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We begin by writing the equation for the outgoing wave function, 

! 

"
sc

, that 

describes the final electronic state after the absorption of a photon with polarization   

! 

r 
"  

and frequency 

! 

" , by the molecule in an initial state of energy

! 

E
0
, described by the wave 

function, 

! 

"
0
. 

  

! 

E
0

+" #H( )$sc
=

r 
% &

r 
µ $

0
      (S1) 

Here and elsewhere we use atomic units, and H is the electronic Hamiltonian.   

Applying the exterior complex scaling (ECS) transformation (S1) scales the radial 

coordinates of the electrons by a complex factor of unit modulus, 

! 

e
i" , beyond some 

radius, 

! 

R
0
.   Inside that radius the physical wave function, 

! 

"
sc

, is unchanged by the 

transformation, but beyond 

! 

R
0
 it decays exponentially, allowing a simple numerical 

treatment of the equation.  The amplitude for double ionization with outgoing electrons 

having momenta 

! 

k
1
 and 

! 

k
2
 is then extracted from a matrix element defined with 

integration over a finite volume within the scaling radius, 

! 

f (k
1
,k

2
) = "

k1

(#)"
k2

(#)
E # h

1
# h

2
$sc

r1,r2%R0

,    (S2) 

where the functions 

! 

"
k
i

(#)  are exact  molecular continuum eigenfunctions of the one-

electron Hamiltonian, hi, for H2
+.   The TDCS, which is a function of the solid angles, 

! 

"
1
 

and 

! 

"
2
, of the outgoing electrons and one of their energies, 

! 

E
1
, is then given by the 

simple relation, 

! 

d" /dE
1
d#

1
d#

2
= 4$ 2k

1
k
2
f (k

1
,k

2
)
2
/% c , where c is the speed of light.  

Numerical implementations of this method, including the one involving B-splines (S2,S3) 

used here, are described in detail elsewhere (S1). 

To solve Eq. (S1) we used a single center expansion including all contributions of 

products of spherical harmonics with angular momentum quantum numbers for the two 



 

electrons, 

! 

l
1
,m

1
 and 

! 

l
2
,m

2
, having magnitudes up to five. To test the convergence of our 

numerical solution for the outgoing wave function,

! 

"
sc

, we compared the solutions of Eq. 

(S1) using the formally equivalent length and velocity forms of the dipole operator, 

! 

µ .  

That comparison gave small but noticeable differences only for polarization parallel to 

the molecular axis (

! 

"
u
 contribution), for which the cross sections are nearly a factor of 

ten smaller than that for perpendicular polarization (

! 

"
u
) (S4,S5).  A further comparison 

of the results using the velocity form of the dipole operator including angular momenta, 

! 

l
i
, m

i
" 4 , with calculations including 

! 

l
i
, m

i
" 5  showed essentially no differences, and 

we therefore conclude that the calculations using the velocity form have converged. To 

test the accuracy of the initial state we compared the results with maximum values of l 

equal to 6 and 8 and found no visible changes in any of the cross sections shown in the 

figures.  The combined B-splines and spherical harmonics representation converts Eq. (1) 

into coupled linear equations.  Using angular momenta up to five leads to 22 coupled 

pairs of angular momenta for the two electrons in 

! 

"
u
 symmetry and 79000 unknowns, 

while in 

! 

"
u
 symmetry there are 35 coupled pairs of angular momenta and 126000 

unknowns.  The resulting linear systems are sparse and were solved with the help of 

iterative methods on cluster computers.  
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