires further study.To examine the question as to whether or not this lat-tie an produe a high-quality, onditioned beam, wesimulate a ring inorporating the TM210 avity ondi-tioner. The partile traking inludes nonlinear termsin the magneti �elds and in the RF avities, althoughthe ars are assumed not to indue any distortions in thebeam (linear hromatiity is inluded). In addition tothe parameters listed in Table IV, the beam size is takento have �z = 250 �m, peak urrent 150 A, and relativeenergy spread 1�10�4 at 1 GeV; subsequent bunh om-pression by a fator of 10 yields higher peak urrent andonditioning parameter, but with a higher energy spreadas well, although the relative energy spread is reduedby aeleration to 14 GeV. The results are shown in Fig-ure 9, where the energy deviation is shown as a funtionof transverse amplitude. The required onditioning isahieved after 8500 turns in eah plane; in this ase, ou-pling has been introdued within the ring so that 17000turns in one ring yield onditioning in both planes. Simu-lations results in GENESIS using this beam are presentedin Figure 10; the performane is almost idential to theidealized ase presented in Setion II C.VI. CONCLUSIONSWe have shown that beam onditioning in free-eletronlasers allows for operation at signi�antly larger emit-tanes than are envisioned for soft X-ray FELs, the LCLSand the so-alled Green�eld X-ray FEL soures. Previ-ously pereived limitations to onditioning, based on anassumption that onditioning introdues a mismath inthe transverse phase spae dependent on longitudinal po-sition in the bunh, are readily avoided by a proper de-
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FIG. 10: Results of GENESIS simulations using LCLS pa-rameters. FEL performane of 4.8 �m emittane (4x nom-inal) onditioned beam from TM210 avity lattie (blue ir-les) is ompared with similar, ideally onditioned (blak line)and performane of the nominal, unonditioned ase (red di-amonds); see Figure 4.sign of the onditioner. We demonstrate that the properdesign of a onditioner requires that (a) the ondition-ing orrelate energy with transverse ation, and that (b)the beamline Twiss parameters be independent of energyat points of the onditioner where the partile energyis hanged. Under these onditions there is no inrease
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