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Abstract

Despite decades of progress in guanium mechanics, electron correlation effects are still
only partially understond. Experiments in which both electrons are ¢jected from an
oriented hydrogen molecule by absorption of a single photon have recently demonstrated
a puzzling phenomenon: The gjection pattern of the electrons depends sensitively on the
bond distance between the two nucled as they vibrate in their ground state. Here we
report a complete numerical solution of the Schrédinger equation for the double
photaionization of Hy. The results suggest that the distribution of photoelectrons emitted
from aligned molecules reflects electron correlation effects that are purelv molecular in

Drigin.



Chemical physics has long sought deeper insight into comrelation effects, because
they [e at the heart of understanding atomic and molecular structure. Because quantum
mechanics does not ofTer an analvtic selution of the wave function for any physical
svsterm with three or more charged particles, electron correlation is a challenge 1o model
mathematically even in the simplest atomic and molecular systems. Processes that put
two electrons into the continuum, particularly near the ionization threshold, can offer

unique insight into the nature of electron correlation. In particular, complete breakup of

a hydrogen molecule after the absorption of only one photon, v+ H,— p+pt+e +e |
15 a pure manifestation of the comelated motion of all the particles in the system, because
the energy of a single photon must be shared by all the outgoing particles. Recent
imaging techniques have allowed the simultaneous observation of the charged particles
that emerge in the breakup of atoms and molecules after a collision with photons or ather
prarticles (£-4). Such detailed data (5) offer substantial insight into the nature of
electronic correlation. However, a precise guantum theoretical treatment 15 needed to
unambiguously unravel the possible origing of the effects observed (6). We report such a
complete compuiational treatment of molecular double ionization.

In double photolonization two electrons are emitted from an atom or @ molecule
after absorption of a single photon. The observed pantern of electron ejection is a
reflection of the competition between the effects of electron-nuclear attraction, electron-
electron repulsion and the acceleration of the electrons by the electric field in the
direction of its polarization. To the degree that the ¢lectron gjection pattern i difTerent
when the two electrons are in a chemical bond (in the H, molecule versus in the heliwm
atom) these experiments can probe the nature of correlation in that bond. Are the

chserved angular patterns simply a manifestation of the intrinsic malecular symmetries



of the inttial and final states. or do they reveal move specitic information about the
dynamics of the giection process? The variation of the two-electron ejection patiern with
respect to initial orientation and internuclear distance of the molecule — either in precise
caleulations or in experiments — allows us w investigate these questions.

In the experiments recently reported by Weber ef all (3), linearly polarized 75.5
eV svnchrotron radiation was used to study single-photon induced fragmentation of
malecular deuterium (7). By measuring the final momenta of both nueled and the gjected
electrons in comncidence, they were able to relate the angular pattern of the ¢jected
electrons to a particular internuclear separation in the malecular ground state at the
instant of photon absorpuion. Weber ef af. demonsirated experimentally that this
essentially classical interpretation of nuclear motion (consistent with the “reflection
principle” for photodissociation spectra (7)) i valid for the conditions of their
experiment.  For certain peometries they found marked differences in the angular
patierns of gjection of the electrons with small changes in the nuclear momenta, and they
speculated that this effect was the signature of changes in electron correlation with bond
distance. [t is not surprising of course that electron correlation in a molecule should
change with bond distance.  However, Weber ef af. asserted that small changes in bond
distance result in major changes in the angular distributions of the gjected electrons.

There 15, however, a complication. The two electrons are gjected suddenly from
the vibrating molecule with the nucler a particular distance apart. A Coulomb explosion
follows, and the nuclel separate with a kinetic energy determined by the potential energy
of their repulsion at that distance. Therefore, observing the process at different
internuclear distances changes the Kinetie energy available to be shared by the oulgoing

electrons. Could the recently observed changes in the gjection pattern of the electrons



with internuclear distance be due to this purely kinematic effect, or do they really reflect
changes in electron correlation? This question could not be answered by the experiment
because it was performed with a single photon energy. Precise solutions of the
Schrodinger equation are reguired to unambiguously resolve this issue and thereby test
the assertion that large changes in the gection pattern are the signature of changes in
electron correlation with bond distance.

The calculation we report here required a major extension, described in the
supplementary material (%), of the methods that only recently solved such problems for
isolated atoms (6, 20, 00 Only the first steps towards a precise solution of the
molecular problem, based on a numerical solution of the full Schrodinger equation with
o appeal o models, had previously been taken with the use ol any methods (12 73],
and those efforts produced only the total onization probability and not the angular
pratterns of the gected electrons. The only assumption we have made here is that the
nuclel do not move during the time required 1o gject the two electrons. This
simplification is consistent with the familiar Borm-Oppenheimer approximation, which s
valid for electrons moving much faster than the nucled, as is the case in the current
experiments on Dz and for the same process in e

One of the clearest molecular effects that can be observed bath by experiment and
b our current theory is manifested in the angular pattern of two gjected electrons or
triple differential cross section (TDCS), so called because it depends on the directions of
the two gjected electrons and their energy sharing. We have calculated the TDCS for
double photoionization of the helinm atom at 24.5 eV excess energy (Fig. 1A) using the
methods we developed carlier for atomic problems (70), We chose 24.5 eV excess

energy 1o facilitate comparison with the results for melecular hydrogen. For the case



shown, one electron goes out along the direction of the polarization vector of the incident
prhoton with 90% of the available energy, and the cross section s plotted as a function of
the direction of the other electron. The resulting distribution for an atom must have
cylindrical svmmetry about the common axis of the polarization and the direction of the
fixed electron. In contrast, when the H: molecule, onented perpendicular to the
polarization direction, is doubly ionized with the same excess energy, our calculations
show that the cylindrical geometry of the atomic case (Fig. 1A) becomes flanened along
the direction of the molecular axis (Fig. 1B).

Thiz molecular effect has been observed experimentally (Fig. 1C) (74, 15). The
experimental data were collected in a manner that corresponds 1o making two cuts of the
three-dimensional distribution shown in Fig. 1B, and they reveal a widening of the
distribution when the cut 15 parallel to the molecule. The detailed comparison of theory
with the existing experiments 15 complicated by the fimite resolution of the experiment in
both angle and energy. The experiment accepts all events with “fixed™ electron angles

+20" | "swept” electron angles +17.5" | molecular angles £25"  “fixed” electron
energies B0 of that available, and a range of proton Kinetic energies of ~1 eV, The
calculated data in Fig. 1C also give some indication of the major changes that oceur in
the TDCS with relatively small changes in the energy sharing between the electrons. To
determine the full implications of these experiments, we focused on the accurate
theoretical description of this process without the complication of averaging over the
experimental resolutions.

To see the effect on the angular dependence of varving the internuclear distance,
we must choose an experimental geometry that is sensitive to that variation. As the

molecule rotates between being parallel and perpendicular to the palarization direction,

L



the dipole-allowed transitions 'S5, —'§, (parallel) and 'S_—' P, (perpendicular)
contrbute in varying proportion to the ohserved TDCS. The behavior of the TDCS for an
angle between the molecule and polarization vector of 153" (Fig. 2) probes both those

components visibly, Experimental data resolving the orientation of the molecule

sufliciently to show the smaller ‘s component (a factor of 10 smaller (72, 73) than

' P, ) unambiguously have yet to be published. In the existing experiments (3, 14,15),
differences in the observed cross section for various intermuoclear distances, with one
electron gjected perpendicular to the plane formed by the molecular axis and polarization
vector were attributed to changes in the electronic correlation of the initial state of the Da
molecule (3.

To explore that effect uncomplicated by the finite resolutions of the experiment,
we gxamined the TDCS at three imernuclear distances: the equilibrium position of the
nuclei and the inner and outer classical turning points of their vibrational motion in the
ground vibrational state. The behavior of the TDCS (Fig. 2A) shows a marked varation
with internuclear separation that is particularly notable when seen in complete three-
dimensional views of the angular dependence of the second electron for a fixed gjection
direction of the first. The differences are even larger than the experiment was able o
reveal because of its finite angular and energy resolutions.

However, the variation shown in Fig. 2A does not establish that the effect on the
cross section of varving internuclear distance is a result of changes in electron
correlation. The electrons liberated by jonization at the inner vibrational turning point
share 3.42 eV less energy than electrons released by onization at the outer turning point,
becanse the nucler carry off different amounts of repulsion energy. The experiments (5,

415y were performed at a photon energy 24.5 eV above the threshold for double



wnization of D in its ground vibrational state. This varation with internuclear distance
of kinetic energy shared by the outgeing electrons is more than 20% of that nominal
value. Double photoionization cross sections of atoms are known 1o be sensitive o
energy differences, and very sensitive 1o changes in energy sharing. Therelore, one must
suspect that changes observed in the malecular TDCS with varving intermuclear
distances might only be due to the change in the efTective energy ransmitted to the
culgoing electrons.

To investigate that question we examined the TDCS for the same three
internuclear distances - but now calculated with different photon energies so that the
outgoing electrons always shared 245 eV of energy (Fig. 2B). The resulting varations
in the cross section with varying internuclear distance were both gualitatively and
quantitatively similar w those observed when a single photon energy was used (Fig. 2A).
This comparison therefore establishes that experiments observing the complete dynamics
of the breakup process can measure changes in the effect of electron correlation that are
prurely molecular in character and vary with maolecular geometry.

The three-dimensional representations of the TDCS seen in Figs. | and 2 can be
viewed as variations on a theme already seen in the helium atom. There, the angular
distribution af the plotted electron shows an apparent tendency to go out in the direction
more of less opposite to that of the fixed electron (707, This pattern 15 modified in the
case of equal energy sharing by selection rules (76-78) that place a zero in the angular
distribution for back-to-back gjection of the electrons.  The molecular cases in Fig. 2
show interesting modifications of the resulting simple two-lobed pattern seen in the case
of the helinm atom.

To see how the presence of the nuclet in the molecular case modifies the angular



distributions, we can examine how the TDCS changes when the orientation of the
molecule is varied while keeping the direction of the fixed eleciron unchanged.
Choosing the fixed electron along the polarization vector and with 0% of the available
Kinetic energy (as i Fig 1B} we compare the atomic distribution 1o that obtained for the
molecule when it makes an angle of 30" (Fig. 3A), 60" (Fig. 38), 75"(Fig. 3C) or 90"
(Fig. 1B} with the polarization vector. This sequence suggests the effect of nuclear
attraction on the slower outgoing electron for a set of cases for which no simple
symmetry selection rules apply. At 30" the nuclei break the single lobe of the atomic
pattern inte two lobes, which change to have very different sizes by 60", The overall
fattening of the distribution in the direction of the melecular axis 15 evident in all four
figures.

A comparison of the angular distribution at 73" (Fig. 3C) with the more
symimetric 90" pattern {Fig. 1B} shows how attraction to the nuclel tends to orient some
parts of the gection pattern along that axis, but the set of four patterns show that this
effect is strongly modified by the forces of electron repulsion and the applied radiation
field. At some geometries, such as the one shown in Fig. 3D, the presence of the nuclel
alter the corresponding atomic ¢jection pattern even more. In this case the two lobes of
the atomic angular distribution are broken into three lobes, and no simple model appears
o explain the resulting TDCS.

This imitial view of accurate calculations of the angular dependence of double
photoionization of a molecule shows that experiments measuring the TDCS for different
internuclear distances can reveal the signature of essentially molecular effects in
electronie correlation. The wealth of information that can only be obtained from

caleulations and experiments on oriented molecules is highlighted by the fact that, when



averaged over molecular ortentations, the TDCS patterns for molecular hyvdrogen are
almaost dentical to those for heliwm (79). Detailed comparisen of measurements o
oriented molecules with accurate theory may form the basis for improving existing
models (20-22) 1w show clearly how simple physical effects are manifested in the TDCS.
However, some aspects of the angular distributions are the signatures of the essentially
complicated physics of electron correlation, and may not be casy 1o model. Nonetheless,
the present caleulations indicate that there is promise that such analvses can be
performed for double photoionization of other molecules to probe correlation in more
complicated molecular cases. We expect that this class of experiment and theory will be
used, for example, to study the difference between the correlation effects that dominate
when two electrons are ionized from the same molecular orbital in a malecule like CO,
as opposed o when those electrons are wonized from different shells leaving behind a

different electronic state of the OO jon.
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Figures
Fig. 1 Angular distribution (TDCS) of gected electrons with direction of one electron
(red arrow, momentum k) with 0% of the avairlable energy fixed along the pelarization
direction (green arrow ). A manifesiation of a purely molecular effect can be seen by
comparing the angular distributions (TDCS) for (A) helium atom with (B) H: molecule
with axis oriented perpendicular to the pelarization. Comparison (C) with relative
experimental measurements shows that two culs of the distribution in (B) have been
observed to verify this effect. The dashed curve in (C) shows how the TDCS chanpes

when the fixed electron has 80% of the available energy.

(a)




Fig. 2 Effect on the angular distribution for Iy of varving the internuclear distance. (A}
TDCS is shown with molecular axis (vellow) 13 from polarization vector (green amaw)
and fixed electron (red arrow) leaving perpendicular to that plane with 50% of the
available ¢jection energy. (Left) Inner vibrational tuming point; (middle) equilibrium
internuclear distance; (right) outer turning poinl. Background shows ground state
protential curve (blue), ground state vibrational wave function (red) and energy (green
line, with black dots indicating equilibrium, inner and outer turning points). (B) The
effect on the angular distribution of varving internuclear distance is primarily due o
changes in molecular electronic correlation. The angular distributions closely resemble
those in (A) when the photon energy is varied, so as o produce the same amount of final
kinetic energy to be shared by the outgoing electrons, regardless of the intermuclear

distance at which omization occurs. [nset shows the corresponding atomic case (helium).

(a)




Fig. 3 Effects of molecular ortentation on the angular distribution of ejected electrons.
For the fxed electron gjected along the polarization direction with 90% of the Kinetic
energy, the molecule makes an angle with the pelarization of (A} 307, (B) 60" and (C)
757, and splits the corresponding pattern for the helinm atom (insets) into two lobes
which vary in size and ultimately show a tendency 1o align along the molecular axis as in
Fig 1B. The cross section in (A) is about one-fourth the magnitade of (B) and (Ch. (D)

A case in which the molecule and fixed electron have 10% of the kinetic energy, both at
207 from the polarization vector but on opposite sides, vielding an ¢jection pattern

markedly different from the corresponding atomic one.

#@

(a) {(b)
(€) (d)
14
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We begin by writing the equation for the outgoing wave function, W _, that
describes the final electronic state after the absorption of a photon with polarization &
and frequency w, by the molecule in an initial state of energy E,, described by the wave
function, ¥, .

(E,+o-H)¥, =¢-0¥, (S1)

Here and elsewhere we use atomic units, and H is the electronic Hamiltonian.

Applying the exterior complex scaling (ECS) transformation (S7) scales the radial

coordinates of the electrons by a complex factor of unit modulus, ¢, beyond some

radius, R,. Inside that radius the physical wave function, W¥_, is unchanged by the
transformation, but beyond R, it decays exponentially, allowing a simple numerical

treatment of the equation. The amplitude for double ionization with outgoing electrons

having momenta k, and Kk, is then extracted from a matrix element defined with
integration over a finite volume within the scaling radius,

fk,.k,)= < li:)¢li;)|E —h - h2|lpsc> > (52)

ry <Ry
where the functions (p,(;) are exact molecular continuum eigenfunctions of the one-
electron Hamiltonian, /;, for H,". The TDCS, which is a function of the solid angles, Q
and Q,, of the outgoing electrons and one of their energies, E,, is then given by the
simple relation, do /dE,d,dQ, = 4°kk,|f (k,,k,)] /wc, where c is the speed of light.
Numerical implementations of this method, including the one involving B-splines (52,53)
used here, are described in detail elsewhere (S1).

To solve Eq. (S1) we used a single center expansion including all contributions of

products of spherical harmonics with angular momentum quantum numbers for the two



electrons, /,,m, and /,,m,, having magnitudes up to five. To test the convergence of our

numerical solution for the outgoing wave function, ¥

sc?

we compared the solutions of Eq.
(S1) using the formally equivalent length and velocity forms of the dipole operator, u.
That comparison gave small but noticeable differences only for polarization parallel to
the molecular axis (X, contribution), for which the cross sections are nearly a factor of
ten smaller than that for perpendicular polarization (I1,) (54,55). A further comparison

of the results using the velocity form of the dipole operator including angular momenta,

L,

m;| < 4, with calculations including [,

ml.| =5 showed essentially no differences, and

we therefore conclude that the calculations using the velocity form have converged. To
test the accuracy of the initial state we compared the results with maximum values of /
equal to 6 and 8 and found no visible changes in any of the cross sections shown in the
figures. The combined B-splines and spherical harmonics representation converts Eq. (1)
into coupled linear equations. Using angular momenta up to five leads to 22 coupled
pairs of angular momenta for the two electrons in =, symmetry and 79000 unknowns,
while in IT, symmetry there are 35 coupled pairs of angular momenta and 126000
unknowns. The resulting linear systems are sparse and were solved with the help of

iterative methods on cluster computers.
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