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EXTRACTI~G MkXIMAL INFO~~TION ON 

POSITIVE MUO~ DIFFUSION IN METALS* 

ABSTRACT 

~1. Leon 

Los Alamos National Laboratory 
Los Alamos, N}t 87545 

~e discuss how combining zero- and longitudinal-field ~SR can 
give more· information on the motion of the ~+ in the target than 
zero-field studies alone. 

INTRODUCTION 

Transverse-field ~SR has been used for several years to 
provide information of the mobility of the ~+ in various materials. 
In nonmagnetic metals, depolarization of the ~+ is caused by the 
nuclear magnetic moments surrounding the muon interstitial site; 
when the muon is hopping from site to site, the depolarization rate 
is reduced by motional narrowing. Furthermore, in many materials, 
the depolarization rate is found to be a very complicated function 
of temperature which has been interpreted in terms of capture and 
release of the ~+ by traps .1 However, since the finding of traps 
and the release from them can produce the same polarization fuction 
for transverse-field ~SR, significant ambiguity of interpretation 
remains. Recently, Petzinger pointed out that zero-field ~SR can 
readily resolve these ambiguities, since a muon that is trapped and 
therefore stationary at long times will have its polarization 
return to one-third of its initial value, while one that is 
escaping from traps will have its polarization approach zero at 
long times.l 

The purpose of the present paper is to point out how combining 
zero- and longitudinal-field data can yield more information about 
the muon's motion at some temperatures than can be extracted fron 
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H = 0 data _only. One instance is where the muons are both finding 
and escaping from a given type of trap, and the escape rate c. is 
not smaller than ~. the Gaussian width of precession frequencies at 
the trap site. In that case, a family of (c,v) values--v being the 
trapping rate--all give the same zero-field polarization function. 
A second instance is where the muons are escaping from one type of 
trap and finding a second. Then there are families of (c

0
,v 1) 

values for which the zero-field polarization functions differ only 
at long times, where the experimental information is poor because 
of the muon decay. In each case, supplementing the H = 0 
measurement by an H:1 one can resolve the ambiguity and determine 
the trapping and escape rates separately. We discuss these 
situations in detail in the following. 

TRAPPI~G A~D ESCAPE FROH A Sl~GLE TYPE OF TRAP 

The integral equation for the polarization function P(t) (for 
H = 0, H1 or H0) and its solution have been discussed in a recent 
paper. 2 We assume that depolarization ~ccurs only when the muon is 
trapped. Typical functions with c large enough to produce motional 

1.0~~~-----r--------,---------r--------,--------~ 

0.0-+----r----r----r---~---,----+----r--~~--~--~ 

0 2 6 8 te 
T (14S) 

Fig. 1. P(t) for H = 0 (solid curve), H1 (dashed curve), and H
11 

corresponding to muon precession angular frequency u.: = 2 
(dot-dashed curve).. These curves were calculated for 
6 a 0.5 ~s-1, v a 5 ~s-1, c = 1.45 ~s-1. ii 
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0.0 0.2. O.lf 
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Fig. 2. Points in the (v- 1,t-1)-plane which give rise to P(t) 
curves essentially identical to those of Fig. 1 (6,w fixed 
at the values of Fig. 1). The H • 0 and H1 curves nearly 
coincide, while the airfoil-shaped area for H

11 
intersects 

them at a significant angle. 

narrowing are shown in Fig. 1. Essentially identical P(t)'s (over 
the entire 10 l-IS range shown!) are generated by families of (t, v) 
values in each case. The crucial point is that while the curves of 
"degeneracy" (i.e., identical P(t)) practically coincide for the 
H • 0 and H1 cases, the area for H0 intersects these at a 

·significant angle; this is shown in Fig. 2 (where for convenience 
the reciprocals of £ and v are plotted). Thus combining an H = 0 
measurement with a properly chosen H11 one will determine both £ and 
v, while an H1 experiment does ~add information to an H • 0 one. 
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ESCAPING FR0~1 ONE TYPE OF TRAP AND FINDING A SECOND 

Here we suppose that the escape rate c
0 

from trap 1 is not 
extremely large so that the depolarization in the "free state" 
(i.e., going from trap to trap of type l) is not negligible. When 
the muons are finding the second type of~rap, P(t) can be 
calculated hy solving a "hierarchy of integral equations" as 
discussed in ref. 2. A resulting P(t) for H = 0 is shown in Fig. 3 
(solid curve). Also shown is the result neglecting depolarization 
in the free state, i.e., taking c

0 
"" DD, with v1 adjusted to make 

the curves nearly coincide for time t < 5 lJS· These two cases 
~ould be difficult to distinguish because they differ mainly for t 
> 5 lJS where the data have large error bars. 

An analogous pair of curves for H11 is shown in Fig. 4. Again 
the value of v1 has been adjusted to make the curves nearly 
coincide for short times, but now they differ significantly for t > 
2 lJS· The asymptotic value of P(t), which reflects the static 
environment of the muon once it is caught in trap 2, is reduced by 
the depolarization in the free state before it finds trap 2. The 
presence of H 11 makes this change of asymptotic value easier to 
observe by moving it to smaller t. Thus here again combining H"" 0 
and H:1 measurements will allow the experimenter to determine two 
diffusion parameters, now c

0 
and v1• 

t.e 

' ~ 
~ 

. \ 
\ 

e.e 

0.6 

\ 
\ .,.-- ----,.,;:;---

' ~ 
~ ,_....... 

e.-. 

e.2 

I I 

e 2 4 

T(~S) 
6 8 te 

Fig. 3. P(t) for H "" 0 and flo .. ill = -1 Solid curve: 0.5 lJS • 

co - 2. v1 c 1 ; dashed curve: £0 • DDt vl = 1. 5. 
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T(~S) 

Fig. 4. P(t) for H11 such that w = 1.5, t:.
0 

.. t. 1 = 0.5 lJs- 1• Solid 
curve: c

0 
= 2, v1 o: 1; dashed curve: t

0 
= m, v1 = 2. 

Sm1}1ARY 

We have shown how combining longitudinal-field with zero-field 
lJSR experiments can significantly increase the amount of 
information that can be extracted on the motion of the lJ+ in the 
target. 
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POSITIVE PI-MESONS AND POSITIVE MUONS AS LIGHT ISOTOPES OF HYDROGEN 

K. Maier and A. Seeger · 

Max-Planck-Institut fllr Metallforschung, Institut fUr 
Pr.ysik, and Un_iversitat Stuttgart, Institut fur theore
tische und angewandte Physik, Postfach 8oo665, 
D-7000 Stuttgart 80, Germany 

1. INTRODUCTIOO 

It must be considered as a fortunate coincidence that in a 
period of great scientific and technological interest in the behaviour 
of hydrogen in metals and alloys it has become possible to perform 
experiments on short-lived elementary particles of the same "nuclear 
charge" a,s hydrogen. Of these particles positrons (e+) have been 
employed longest in solid-state physics and chemistry. However, since 
the positron mass equals the electron mass me, the dynamic behaviour 
of a positron in a crystal may be quite different from that of a 
proton or of a heavier hydrogen nuclide. Therefore, it is often diffi
cult to relate the behaviour of positrons in metals quantitatively 
to that of protons, particularly when the gap of a factor of 1836 
between the proton mass DJ> and Irle exists • 

In recent years this gap has been partially bridged by investi
gations using positive muons (~+,of mass m = 207me ~ ~/9, lifetime 
TV= ~.2•1o-6s) and positive pions (n+, of Mass~± = 2~ ~ mp/7, 
l~fet~me Tn± = 2.6·10-8s). On the one hand, these two "radio-~sotopes" 
of hydrogen are much lighter than the hydrogen nuclides and should 
therefore exhibit quantum effects more clearly than the latter. On 
the other hand, they are still heavy compared with the electrons, so 
that the theoretical treatment of their behaviour in condensed matter 
may take advantage of the same simplification as that of hydrogen. 

Some of the areas in which eiperimental information useful for 
the understanding of hydrogen in condensed matter may be obtained 
with the help of ~+ and n+ are the following: 
(i) Quantum theccy of diffusion, extension· of diffusion measurements 

\ 
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to very low temperatures and isotope effects. 
(ii) Lattice sites and vibration amplitudes. 
(iii) Interaction with foreign atoms or intrinsic defects. 
(iv) Materials with low hydrogen solubility. 

By now the use of positive muons as "light isotopesof hydrogen" by 
means of a variety of so-called ]J+SR (muon spin rotation) techniques 
may be considered .as well established [1,2]. In the present review 
we confine ourselves to what is presumably the most powerful ]JSR 
technique for studying muon diffusion in crystals, namely the measure
ment of the longitudinal spin relaxation of muons in ferromagnetic 
single crystals to which a large magnetic field has been applied. In 
Sect·. 3 we shall report on such experiments in progress on a.-Fe and 
on their interpretation. 

Compared with muons, the application of positive pions in 
solid state physics is very young [ 31 4]. Nevertheless, a number of 
very promising and encouraging results have been obtained, and a short 
review of these will be given in Sect. 2. Since pions possess zero 
spin and are thus without magnetic moments, techniques analogous to 
]J+SR are not available. It has recently been realized [3], however, 
that the behaviour of TI+ in crystals can be studied very efficiently 
by means of the lattice steering (channelling) of the positive muons 
resulting from the decay (v]J = muon neutrino) 

+ + TI + ]..1 +v]J ( 1 ) 

In a sense, positive pions allow us to perform virtually "ideal" 
channelling experiments, since the decay of muons is monoenergetic 
with a kinetic energy Ekin = 4.12MeV that is convenient for lattice
steering, since the "source" TI+ decays without leaving any impurities 
in the crystal, and since the number of implanted TI+ needed in a 
given experiment is usually small enough for the accompanying radia
tion damage to benegligible.Similar experiments can be done on the 
]..1+/e+ pair, making use of the muon decay (ve = electron neutrino) 

+ +-]..1 + e +v +v 
]..1 e 

(2) 

and the lattice steering of the relativistic positrons (with energies 
up to 53 MeV). The feasibility of such experiments has been demonstra
ted [5]. However, as discussed elsewhere [5], th~ ]..1+/e+ experiments 
are much more difficult to perform than the TI+/]..1 lattice-steering 
experiments, and we shall not consider them further in the present 
paper. 

+ + 
For a long-range perspective of the·application of TI and ]..1 to 

solid-state problems the reader is referred to a recent conference 
report l6], for further background information on lattice steering 
to the review literature [7,8J. 
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+ + 
2. CRYSTAL PHYSICS USING n /~ LATTICE STEERING 

2.1. Introductory Remarks 

Fast n+ and ~+ injected into crystals are slowed down to thermal 
energy ( "thermali zed") within about 10-12s, i.e., in times that are 
very short compared with their lifetimes. Subsequently they either 
occupy interstitial sites in the crystal or, in the presence of impu
rities or other crystal defects, special trapping sites. Information 
on the implanted particles is obtained through the charged particles 
(~+ or e+) in the decays ( 1) or (2). The emission probability of ~+ 
in the decay .(1) is isotropic, but the probability for the muons to 
leave the crystal is not (Fig. 1). This is due to the fact that the 
trajectories of~+ emitted in directions close to one of the major 
crystallographic directions are subject to lattice-steering effects. 
Lindhard 1 s critical angle ~ [ 9] for the existence of lattice
steering phenomena depends 5fi the atomic number Z and the· lattice 
spacing ~ in the crystallographic direction. For muons with 
E~in = 4.12 MeV we obtain 

~ = 0.15(Z/d) 1
/

2 
cr ('l' in degrees, d in R) . cr 

(3) 

The ~ are of the order of magnitude of a few tenth of a degree 
(Ta <1~~> : 0.8°; Ge <110> : 0.4o). The muon flux distributions around 
the lattice-steering directions contain detailed information on the 
behaviour of pions in the crystal. 

On the material sidethe only requirement is the need for fairly 
large and perfect single crystals with a mosaic spread that is small 
compared with the critical angles. The growth of such crystals does not 
present serious problems for valence crystals and for the majority 
of the metals. With the help of carefully aligning small crystals to 
a reasonable large 'quasi-single crystal', a technique which has been 
developed for neutron scattering experiments, n+;~+measurements on 

..u. X'. 
II Fig. 1. I I 

0 0 o:·o 0 0 0 0 0 
~-~· X'·-=-==- -~~ iP - Lattice steering of 

0 0 0 10 0 0 0 0 0 decay muons (I) from 
,..----' ~<11> a pion located on a 

0 0 0 0 0 0 (:$ lattice site and (II) , 

0 0 0 p"" 0 from a pion located 
in an interstice. , 

0 0 0 0 ct.-a.-.0-· -•<10> 

,. 
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nearly all crystalline solids are possible. 

2.1. Experimental [10] 

The experimental set-up has to satis~ the following require
ments: 
( i) In order to resolve the muon intensity profile-s the angular reso
lution of the detecting apparatus has to be better than about 0.2°. 
For a crystal size of about 2X2cm2 this implies a minimum distance 
cryst~l-detector of D = 6m. A crystal size of not less than about 
2x2cm is highly desirable for intensity reasons, since at the Swiss 
Institute of Nuclear Research (SIN), at which all experiments discussed 
in this review have been carried out, the incident ~+ flux of about 
1o8n+s-1 is distributed over a cross-section of about that magni-
tude. 
(ii) In order to reduce the counting time and to eliminate the effects 
of fluctuations in the primary ~+ intensity, the entire angular 
distribution of the emitted muons has to be measured at the same time 
and cannot be determine_d by angular scans as is commonly done in 
channelling experiments. Thus a two-dimensional position-sensitive 
detector capable of accepting an angular range of about 4~cr is 
required. 
· (iii) The channelled decay muons undergo de channelling when penetrating 
the crystal. According to an estimate by Van Vliet [11] the mean 
multiple-scattering angle £1~ after a penetration length of 10~m at 
room temperature amounts to 0.180 (Ta) or 0.12° (Au) for best
channelled muons in a <100> channel, and to 0.58° (Ta) or 0.53° (Au) 
for muons with high transverse energy (directional straggling). A 
comparison with the expected critical angles shows that,only muons 
coming from depths of not more than 20~ should be counted. In order 
to deposit as many 'IT+ as possible within a layer of this thickness 
from the entrance surface, the pion beam (typically with a kinetic 
energy of 65 MeV, corresponding to a momentum p = 150 MeV/c) has to 
be moderated (Fig. 2). 

The maximum stopping density in the surface layer is obtained 
if the thickness of the moderator approximately corresponds to the 
pion range. However, on account of the fluctuations of the energy 
there is a fluctuation in the range of the individual pions ("range 
straggling"). The width of this range-straggling distribution is too 
large for the directional straggling of the majority of the muons 
reaching the surface to be tolerated. Since for a given small-angle 
scattering mechanism the square of the scattering angle is propor
tional to the energy loss, we may eliminate undesirable muons by 
monitoring their energy loss. This requires the detector to resolve 
the muon e.ne.rgy with a resolution better than 400 keV ( correspon
ding to a depth of about 15~m in Ta). By a proper choice of the 
detector thickness, the large flux of background positrons (mainly 
from the ~+-decays in the crystal) can be discriminated by using 
the detector in an dE/dx arrangement -Por positrons. 
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moderator 

1-1• to position and 
energy sensitive detector 

Range straggling o£ 150 MeV/c n+ in the moderator and the cry
stal. The full lines and the dots represent the density of de
posited pions. Only about 1% of the n+ are stopped within the 
volume on which the measurements are performed (hatched area); 
the decay muons coming from this volume are identified by mea
suring their kinetic energy. 

The crystal is mounted on a goniometer allowing an§ular tilts 
in two directions by about 3° and rotations by about 45 • The samples 
are preoriented by standard X-ray techniques and mounted in such a 
way that the crystallographic direction to be investigated points 
(within 0.1°) in the direction of the detector. Because of the rela
tively low kinetic energy of the muons of about 4 MeV theentiremuon path 
(from crystal to detector) of about 8 m length has to be in vacuum, 
since even a helium-gas atmosphere would lead to considerable small
angle scattering of the muons. The scattering chamber is shielded in 
such a way that only muons from the crystal can reach the detector. 
Rutherford scattering of the pions gives only a small uniform back
ground. The majority of the scattered pions decay in flight within 
the first two meters; therefore their "blocking structure" is complete
ly averaged out. 

The muon intensity profiles are measured with a windowless 
nosition-sensitive scintillation detector (1.5mm thick) with a coun
ting area of 300mm in diameter divided into four sectors. About 70% 
of the scintillation light is collected in four photomultiplier tubes. 
The coordinates X, Y of an event are determined by 

( 4) 

wher.e . X"i, x2 , y 1, and y 2 ~enote the pulse heights of the four tubes. 
The division according to ( 4) is done on-line with analogue dividers. 
The spatial resolution of.· the detector is better than 2cm, its energy 
resolution for 4 MeV muons corresponds to FWHM = 300 keV. In front 
of and behind the scintillators are anti-counter tubes in order to 

" 
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reduce the background due to high-energy positrons crossing 
the detector under small angles (thus having a prolonged path length 
and giving rise to scintillation light similar to that of 4 MeV 
muons). For a pion momentum of 150 MeV/c and a sample area of 4cm2 
a signal-to-background ratio of 15 : 1 has been obtained. 

2.3. Results 

There are many potential applications of the technique. We give 
here a number of examples; further results are expected in near 
future. The results to be desribed below were obtained with a crystal
detector distance of 8.15m. 

a) Pion sites 
The pion lifetime is short enough for pions in "pure" materials 

not to be affected by the impurities present, so that, disregarding 
the isotope effect for the time being, we can gain information on the 
hydrott.en sites'· irresp~~tive of the hydrogen solu~~lity. Fig •. 3 shows 
the ~ intensity profiles along <100> and <111> directions of a 
tantalum crystal. Heights and widths of the two profiles are compatible 
with te.Uchedral interstices, in agreement with the determination of 
deuteron sites [12]. The muon flux distribution is sensitive to the 
vibrations (thermal or quantum mechanical) of the pions. This allows 
us to study the potential in the neighbourhood of the pion sites and 
thus to gain further information relevant for the understanding of 
hydrogen in condensed matter. 

From the measured profiles in Fig. 3 we may conclude that in 
Ta the vibration amplitudes of the pion are rather small k 0.2 i 
at200K). 

<111> 

<100> 

1 1.3 

Fig. 3. Normalized intensity of decay muons from positive pions 
stopped in a Ta single crystal at 200 K along <100> and 
<111> directions. 
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Similar~+ profiles were found in Au <110>, Ge <110>, and Mo 
<100>. Here measurements in other directions have yet to be performed 
in order to determine the occupied sites with certainty. 

b) Temperature dependence of energy loss 
The dependence of the flux distribution on the energy of the 

emerging muons (i.e., on the energy loss during the channelling) g1ves 
us information on the dechannelling by phonon scattering. 

Fig. 4 shows the temperature dependence of the number of muons 
within the half-width of the <100> channelling peak of Ta (norma
lized with respect to the same solid angle in a random direction) for 
the first or second energy window of the detector. In the first ener
gy window there is very little interference of phonon scattering up 
to 350 K. This suggests that if the measurements are limited to muons 
with very small energy losses we can carry out the n+f~+ lattice 
steering experiments even at very high temperatures. 

c) Trappinp: of TI+ at oxygen dissolved in tantalum 
From ~SR experiments we know that in many crystals positive 

muons are highly mobile even down to very low temperatures. We may 
expect a qualitatively similar behaviour for ~ositive pions. This 
means that in spite of their short lifetime TI may be used to "deco
rate" lattice defects present in sufficiently high concentrations. 
In most cases the trapping affects the channelling pattern rather 
strongly, so that pions constitute probes for studying defects in 
crystals in much the same way as has been demonstrated for positive 
muons [13,14,15]. 

Fig. 5 shows that at room temperature the muon profile of a tan
talum crystal containing 0.17 at% oxygen is very similar to that of 
a pure crystal,but at lower temperatures the width of the profile 
increases and the height decreases. These experiments indicate that 

Q ( l!J/l.,ol 
1.2 

1 I 
1.1 

1.05 2 2 ~ 
100 200 300 T[Kl 

Fig. 4. Normalized muon intensity (within FWHM) in Ta <100> as a 
function of temperature. X: Muons with 0-0.5 MeV energy loss. 
o: Muons with 0.5-1 MeV energy.loss. With larger energy losses 
channelling profiles could not be observed. 

"' 

"' 
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FWHM (degrees) 

Lindhard's critical angle y; 
~7 

~5 0 0 

lOOK 200K 300K 
temperature 

Fig. 5. 

Trapping of' 
'IT+ at oxygen 
impurities in 
Ta. X: Pure 
crystal. 

the pions may get trapped at the oxygen atoms at sites that are dis
placed f'rom the pion sites in a perfect environment. The free 
enthalpy of binding between pions and oxygen atoms i"s such that at 
low temperatures the pions stay most of their lifetime in the traps, 
whereas at room temperature they are virtually free and thus spend 
most of the time at their "normal" sites. 

d) Germanium 
From the lJ+SR studies on Si and Ge it is known that in these 

materials at low temperatures muoni um atoms ( Mu) are formed [ 16]. In 
spite of intensive research the mechanism of muonium formation and 
the lattice sites involved have remained unclear [17]. In ultra-high
purity Ge crystals a ~aximum of the muon intensity has been observed 
in the <110> directions. Below 80 K this channelling peak . 
broadens markedly over a quite narrow temperature interval (Fig. 6 ) • 
We suspect that this is a consequence of pionium Pi = (n+e-) for
mation and the establishment of a Pi-Ge bond which draws the pion 
closer to one of the lattice rows forming the channel. If this inter
pretation is confirmed these experiments constitute the first obser
vation of the new "element" pionium: Pi. 

2.4. Time-differential lattice steering 

Making use of the time structure of the SIN pion beam it is 
possible to measure the lattice-steering pattern as a function of the 
"pion age" (i.e., the time a pion has spent in the crystal before 
decaying), provided the cyclotron is operated in the 17 MHz mode or, 
even better, in a 10 MHz mode. 

~e pulse widths of the beams SIN/TIE1 and SIN/TIE3 are about 
1.10- s. The time of flight of the decay·muons between the crystal 
and the muon detector is known from the muon energy. The time reso
lution of the scintillation detector empl~yed is better than 2•1o-9s; 
its energy resolution better than 8%. This means that we are able to 
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FWHM (degrees) 
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Fig. 6. 

Full width at 
half maximum of 
lattice steering 
peak along <110> 
in ultra-high 
purity germanium 
as a function of 
temperature. 

measure the time the pion stays ~n the crystal with a precision of 
at least 5•1o-9s. 

The application of the technique to time-differential lattice 
steering is planned for the near future. It should be possible to 
detect the kinetics of trapping of ~+ at crystal defects or of 
pionium formatiou (e.g., in valence crystals) on the time scale 
5·10-9s to 6·10- 15s (for the 17 MHz mode of SIN). 

3. LONGITUDINAL MUON-SPIN RELAXATION IN a-IRON IN H!GH MAGNETIC 
FIELDS 

3. 1. Introductory Remarks 

The ideal method to study diffusion and localization of positive 
muons in metals is the measurement of the decay of muon-spin polari
zation in longitudinal magnetic fields (i.e. fields parallel or anti
parallel to the direction of initial polarization of the muon beam). 
The longitudinal relaxation rates r 1 are far less sensitive to impu
rities or lattice imperfections than the spin-phase relaxation rates 
r2 obtained from transverse-field experiments. This is due to the 
fact that as long as no exterior alternating fields act on the muon 
magnetic moments, 'only mobile muons give rise to a longitudinal 
relaxation rate. By contrast, immobilized muons (e.g., muons trapped 
by impurities) do contribute to the spin relaxation rate r 2 in trans
verse fields. 

Due to the strong variation of local magnetic fields between 
interstitial sites in ferromagnetic a-iron the longitudinal relaxa
tion rates may be measured over a very wide temperature range 
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extending from about room temperature down to well below liquid
helium temperature. This offers the possibility to study quantum
mechanical effects on the diffusion of light positively char$ed 
particles in metals. 

3. 2. Theory 

The magnetic field acting on the muon magnetic moments is given by 

~ 1 = lj' +B . 
"" """1J =o.~ p 

where 

B = B +B +B . 
~ -appl -Lorentz -Ferm.J. 

( 5) 

(5a) 

oomprises the applied. _field Bappl, the demagneti:in~ field 
Bde , the Lorentz f~eld ~Lorentz' and the Ferm.J. f~eld ~Fe~i' 
wn~~gis due to the contact ~nteraction of the muon spins w~th the 
spinpolarizationof the conduction electrons at the muon sites. 
Via the last term B depends on the~ of muon site (octahedral 
or tetrahedral); it is,~owever, independent of the tetragonality 
axes of these sites. The last-mentioned property of BV is not shared 
by the dipolar field ~di"t>Jwhich depends on both the interstitial site 
and on the direction of its tetragonality axis witj respect to the 
magnetization. We characterize ~i by the field~"t> at interstitial 
sites with tetragonaff axes paralle~ to the magnetiza~ion direction 
<100>. By symmetry~- must be parallel or antiparallel to the 
magnetization direct~6R. The field at the· interstices with tetra
gonality axes pirpnndicular to the <100> magnetization direction 
are given by - 2 ~di • The longitudinal relaxation rate r 1 depends 
strongly on the crys~allograpbic directions of ~U [ 1, 18]. (Since we 
shall consider only B 

1 
large enough to saturate the sample magne

tically we need not t~Pg~stinguish between the dir~ction of !u a.1<1 
of the magnetization). If we confine ours~lves to ~U lying in (011) 
planes and characterize the direction of~ by the angle e with 
respect to- <100>, we have for muon sites w~th tetragonal symmetry 

(6) 

For Bu parallel to <100> it follows from elementary considerations 
thatr1loo> = o. 

f1assumes its maximum value for Bu parallel to <111> since ~I.! 
this case the dipolar fields at the interstitial site lie in <211> 
directions perpendicular to the magnetization direction and thus 
exert the maximum torque on the muon moment in a longitudinal
polarization arrangement. Under the assUmption that the muon motion 
may be described by a correlation time Tc we find [1] 
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f<111> = 1( B//. )2 Tc 
1 2 ytl dip 2 2 

"" 1+w T 
lJ c 

(7) 

8 -1 '"T 1 . . 
where ylJ =_8.52•10 T s denotes the gyromagnet1c r~t1o of the.muons 
and Wu = y lJBlJ the precession frequency of the muon sp1ns. According 
to (7), f1 exhibits a maximum at w~hc = 1. From the dependence of this 
maximum on l!a.p 1 we may determine p,/J? and hence the site of the lJ+. 
The temperatu~ dependence of r 1 a~xed ~a:o 1 provides us with the 
temperature dependence of the muon mobility: ~ost transverse rela
xation measurements in iron have been carried out in zero applied 
fields. In this case Bv = BLorentz:~Fer.mi is parallel to <100> and 
the transverse relaxat1on rate 1s g1ven by 

(8) 

which coincides with the longitudinal relaxation rate r1 111> for 
WuTc << 1.) In the present model the muon diffusion coefficient is 
given by 

D = a.a
2/T 
0 c ( 9) 

where a = edge length of the elementary cube and a. = 1/36 for octa
hedral ~nterstices and a.= 1/72 for tetrahedral interstices. 

3.3. Experiment [19] 

A schematic view of the apparatus designed for the use of surface 
muons is shown in Fig. 7. The superconducting magnet for fields up 

sctnttltators M muon coi.M"t•r (0 2 rTYn thtck tor surface muons) 

81,82, F1,F2 posilron t .. •scop•s ' 

Fig. 7. 

Schematic view of the 
apparatus for the 
measurement of longi
tudinal muon-spin re
laxation in high mag
netic fiels. ... 
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Fig. 8. Muon decay spectra of an 
a-iron single crystal at 52 K. 
Applied magnetic field 2 T paral~ 
lel to the muon polarization and 
to a <111> crystallographic direc
tion. 
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Fig. 9. Dependence of the longi
tudinal relaxation rate r1 of 
a-Fe on the angle 8 between<100> 
and an applied field in a (001) 
plane at 52 K [21]. Bappl = 2 T. 
Solid curve: prediction t6) for 
muon sites of tetragonal symmetry. 

to 5 T consists of
4

a pair of coils in Helmholtz geometry (homogeneity 
~Bappl/B 1 < 10- within a sphere of 3cm diameter). The helium
evaporat~gR cryostat with 25~m thick titanium windows allows measure
ments betwe~n 3 K and 300 K. The target, a single crystal of a-iron 
9mm in diameter [20], was mounted on a rotatable holder with a <110> 
direction parallel to the rotation axis in order to measure the 
dependence of r1 on the crystallographic direction of ~ppl' 

Timing signals are given by the scintillators M (0._2mm thick) 
for incoming muons and F1 or B 1 ( 5mm) for· "forward" or "backward" 
decay positrons. The degrades (1cm of Cu) between the positron tele
scopes F1F2 and B1B2 absorb low energy positrons in order to enhance 
the analyzing power for the measurement of the forward-backward 
asymmetry of the~+ decay. Fig. 8 shows (on a semilogarithmic scale) 
spectra measured at 72 K with Ba = 2 T. At times t > 2• 10-fs they are 
entirely determined by the muon ~~retime T~ = 2. 2·10-6s; the deviation 
from a straight line at shorter times is due to the longitudinal 
relaxation of the ~+-spin polarization. 

3.4. Results 

Fig. 9 gives an example of the dependence of r 1 on the crystallo
graphic direction of ~p 1 [21]. The agreement between experiment and 
theory (cf. (6) andsolid ~~ne) is good. This was confirmed at different 
temperatures and different applied fields. From these results we 
conclude that the muons in a-iron occupy sites of tetragonal symmetry 
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i.e., tetrahedral or/and octahedral interstices • 

F . 1 o h A . r< 111 > . ~g. s ows an rrhen~us plot of 1 as a funct~on of 
temPerature. The comparison with zero-applied-field relaxation rates 
r~ 1 00> [22] demonstrates the sensitivity of transverse-field ~SR to 
impurities and the superiority of longitudinal field experiments: 
the deviation of r~100> from the longitudinal relaxation rate r,·above 
... 70 K is due to lattice imperfections. · 

At temperatures above 20 K the longitudinal relaxation rates 
show no significant dependence on the strength of B 1 , indicating 
that we are in the regime WVTc << 1. Therefore, th;aERximum in r

1 
at 

40 K cannot be the maximum at W~Tc = 1 predicted by (7) but has to 
be explained in terms of a change in the intrinsic diffusion mechanism. 

Yagi et al. [21] have suggested that at low temperatures (below 
about 20 K) positive muons in ~-Fe occupy preferentially tetrahedral 
interstices, whereas at higher temperatures there is an equipartition 
between octahedral and tetrahedral interstices (which both possess 
tetragonal symmetry and, therefore, give both rise to the orientation 
dependence (6) ). All the experiments carried out since have 
supported this hypothesis. 

Fig. 10 shows that below 20 K yq;re is a definite dependence of 
the longitudinal relaxation rate r1 > on the strength of the applied 
field but that not even at the largest applied fields a maximum in 
the temperature dependence of the relaxation rate has been found down 
to 4 K, the lowest temperature empl~yed so far. Measurements down to 
0.3 K with the help of a 3He-cryostat are being prepared and shoulu 
clarify the situation. 

~·.--------------------------, 

to' 

longitudinal reola~eation ratl' lj <nD 
a.,.. .• 1.2 T • 

2.0T • 
3.0 T a 
4.0T o 
4.9 T • 

• transvf!'rR reolaxation rat!' 

r;'""" l31 

10
4 '----:7::~--:7~-!-::'--..l._-'--:':-~:-'--:'~--' 

300 ~50 2010 5 32 
TEMPERATURE IKI 

Fig. 10. 

Temperatures dependence of 
the longitudinal relaxation 

r<T11> · · rate 1 at appl1ed f1elds 
Ba pl ranging from 1.2 to 
4.~ T. For comparison, recent 
zero-applied-field relaxation 
measurements [22] are inclu
ded. The deviation of these 
data from r, at temperatures 
> 70 K demonstrates the 
sensitivity of transverse 
relaxation rates to impu
rities. 
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If more than one type of interstices is occupied the theory out
lined in Sect. 3.2. does no longer suffice. Seeger and Monachesi [18] 
have recently given a detailed general theory, covering in particular 
the case of transitions between octahedral and tetrahedral inter
stices. The general treatment shows that at high tempefiatures the 
simple theory of Sect. 3.2. remains valid provided (B~ )2 is treated 
as an adjustable parameter. For temperatures above 60 K Ene may fit 
the r1111> data of Fig. 10 by assuming that the muon diffusion 
coefficient D varies. with temperature either· according to the classical 
law 

(10) 

with the migration enthalpy HM = (0.033±0.001) eV or according to the 
multi-phonon incoherent tunnelling law [23] 

( 11 ) 

with the lattice-activation enthalpy H = (0.038±0.001) eV. a 

According to Teichler and Seeger [24], at low temperatures (11) has 
to be replaced by the one-phonon law 

D - T ( 12) 

The availabte experiments are in agreement with ( 12) (which predicts 
r~100> - T- ) but a final test has to await the outcome of the above
mentioned experiments in the 3He cryostat. 
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Theory of !•1uon Spin Relaxation due to the 

Hopping r1otion of Positive .Huons in 

Ferromagnets 
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ABSTRACT 

The interaction of the magnetic moments of spin-polarized posi

tive muons with the magnetic fields at the interstices in ferro

magnetic (or ferrimagnetic) materiais may be used to study the 

localization and the hoppin~ motion of thermalized muons by ob

serving the relaxation of the longitudinal or transverse spin 

polarization or the shift of the nuon spin precession frequency 

as a function of the orientation of a strong applied magnetic 

field. The general theory is developed and applied to the special 

cases of muon diffusion beb1een ttt1o types of interstices of tetra

gonal symmetry in body-centred cubic metals ( IX -Fe) or of cubic 

symmetry in face-centred cubic metals (Ni). It is shown that by 

a suitable choice of the strength and the crystallographic direc

tion of the applied magnetic field quite detailed information 

on the quantum diffusion of positively charged light particles 

in crystals may be obtained. 

t Present address: Universite de Lausanne, Institut'de Physique 

theorique, Dorigny, CH-1015 Lausanne 
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§ I. Introduction and Overview. 

The diffusion of particles that aremuch lighter than the 

host atoms but nevertheless heavy compared with the electrons 

forms a challenging field of both experimental and theoretical 

condensed-matter physics. The outstanding problem in this area, 

of great technological importance in a wide variety of materials, 

is the diffusion of hydrogen (or its isotopes, in particular 

tritium). However, it is not easy to obtain reliable experimental 

data on hydrogen diffusion in condensed matter at low tempera

tures, where the diffusivity is small and trapping by impuri

ties or other imperfections (dislocations, grain or phase 

boundaries) may be very important.~ 

On the theoretical side, at low temperatures quantum effects (e. g., tunneling 

of the d-iffusing particles through potential barriers) play an 

~mportant role. The field is therefore also known as "quantum 

diffusion" (Flynn and Stoneham 1977, Kagan and Klinger 1974,Stoneham 

1980, Teichler 1980, 1981, Teichler and Seeger 1981). In crystalline materials it 

may be subdivided into the regimes of "coherent" and of "in co he rent" 

diffusion. The first may be treated with the help of many-particle 

Bloch states formed by the wavefunctions of the·diffusing particl~~ and 

the lattice distorsions surrounding them. Thermally excited 

phonons or static imperfections (e.g., impurities) induce 

scattering transitions between these states that on a macros

copic scale may be described in terms of a particl~ diffusivity D • 

. ~For a survey of the behaviour of hydrogen in metals and alloys the reader 

should consult several contributions to Alefeld and Volkl (1978a, b). 



1272 

The second regime is that of "hopping" motion. An appropriate 

physical picture is that the diffusing particles and their "displacement 

clouds" are localized, usually in interstices, and that they 

move by thermally assisted jumps from one site to the next. 

This regime comprises both classical "over-barrier" jumps and 

incoherent ti.mnelling jumps, in which the phonon occupation 

numbers undergo changes beyond what would be required by a pure 

translation from one lattic~cell to another. 

As hinted above, the distinction between the coherent 

and the incoherent diffusion regimes and the establishing of 

the temperature dependence of the diffusivity D Ln each of them 

is not an easy task for the experimentalist. It is therefore 

most welcome that in recent years diffusion experiments on 

positive muons (~+) and positive Pi-mesons (n+) implanted into 

crystals have become feasible. These particles possess masses 

mass 

::: m /7 that are much smaller than the proton 
p 

mp. Their electrical charge, however, is the same as that 

of the hydrogen _nuclides, so that for the purpose of diffusion studies we may con-

sider ~+and n +as ".:).ight isotopes" of hydrogen (Seeger 197~,1979). 

The present paper deals with what according to our present 

knowledge constitutes the most powerful "technique for studying 

the diffusion of~+ in crystalline materials, viz., the investi-

gation of muon spin relaxation in ferromagnetic (or, more general-

1 y , fer ti ma g n e t i c ) cry s t a 1 s o f s u i tab 1 e c r y s t a 1 s t r u c t u r as. In 

the meson factories longitudinally sein-polarized muons are ob-

tained from the decay 

+ ( I. 1) 
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where v~ denotes muon neutrinos. When implanted into metals 

+ the ~ are thermalized without appreciable loss of their po-

larization in times that are many orders of magnitudes shorter 

than their mean lifetime T~ = 2.2 ~s. The interaction of their 

magnetic moments with the magnetic fields at the muon sites 

may lead to a precession of the muon spins and to a 

gradual loss of fuespin polarization. Both phenomena can be 

quantitatively followed with the help of the muon decay re-

action 

+ -e + v + v 
~ e 

( 1 . 2) 

since due to parity non-conservation the probability of emission 

of the positrons (e+) is asymmetric with respect to the direction 

of th~ muon spin. 

The theory to be worked out in detail in the present paper 

pertains to the case of hopping motion*). The basic ideas have been corrunun~-

cat~d earl.ier (_Seeg~r 19?B>and have in the meantime been verified 

e xp e rime n t a 11 y ( Y a g i e t a 1 . 1 9 8 1 ) • Since on account of the g e-

nerality of th~ present treatment the results are somewhat involved, 

we give in the following a short overview in terms of simple 

physical arguments. Tlie.~.eis a close relationship to the 

study of diffusion by means of nuclear magnetic resonance 

(Bloembergen, Purcell, and Pound 1948, Slichter 1980, Wolf 1981). 

We consider an ensemble of polarized ~+ implanted and therma

lized at time t = 0. When a ~+ diffuses/through a ferromagnetic 

crystal it experiencefin general a. time-dependent magnetic field 

*) + 9) For the case of bandlike motion of the ~ see Fujn ( 197 · 

.. 
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= B + 
-)1 ( I • 3) 

where ~)J denotes the time-independent ensemble average of J)J(t). 

The time-dependent contribution ~(t) arises from the fact that 

even in perfect crystals the magnetic field at different inter-

stices will in general be different. (This may be due to the 

dipolar field ~dip and/or the Fermi field ]FERMI to be discussed 

below.) Since ~(t) for a given muon depends on all its jumps up 

-to time t, ~(t) is a stochastic field which must be treated by 

taking the appropriate ensemble averages (§4). 

-The direction of ])J defines the longitudinal and transverse 

components of the muon spin polarization P. If B(t) = 
,... - 0 the longitudinal 

' 
polarization component P

1 
stays constant, whereas the transverse 

component (of modulus P2 ) rotates perpendicular to B •.;i th the angular 
-1-1 

velocity 

where y 
)J 

the muons. 

wl-1 = Y ll ~ ( I • 4) 

8.5161. I0 8 s-IT-I denotes the gyromagnetic ratio of 

In discussing the effect of a non-vanishing !<t), it is 

convenient to treat the cases of longitudinal (P f 0, P 2 =0) 

and transverse (P
1 

= 0, P
2 

:rf: 0) polarization separately. In 

either case the muon spin polarization is affected only by the 

,... 
B components perpendicular to the direction of!· In the longi-,... 

tudinal case these components inttoduce transitions between the 
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Zeeman levels of the muori spins and thus cause the longitudinal 

polarization~ to relax towards its equilibrium value. The re

laxation rate, in the following called longitudinal relaxa-

tion rate r , will be large when the Fourier spectrum of 
I 

~(t) contains strong components near the Zeeman frequency 

w~ (also given by (1.4)). This means that as a function of 

the muon jump frequency, which may be varied by varying the 

temperature, rl exhibits a maximum when the "correlation 

time" Te associated with the jumps (see § 4.1) satisfies 

the condition T ~ ~ I. If w is known from measurement of 
c l.l l.l 

the precession frequency, an absolute scale for the 

muon jump frequencies may be established in this way. 

Due to their stochastic nature non-vanishing transverse components of ~(t) 

cause the individual spins to precess at slightly different angular 

frequencies. This leads to a gradual reduction to zero of the 

transverse polarization P
2 

at a rate proportional to the square 

of the a.mpli tude of the transverse component of j. If this campo-

= nent has the same direction as B , the low-frequency Fouri~r-
-l.l 

components are clearly more effective in relaxing the trans-

verse polarization than high-frequency contributions, so that one'e>.."Pects 

the transverse relaxation rate r2 to be proportional to the 

reciprocal of the muon jump frequency. This means that in 

this case r 2 does not show a maximum as a function of the 

muon jump frequency, in contrast to the longitudinal re-
) 

laxation rate r 1• In the special case that Band ~l.l a~e parallel 

or ~ntipara~lel it 1s henc~ no~ possible to separate experimen-

tally the square of the amplitude of the time-dependent 

magnetic field ~(t) from the muon jump frequency. 
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Compared with G measurements, the study of muon sp{n 

diffusion by m~ans of r2 measurements has another important 

drawback. Positive muons may easily be trapped by impurities 

or other crystal imperfections. In the trapped locations the 

magnetic field]~ acting on the muons will in general be 

different from!~· Hence the spins of trapped muons precess 

at angular velocities that are different from those of muons 

at "ideal sites". Particularly when the jump frequency and hence 

the diffusion path of the muons is large, the trapping effects 

may be so pronounced as to make the deduction of diffusivities 

from r2 measurements virtually impossible. By contrast, r1 

measuremeits are much less sensitive against trapping. It is 

tru~ that repeated trapping and detrapping may give contributions 

to the longitudinal relaxation as well but these come usually 

from a frequency range that is so different from that involved in bulk diffusion 

that for sufficiently "diluted" traps there should be no practical problems. 

On the other hand, measurements 1n transverse geometry 

are extremely helpful in determining the spin precessing 

= 
frequency w~ and hence the field B~. In fer~omagnets B~ 

contains contributions which are not a priori known and which 

must be determined experimentally before one can deduce absolute 

values of the muon jump frequencies. 

In perfect crystals i(t) and hence the depolarization -
rate is clearly zero if the muons reside only on sites that 

are crystallographically and magnetically equivalent and if 

las we shall assume throughout the paper) the time 
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spent by the muons during their jumps are too short to lead 

""" to any appreciable depolarization. Examples for B(t):: 0 are -
provided by muons that occupy only octahedral interstices 

of face-centred cubic t-fcc; e. g., Ni or [3-Co) or hexagonal close-packed 

(e.g., a.-Co or Gd) crystals. 

The situation is quite different in body-centred cubic (bee) 

crystals, e.g. in a.-Fe. There are no interstices with cubic 

symmetry in this crystal structure. Let us illustrate the 

situation by considering muons located in tetrahedral interstices 

(open circles in Fig. 1), which possess tetragonal point 

symmetry. 

In the demagnetized state the magnetic dipole moments 

~· of the Fe ions and also the spontaneous magnetization ,.,..1on 

M are parallel to one of the cubic axes, in the example of -sp 

Fig. 1(a) to the 3- .axjs. For reasons of symmetry, the magnetic 

field produced by the magnetic moments of the Fe ions at the 

interstitial sites, !,dip, is parallel (orantiparallel) to this 

ax1s. Lorentz's (1909 ) theorem demands that the vectorialaverage 

-B. over tetrahedral interstices with tetragonal axes 
NdJ.p 

parallel to the three cubic axes (briefly called,1-,2-,3-sites) 

must be zero (camp. Seeger 1978). From symmetry it follows 

t h a t ~ d i p a t the I - and 2- s i t e s m us t be -o p p o s i t e 

in direction to and of half the modulus of Bd. at 3-sites. 
- 1p 

Under these circumstances, muons jumping between sites of 

-different tetragonalities experience a stochastic field !(t) 

• II U II 
W1th values alternating between Bd. /2 and - Bd. , where Bd. lp lp lp 
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denotes the dipolar field ~i th the sign convention 3.t ':.!•~ ·.:nd o~ § 3.1) a.t 

those interstitial sites whose tetragonality axes are p1.r:1ll~l to the 

magnetization direction [comp.(3.9)]. lf the muon polarization is per 
N 

pendicular to the magnetization, !(t) is ~pendicular to 

! and hence gives rise to a transverse depolarization. How-

ever, if P is parallel to B , i.e. 
~ -~ 

in the case of longi~ 

tudinal polarization, Bd. does not exert a torque on the ..., lp 

muon magnetic moments, hence ~ ~ 0 in the demagneti~cd state. 

In order to obtain a non-vanishing lo!l~dinJLl. _r.~~-~~-tio!l. 

rate we have to arrange for ~dip to have cor..po:1 en:.s per

pendicular to!~· This can be done by saturating the magne

tization by means of a large enough external field B 1 .-app 

i~ a direttion different from <100>. The extreme and at 

the same time simplest case is that of saturation in a <11 I> 

direction (Fig. 1b). 

If the magnetic moments of the Fe ions point in the direc-
"' 

tion of one of the cube diagonals, symmetry arguments (Seeger 

1978) show that the dipolar contributionsBd(~) at the three 
- lp 

types of interstitial sites (i = 1, 2, 3) must lie in the 

three <211> directions of the {111} planes perpendicular to u. 
""'.on 

and hence to_@~. This leads indeed to a finite longitudin~~-~~~~~atio!1:_ with the 

characteristics discussed above. In this special case Bd. 
- lp 

does not have a component parallel toJ~, but since there is 

nevertheless always a Bd. component perpendicular to P ...... lp -

we obtain a finite transverse telaxation rate ~ with the 
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that 

Bdip 
"' 
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dependence on the muon jump frequency as r
1

• Symmetry arguments show 

r <111> = r < 111 ~2 as long as the only contributions to B come from 
2 1 ~~ 

(Seeger 1978). 

From the preceding discussion it is obvious that in order to make 

use of the full potential of muon spin relaxation in ferromagnets for 

the study of quantum diffusion we have to treat the dependence of the 

relaxation rate on the direction of the applied magnetic field B 
1

. 
"'app 

On the one hand this requires a detailed study of the various magnetic 

fields involved (§3). On the other hand it gives us two fringe bene

fits: ( i} the _2y:mmetry of the muon sites may be explored and ( i i ) in 

the regime of high relaxation rates the experimental conditions for the 

accurate determination of relaxation rates may be optimized by choosing 

::If 
the crystallographic orientation of B appropriately. Moreover, as we r-rl.l 

shall see in § 5.3, there is an orientation dependence of the muon spin 

_P-recession frequency that contains further information on the corre-

lation time T • 
c 

The compar1son of the present theory with available experiments 

(Yagi et al. !981) demonstrates unambigously that in a.-Fe the muons 

reside in interstices of tetragonal symmetry. Since in the bee structure 

there are two types of such interstices [octahedral (0) and tetrahedral (T)] 

and since it is not a priori clear how the muons move between them, we have 

to treat a fairly elaborate diffusion model ( §2) in order to provide a 

suffi~iently general framework within which the experimental data may be 

discussed. In the calculation of the relaxation rates on the basis of this 

model (§4) we confine ourselves to the hopping regime of muon diffusion. 

We do avoid, however, the usual assumption that the correlation times are 

large compared to the muon lifetime Tl.l and derive correction terms for 

situations in which this assumption does not apply. 



1280 

As a special case our general treatment covers the case of 

interstices with c~bic point symmetry, e.g. octahedral and tetra-

hedral interstices in fcc metals. From the preceding discussion 

it is obvious that in this case the mechanisms so far considered 

(all based on non-vanishing Bdip) do not give rise to a finite 

relaxation rate. The hyperfine ("contact") interactions with the 

spin-polarized conduction electrons at the muon site, expressed 

in terms of the so-called Fermi field ~FERMI' are in general 

different at the octahedral and the tetrahedral sites. If the 

muons jump between the two types of sites a spin relaxation may 

arise. The usual assumption is that !FERMI is always parallel 

(or antiparallel) to the magnetization. This means that we may 

obtain a transverse but not a longitudinal relaxation rate. In 

§ 5.2 we apply these ideas to Ni and show that they might indeed 

account for the transverse relaxation rate observed in the ferro-

magnetic state of Ni. The same mechanism may also contribute to 

the transverse relaxation in a-Fe if there are jumps between 

tetrahedral and octahedral interstices • . 
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§ 2. The Diffusion Model 

The two most spacious interstices in the bee lattice are the 

. . 0 . t. ( 1 1 ) . . 11 octahedral 1nterst1ces at pos1 1ons 2• 2• 0 1n the cub1c elementary ce 

. t . T . . ( 1 1 ) . th and the tetrahedral 1nters 1ces at pos1t1ons 2• 4• 0 , both of them w1 

tetragonal point symmetry. We maKe ~ne .assumption that 

these are the only types of interstices to be taken into account. 

This is supported by the experiments in so far as the experimenta~ 

data show that the interstices occupied by positive muons in 

a-Fe possess tetragonal or higher (i.e •• cubic) symmetry (Yagi et al. 

1981) and as there are no interstices of cubic symmetry in this cry-

stal structure. 

It is not a priori clear whether the· 0 or the T sites are ener-

getically more favourable.nor is it evident .what will be the most 

probable diffusion path in either case. We shall therefore treat a 

quite general model.which is likely to include all important possi-

bilities. Fig.2 indicates the notation used. 

The frequency of direct jumps between nearest-neighbour T sites 

1S denoted by vTT' that of direct ,jumps between nearest-neighbour 

0 sites by v ; and that between next-nearest-neighbour 0 sites by 
00. 

v6o· The frequencies of jumps between an octahedral site and one of 

its nearest-neighbour or next-nearest-neighbour T sites are denoted 

by v 0 T or v~T· respectively.those of tha reverse jumps by vTO or 

v~ 0 • respectively. In this •six frequency model• ~ne of the jump 

frequencies may be expressed in terms Df the othersby taking into 

account detailed balancing-see (2.10)) the only jumps not changing 

the tetragonality of the occupied sites are those associated with the 

frequencies v~T and vfa· 

If we denote by pT or p
0 

the probabilities' that an octahedral or tetrahedral 
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site is occupied and by bTT' b 00 , b~0 , bTO = bOT' b!0 = b~T' th~ jump 

distances associated with the various jumps 1 the pr·.!St!nt ~o::iel giyes 

us for the muon diffusion coefficient 

0= 1 r p ( \) b2 + \) b2 + I I b'2 ) S 1 T gTT TT TT •gTO TO DO gTOVTO TO 

( 2 • 1 ) 

The geometrical factors g =4 4 1 8 4 4 
TT • go·o = .goo= • gro=2 • giro= • gar= • 

g~T=8 represent the number of crystallographically·equivalent sites that may be 

reached from a given interstice by the various types of jumps. In terms of the 

length a of the elementary cube edge the squares of the jump distances are given 
0 

2 _ 216 b2 _ 2 • 2 _ 2 2_ 2 2 2 
by bTT-a0 • 00 -a0 /4. boo:-a0 /2. bT0 -a0 /16. bfo=Sa 0 /16. 

Since there are twice as many T sites as 0 sites, in thermal equilibrium we haYe 

2peq = eq ( ~H) 
0 PT exp - kT ' (2.2) 

where ~H 1s the difference in the enthalpy of a muon at· ~n 0 site and at a T site. 

Together with 

( 2. 2) gives us 

2 

~H • 2+exp(- -J 
kT 

= 

= 

AH 
exp(- ""kl) 

AH 
2+exp(- ~) 

where kT denotes Boltzmann's constant times the absolute temperature. 

(2.3) 

(2.4) 

Inserting the geometrical factors given above into (2.1) results in the follo-

wing expression for the muon diffusion coefficient: 

2 
a 

0 : ~ i ( 1 \) 1 \) 5 t ) eq + (V + 4 \)I 1 \) 5 \)I ) eqJ 
c l. 7 TT + B TO + 4 VTO Pr .oo 00 + '2f' OT + '2' OT Po ' (2. 5) 

For later use we shall distinguish not only T and 0 sites but also the three 

different tetragonality axes. We denote the T sites with axes parallel to ~co] 
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[01~ • or ~ofl by subscripts 1,2.3. and the corresponding 0 sites by subscripts 

4,5.6. We may then write for the time variation of the occupation probabilities 

of these sites 
6 

oPj/ ot =k~1 (wkjpk- wjkpj) • j =1 •••• 6 (2.6) 

The transition rates wjk are related to the jump frequencies introduced above 

according to 

w12 = w21 w23 = w32 = w31 = w13 = 2 VTT 

w45 = w54 = w56 = w65 = w64 = w46 = 2 voo + 4 I 
voo. 

w14 = w25 = w36 = 4 v~0 
(2. 7) 

w41 = w52 = w63 = 8 
, 

VOT 

w1s = w16 = w24 = w = w34 = w35 vTO 26 

w51 WS1 =· w42 = w62 = w43 = WS3 = 2 "or 

Under conditions of thermal equilibrium the left-hand sides of (2.6) vanish 

(detailed balancing), giving us 

6 
l: 

eq - w Peq) 0 (wkjpk = 
k=1 jk j 

j =1 ••••• 6 (2.8) 

where 
eq Peq= Peq= 1 eq p = 3 Pr 1 2 3 

(2.9a) 

and 

Peq= Peq= p~q= 1 eq 
4 5 3 Po (2.9b) 

From (2.6) and (2.9) it follows 

(2 w15 + 
eq 

.. (2 WS1 
eq 

w14)pT +w41 1Po (2 .1 Oa) 

or, with ( 2. 4 ) and (2.7), 

(VTO + 2 "ro) = c"or • 2 "or~exp£- ~~ l (2.10b) 
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We find finally for the diffusion coefficient 

I 

VoT eq} 
+ V +2V' )] PT 

OT OT 

Well known special cases of (2.11) are 
2 

.a 
0 

D= 12 VTT 

(AH>O (T sites energetically favoured). AH > >k T (low temperatures i) 

and 

D= 

2 
a 

0 

6 

(t.H<O (0 sites energetically favoured) .IAH\>>kT] • 

In the high-temperature limit clt.HI<<kTl we have p;q= 2/3, p~q= 1/3, 

hence 

§ 3._ The Magnetic Fields 

3.1 Classification and definitions. 

(2.11) 

(2.12a) 

( 2 .12b) 

(2.13) 

Muon diffusion and the magnetic fields at the interstices determine together 

the "magnetic history" of positive muons in metals (in which so far there is no 

evidence for muonium formation). In ferromagnetic metals we may distinguish three 

different classes of magnetic fields acting on the muon magnetic moments, viz., 

(i) macroscopic fields which may be considered constant on an atomic scale, 

(ii) fields which are different for different types of interstices (e.g. 

tetrahedral or octahedral) but Jndependent of the crystallographic orientation 

of interstices of lower than cubic point symmetry, 

(iii) fields which depend not only on the type of the interstices but, in 

the case of point symmetry lower than cubic, also on their crystallographic 

orientation. 
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Class (i) comp_rises the applied field 8 1 , the demagnetizing field 8 , and -app ~demag 

the Lorentz field ~LORENTZ" The demagn.etizing field' is determined by the magnetiza-

tion of the sample, M , and the demagnetization tensor N_ according to ..... sample 

8 --N•lJ M (3.1) 
-demag = o -sample 

where lJ is the permeability of the vacuum. If the applied field is ~omogeneous 
0 

and the sample is of ellipsoidal shape, 8~ is uniform in the sample. --uemag 

The Lor~ntz field is the field created by the electronic magnetic mocents at 

the atomic sites lying outside the so-called Lorentz sphere (a sphere around the 

muon location with radius large compared with the interatomic distance but small 

compared with the size of the ferromagnetic domains). The Lorentz field is given 

by 
lJO .• 

~LORENTZ = -3- .t)domain (3.2) 

where Md . is the magnetization of the domain in which the Lorentz spher.e ,.., oma~n 

is located. Md i varies between the spontaneous magnetization M in the limit oma n sp 

of:a demagnetized sample (in the absence of hysteretic effects equivalent to 

8appl=O) and the saturation magnetization Msat in the limit of very large applied 

fields. 

The fields created by the magnetic moments of the electrons inside the 

Lorentz sphere contribute to the classes (ii) and (iii).. From a phenomenological 

point of view the averages of the fields associated with different crystallo-

graphic orientations of a given type of interstitial site give us the fields of 

class ( ii )
1 

whereas the deviations from these averages lead to the fields of 

cla.ss (iii). 

In cubic crystals the preceding phenomenological distinction between classes 

(ii) and (iii) practically coinci~es with the subdivision of the electronic magnetic 

moments into those of the conduction electrons, resulting in the Fermi contact inte!'" 

action at the muon location, and those of the core electrons, giving rise to 

magnetic dinole moments (and possibly higher moments as well) located at the atom 

sites. 
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According to our present knowledge, which is mainly based on neutron diffraction 

experiments (Shull 1968), the effective magnetic field describing the contact 

interaction, ~FERMI' is parallel or antiparallel to the direction of the 

magnetization and hence independent of the crystallographic orientation of 

interstitial sites of lower than cubic point synnnetry. It does vary, however, 

between different types of interstices, e.g. tetrahedral and octahedral inter-

stices. 

We denote by Bd. the magnetic fields at the muon sites created by the 
- 1p 

magnetic moments of the ion cores and by Bd. their vectorial average over the 
- 1p 

different crystallographic orientation of a given type of sites. It follows 

from magnetostatics that in cubic crystals Bd. = 0. This means that in cubic 1p 

crystals Bd. does not contribute to classes (i) or (ii). By contrast, in 
- 1p 

non-cubic crystals Bd. does in general give a contribution to the fields of 
- 1p 

class (ii). 

At any given moment the field ~bt) felt by a muon is given by 

B11 (t) = B 1 + Bd + BLORENTZ + BFERMI(t) + Bd. (t), 
-~ -app - emag - - - 1p 

(3. 3) 

where ~FERMI(t) and ~dip(t) refer to the site occupied by the muon at time t. 

If positive muons occupy only one type of interstitial sites and if they jump 

sufficiently rapidly between these sites, the spin precession frequency or the 

Zeeman frequency (depending on whether B is transverse or longitudinal to the 
-ll 

muon polarization P) is given by 

w = y B 
ll ll ll 

(3 .4) 

where 
~ll= ~appl + ~demag +~LORENTZ + ~FERMI + ~dip (3.5) 

If the muons occupy, say, two different types of interstitial sites and if the 

4 jumps between these sites are sufficiently fast, (3. ) has to be generalized to 

where 

B 
-ll 

w = y B 
ll ll 11 

(3.6) 

(3.7) 
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In (3. TI the two types of interstices are distinguished by the suf-

fixes T and 0 : furthermore, we have confined ourselves to cubic cry-

stals by putting .§dip =0. 

Of particular interest are cases in which all the fields in (3.5) 

or (3.7) are either parallel or antiparallel. Then these equations 

may be written as scalar equations with the following sign conventions: 

Fields parallel t~ the magnetization are counted as positive,antipp-

rallel fields are given a negative sign. With this convention B appl 

non-negative, BLORENTZ is positive, Bdemag is non-positive, whereas BFERMI 

may have either sign. In ideal crystals sign and magnitude of BFERI~ are kncwn 

from neutron diffraction experiments (Shull 1968). However, the presence of 

a positive muon in an interstice may modifY these values profoundly (Kanamori 

1981), so that BT and B~RMI must be considered as parameters to be de-
FERl'~ .,"" 

duced from experiment. 

3.2 The dipolar field. 

For reasons of symmetr~ at an interstitial site with tetragonal 

J.S 

point symmetry the dipolar field Bdi must be either parallel or anti,_ p 

paralleLto the magnetization J1. if this has the same direction as the 

tetragonal axis of the site. In this case ~e may w~ite 

Bd. """ ~p 

M ,...., 
M 

( 3 .3 ) 

an d c h a r a c t e r i z e t he d i p o 1 a r f i e 1 d by t he s c a 1 a r B1~ i P i I n c u b i c c r y s -

tals the dipolar fields at the interstices with tetragonal axes perpen-

dicular to M are given by 
,..j 

= -
1 
2 

( 3. 9) 

T 0 
In the f o 11 owing we s h a 11 denote 81~ i p by 8 diP or 8 dip for t e t r a he d r a 1 

or octahedral inbrstices,respectively. 
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The general ex~ression for ~dip reads 

8 -dip 
= 1 5 

;;J 

3£j (rj "llji )-(rj ·rj lllji - ~ - on ~ - .., on 
(3.10) 

where the sum extends over the magnetic dipole moments inside the Lorentz sphere 

d h j d h t. t f . th . an were ~ion enotes t e magne 1c momen o the~ 1on andzj the vectors from 

the interstitial site under consideration to the positions of the magnetic dipole 

moments. 

Since an interstitial muon displaces the neighbouring ions and 

since it also may affect the magnitude and directions of their magna-

tic moments. the precise value of ~dip must at present be treated as 

an adjustable parameter.Nevertheless, if the lattice distortion around a 

mudn does not destroy the tetragonal point symmetry of the interstices. 

u 
(3.8) and (3. :)) remain valid. An estimate of 8dip may be obtained by 

neglecting t~e distortion of the crystal by the muons and by attribu-

ting the entire magnetization to the magnetic moments of the ions. This 

gives us for bee structures (Kronmliller et al. 19.79) 

0 ].10 

8dip =21 .33 an- Mdomain I (3.11a) 

ll 
8 T =6 --2 M' 

dip aw domain 
(3.11b) 

I 

For use in §4.we introduce the distinction between the'magnetic' 

(xi=x,y,z) Cartesian coorjinate system and the crystallographic (xi=x',y',z') coordi

nate system. In cubic crystals the (~~)-axes coincide with the cubic 

axes~) The z axis is chosen parallel to 8 • the x axis parallel to the 
-ll 

direction of the transver~e component of the initial muon polarization 

P(O). ( If the initial polarization does not possess a component transverse ,..., 

to 8 • the 
...... ll 

choice of the X and y axes_ is immaterial J Eqs. l3.8,9) may be 

generalized to the case of any arbitrary direction of M as follows. -
*) . The reader w1ll note that this notation differs slightly from that used in § 1. 
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If S
1

• S2 • s
3 

are the direction cosines of~ with respect to the cu

bic axes and if n labels the symmetry of the 4-fold tetragonal axes of 

the interstices (see §2). then in the {~j_l~system a'( n) is given by .. dip 

8' (X' ) 
all 

= ~ c- 2. B 1 • s2. S 3 l ,..dip 2 

a' ( y' ) 
all 

= ~ CS
1

.-2S2 • S 3 J (3.12) 
-dip 2 

a' ( z' ) 
att 

= ~ C B 1 , s
2
.-2s

3
1 

-dip 2 

The components of the dipole fields in the 'magnetic' coordinate sys-

tern may be follild by the usual transformation involving the nine direction 

cosines a between the 'magnetic' qp 

( p = x ' , y ' , z ' ) axes : 

a (n l 
dip,q r 

p=1 
a qp 

6' (n l 
dip,p 

(q=x,y,z) and the cubic 

(3.13) 

By their nature, ~FERMI and the fields belonging to category (i) are already 

expressed in the 'magnetic' reference systeM. 

From the preceding results it follows that in a bee lattice with muons occ~py

ing tetrahedral and/or octahedral interstices and a general direction of ~· Edip 

contributes to both the longitudinal and the transverse muon spin relaxation but 

not to the spin precession frequency, whereas ~FERMI contributes to the transverse 

· frequency but not to the longitudinal spin spin relaxation and to the precess~on 

relaxation (for details see § 4.2). 

§4. Relaxation and Correlation Functions 

4.1 General theory 

As mentioned in § 1. in calculating the spin relaxation of positive muons 

in ferromagnets we consider only the interaction of the muon magnetic moment with 

the magnetic fields of electronic origin. In the 'magnetic' coordinate system in-

traduced in § 3 we may write the muon spin Ha~iltonian as 

"" H(t)= H
0 

+ H(t) • (4 .1) 
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where 

~ -
H

0 
= -ny B I 

1.J 1.J z 
(4.2 

BCtl=-n r r 8 ctJ ·I 
1.J q q q 

(4.3 

In (4.2) the I represent the components of the muon spin operator and~ denotes.as 
q 

usual. Planck's constant divided bV 2n. In (4.2,3) the magnetic field felt by 

by the muons B ( t), has been subdivided according to ( 1. 3) into the time-dependent part 
\l 

B( t) and the time-independent average value ]'~~- t ). In the following we shall 

assume that the magnetic moments of the muons interact with Bu(t) only while the ~uons 
are situated an a cuoic crystal on at most two difterent types of sites \in ~ 3 

cie:1oted by T a..."ld 0). Then B ~s given by ( 3.:1-) • 
.... Jl 

\ .,. 
The field~~) reflects the 'magnetic history' of positive muons thermalized 

at time t=O and is responsible for the relaxation of the muon ~pin polarization. 

The time scale of this "magnetic history" may be characterized by a 'correlation time' 

T • which is a measure of the time required for a diffusi~g muon to feel a magne
c 

tic field ~Jl ( ·\:)substantially different from ~f(O). Unless the muons jump only be-

tween sites at which the local magnetic fields are the same. T is of the prder 
c 

of magnitude of the mean time of residence at a site. We are primanly interested 

in situations where.T <<T • In such situations the appropriate mathematical tool 
c 1.J 

for calculating the spin relaxation is the density matrix formalism.a perturbation 

theory approach valid for times t>T well known from NMR theory (Slichter 1980. 
c 

Wolf 1979). 

By a generalization of the procedure described in detail-by Slichter (1980) 

one obtains for the transverse oolarization 

Px(t) = Px(O) R2(~ cosfwl.Jt+ nctD (4.4a) 

where the transverse relaxation function is given by 

R2 Ct) =exp{-/t(t-t•)fG (t')+G (t')cos(w t'l]dt'}. 
0 l' ZZ XX ~ 

(4.4b) 

and where. 

OCt) .. /t(t-t'lG Ct')sinCw t')dt'. 
0 XX 1.J 

(4.4c) 
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(Note that due to the choice of the (x,y.~ coordinate system at the end of§ 3 

we have P (0) =0.) 
y 

The time variation of the longitudin~l polarization may be written as 

P ( t) = P ( 0) R
1 

( t l z z 
(4.5a) 

with the longitudinal relaxation function 

R (t) = exp{-/t(t-t'l(-G (t')+G (t•Jl}cos(w t')dt' 
1 0 XX YY :.J lJ 

(4. Sb) 

In the preceding equations the quanti ties G denote the correlation fun·ctions of tr.e . qq -time-dependent part B (t) of the magnetic field felt by the diffusing muons. They are de-
v-

fined as , 

G = y 2 <B (0) ·B (t)> qq p q q (q=x,y,z) 1 
(4.6) 

where the averaging (< >) is over an ensemble of thermalized muons. The frequency· 

w appearing in (4.4) and (4.5) is given by (3.6) and denotes the muon spin precession 
ll 

frequency in the ~ase G ~0. We see from (4.4c) that for sufficiently strong relaxa
xx 

tion the spin precession frequency may differ from w ; details will be discussed below. 
ll 

Baryshevskii and Kuten' (1976), who were apparently the first to state (4.4,5) 1 

emphasized thatpdue to the finite lifetime of the muons, in the case of strong re

laxation the muon spin relaxation rates are often determined at times t after the 

thermalization of the muons that are comparable with or less than one order of magni-

tude larger than T • In such cases it is not permissible to extend the upper limit of c 

integration in (4.4) and (4.5) to infinity, as is usu~lly done in NMR theory. If we do 

go to the limit t-+,..., the familiar results of the Bloch-Wangsness-Redfield theory [for 

references see Wolf (1979)] are obtained, namely 

d ln R1.(t) ~ 
r- (w 'f ) ~- = /(G (t')+G (t'l]cos(w t'ldt' 

1 lJ C dt 0 XX YY lJ 

for the longitudinal relaxation rate~ and 

d ln R
2

Ct) 
r2(WlJ'fC) ~ - -----

dt 
= j [G (t'l+G (t') cos(w t'Jdt' 

0 ZZ XX lJ 

(4.7a) 

(4.7b) 
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for· the transverse relaxation rate. Iri ( 4. 7) T denotes. the correc 

lation time introduced above; it determines the time scale 

of the correlation functions (4.6). 

4.2 Calculation of the correlation fu~ctions 

Since in the present model the field !\.l(t}felt by a muon ~s completely deter 

mined by the interstice it occupies at time t, the calculation of the correlation 

function (4.6) may be reduced to the solution of the 'master equation' (2.6) for 

i the occupancy of the various interstitial sites. Let us denote by pj(t) the pro-

bability that a muon occupies at time t the site j under the condition that it was 

-at site i at time t=O. and let us furthermore denote the q component of ~ at site j 

.... j 
by B • We may then define the 'partial' correlation functions 

q 

(q=x.y.z) (4.8) 

The functions i 
under the initial condition pj(O)= 6 .. 

~J 

(i.j=1 •••• 6) and are given in the·Appendix.From (4.8) the correlation functions (4.6) 

are obtained by taking the average over the initial distribution of the thermalized 

muons. to wit 

G (t) = ~ Gi peq 
qq i=1 qq i 

(4. 9) 

~ I 

Solving( 1.3) for B(t) by means of (3.3) and (3.7) gives us 
~ 

!'(t) = ~di~t}+ ~ERMt#- (p~q .§~ERMI + p~q ,§~ERMI) ) (4 "101 

where ~dip(t) and ~FERMI(t) refer to the site occupied at time t. 

If we insert (4.10) and (A.8) into (4.8), we see that the correlation functions 

.1_4.9) have the form 
3 

G (t) = t Ap exp(-t/T ) 
qq p=1 q .. p I 

(4.11) 

with Tp given by 

1"1 =(u-v)-1 (4.11al 

1"3 • (2w15 + (4.11b) 

In (4.11a) the quantities u and v are combinations of the w
1
j•s: their expressions 
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may be found in the Appendix. The coefficients Ap are 

q 
given by 

2F 
AP = yll q {peq [v- (-l)p ( 3 2 )] (BT ) 2 

q T u - w12 - wl5 - wl4 dip + 
4v 

" 
+ eq r p ] 0 2 

Po "- v - (- I ) ( u - Jw 4 5 - 2 w 5 I - w 4 I ) ( B dip ) 

- (-l)p [peq (w - w ) 
T 14 15 

p=1,2; q=x,y,z (4.12a) 

with the orientation factors 

I 3 
[38 2 2 3 

F 2 E 0. - Br 0. E Bso.qs] q=x,y,z q 
r=l r qr qr s= I 

(4.12b) 

and 

A3 0 (4.12c) 
x,y 

A3 2 eq eq 'T' 0 2 
yll Pr Po (BFERrn - BFERrU) z 

(4.12d) 

Making use of B = o. 3 and the orthonormality relationships bet
r r 

ween the 0. we may simplify (4. 12b) to qr 

3 3 2 o.Z F = 2 L. o.Jr q=x,y q 
r=1 qr 

1 3 4 1 3 2 2 F 2 (3 E o. - 1 ) = 2 E o.3r(Jo.3r - 1 ) z r= 1 3r r=J 

From (4.13) we see that 

F + F + F = 
X y . Z 

and, with (4.12a,c,d, ), that 

p=1,2,31 

where AP is independent of the orientation of B (comp. 4.27). 
"'ll 

(4.13a) 

(4.13b) 

(4.14a) 

(4.14b) 
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We note further that for~~ parallel to <100> we have 

F = F = 0 F = 1, and forB· parallel to <Ill> we have 
X y ' Z ~~ 

Fx = Fy = J/2, Fz = 0. 

4.3 Calculation of the relaxation runctions 

Insertion of (4.10) into (4.6), (4.4)1 and (4.5) gives us 

2 
2 T 2 2 

ln R 1(t)=-r1t+ 1: (A~+AP) ~ 
2 2

){(1-·w-r )[exp(-t/T)cos(u.ll-lt)-1] 
p = I y ( I + 't Tp ) p p 

with 

~ = l 
p=l 

(4.1Sa) 

(4.15b) 

2 2 ( I -w T ) • 
p 

• [exp(-t/ T )cos(w t)-1] - 2w T exp(-t/ T )siniu ~} (4. 16a) 
p lJ ~ p p ·'IJ 

with 

and 
2 

st( t) = .6wt- o + E 

with 

p=l 

·exp(-t/1' ) 
p 

2 

(4.16b) 

2 
T 

Ap. P [(l-w2 i)sin(w t)+2w T cos(w t)]. 
x 0 + w2 i ) 2 lJ P 1-1 lJ P 1-1 

2 
W T 

}.1 p 

lJ p 

(4. 17a) 

t..w = 1: AP 
p=l X l+w~~ 

( 4 . 1 7b ) 



and. 

2 
0 = I: 

p=l 
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(4.17c) 

The present approach g1ves reliable results only for t>T (comp. § 4.1). We may 
c 

thus neglect the terms containing exp(-t/T ); they may be used to estimate the range 
p 

of applicability of the final equations. 

The final 

Q( t) 
2 

= llwt- o = L 
p=l 

( 4. 18a), 

( 4. 18b) 

( 4. 18c ) 

We see that the generalization of the Bloch-Wangsness-Redfield theoryto a. finite 

upper limit in the t' integration gives the same time dependence as the 'classical' 

theory (in the present case characterized by time-independent relaxation rates 

r
1 

and r~)plus additional terms which simulate a 'fast' relaxation process and which 

become the more important the larger t/T , 1n accordance with our expectations. In 
p 

addition there may be a change in the spin precession frequency and in the precession 

phase, but only if the correlation function G does not vanish identically. 
XX 

4.4 Dependence on the crystallographic direction of j 
lJ 

Since A 
3 

is independent of the orientation of B and A 3::o, the entire orientation de-
z '"11 x1y 

pendence may be expressed in terms of two functions only. For these we choose 

F_F +F =1- F 
X y Z 

(4. 19a) 
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which ~s independent of the direction of the muon polarization, and F x' 
:a 

which depends on the directions of both B and .f(O). If we .denote the 
. "'~ -

·= c!"';stallographic direction of B by a superscript, we have 
-~ 

r <e> r<ttt> 
I o: F I 

/ 

(8) 2 F Aw<lll>. !::.w = u 
X • 

(4.20) 

(4.21) 

(4.22) 

The orie:1tation d.ependenc-= ( 4. 20-22) is characteristic for the tetragonal 

sy~~etry of the muon sites. Eq.(4.20) has been used by Yagi at al. (1981) to 

test ::-..is feat:rre of the ::~odel on a-Fe. Eq. (4.22) may also be used for this 

P'-'-!"?Ose. In measurements on a given specir:len, with the help of (4.21) we :;,ay 

investigate wether r2 contains appreciable contributions from ::~uon trappi:lg 

(see § 1). If this ~s not the case we rr.ay determine the tern A; T 3 :~1·c::;. t::~ 

relationship 

r<ttt > = 
2 I 

(4. 23). 

to which (4.21) reduces in the special case of 8=<111>.As will1)e discussed in 

more detail in § 5. 1
1 
the term A~:: t:"

3 
contains only muon jump frequencies per

taining to the exchange between sites with different Fermi fields. Its experi-

mental determination ~s therefore particularly important for studying this aspect 

of the model. 

' With the information given at the end of §4.2 we obtain easily the longi-

:I 
tudinal and transverse relaxation rates forB parallel to <100> and <111> 

"'~ 

t: ror r~ 111 
> see (4. 23) J: 

r<wo> = o 
) 

1 

r<1oo> 
2 

(4.24) 

(4.25) 



r<111> = 
1 

1 
A T1 

2 2 
1 + WJ.l T l 
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+ 

- (-1)p~LPeq(··r -T'l.. )+peq(,., _.,. )]23'1 B0 p=1,2 • 
T ''14 'J.5 0 "'41 ''51 dip dip' 

( 4. 26) 

(:L27 a) 

( 4. 27 b) 

':'he preceli::g results exhibit indeed the features derived by physical argu-

ments in §1. For w T << 1 the following ·relatioas:lip holds in addition to ( 4. 23): 
J.l p 

r <1oo> __ r<111> + p,3 + o( .... ) 
2 1 ·z T 3 wJ.l. c (4.28) 

< 111> The comparison of the r 
1 

measurements of Ya g al. (1981) with the 

r
<100> 
2 data of Graf at al. (1980) indicate the existence of a finite contri-

3 bution A ~~ between about 8 K and 35 K. This observation supports the interz .J 

pretation of Yag{ et al. ( 1981), according to which in this ten:.perature inter

val P~q increases from very small values to 1/3. 



1298 

5. Discussion 

5.1 Critique of the model 

Within the framework of the generalized Bloch-Wangsness-Redfield theory 

the present paper gives an exact solution of a well-defined and fairly elaborate 

model for the behaviour of positive muons and muon spins in ferromagnetic metals. 

We list here the principal assumptions of this model and discuss their merits 

and limitations. 

(i) Positive muons .injected into metals are thermalized in times extremely 

+-short compared with their lifetime and do not form muonium Mu =(~e). 

The evidence on both items comes entirely from negative results. (a) So far it 

has not been possible to detect in metals any effects of non-thermalization of 

+ 
~ • This is not surprising, since from theory and available evidence on 

positrons the thermalization time is expected to be of the order of magnitude 

of l0-12s or smaller, at least at temperatures not lower than liquid-helium 

temperatures. (b) In metals there is no evidence for a fast polarization 

process that might be due to Mu formation. 
- +-- -

Formation of Mu =(~ e e ) cannot 

be excluded on the basis of the existing experiments but would leave the conclu-

sions of the present paper unchanged. 

(ii) The ~+ or (Mu-) are located in well-defined interstices of the host 

structures and are able to move between these by jumps characterized by 

(temperature-dependent) jump frequencies. This assumption excludes the possi-

bility that muons are in so-called tunnelling states (analogous to the band-

states familiar from the one-electron theory of crystals) and move by coherent 

tunnelling (i.e., with no change of the phonon occupation numbers other than 

those associated with the translational motion). The present theory covers 

both 'classical' motion (i.e., jumps of the diffusion particle over the 

potential barriers in the theory of "small-polaron" motion known as 'hopping' 

or phonon-assisted tunnelling (Holstein 1959,a,b, Flynn and Stoneham 1970, 

Kagan and Klinger 1974, Teichler and Seeger 1981.) 
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The theory of muon spin relaxation in a-iron associated with coherent tunnellir 

has been. treated by Fuji (1979· ). Whether in a-iron coherent tunnelling has been 

seen experimentally is controversal. While Grynspan et al. (1979) and Graf et al. 

(1980) attribute (different) features of their measurements of the transverse spin 

relaxation rate in a-Fe to coherent tunnelling, on the basis of measurements of the 

longitudinal spin relaxation Yagi et al. (1981) maintain that down to liquid-helium 

temperatures there is no evidence for coherent ~+tunnelling in this metal. It is 

one of the main purposes of the present paper to work out the theory of muon spin 

+ relaxation in a-Fe in such details that the hypothesis of ~ diffusion by hopping 

can be critically tested. 

(iii) The ti~~- of residence of the muons at the interstices is assumed to be 

so long compared with the time it takes them to carry out a jump that the only ma-

gnetic fields that have to be taken into account are those at the interstitial sites, 

if necessary suitably averaged to allow for the finite extension of the muon wave-

function at the interstices. 

As long as the muons move by 'hopping', the preceding assumption 1s the better 

fulfilled the lower the temperature, s1nce the time of residence increases with de-

creasing temperature. In cr.Feit may become doubtful as the Curie temperature 1s ap-
. 

preached. However, at these temperatures the muon spin relaxation rate in perfect 

crystals (with which the present paper is concerned) will be so small that J.t' cannot 

be detected with the available experimental techniques. 

(iv) It is assumed that apart from the applied field the magnetic fields inter-

acting with the muon magnetic moments are entirely of electronic origin. 

In Fe, Ni and Gd the abundance of nuclides with non-vanishing spin 1s so small 

that this assumption is justified. By contrast 59co, which pussesses a fairly high 

nuclear magnetic moment, has an abundance of JOO%. In Co the dipole--dipole interaction 

between nuclear magnetic moments and muon moments may inde~d give the main contributwn 

to the transverse relaxation rate at iow temperatures. Since on account of the high 

hyperfine field at the nuclear sites the precession frequency of the nuclear sp1ns 
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exceeds that of the muons, the nuclear contribution to the muon spin relaxation 

rate of ferromagnetic cobalt requires a special treatment which goes beyond the 

scope of this paper (Seeger 1978). 

(v) That part of the magnetic field acting on the muon magnetic moments 

that depends on the type of interstices occupied by the muons is assumed to 

consist of two contributions, viz. the Fermi field ~FERMI due to the hyperfine 

interaction with the spin-polarized conduction electrons, and the dipolar field 

Bd. coming from the magnetic moments of the d- (or f-) electrons. Contributions 
- 1p 

from higher multipoles located at the atomic sites are neglected compared with 

the two contributions just mentioned, an assumption which is certainly well 

justified. It follows from magnetostatics that Bd. =0 at interstices of cubic 
- 1p 

symmetry (Lorentz 1909) and that at interstices of lower-than-cubic symmetry in 

cubic crystals ad. =o, where Bdi denotes the average over crystallographically 
. - 1p -· p 

equivalent sites (e.g., in bee structures over the three possible orientations 

of the tetragonal axes of octahedral or tetrahedral interstices). 

As already mentioned (§3), the usual assumption has been made that ~FERMI 

is either parallel or antiparallel to the magnetization, i.e., that it does not 

show the phenomenon of crystal anisotropy. This has the consequence that in 

the case of hopping between interstices with different Fermi fields (e.g., 

octahedral and tetrahedral interstices) ~FERMI will contribute to the transverse 

but not to the longitudinal relaxation. Under suitable conditions this assumption 

may be tested experimentally by comparing transverse and longitudinal relaxation 

rates at different crystallographic orientations of the magnetization. 

BFERMI and Bdip have to be treated as adjustable parameters. Estimates 

may be obtained in the case of BFERMI from electron theory (Katayama 1979, 

Kanamori 1981), in the case of Bd. from magnetostatics with the help of the 
1p 

assumption that the presence of a muon changes Bd. only little. 
- 1p 
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The model employed in the present paper is designed to be rather general 

and to cover a wide variety of physical situations. A number of simple 

predictions of the model have already been discussed qualitatively in §1. For 

a quantitative comparison with experiment and accurate determination of the 

parameters of the model explicit expressions for special cases of practical 

importance are required. The most important of these will be treated in § 5.2. 

§ 5.3 will be devoted to specific problems connected with the measurement 

and the analysis of the muon spin precession frequency. 

5.2 Special cases. 

(i) Vanishing dipolar fields. If Bd. = 0, the only non-vanishing Ap is 
- 1p q 

3 
A . This means that the longitudinal relaxation rate is zero and that in 

z 

the approximation (4.18b) the transverse relaxation function becomes 

3 
where Az and T

3 
are given by (4.12d) and A. lOb). We see that a finite 

1 · · · b 1 1 · f · h eq eq · · · 1· f re axat1on rate 1s poss1 e on y 1 ne1t er pT .nor p
0 

1s un1ty, 1.e. 

in thermal equilibrium the muons occupy more than one type of sites. 

As already remarked in §1, the theory of muon spin relaxation 

developed in this paper includes as a special case fcc metals in which the 

muons occupy octahedral and/or tetrahedral interstices. Since in fcc 

structures both types of interstices have cubic point symmetry, the dipolar 

fields Bd. are zero. In perfect fcc crystals muon spin relaxation can 
- 1p 

therefore only be obtained if jumps between 0 and T sites do occur and if 

the Fermi fields at the two sites are different. In bee metals the term 

3 . <111> 
Az 'T3 may be determined experimentally from a compar1SOn of rl and 

<111> r
2 

according to (4.23) and analyzed in a manner similar to that 

described presently. 

In the following we treat a simple model in which the diffusion of 

muons in fcc metals takes place between nearest-neighbour interstices in 

D-T-D-T-0 sequences. The relationships between the equilibrium occupation 
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probabilities p~q and p~q , the transition rates wjk' 

and the enthalpy difference AH be tween muons in 0 and 

the jump frequencies v
1

or 
1 

tS' 

T interstices d.eri ved ln 

§ 2 remain valid if' we put all jump frequencies equal to zero with the 

e~ception of v~T and v~0 and if we attribute these to jumps between ad

jacent interstices. The expression for the muon diffusion coefficient D 

ln terms of these quantities changes, however. It is now given by 

D 

2 
a o eq 1 

{ 2 Po VOT 
8 

+ eq 1 } 
PT VTO = 

2 
a 

0 

4 2exp ~H/kT) + I 
(5.2) 

where ~ve have made use of (2.4) and (2.10b). l-Ie have written the right-

hand side of (5.2) in a way that ~s convenient for the case 6H < 0 

(octahedral sites energeticall;r · favoured over tetrahedral sites). 

As will be discussed presently, in Ni the relaxation process that might 

be attributed to 0-T-0 jumps becomes strongly terrpe·rature dependent only 

above the Debye temperature. This suggests that we may write 

I 
(5. 3) 

where we have assumed that .6.H < 0 and where H10 is the effective barrier 

for jumps from T to 0 sites. The frequency v0 denoues an effective pre-expo

nential factor that may be weakly temperature dependent (e.g.,·~ T-l/2 ). 

Insertion of (5.3) into (4.11b) and (5.1,2) gives us for the muon diffusion 

coefficient 
2 a exp[ (.6.H - HT0 )/kT] 

o = ....E.v0
------------

4 2exp(.6.H/kT) + I 

and for the transverse relaxation function 

- BO 2 exp [(.6.H+HTO/kT] 

FERMI) flexp (.6.H/kT) + 0 3 

(5 .4) 

t5.5) 
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For j6Hj >> kT (low temperatures) Eqs.(5.4) and (5.5) reduce to 

D 

and 

ln 

for j6Hj << kT (high temperatures) to 

and 

D = 

ln R (t) = 
2 

12 

2 
y].l 

(5.6) 

(5. 7) 

(5. 8) 

It is remarkable that in both regimes the same laws hold for the temperature 

dependences, though with different pre-exponential· factors. 

Let us compare the preceding results with the experimental data on Ni 

(Denison et al. 1979). Up to about 350 K the transverse relaxation rater 2 

is approximately temperature independent and has a value of about 0.8· 106s. 

At higher temperatures r 2 drops rapidly with increasir1:g temperatures. The 

low-temperature value is usually attributed to imperfections, the drop at 

higher temperatures to motional narrowing (Denison et al. 1979). However, 

1n pure Ni the low-temperature relaxation rate and the temperature. interval 

of the drop appear to be fairly reproducible, so that an explanation in 

terms of intrinsic properties is more iikely. In the following we shall 

inve.stigate the question whether the relaxation rate of ferromagnetic Ni 

+ may be understood by assuming that at low temperatures ].1 occupy preferen-

tially 0 sites*), whereas at high temperatures we have ~q=p~q/2=1/3. 

*)r · ·1 ·f· d h · · t 1s eas1 y ver1 1e t at the oppos1te assumpt1on cannot e:l\-plain the 

available data. 
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In order to account for the approximate temperature independence 

· T 0 2 o-~ 
of r 2 belm11 350 K, we have to assume that (BFERMI - BFERMI) exp[ (L',H+HTJ!kT ]lv ) 

is virtuall:;• temperature independent. This is feasible if L',H :::: - H 
TO 

and if the terr.perature dependences of the three factors just mentioned are 

such that they compensate each other approximately, at least over the tempera-

ture range over which (5.7) may be expected to hold. For the purpose of ob-

taining an order-of-magnitude estimate of l',H we make the stronger assumption 

that each of the three factors is separately temperature independent. \.Je 

obtain then for the temperature dependence of the relaxation time 

x 10-6 s- 1 
0.8I . 3 

[ 2 exp (6H/kT) +- I ] • (5. 10) 

If the r 2 values observed close to the Curie point are attributed to ln

homogeneities and thus disregarded, (5.9) gives satisfactory fits to the 

data of Denison et al. (1979) for- L',H of about 0.07 eV to 0.09 eV. Since 

the non-exponential factors in (5.5) and (5.7) are likely to have a posi-

tive temperature dependence, the lower value for JL'.H j might be more appropriate. 

If we adopt l',H = - 0.07 eV, p;q varies bet\11een 0.05 at 220 K and 0:35 

at the Curie temperature of 63I K. The lm11-temperature contact field in Ni 

is BFERNI =-0.07 T and s!1ould, according to present interpretation, be 

identified \11ith B~ER.'1I' When normalized at low temperatures, -BFERNI de

viates from M by about 10% over the temperature range in which r 2 drops. 
sp 

This deviation presumably constitutes an upper limit for the admixture of 

T 
BFERMI and suggests that at low temperatures I 0 T I -8FERNI - 8FERMI -

If we assume further [',H + H 
TO 

0, according to (5. 7) the experimental lm11-

o 7· -I temperature Value of r
2 

requires v = 4.5· IO s . This is a reasonable 

order of magnitude for phonon-assisted tunnelli!lg (hopping) bet\11een adjacent 

sites. The hypothesis that the transverse muon spin relaxation in Ni is due 
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to hopping between octahedral and tetrahedral interstices \vith different 

Fermi fields is thus in reasonable agreement with the experimental facts. 

The "Fermi-field" relaxation just discussed is an example of S(t) ,., 

parallel to ~r· As expected from the discussion in § I, in such a case it 

is not possible to determine the field factor (B~ERMI - BiERf<IT )
2 

::.::1 tt2 muon 

jump frequency separately from measurements of r
2

• However, as we :1av::; seen in 

§4
1 

the relaxation rate is completely described by r 
2 

only if the correlation 

time Tc = T
3 

is not too large. This condition will be violated at sufficient

ly low temperatures, and it should hence be possible to detect deviations 

from the exponential time dependence of the transverse relaxation fur.ction. 

If we extrapolate T
3 

to low temperature by means of (5.3), we estimate thatin Ni 

-6 
T 

3
.·-'10 s (where detectable ,deviations are e}..--pected) should be reached at 

about 170 K. 
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-
(ii) J3. lying in the (110) plane. This special case is parti-

cularly important for the comparison with experiments, since 

the (110) plane contains the three symmetry axes [001], [111], 

and [110]. If we denote the angle between~ and the [001] direc
-1-1 

tion by e, we obtain 

(5.11) 

F (S) depends on the direction of the initial muon polarization 
X 

P(O). If P(O) is parallel to [110] we have 
,.... fV 

F x ( e ) = ti s in 
2 e ) ( 5. 12 ) 

if it lies in the (110) plane we have 

• (5.13) 

It is a consequence of the definition ofF (Eq. 4.19) that ~5.12) 

and (5.13) add to give (5.11). The functions (5.11 -13) are shown 

in Fig. 3·. 

(iii) Only one type of interstitial sites involved. If the tempe

rature is lowered to va ,_ues T<< I6H I /k1 onJ:y one type of in terst:litial 

sites is occupied. Unless the exceptional situation discussed in 

Sect. 5.1 obtains, we may disregard all jump frequencies with the 

exception of w12 in the case of 6H>O (T sites energetically 

favoured) or of w45 in the case· 6H<O (0 sites energetically favoured). 

-1 -1 In the first case we have u=v=3 w12 12, hence T 1 = 0, T 2 = 3w 12 , 

-1 -1 -1 . 
T

3 
=0, in the second case u=v=3 w4512, hence T 1 =0, T2 =3 w

45
, 

-1 
T 

3 
=0. 
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If we denote by Tc that one of the T that remains finite, 
p 

we obtain 

r<100> 
2 

r<111> 
1 

= 1 ( y Bf/ )2 
2 J.l dip Tc ( 5. 14) 

( 5. 15) 

( 5. 16) 

E~. (5.14,15) agree with the results reported earlier (Seeger 

<111>. 1978). As we expect from the discussion in § 1, r 2 lS propor-

tional to the product (Bfl. ) 2 T , so that the determination of Tc 
dlp c 

f r <111> n c . rom 2 requires a knowledge of Bdip" onsldered as a func-

tion of T 
c (5.15) shows a maximum at w T = 1. The reiaxation 

].1 c 

rate at this maximum is given by r<1 111 >= (y Bld~. ) 2 T /4, so that 
J.l lP c 

[.1 2 
with a knwowledge of w we may determine (Bd'. ) and T separately. 

].1 lp c 

In the absence of muons we have (Bd0 . /BTd .. ) 2 = 12.74. This lP lp 
0 2 suggests that in the presence of muons the ratio of (Bd. ) to lp 

(B~. ) 2 is large, too, and that from experimental determination of alp 

(Bdil. )
2 

at low temperatures we may find out wheter tetrahedral or lp 

octahedral interstices are preferentially occupied. 

There is an alternative way of the determining w T and 
].1 c 

(BI/ 2 
dip) 

separ~tely. Dividing (5.16) by (5.15) gives us 

~w<111>;r<111>= 
1 W]JTC (5.17) 

Compared with the determination of w T from (5.15) the determi-
. ].1 c 

nation from (5.17) has the atiractive feature that it can also 

be used if w T cannot be made comparable with or larger than 
].1 c 
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unity , e.g. because sufficiently large magnetic fields are not 

available. In such cases particularly accurate determination~of 

the muon spin precession frequency are required. A way of 

• A< 111> • h h • h • • • 1 • • •. § 5 measurlng uw vnt lg preclS3lon Wl 1 be lndlcated ln . 3. 

(iv) Small precession frequencies and high temperatures. By small 

precession frequencies we mean that w T (p=1,2) may be neglect.c:d 
]J p 

compared \vith unity. In the high-temperature case we may in addi-_ 

tion put 

Peq = 2/3 Deq = 1/3 
T ' • 0 

(5.18-::.) 

and, on account of detailed balancing, 

(5.18b) 

or 

(5.18c) 

According to (4.21) and (4.28), for the calculation of 

the relaxation rates it suffices to consider A3-r and z 3 

From (4.27) and (A.10b) we obtain 

r<111> = 
1 

2 
y]J 

2 2 2 ( u -v ) 

with Cu2-v2 ) being given by (A.12). 

(5.19) 

We see that not even in the high-temperature case (5.18) is 

there a simple relationship between relaxation rates and muon 

diffusion coefficient (2.13) unless we make assumptions on the 
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relative magnitudes of the jump frequencies. A simple but never-

theless physically interesting assumption is that all jump 

frequencies may be disregarded compared with v0 T and vTO' i.e., 

that the muon migration proceeds entirely by 0-T-0 sequences. 

This gives us 

r<111> = 
1 

2 
yll f: eq lPo B - \:,; :"} l ..;. 

• 0 i.J •• 
0 '"'q l'n~') 
dlp · T <1lp, 

( 5. 21) 

If for comparison with the c.ases of octahedral or tetrahedral 

occupancy we assume (5.18a) 
-. -- 0 T 

to be val1d and Bd. /Bd. = -3.569 as - lp lp 

in an ideal crystal (Seeger 1978), we may write (5.21) ns 

2 

r
<111>_ yll 
1 - ().11i4 (5.22) 

Then a. = 1 for tetrahedral occupancy, a. =25. 4 for octahedral 

occupancy and a. = 30.9 for the 0-T-0 jump rr.echo.'1isrn 

leading to (5.21). The assumption on the order of magnitude of 

<111> 
the factor a. made in the interpretation of their r 1 measure-

ments by Yagi et al. (1981) is thus confirmed by the above es:imate. 

Under the same assumption as ~bove we obtain 

2 
= YJJ 

12 

or,with (5.18a) 
I 

(5.23) 

(5.24) 

S • . I T 0 I t I T I . . . 1nce 1n a.-Fe BFERMI-B FERivU does presumably no exceed Bdip s1gn1f1cantly1 

. - <100> <111> 
in the compar1son of high-temperature values of r2 and r1 [comp. (4.28)] 

we may neglect the A3T term , again in agreement with the discussion of 
z 3 

Y~gi et. al (lq81). 
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5.3 Accurate determination of the spin precession frequency. 

Accurate det~rminationsof the muon spin precession frequencies 

as well as of the transverse relaxation rate require that the 
-spatial variation of B in the sample is very small. This can alviays be 
"'-ll 

achieved in two limiting cases, namely that of (a) a fully de~ 

magnetized sample in zero applied field, and (b) in magnetically 

saturated specimens, i.e., in large applied fields. 

(a) He have Bappl = 0, Bdemag OJ hence 

l3 < o) = 
ll 

8 LORENTZ + 8 FERMI 

In the demagnetized state BLORENZ is given by Msp/3, 

Msp is the spontaneous magnetization. In a -Fe BFER:'.U 

(5.25) 

where 

(Gurevich et al.l976); its modulus is smaller than BLOREHTZ. 

Hence the Fermi field is given by 

From sufficiently accurate rr.easurements of the temperature de

pendence of M and of B11(0) in the demagnetized state one may sp ,.... 

therefore obtain information on the temperature dependence of 

p;q and p~q and thus on llH [ comp. ( 2. 3)] 

(5.19) 

(b) In a finite applied field a homogeneous Ttiagnetization 

can only be achieved in specim~ns of ellipsoidal shape. For 

simplicity we consider here specimens of spherical shape. If the 

in such applie.,d field is large enough to achieve saturation, 

specimens the demagnetizing and the Lorentz field cancel each· 

other, so that we have 
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Bll = B + B 
appl FERMI (5.20) 

As in case (a) one may deduce information on p~q and p~q from 

measurements of the temperature dependence of the precession fre-

quency. 

It follows from § 4 that _the muon spin precession frequency 

is given by B /y if B 1 is parallel to 
]J ,., app <100>, but that it 

differs from this value for any other direction of B 1 . The ,..,app 

max1mum deviation 3~w< 111 >/2 occurs if Bulies in the [1l0] 
ro~ r-

direction and if the initial muon polarization is parallel to 

the [001] direction. 

< 111> Particularly accurate determinations of ~w , as re-

quired for the experimental determination of w T discussed in 
]J c 

§ 5.2 (iii) or its generalization to more than one Tp' should 

be carried out at constant B in order to eliminate any possible 
-"]J 

systematic errors in the interpretation of the measurements, 

e.g. due to a possible dependence of BFERMI on the direction 

of magnetization. This can be done as follows. Apply a sufficient-

ly large external field in the [110] direction [8=n/2 in 

(5.12,13)] and rotate the crystal around this axis in such a 

way that the direction of the initial polarization P(O) changes . "" 
from the [001] to the [110] direction. According to (5.13) and 

(5.12) this is equivalent to going from Fx=(9/16) sin2 ~= 0 to 

F = 3/4, hence according to (4.22) ~wvaries from ~w = 0 to 
X 

A 3"W<111>/2. • . . • uw = u S1nce relat1ve changes of the spln precess1on 

frequency can be measured very precisely and since near [001] and 
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[110] the precession frequency is insensitive against small 

uncertainties in the crystallographic direction of P(O)*, 
IV 

~w< 111 > may be obtained with high o~currency. 

APPENDIX 

Solution of the Master Equation 

The system of equation (2.6) may be written as 

6 
dpj/dt =k~1 wkj Pk ' 

( j = 1 , ... , 6 ) (A. 1) 

where the non-diagonal elements of the 6x6 matrix w are given 
= 

by ( 2. 7) and the diagonal elements by 

w11 = w22 = w33 = -(2w12+2w15+w14) 

w44 = \'155 = w66 = - ( 2w 4 5 +2w 5 1 +w 41 ) 
(A.2) 

Since (A.1) is a linear differential equation with constant 

coefficients, barring certain degeneracies its general solution 

may be written as a linear combination of exponential functions 

exp(-tiTJ \·lith decay times -r pto be found by solving an eigenvalue 

problem. In the present case the solution of this problem is 

simplified considerably by the particular structure of ~' which 

reflects the fact that we are dealing with transitions within 

and be t~'leen t\·To groups of· sites with tetragonal symmetry. 

* If Y denotes the angle between P)O) and [001], the angular variation ,.., 
of ~w is given by F (~) = (3/4)sin2 ~. 

X 
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Nowick (1970) has shown that the matrix transformation 

* p 
::::: 

= f2p -= 
(A.3) 

transforms (A.1) into 

* * * dp /dt = w p (t) 
:s:l:' ::a 

with * + w = nwn == :.:==:::: ' 

' 
(A. 3a) 

(A. 3b) 

where n is the block matrix 

n 0 
n = ( =T 

n } = ' 0 =a 

(A.4a) 

with the 3 X 3 submatrices 

3 
-1/2 

3 
-1/2 

3 
-1/2 

S"2 2·6-1/2 -1/2 -1/2 
.:::T I 0 

-6 -6 

0 
-1/2 -1/2 

2 -2 
(A. 4b) 

According to (A. 3b) w* may now be written as a block matri:< 

To/'!* -
w* 
=3 

0 

0 

0 0 

w* 
=1 

0 

0 w* 
:::1 

with the 2 x 2 submatrices 

* w1 = 

\V* 
-=3 

w14-w15 

c2w +w I 15 14 

(2w +w ) 
15 14 

(A. 5) 

(A.6a) 

( 2w 51 +w 41) 

(A.6bl 

-(2w +w ) 
51 41 

The eigenvalues of w* are those of .the submatrke~A.6) and the solution 
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of (A.3a) becomes 

p*(t) = p*(O)exp(w*t) , (A.7) 

where exp(w*t) is a matrix function containing the eigenvalues 

of w* and p*(O) is the matrix of the initial values following 

from (A.3) and the initial conditions for the pj, viz. p~(O) = oij. 

Performing the inverse transformation of (A.3), p(t) = Q+p*(t), 

one obtains finally 

p1=p2=p3 =· (TI1-21T2)/3 
1 2 3 

p 4 =p25 =p 6 = 
1 3 

The functions 1T are.given by s 

1(1 = T3[(2w15+w41) + (2w15+w14)exp'(-t/T3)J 

(A. 8) 



7T2 = 

~4 = 

1315 

(A.9) 

The rr
8

. are obtained from the 7f
8
. by replacing w . . by w .. , with 

lJ J l 
the exception that w12 is to be replaced by w45 . The decay 

times Tp 

-1 
-r 

1
- = u-v -1 

-r 2 = u+v (A.10a) 

are the eigenvalues associated with (A.6a) and 

(A. 10b) 

is the nonvanishing eigenvalue associated with (A.6b). 

In (A.10a) the abbrevations 

(A.11a) 

4v2 = [3(w12-w45)+2(w15+w51) + (w14-w41)]2+ 4(wi4-w15)(w41-w51)J 

(A.11b) 

in (A.10b) detailed balancing (2.10d) have been used. 

For use in the main text we record 
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FIGURE CAPTIONS 

Fig. 1: Dipolar magnetic fields at tetrahedral interstices in a ferro

magnetic bee crystal. The cubic axes and the tetragonality axes 

of the interstices are numbered 1,2,3. 

Fig. 1a (top): Magnetic dipole moments of the ions,]J. , parallel 
"'lon 

to [100]. 

Fig. 1b (bottom): Magnetic dipole moments parallel to [111]. 

Fig.2: Frequencies of jumps between tetrahedral and/or octahedral 

interstices in a bee crystal. Regular lattice sites are re

presented by hatched circles, tetrahedral (T) interstices are 

numbered 1,2,3, octahedral interstices (0) 4,5,6. Examples 

of possible diffusion paths of interstitial positive muons 

are indicated by arrows together with the jump frequencies: 

VIJ" 

Fig.3: The functions Fx(8) = (3/4)sin
2
8, 

and F(8) = F (8)+F (8) characterizing 
X y 

. . 2 
F (8) = (9/16)sln 8, 

y 
the dependence of the 

relaxation rates and of the muon spin precession frequency 

the angle between the magnetic field BJ.l in a (110) plane 

the [001] direction in the case of an initial polarization 

P(O) parallel to [110]. 
-v 

on 

and 
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Fig. 1 
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w. J. Kossler and M. Numan 
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ABSTRACT 

Using zero- and longitudinal-field ~SR, the conventional 

interpretation of the "double-humped" behavior of the 

~+-depolarization rate in Nb has been established unambiguously. 

Thus the ~+ mobility is shown to increase monotonically with 

temperature. The widths of the magnetic field distributions (due 

to the Nb nuclear moments) and the rates for finding or escaping 

from traps have been measured at several temperatures. In 

addition, equations are presented which govern the time-evolution 

of the ~+ polarization, when the muons are finding traps, 

escaping from traps, or both, for zero, longitudinal, and 

transverse external magnetic fields. A method for including the 

effect of more than one kind of trap acting at a particular 

temperature is given. 
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I. INTRODUCTION 

Transverse field ~SR has been employed to measure the mobility of 

positive muons in a variety of materials. When the muon is stationary in a 

nonmagnetic metal, it is depolarized by the surrounding nuclear magnetic 

moments; when it is moving, the depolarization rate is reduced by motional 

narrowing.[!] Often it has been found that the depolarization rate is a 

complicated function of temperature, and that much of this structure is due 

to the effect of impurities and defects in the sample material which can 

trap muons in certain temperature ranges. An example of this behavior for 

impure Nb is shown schematically in Fig. 1.[2] 

The conventional interpretation of the behavior shown in Fig. 1 is 

that the muon's motion is thermally activated, and that at point 1 all the 

muons are weakly bound to a high-concentration trap, at point 2 many are 

escaping these traps because of thermal agitation (hence motional 

narrowing), at point 3 the muons are finding a lower concentration but 

deeper trap, at point 4 all muons are bound to these deeper traps, and at 

point 5 the muons are being activated out of these deeper traps. 

A drastically different interpretation has been offered for analogous 

behavior seen in Bi.[3] There it is suggested that muon mobility increases 

as the temperature decreases below point 4 [because of the onset of a 

coherent (quantum) diffusion mechanism], that the peak at point 4 is due to 

self-trapping in the host material, and that· the peak at point 1 is due to 

the muons finding traps because of their greatly increased mobility. 

While one cannot choose between these interpretations on the basis of 

transverse field measurements, Petzinger has pointed out that zero-field 

measurements can do so quite unambiguously.[4] This is because in 

zero-field a muon that is static at long times will have its polarization 
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recover to 1/3, while a moving muon will have a polarization approaching 

zero at long times. Thus the difference between finding traps and escaping 

from traps becomes readily measurable. 

In the· present paper we report on-an experiment which uses zero- and 

longitudinal-field ~SR to resolve this ambiguity for· a Nb sample which 

exhibits the ll+ behavior shown in Fig. 1. The longitudinal field 

configuration, while giving results qualitatively similar to the zero field 

case, also provides both ' an additional check on the theory and the 

opportunity to extract more information about the trapping and escape 

rates. 

The plan of this paper is as follows: in Sec. II we derive general 

expressions which give the polarization as a function of time for a 

trapping and/or detrapping muon, for longitudinal and transverse fields as 

well as for the zero-field case discussed by Petzinger. Then in Sec. III 

we discuss experimental details, and the methods of data analysis in 

Sec. IV. Our results are given and discussed in Section v. Section VI 

contains a brief summary. 

II. THEORY 

(a) Trapping 

The effect of trapping on ~+ depolarization has already been 

calculated by Petzinger for zero external field.[4] Here we proceed more 

generally using what is, to us at least, a more physically transparent 

method.[cf., ref. 8] If the trapping rate is \1 1 the probability of the 

muon surviving untrapped until time t' and then trapping during the 

interval dt , is e-\lt' \ldt'. 

then contributes \1 I
t 

dt' 
0 

Assuming no release from traps, a trapped muon 

-\It' e P1(t- t') P
0
(t') to the polarization, 
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where P0 (t) is the polarization function in the free state and P1(t) that 

in the trapped state. Then including the contribution of muons remaining 

free, we have for the polarization as a function of time (for transverse, 

longitudinal or zero external field) 

(1) 

As long as the depolarization in the free state is slow compared to the 

trapping. we can substitute 

in Eq. 1 to give 

P(t) = e-vt + v Jt dt' e-vt' P1(t-t'). 
0 

(2) 

(3) 

(The case of significant depolarization in the free state is considered in 

Sec. lid below.) Letting A be the Gaussian width of the local field 

distribution from the nuclear moments and w the muon precession angular 

frequency in the external field, we have for the trapped state and 

transverse field such that A (( 1, 
w 

(4a) 

while for longitudinal field[S] 
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(4b) 

for zero field this reduces to the expression(S] 

(H=O) (4c) 

Then for the transverse field polarization function we find 

P(t) - e-Vt{l + V Jt dT exp(-~2T2/2 + VT)} 
0 

(H1 , trapping) (Sa) 

and for longitudinal field 

For zero field (w=O), Eq. (Sb) reduces to Petzinger's Eq. (9).[4] 

For both zero and longitudinal field, it is interesting to look at the 

t > 0 extrema of P(t). From Eq. 3, one finds 

P(T) == P1 (T) (6) 

d where -- P(T) = 0. 
dt 
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where P0 (t) is the polarization function in the free state and P1(t) that 

in the trapped state. Then including the contribution of muons remaining 

free, we have for the polarization as a function of time (for transverse, 

longitudinal or zero external field) 

(1) 

As long as the depolarization in the free state is slow compared to the 

trapping. we can substitute 

(2) 

in Eq. 1 to give 

P(t) (3) 

(The case of significant depolarization in the free state is considered in 

Sec. lid below.) Letting 6 be the Gaussian width of the local field 

distribution from the nuclear moments and w the muon precession angular 

frequency in the external field, we have for the trapped state and 

transverse field such that 6 << 1, 
w 

(4a) 

while for longitudinal field[S] 
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(Ha) (4b) 

for zero field this reduces to the expression[S] 

(H=O) (4c) 

Then for the transverse field polarization function we find 

P(t) - e-Vt{l + V ft dT exp(-~2 T 2/2 + VT)} 
0 

(H1 , trapping) (Sa) 

and for longitudinal field 

For zero field (wcO), Eq. (Sb) reduces to Petzinger's Eq. (9).[4] 

For both zero and longitudinal field, it is interesting to look at the 

t > 0 extrema of P(t). From Eq. 3, one finds 

P(T) = P1(T) (6) 

where ~- P(T) = 0. 
dt 
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This is the generalization (to include longitudinal field) of Petzinger's 

Eq. (10).[4] 

(b) Escape from,traps 

If the muon is escaping from traps rather than finding them, we have 

the situation already described by Kubo and Toyabe,[6] and discussed at 

length in the lJSR context by Hayano et al.[S] The polarization function now 

includes contributions from muons escaping from traps zero, one, 

times, so that the contribution from one or more escapes is given by £ J
t 

0 

dt"' ·P(t t"') e-£t"' P1(t"'), ~being the escape rate. Then including the 

"no-escape" term, we have an _!.ntegral equation for P(t): 

P(t) = e-£tp1(t) + £Jt dt"' P(t-t"')e-£t"'p1(t"'). 
0 

(7) 

As before, Eqs. (4) are used for P1(t). An approximate solution for the 

transverse field case is given by the function[7,8]: 

P(t) 
2 

"' exp [- _A_(e-£t - 1 + £t)] 
£2 

(c) Trapping and escape 

(H1 ,escaping) (8) 

Equation (7) assumes that the trapping rate ~ is very much larger than 

either A or £. If v is not so large, we must include the time intervals 

the lJ+ spends in the free state [cf., ref. 8]. P(t) now includes no 

trapping. one trapping-no escape, one trapping-one escape, ••• terms, all 

starting from the free state; the integral equation including all these 

contributions is therefore 
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+ £ It dt"•v It"dt .. e-vt .. -£(t"-t .. )P(t-t")P
1
(t"-t")P

0
(t .. ). 

0 0 
(9) 

This equation reduces to Eq. (7) for \1 + m, and to Eq. (1) for £ + 0. 

Using Eq. (2), we have 

P(t) = e-vt + e-£t v It dt .. e-vt .. P
1
(t-t .. ) 

0 

+ £ { dt" e-£t" P(t-t")•v It"dt" e-vt .. P1(t"-t .. ) 
0 0 

where v : v - £. 

(10) 

Equation (10) can easily be solved numerically using the same methods 

as for Eq. (7). (E.g., using Laplace transforms as in [5,8], or directly 

by replacing the integrals by sums.) 

(d) Several traps acting simultaneously: the hierarchy of integral 

equations 

So far, we have considered only the action of a single type of trap in 

depolarizing the muon, but this might well be inadequate in general. For 

example, at temperature point (3) of Fig. 1 the muon is finding the high 

temperature traps (according to the conventional interpretation), but its 

"free state" polarization function P
0
(t) reflects its escape from the more 

common low temperature traps, and replacing P
0
(t) by unity (Eq. 2) may no~ 

always be an adequate approximation. Happily, the situation can be modeled 

in a manner which is both physically clear and computationally convenient: 

One first solves the integral equation expressing the effect of the low 
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temperature traps- only; the solution is then inserted, as P
0
(t), in the 

integral equation for the high temperature trap. In this way we can 

generate a hierarchy of integral equations to express the effect of any 

number of traps, and of motion in the perfect lattice, to any desired 

degree of accuracy • 

. In all of the above except Sec. lib, we have assumed a small enough 

trap concentration to allow the neglect of any muons starting out in traps. 

III. EXPERIMENTAL DETAILS 

The experiment was carried out at the Stopped Muon Channel of the 

Clinton P. Anderson Meson Physics Facility (LAMPF) using a highly polarized 

(~ 90%) muon beam of incident momentum 80 MeV/c. Using the standard 

time-differential ~SR technique[1], time histograms were collected for each 

of two counter telescopes located upstream and downstream of the sample as 

shown schematically in Fig. 2. The inner counters of the electron 

telescopes were located inside the vacuum jacket of the dewar; this ensures 

that muons stopping in the jacket do not contribute to the ~SR signal. The 

target was cooled in an Air Products Helitran refrigerator using a 

cold-finger sample mount; its temperature was monitored using a standard 

carbon-glass resistance thermometer and was controlled to within ± 0.1 K 

for the measurements reported here. The external magnetic field, if 

present, was. oriented either parallel or perpendicular to the ~+beam (and 

polarization) direction. 

The Nb sample, one of seven slabs spark-cut from a parent crystal, was 

previously studied at SIN[9] and at LAMPF[10] (and is referred to as Nb-2 

in these references). It is a single crystal approximately 2.5 em in 

diameter by 1 em thick, and was prepared by H. K. Birnbaum as described 
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earlitr[10]. Mass spectrograph analysis revealed the dominant 

substitutional impurity to be 200 ppm at. Ta; other heavy substitutional 

metals were found to be present in concentrations less than 1 ppm at. 

Neutron activation studies on other crystals from the same parent showed 

interstitial impurity concentrations of C (100 ppm at.), N (44 ppm at.), 

and 0 (40 ppm at.). Resistivity measurements implied smaller C and 0 

concentrations, however, indicating the possible existence of highly stable 

Nb-C-0 complexes which may have precipitated along grain boundaries. No 

hydrogen was found at the detection limit of 50 ppm at.[12] 

IV. DATA ANALYSIS 

(a) Zero and Longitudinal Field 

Here we indicate how the 11 K zero-field data are used to extract the 

experimental polarization data for all of the runs. At 11 K (corresponding 

to point (1) of Fig. 1), the muon is supposed to be stationary, so that 

(11) 

(as follows from Eq. (1) with v very large or from Eq. (7) with E=O). Then 

for zero field, the simple expression given by Eq. (4c) can be used to 

determine (in addition to ~) the background, asymmetry and normalization 

parameters, by fitting the front and back histograms simultaneously using 

for the number of counts in each time bin 

(12a) 

and 
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(12b) 

respectively, in a x2 - minimization algorithm. The data and fit for P(t) 

are shown in Fig. 3a. The fact that P(t) has vanishing slope at t = 0 and 

is nonmonotonic results in the six parameters (ni0 , ai, bi) being very 

well-determined in this way. These parameters are then used for each of 

the following runs (including another 11 K run at the end) to form the 

experimental polarization function Pex(t): 

(13) 

are estimated from the early channels for each run. The Pex(t) data for 

the final 11 K run did indeed closely reproduce the initial 11 K data, 

demonstrating that the six parameters needed to extract Pex(t) were stable 

from run to run. 

Solutions to Eq. 7 for detrapping and Eq. (Sb) for trapping were 

fitted to the Pex(t), both at zero and 15 gauss fields, giving the 

parameters 6 and £ or v. 

(b) Transverse Field 

The transverse field data were fitted to 

N(t) = N°{exp(-t/T~) [1 +a P(t) cos(wt + ~)] + b} (14) 

for each histogram. For P(t) Eq. (4a) was used for the stationary muon 

temperature (11 K), solutions to Eq. (Sa) for the trapping (24.3 and 46 K) 

points, and Eq. (8) for the detrapping temperatures (18.5 K and 77.3 K). 



1331 

V. RESULTS 

Our results for Pex(t) for zero-field are shown in Fig. 3, while those 

for 15 Oe longitudinal field are shown in Fig. 4. These plots immediately 

resolve the trapping-detrapping ambiguities. That is, the 11 K results 

(Figs. 3a, 4a, corresponding to point 1 of Fig. 1) are completely 

consistent with a stationary (trapped) ~+; the 18.5 K plots (Figs. 3b, 4b, 

point 2), with no sign of a recovery of polarization at long times, 

indicate de-trapping; the 24.3 K results (Figs. 3c, 4c, point 3) show 

clearly the recovery of polarization at long time which demonstrates that 

the ~+ is finding traps; the 46 K result (Fig. 3d, point 4) is consistent 

with either trapping or stationary muons; finally, the 77.3 K plots 

(Figs. 3e, 4e, point 5) indicate release from traps. 

The solid curves in Figs. 3 and 4 are fits to the data using the 

appropriate model. Thus for 11 K (Figs. 3a, 4a), the curves represent 

Eqs. (4c) and (4b), respectively; for 18.5 K and 77.3 K (Figs. 3b, 3e, 4b 

and 4e) solutions to Eq. 7 with Eq. 4c or 4b; 24.3 K and 46 K (Figs. 3c, 

3d, and 4c) solutions to Eq. (5b). The transverse field data (not shown) 

were also fitted with the appropriate functions (as discussed following Eq. 

(14)). The parameters obtained from these fits are displayed in Table I. 

The errors shown in Table I are purely statistical. The agreement 

among the parameters from the H=O, H11 and H1 measurements is generally 

good; however, the amount of scatter of the values, especially for the 

trapping or escape rates, indicates the probable presence of systematic 

errors in addition to the statistical ones. 

The 6 values for the 11 K and 18.5 K.measurements can be combined to 

give a value characterizing the low temperature (LT) trap: 6(LT) £ .495 ± 

.002 ~s-1. Similarly, combining the 24.3 K, 46 K and 77.3 K values gives 
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the high temperature (HT) trap parameters: ~(HT) a .491 ± .003 ~s-1. It is 

inte'·resting to note that if the time needed for the muon to find the HT 

trap at 46 K is ignored (in effect, taking v a •), a significantly smaller 

~ value emerges from the (zero-field, 46 K) data: ~(HT,v=•) = 0.430 ± .033 

~s-1. However, we see that when the finite trapping rate is included, 

6(LT) = ~(HT). 

The values of ~ found here can be compared to those reported earlier 

[9]; this is done in Table II. 

We have already made use of the fact that the same ~ values emerge 

from the transverse- and zero- and longitudinal-field data. It should be 

poiT1ted out that if the nuclear moments were free to precess around the 

external field, then, because the precession is rapid, the effective ~ is 

reduced and we would expect 

(15) 

The equality of ~·s evident in Table I arises because the interaction of 

th~ quadrupole moments of the niobium nuclei with the electric field 

gradients produced by the muon is much stronger than their Zeeman 

interaction for H << 1 kG.[l3] Thus the niobium nuclei precess rapidly 

around the radial electric field gradient directions, so that, in a 

polycrystalline sample, the same time average of the nuclear magnetic 

moments is seen in the different field orientations. In fact, the niobium 

target used is a single crystal, but the anisotropy is known to be quite 

small in the low-field region, [ 111 so that ~ 1 = ~· The relation ~ = 611 

should hold independent of this approximate isotropy. The numbers in Table 

I show that both relations hold for our data. 
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VI. SUMMARY 

By using zero- and longitudinal-field ~SR, we have established 

unambiguously that the conventional interpretation of the "double-humped" 

behavior of the ~+depolarization rate in Nb, Fig. 1, is correct, and hence 

that the ~+mobility increases monotonically with increasing temperature. 

We have measured the widths of the distribution of fields, 6, seen by the 

muons at several temperatures, as well as the rates for finding or escaping 

from traps, for all three field configurations. 

In the present work we have not attempted to identify the trap sites, 

but have concentrated on verifying the conventional interpretation of 

trapping and detrapping and the monotonic increase of muon mobility with 

temperature. In fact, experiments ~n Nb targets with most of the 

substitutional Ta removed (3 ppm instead of the 200 ppm in the target of 

this experiment)[lO} do not show the two-hump behavior of Fig. 1, so these 

traps may be associated with the Ta impurity atoms. 

Finally, we have derived equations governing the evolution of the ~+ 

polarization, for transverse-, longitudinal-, and zero-fields, when the 

muon is finding traps, escaping from traps, or both, and have shown how the 

effect of more than one kind of trap acting simultaneously can be handled. 
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TABLE I. FITTED PARAHETERS 

Region T(K) R(g) Type of Fit 

0 
1 11.0 15. static 

100J.. 

0 
2 18.5 151 detrapping 

100J. 

1 & 2 combined 

0 
3 24.3 15 n trapping 

1001 

4 46.0 0 trapping 
100J. 

0 
5 i7 .3 1511 detrapping 

100J. 

3 + 4 + 5 combined 

• 504 ;t; .003 
.495: .006 
.493: .010 

.486: .003 

.477: .005 

.493: .016 

.495: .002 

.490: .006 

.453: .006 

.490: .022 

.504: .005 

.499: .015 

.473 :1: .003 

.484: .005 

.529: .008 

.491 :1: • 003 

-1 
\) (llS ) 

1. 743: .069 
2.23 : .21 
1.10 : .15 

3.26 :1: • 08 
3.29 :1: .13 

-1 
E (llS ) 

.647 ± .016 

.499 ± .034 

.607 ± .085 

.925 ::: .014 
1.12 ::: .12 
1.11 ± .05 
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TABLE IL COMPARISON WITH EARLIER'WORK 

This work 

* Reference 9 

___________ ... __ _ 

-1 /). (LT) (lls ) 

.495 ::1: .002 

.454 ::1: .011 

-1 /). (HT,v=oo) (~s ) 

.433 ::1: .033 

.366 ::1: .013 

* The values from [9] have been multiplied by /:2 to conform with the 

convention of the present paper (cf. Eq. (4a)). 



Figure 1 

Figure 2 

Figure 3 

Figure 4 
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FIGURE CAPTIONS 

Schematic plot of the temperature dependence of the transverse

field depolarization rate A obtained in a niobium sample con

taining impurities. 

Diagram of the ~SR spectrometer employed in this experiment. 

Zero-field polarization functions for the temperature points of 

Fig. 1. 

Longitudinal-field polarization functions. 
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ABSTRACT 

Usin~ an unrestricted Hartree-Fock self-consistent field cluster appro-

ach, the potential experienced by a muon in diamond has been investigated. 

The results show conclusively that normal muonium is localized in the tetra-

hedral interstitial space. Using the calculated spin density and avera-

ging it explicitly over the vibrational motion of the muon a successful 

explanation is obtained for the observed reduction of the hyperfine field 

as compared to free muonium. 

* Permanent Address: Department of Physics, Universitv of Port Farcourt, 
Port Harcourt. Nigeria 
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1 The recent development of the muon-spin-rotation technique in solid 

state systems has produced a wealth of information regardin~ the electron 

spin-distributions in interstitial regions and the effect of the muonic 

positive char~e on them. In particular, hyperfine data from such experiments 

2 3 in group IV semi-conductors • have provided a number of conclusions re~ar-

dinp, the nature of the muonium and its location in these svstems, three of 

the important ones bein~: 

(i) 
. 3 4 

The hyperfine fields associated with normal muonium in these systems ' 
/ 

are smaller than but a significant fraction of the vacuum hyperfine field 

and show the irregular trend of decrease from diamond to silicon and increase 

from silicon to germanium. 

(ii) 4 5 An anomalous muonium level is observed in all three systems ' with a 

rather weak but anisotropic hyperfine interaction, also following the same 

trend as in the case of the deep level. 

(iii) The exact location of the normal and anomalous muonium systems has 

not yet been established. 4 

6 The earliest investigation specifically devoted to the understandin~ 

of the hyperfine interaction of normal muonium in semi-conductors utilized 

a dielectric treatment to incorporate the influence of the surrounding atoms 

on the potential seen by the electron of the muonium atom. It was successful 

in producing a si~nificant reduction of the hyperfine field in silicon and 

germanium as compared to free muonium. 4 However, when apolied to diamond it 

led to a hyperfine field substantially smaller than silicon, in contradiction 

3 4 with experiment ' • This situation has led to the proposition4 in the litera-

ture that a procedure explicitly incorporating the effects of the electron 

distributions on the neighboring atoms was needed to understand the experi-

mental results and explore the location of the muonium. An approximate 

7 molecular orbital calculation in silicon and germanium using the self-consi-
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stent charge extended Hucke! procedure has also su~~ested the need for more 

first-principle investigations if one is interested in a Quantitative under

standing of hyperfine data. 

In the present work, we have studied the electronic structures and 

energies associated with normal (Is-like) muonium at different positions in 

diamond, using an Unrestricted Hartree-Fock (UHF) 8 self-consistent field 

molecular orbital approach involving the muonium and a cluster of twenty-

six atoms surrounding it as shown in fi~. 1. The potential thus obtained for 

the motion of the muon shows a shallow minimum in the tetrahedral interstit5.al 

region and a maximum at the hexagonal site, demonstratin~ conclusively that 

normal muonium in diamond is trapped in the tetrahedral space but is virtu- , 

ally free to move in this region. Secondlv, usin~ the spin-density at the 

muon site from our UHF calculations and averaging over the vibrational motion 

of the muon, we are able to explain the reduction of the hyperfine field with 

respect to free muonium, the inclusion of the vibrational motion being 

critical in this respect. This analysis provided valuable insight into the 

factors that could explain the interesting trend in the hyperfine field in 

going from diamond to germanium. 

The choice of the self-consistent field molecular orbital approach was 

dictated by the following considerations. This approach has the advantages 

that it avoids the need for a local potential seen by the unpaired spin 

electron of the muonium, allows one to conveniently incorporate spin-pola

rization effects so that the contributions to the hyperfine field from both 

the unpaired spin nuonium-like molecular orbital as well as other paired spin 

orbitals can be included and lastly it can be easily applied for studyin~ the 

electronic structure associated with different positions of the muon. 

In the chosen cluster (fig. 1), the nearest and next nearest neighbors 

of muonium were taken to be tetrahedrally co-ordinated carbon atoms, the 

dangling bonds being saturated by hydrop,en atoms. The energy and hyperfine 
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density at the muon were calculated for a number of points (including the 

tetrahedral center T) along the <111> axis in both the tetrahedral intersti-

tial region enclosed by the carbon.atoms A,E,F and Gas well as the hexagonal 

region enclos_ed by the atoms EFG and HIJ in fig. 1. The choice of <111> axis 

for the direction of exploration was made in view of both the fact that the 

hyperfine tensors in the normal and anomalous states were found to be iso-

3,5 . 
tropic and axially symmetric , respectively, and the deuteron channelinp 

results9 in silicon which indicated that the deuteron is located alonp. the 

<111> axis away from T. The cluster size of t~nty-seven atoms was considererl 

adeQuate, since a smaller cluster involving fifteen atoms yielded an energy 

curve within ten percent of that for the chosen larger cluster. 

The electronic energy levels and wave-functions were obtained by the 

10 Gaussian 80 system of programs. The ST0 ..... 3r. basis set used was appropri-

ate for including the 1s state of muonium atom and the 1s, 2s and 2p states 

of the carbon atoms. The reliabilitv of the basis set used was verified by 

performing calculations on the spin-density at the nuclei in small molecular 

systems with both this choice as well as more·extensive basis sets. 

In fig. 2, we have plotted the total energy of the chosen cluster as a 

function of the distance R from T. The energv at the tetraherlral site T is 

chosen as the zero in the enerp.y scale. This euergv curve, which represents 

the potential experienced by the muon as it moves along the <111> axis, was 

obtained by fitting the results of Hartree-Fock calculations of the total ene

rgy at six points over the range corresponding to 0.565 ~ below the tetra

hedral site to 0.772 R above it along the <111> axis. the latter point 

corresponds to the hexagonal site while the former corresponds to a point 

about 0.975 .R above the carbon atom A, slightly smaller than the normal CF. 

bond length. The portion of the potential curve in fig. 2 on the right of 
/ 

0.772 R, the hexagonal site, is exactly symmetrical with the left half. 
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Two major features of the potential ener~y curve in fig. 2 are the maxi-

mum at the center ·of the hexagonal region and a flat structure in the tetra-

hedral region exhibiting a small dip away from·T towards the carbon atom A. 

The maximum at the hexa~onal site precludes the possibility of normal muo-

nium being trapped in the hexagonal region, the most likely place for it 

being the tetrahedral region. Since the minimum in the tetrahedral region 

is not pronounced and the potential increases rather steep~-Y on either side, 

it is reasonable in obtaining the wave-functions for the muon vibrational 

motion, to approximate the potential in this region by a one-dimensional box
11 

with infinite walls. The ground-state wave-function in such a box has a 

nodeless cosine-type behavior with a maximum at the center of the well. 

This center is seen from fig. 2 to lie to the left of the site· T and is 

actually close to the shallow dip in the potential in this region. Thus if 

the average position of the muon could be observed in the diamond lattice, 

it would be expected to be located away from T towards the carbon atom A. 

Since the ground state wave-function in an infinite potential well does not 

11 
depend on the mass of the particle, one would expect a similar location 

for the proton and deuteron in diamond. No experimental data are available 

in diamond to verify this result, but the available channelling data for 

deuteron implanted in silicon agree with the direction of movement away 

from T expected from our results. 

The spin-density p(R) was calculated for the six different positions 

at which wave-functions were obtained. The relative contributions from the 

unpaired.and paired spin orbitals varied from point to point and on an average, 

the latter contributed about twenty-five percent of the net spin-density, 

which would have been missed if the URF procedure had not been employed. 

The fractional spin density f(R) which is the ratio of p(R) and p vac 
-3 = 0.318 a 

0 

is plotted as a function of R in fig. 3. This plot has the following featu-

res. Thus f is a maximum and larger than 100% at T. It decrea~~s as one 
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moves away in either direction, the drop beinp. more pronounced as one moves 

towards the carbon atom A. Since the spin-density is lar~er at the tetra-

hedral site than p , one cannot explain the observed reduction of the hypervac 
4 fine constant with respect to free muonium without explicitly considerin~ 

the motion of the muon into re~ions in fig. 3 where p(R) is sip,nificantly 

smaller than p • The decrease in p(R) in fi~. 3 as one moves away from vac 

T can be explained as a conseQuence of the increased bonnin~ between the 

muonium atom and the carbon atoms ARC and D (particularly A). It is inte-

restinp, however that when one moves sufficiently close to carbon atom A as 

well as those of the hexap.onal region, the decrease in p(R) (fig. 3) is 

accompanied by an increase in the total energy (fig. 2). This behavior can 

perhaps be understood by considering the fact that each carbon atom is bonded 

tetrahedrally to four neighbors and that as the muonium atom moves towards 

a carbon atom, the draininp. of electron density from the latter to the region 
' 

between it and the muonium atom to produce honding comes at the e ~ense of 

electron density directed towards the other bonds. This would lead to a 

weakening of these other bonds and hence a net increase in the energy of the 

cluster. 

The expected average spin-density for the vibrating muon in the potential 

shown in fig. 1 can be expressed as 

J,_11 : s \V: (R) f (R) d.R 
(1) 

where ~r.(R) corresponds to the ground vibrational state. As discussed earlier, 

in view of the steep nature of the potential (fig. 2) on either side of the 

tetrahedral region, it is a good approximation to consider the tetrahedral 

rep,ion as a potential box with infinite walls. The ground state wave-function 

for such a potential is y.iven by: 

'ljlli(R) :: Jt.' Cos( "o.R) 
(2) 
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where R is now measured from the center of the potential well located on the 

left of T in fig. 2 and a is the width of the well. Considering the form of 

the potential well, a reasonable choice for a seems to lie between 1.0 i and 

0.92 i. For a in this range, one gets usinp, Eos. (1) and (2), a value for 

-3 p between 0.28 and 0.29 a
0 

wbieh corresponds to a fraction f eoual to av 

0.87 to 0.91 of p and hyperfine constants A of 3880 MHz to 4060 MHz. vac 
4 

These results are in p,ood agreement with the exPerimental values of pav' 

f and a, respectively 0.263 a
0

-
3, 0.829 and' (3711 ± 21) MPz respectively. 

A few other points are important to note here. First, for the choices of a 

used, the excitation enerp.y from the ground vibrational state to the first 

0 excited state corresponds to about 6500 K, which justifies using onlv the 

~round vibrational state in Eo. (1). Secondly, in obtaining a result for 

f in reasonable agreement with experiment, it was important to carrv out the 

averagin~ over the motion of the muon in F.q. (1). If this averaging had not 

been carried out and the result for p(R) at the tetrahedral site had been 

used from fig. 3, the calculated value of f would have been found to he 1.13, 

that is, greater than 1. l.astly, En. (2) shows that p and hence f involves av 

the variation of two factors with R, the vibrational densitv ~r.2 (R) anrl the 

spin density p(R). The nature of the results for diamond contained in figs. 2 

and 3 allows one to suggest possible aualitative explanations of the irre-

gular trend in going from diamond to silicon to germanium. Thus, in view of 

the lar~er lattice constants in silicon and p.ermanium, one would exoect 

2 
~G (R) to progressively peak at larger distances awav from T. This by itself 

would lead to an exnected decrease in pav from diamonrl throup.h germanium. 

Fowever, the function p(R) depends on the strength of bon~ing between the 

muonium and host atom A and this function could well show a weaker decrease 

with R for permaniUM than in silicon, leading to a possible increase in Pav 

from silicon to germanium. These expectations would of course have to be 

confirmed by actual calculations in silicon and germanium in the future. 
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In summary, the present investi~ations usin~ a self-consistent UHF 

approach applied to a sizeable cluster correspondin~ to the muonium and its 

neighborin.fr carbon atoms has provided both a definite conclusion rep,ardinp: 

the position of the muon atom as well as a reasonable satisfactory explana-

4 tion of the experimentally observed hyperfine constant. It has been demons-

·trated that for exnlainin~ the byperfine field i~ is crucial to consider expli-

citly the vibrational motion of the muon in the calculated potential in which 

it moves. The success of the present work sup,~ests that the procedure ado-

pted here would be appropriate to use to attempt explanations of the observed 

trends in the normal muoniurn hyperfine constants in ~oin~ to the heavier 
.3 4 

semi-conductors ' , as well as the anomalous level hyoerfine constants, 

12 which could be associated with an excited 2p-like muoniurn state • Rowever, 

both these investi~ations are exnected to be substantiallv more time-consu-

min~ than the present work. 

The authors are grateful to Mr. Barry D. Krawchuk for. several helpful 

suggestions in course of this work. 
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Figure Captions 

Fi,. 1 Cluster use~ in present work. A through J are carbon atoms, and 

the rest are hydrogen atoms. Calculations are carried out for diffe-

rent positions of muon on dotted line alon, <111> throu~h tetra-

hedral site T. 
~ 

Fi~. 2 Variation of total energy of 27-atom cluster with position of muon. 

Zero of energy is taken at tetrahedral site T. F. is hexagonal site. 

Fi~. 3 Variation of fractional spin-density f with muonium position, T and 

H beiny. the tetrahedral and hexagonal sites. 
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FIGURE 1 
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THE L'OW~TEMPERATUP.E MOBILITY OF POSITIVE MUONS IN PURE COPPER 

A. SEEGER 

Max-Planck-Institut fUr ~etallforschung, Institut fUr Physik~ 

and_ Uni versi Ut St~.:.ttgart, Insti tut fUr Theoretische ur.d Ange

wandte Physik, D 7000 Stuttgart, Postfach 800665, Fed. Rep. Germany 

For the recently discovered mobility of positive muons in 

pure copper at liquid-helium temperatures a model based on 

transitions from metastable to .stable interstitial sites is proposed 

and shown to be in good agreement with the observations. Several 

additional experimental tests of this interpretation are suggested. 
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In 1972, Gurevich et al. [1J demonstrated .for t.he first time 

that the motional averaging effect in the relaxation of the trans-

verse spin polarization of positive muons may be used to determine 

the difrusivity of muons in metals with a sufficiently large inter-

action between the nuclear and muon magnetic moments. The pionneer-

ing work of Gurevich et al. L1] on Cu was extended by other groups 

[2J ~nd was, until recently, considere~ to be well understood in 

terms of the occupancy of octahedral interstices by positive muons 

in Cu and the onset of motional averaging due to muon diffusion by 

thermally activated hopping (incoherent tunnelling) at about 80 K 

[ 3~4h 'lhis belief was shaken by the e}~tension of the experiments on 

Cu to lower temperatures [5-7]. 

Hc:.rtmann et al. [4] sho\'red that in pure Cu the transverse rela

xation rate, which is virtually. temperature-independent between 80 K 

and 5 K, decreases between 10 K and 0. 5 K by about 40%, and becomes 

again temperature-independent from 0.5 K down to the lowest tempe

rature so far investigated (0.03 K). During this decreare the depen

dence of the Gaussian rate coefficient r
0 

on the direction and 

strength of the applied magnetic field ~' which is characteristic 

for the sites occupied by the muons, changes ·to a moderate degree 

[6] (camp. Fig.1). 

The decrease of r
0 

with decreasing temperature between10 K 

and 0.5 K has been confirmed quantitatively by Clawson et al. 

L 7 ] . In addition, measurements of the longitudinal muon spin relaxa-

tion in zero applied field by these authors [ 7] strongly indicate 

that in this temperature interval there is some movement of the 
. -6 muons in times of the order of magnltude of Tu = 2.2·10 s that is 

not present at higher or lower temperatures. 
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The two groups involved in the experimental work just reporte~ 

have inberpreted their findings differently. Chappert et al. [6 J 

believe that in Cu below 0.5 K the muons•are localized in octahedral 

interstices and immobile on the T timescale. The muons are thought 
'IJ 

to move by thermally activated hopping between 0.5 K and10 K and to 

become trapped at higher temperatures by residual interstitial im

purities. The plateau of r 
0 

between 10 K and 80. K is attributed to 

impurity-trapped muons, the drop of r
0 

above 80 K to detrapping. 

Clawson et al. L 1 ] retain the "classical" interpretation 

described in the introductory paragraph for temperatures above 10 K 

and suggest that below 10K another diff~sion mechanism sets in with 

a diffusion rate that increases with decreasing temperature. As an 

obvious candidate for such a process they sugge~t coherent tunnelling 

of positive muons. 

In the judgement of the present writer neither one of the two 

explanations is likely to be correct·. On the basis of the residual ,resi

stivity. ratio of the samples {:::6400 [ 8]) and the available information on' 

foreign-interstitial solubilities in Cu [ 9 J he considers the esti• 

mat~ of the concentration of residual foreign interstitials by 

Chappert et al. [ 6 J to be an overestimate bY, at least a. factor of 

ten. 1 > A realistic estimate of the possible impurity effects 

1) In the explanation proposed by Chappert et al. [6] it is the concen

tration of the foreign interstitials in solid solution that is rele-

vant. An upper limit f,or this may be obtained from the residual eJ.ec-

trical resistivity by assuming the contribution of the substitutional 

fcreign atoms to be negligible. With the quite conservative e_stimate 

that the specific resistivity of the foreign interstitial atoms is 

6pi = {1- 2)·10- 6 nm (for oxygen t,p0 = 5.3·10-6 f2m is quoted [9,10]) 

one obtains an upper limit for the concentration of dispersed foreign 

interstitial atoms of ( 1. 2 - 2. 5 )·10-~. 
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indicates that before the rise of r
0 

attributed to trapping by 

these impurities a quite pronounced drop due to motional averaging 

should have been observed. This is not the case. In the tentative 

explanation of Clawson et al. [7 J it is not clear how one can, 

without .additional hypotheses, account ·for the behaviour observed 

below 0. 5 K. 

In this note we propose an interpretation for the low-temperature 

behaviour of muons in Cu that is based on,the idea that, due to the 

short-range interaction of positive muons with neighbouring ions, in 

metals metastable sel.f-localized states may exist [11]. In order to 

fix the ideas, we assume that in t~e case of Cu the stable sites are 

octahedral interstices with Gaussian relaxation rate r~ and that the 
. T 

tetrahedral sites (Gaussian relaxation rate r
0

) are the metastable 

sites in question. 

Fig. 2._ shows, in a schematized manner, the potential energy of a; positive 

test charge along a sequence of .octahedral and tetrahedral inter

stices in an fcc lattice. The lowering of the potential energy asso

ciated with the self-localization of a positive muon in a specific 

interstice is indicated by dashedlines. H~indicates the energy of 

the lowest self-localized state. (We di~regard .the fact that on 

account of the translational symme~ry of the Hamiltonian the loca

lized states may be combined to form Bloch states; it is assumed that 

on the time scale of the experiments under discussion the localized 

states are the more appropriate description~) In this state the 

muon wavefunction is confined to an octahedral interstice and fairly 

concentrated. The temperature-independent relaxation rate as observed 

between 10 K and 80 K is attributed to muons located in such a state. 
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Among the excited states that are mainly concentrated in tetra

hedral interstices the state .!l has the lowest energy, Hb. The meta-- . 
stability hypothesisstated above implies that under static condi

tions energy barriers separating a muon in state .!2 from the surroun-

d . . . . . 11 d" t" 2 )It . d ~ng octahedral s~ tes ex~st ~n · . .!..._ space ~rec ~ons. ~s assume 

that during the thermalization of the implanted muons both octa

hedral and tetrahedral interstices are occupied(with probabilities 

p 0 (o) and pT(o) (normalized according to p 0 (o) + P.T(o) =1). Transi

tions at a rate v from b to ~ are possible either by (classical) 

over-barrier jumps or by tunnelling. The transverse relaxation 

function for this model rea.ds 

R(t) 

with 

0 2 T 2 = p0 (o) exp[-(r
0
t) ] + pT(o) exp[-(r

0
t) - 4vt] + 

+ 4•pT(o) 1 e~[-(r:t•)2 - <r~(t-t')l 2 - 4•t'ldt' • 

0 2 T 2 = p0 (o) exp[-(r
0
t) ] + pT(o) exp[-(r

0
t) - 4vt] + 

( 0 T -.2 exp[- r
0 0t/~J -

(r0 ) 2t - 2v) 
] + erf[---0~~-=--------]} 

r 
, (1) 

In the application of the model to the specific results on 

Cu mentioned above the temperature dependence of the transverse 

2
) This is made plausible by-Teichler's calculations based on the rigid

lattice approximation;. which indicates that even in the <111> direc

tions, where the existence of an ~nergy barrier is most doubtful, 
there is a finite barrier between T and 0 sitesi 
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relaxation rate between 0.5 K and 10 K is explained by the 

gradual emptying of the meastable states. Above 10 K the transitions 

from b to ~ are so rapid that on the time scale of the measurements 

only ~ levels are occupied and the relaxation rate becomes equal 
0 to r o• in agreement with the "classical" interpretation referred 

to in the introductory paragraph. 

Below 0.5 K the transition rate v is negligibly small, hence 

(2) 

If there is equipartition between o'and T sites, we have p0 (o)=1/3, 

PT(o)=2/3. The muon wavefunction of the excited state b is conside

rably more extended than that of the ground state ~· At low magnetic 

fields B, at which the dependenc~ on the crystallographic direction 

of B is suppressed [12], this implies [13] -
(3) 

so that the reduction of the relaxation rate observed at low 

temperatures is as expected. At high magnetic fields the orientation 

dependence of the relaxation rate is strong for both types of site 

but of opposite sense. As a consequence (3) continues to hold for 

the <100> orientation, whereas for the <111> orientation rT and 
0 

r~ may become comparable. This explains the experimental result 

(Fig. 1) that for~ 1 1<100> the temperature dependence of the re

laxation rate is a-independent, whereas for B I 1<111> it decreases 

strongly with increasing B. 

Theoretical estimates of the temperature dependence of v re

quire a specific model for the transitions from b to a. The most 

likely model is that phonon-assisted tunnelling occurs via an 

excited state c that is mainly located in an octahedral interstice 

and that happens to have an energy He close to Hb. Thermal 

.. 
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·fluctuations (phonons) may bring ·the levels £and~ to the same 

energy, so that tunnelling transitions may take place. Since T 

and 0 s.ites are not transitionally. equivalent, the dominant 

·pro-cesses should be one..:..phonon processes (for f~rther discussions 

·see [8,14]), whose rate is proportional to [thp(Hbc/kT)-1]- 1 with 

~c = I Hb - He I· Simp.le estimates based .on three-dimensional square-
- -

well or harmonic-oscillator potentials indicate that Ha should 

lie about 0.3 eV above the bottom of ~n 0 well and that the density 

of c-type energy levels with He = Hb should be of the order of. 

magnitude of 102 ev-1 . This means that we expect ~c to be of 

the order of magnitude of 10-3 eV. This is indeed what is needed 

in order to account for the observea temperature dependence of 

R(t). The temperature range in which the variation of r0 is ob

served is thus roughly as predicted by the present model. 

As we have seen, the present model accounts rather well for 

the observations on the low-temperature mobility of positive muons 

in Cu.we p~cpdse the following additional tests: 

(i) Introduce, say by electrcn or neutron irradiation, a 

sufficently high concentration of vacancies. Muon trapping [15] 

should be observed according to the proposal of Chappert et al. (6] 

above about 2 K, according to that of Clawson et al. [7] below 

that temperature. The present modei predicts that up to quite 

high temperatures trapping will not be observed. 

(ii) Compare the time dependence (1) quantitatively with 

the experimental data on R(t) and deduce v(T). 

(iii) Investigate on Cu 1r+/ll+ lattice steering [16,17] at low 

temperatures •. Positive pions are expected to behave similarly to 
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positive muons .. The occupation of T sites at low temperatures 

should show up in the channelling and blocking patterns. Owing to 

the mass dependence of the tunnelling matrix ele~ent and the shorter 

pion lifetime the transition to 0-type occupation should occur 

somewhat above liquid-helium temperatures. 

Finally we discuss the influence of solute additions to Cu. 

Chappert et al~ [ 6] r~port that the addition of 200 ppm Ni to Cu 

reduces both the height and the width of the step in the te~perature 

dependence of r
0 

at liquid-helium temperatures. Within the present 

picture these results may be understood in terms of muon-foreign

atom interactions during the slowing-dow~ of the muons, a process 

suggested ea.rlier by Stoneham [ 18]. We have to make the plausible 

asswr.I=·tion that such interactions reduce considerably the probabi

lity for muons to come to rest' in the metastable£ states (e.g., 

because near the impurities the energy barrier between T and 9 is 

removed in some of the <111> directions), so that at low tenperatures the 

distribution of muons between ~ and ~ states is shifted in favour 

of the former. 
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· Legends. 

Fig.f: Gaussian relaxation rate r
0 

of Cu (residual resistivity 

ratio 6.4·103)at low temperatures as a function of the mag-

netic field [ 6]. Open symbols: Magnetic field B parallel to 

[100] direction. Full symbols: Magnetic field B parallel to -
[ 111] direction. Squares: Measurements at 0.1 K. Circles: 

Measurements at 2 K. 

Fig.2: Schematized picture of the potential energy of a positive 

point charge along a sequen'ce of octahedral (0) and tetra

hedral (T) interstices it;. a face-centred cubic metal. The 

dashed curve indicates the lowering of the potential energy 

due to self-trapping. 
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