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THREE COMPUTER PROGRAMS FOR CALCULATING CYCLOTRON ORBITS 

Herman c. Owens 

Lawrence Radiation Laboratory 
University of California 

Berkeley, California 

April 11, 196Z 

ABSTRACT 

Three computer programs for calculating particle orbits with linearized 

vertical motion in general cyclotron magnetic fields are described in detail. 

The first program is used for finding properties of equilibrium orbits and 

small oscillations about them. The second program is a very fiexible routine 

for determining the history of a particle under various conditions, including 

acceleration. Flexibility is achieved through the use of options such as a 

resonance-hunt routine, harmonic-bump routines, and an equilibrium-orbit-

search routine. The third program, the defiector program, allows various 

combinations of electrostatic, magnetic, and regenerative extractors to be used. 
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THREE COMPUTER PROGRAMS FOR CALCULATING CYCLOTRON ORBITSt 

Herman C. Owens 

1. Introduction 
J .. b 4 "" ............. 

Lawrence Radiation Laboratory 
University of California 

Berkeley, California 

April 11, 196Z 

This report concerns a system of IBM 704 orbit programs that has been 

found to be a very useful tool in the design and testing of the 88-inch cyclotron 

at Berkeley. The theory used in the equilibrium..,orbit code) was devised by 

Gordon tt and Welton 
2
): the program was written by Arnette tt and the author ttt 

at the Oak Ridge National Laboratory. The second program, for computing 

general cyclotron orbits, was designed by Vlelton3·). The third program, for 

designing deflector configurations, was designed by Garren 4 ). These latter two 

codes were p~ogrammed by the author. 

Each of these programs requires a set of magnetic fields stored on a 

polar grid on magnetic tape in a format as described in detail in ref. 
1
). 

Z-1 THE FUNCTIONS OF THE CODE 

The equUibrium-orbit code will be mentioned only briefly, since it was 

-5 
reported in some detail at a previous conference ). 

The essential functions of the equilibrium-orbit code are to find the 

radius and radial momentum of the equilibrium orbit, and to compute the 

t Work done under the auspices of the u.S. Atomic Energy Commission. 

tt T. I. Arnette and M. M. Gordon are now at Michigan State University. 

ttt The author is now at the Lawrence Ra.diation Laboratory, Berkeley. 
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focusing frequencies and the time for the particle to make one revolution. 

Also, an essential byproduct of the equilibrium-orbit search is the infor

mation on small-a1nplitude radial and axial oscillations needed to enable 

one to conveniently determine nonlinear orbit properties. This last feature 

is used by the general orbit code to be discussed later. 

The equilibrium-orbit code can be used to generate a table of equilib

rium-orbit properties for determining the isoehronization and focusing prop

erties of various magnetic-field configurations. Tables of equilibrium-orbit 

properties are essential for orienting various other studies, such as deflection 

studies, which require the other two orbit codes. 

z.z OUTPUT 

The table of equilibriu:m-orbit properties may be printed in equal in• 

cren:'lents of one of three independent variables: the magnitude of the particle 

momentum p, the total relativistic particle energy E. or velocity ~· Any one 

of five different output formats is possible, each one being some variation of 

the example in fig. 1. The first three columns will contain P• E, and f3, the 

order being determined by the choice for independent variable. The fourth 

column gives the time, normalized to one for convenience, for the particle 

to traverse one revolution. Columns six, seven, and eight give the axial 

frequency, radial frequency, and kinetic energy. respectively. The remain

ing columns give the t•adius. radial momentum, average radius, and radial 

amplitude of the equilibrium orbit. 

2. 3 Tllvfrn G 

The equUibrium-orbit code takes approximately 7 sec to generate one 

line of output corresponding to one ~quilibrium orbit. if twenty integration 

steps per sector are used. 
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3. The General Orbit Code 
~ ...... ,. ... . ..... 

3.1 INTRODUCTION 

The general orbit code computes the orbit of a particle in a cyclotron 

magnetic field with allowances for several operating modes. In each of the 

operating modes the user has the option of tracing the particle outward from 

the starting point or inward toward the center. 

The operating modes are·numerous and are determined by the user's 

choice of routines available, as described in section C. below as well as his 

choice of equations to be integrated. 

3.Z THE EQUATIONS INTEGRATED 

The equations of motion-for a particle in a magnetic field in cylindri

cal coordinates r, 8, z-which are integrated by the Runge-Kutta method are: 

t rpr 
r r: -

Q 

t = Q .. rB(r,8), Pr 

t rp 
z = z 

Q 

I 
as Pr 8B 

Pz =[r-- -] z • 
ar Q 88 

r = 
repre 

e 0 

t 
Q - r B (r , 9) , Pre 

; 

e e e e 

t r Jp2+ 1 
t = 

Q 



where 

prime means 
a 
n 
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r(G) -. radius as a function of () for the orbit to be calculated, 

p (8) .. radial momentw.n as a function of 8, 
r 

Q(B) = (pz -p 2) 1/2 
r 

p =the magnitude of the particle momentum, 

z(B) : the axial displacement, 

pJ8)::: the axial momentum, 

t(6) =time from 9 = 0, 

re(9)= the value of r(9) a. particle will have if started on the equilibrium 

orbit and given acceleration. 

p (B)= the radial momentum associated with r (8), re e 

o<e)=(pz-P z,11z, 
e re 

N =number of sectors, 

B(r,9)= magnitude of z component of magnetic field in the median plane. 

The following units are used: 

Speed in units of c, the velocity of light in a vacuum, 

Momentum in units of m 0c: , where m 0 is the particle rest mass, 

Energy in units of m 0c: 2 , 

Time in units of a = c/w0 , 

Field in units of b = m 0c wO/e • 

It is convenient to take w0 to be the synchronous angular velocity, or Z;rf, where 

f is the r£ frequency. 
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3.3 PRINCIPAL ROUTINES USED 

A. Equi~ibrium-Orbit Routine. As mentioned earlier, the equilibrium· 

orbit code is incorporated ln the general orbit code as a subroutine. It b entered 

to find equilibrium orbits to be used as operating points around which orbits of 

interest may be initiated. It is an integral part of the resonance-hunt routine, 

and is used to compute the details of smallra mplitude oscUlations by the ellipse 

initial conditions and curve-plotting routines. 

B. Resonance·Hunt Routine. The resonance-hunt routine £incls the mo-

' mentum that will cause the operating point in the {ll , v ) plane to fall a given r z 

distance from a specified resonance line. By using a simple difference for-

mula, an iterative procedure is followed to determine p eo that the relation

ship k = m v r + n v z is satisfied. Here v r ancl v ~ are the radial and axial 

focusing frequencies, respectively, m and n are integers specifiying the res• 

onance of interest, and k is a constant used in defining the resonance line. 

c. Ellipse Routine. The ellipse routine computes the initial conditions, x(O) 

and px(8), using the formulas 

where 

x(8) = J Jx (Acosq, + B ainq, ) , 
'li'E X X 

J-y; 
px(6)= --(Ccosq, +Dsin~ ), 

'IJ'E X X 

8 =the starting angle, 

x~p are the deviationsfrom~the.;equilibrium orbit of the ra.dial coordinate and 
. X 

momentum, 

Jx =an input number which determines the x-amplitude (Action). 

ljJx = an input number which determinee the phaee. ft' 
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The <:oefficients A, B, C, D, and E are dependent on the details of the 

small•amplitude oscillations computed by the equilibrium-orbit code. The 

reader is referred to ref. z.) for explicit definitions of these coefficients. 

Exactly parallel equations are used to compute the z(9), p (9) initial conditions. z 

It will be observed that, with these definitions, if the amplitude is sufficiently 

small to allow negle<:t of, nonlinear effects, the ellipse defined is just an invariant 

ellipse. 

o. Curve-Plotting Routine. With the curve-plotting routine the user 
JT: rr; 

can plot x(8), p (8) or ..J ..:;_'IT eoa q, and ,.J:.2!;_.1T sin q, at a preset value of 8. 
X X X 

E. Harmoni<:-Field Bump Routines. Provision for three bump sub· 

routines have been made, two of which have been written and cheeked out. The 

field component is computed as needed, and is used to modify the stored fields 

during the integration procedure. Both routines use the same form for the 

bump, i.e., 

BR::: A(r) cos (n6 + 'I) + B(r) sin (n8 + y), 

where 

BR :::the field bump to be added to the m.agnetic field, 

8 = independent variable, 

n = field harmonic c:lesired, 

y determines the phase of the bump. 

A(r) and B(r) determine the radial amplitude of the bump. The only difference 

in the two subroutines is that the radial coefficients. A(r) and B(r). are specified 

in tabular form in one and analytic form .in the other. The analytic formula 

for both A( r) and B( r) is the cubic polynomial of the form 
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F. Acceleration Routine. The energy gain per gap crossing ill com-

puted by 

where 

~E = ..L[(l-E)cos (8-wt) + 6 cos 1(8-wt)] , q 

6 = the energy gain per turn, 

q = the number of acceleration gaps, 

wt = the phase angle with respect to the rf, 

where t is time from fJ = 0 deg, 

E = an input constant. 

The acceleration may be phase independent, i.e., A.E =.!. , if desired-in which 
q 

case the equation for the time is not integrated. 

lf it is necessary to have a reference point for plotting or for other out-

put, the equations of motion for a particle having the initial conditions of the 

equUibrium orbit are integrated. The same acceleration is given the. reference 

particle that h given the orbital particle. If such a reference is not needed, the 

equations of motion are not integrated~ 

Q. Modified Gap-Crossing Routine. This routine modifies the acceleration 

at the two gaps of a conventional dee structure so that 

where .AE 1, AEz are the energies gained at the first and second gap crossings, 

respectively, F 1 (r), F z (r) are tabular input parameters computed independently, 

and AE is the energy gain described in subsec. F above. This modification is 

needed only in the central portion of the cyclotron, thus a cutoff radius is part 

of the input. It is used to take account of the larger intervals of time the par

ticles spend crossin1 the acceleration gap at small radii, during which theE 

field changes, eo that the particles see a different effective accelerating field. 
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3.4 OUTPUT 

A. Printed Tables. Tables (see fig. Z) wUl be p:rinted as a function 

of 6 starting at any Runge-Kutta step, at equal intervals (divided by the 

Runge-Kutta step size) of 6. 

B. Binary Output. If the main purpose of the run is for extended curve 

plotting, provision is made to write all of the information computed at each 

Runge-Kutta step in binary form on magnetic tape to be processed by a special 

curve-plotting routine. Such a curve-plotting routine is not now available. 

C. C. R. T. Plots. Phase plots at a specified Runge-Kutta step may be 

made as described in subaec. 3.3-D. 

3.S TIMING 

The time for one revolution is a function of the particular operating 

mode and the size of the integration step. It ranges from a minimum of 5 sec 

in the simplest case to a maximum of approximately 18 sec in the more ex

tensive cases. These times are figured on the basis of twenty Runge-Kutta 

steps per sector. 

4. The Deflector Code 
J ................ ........ 

4.1 .,INTRODUCTION 

The deflector code was planned to facilitate the design of a cyclotron 

defiection system6 ). The code calculates particle orbits in the cyclotron with 

the magnetic field so modified as to simulate the action of electrostatic channels, 

and/or magnetic channels, and /or regenerative field bumps for resonant ex-

traction. The program will simulate multiple channels in any combination of 

the above channels. 

Viith the exception oi.£ttie:equations for. r.' and Pre' • the equations of 

znotion are the same as in the general orbit cocie. The program first calculates 

and records the path that a particular orbit with given initial values of rand Pe 



-9- UCRL-10083 

called the reference ray, will take in the presence of the modified magnetic 

field. Using this it calculates the shape and position of the elements of the 

channels defined by the input parameters (f-ig. 3). It now shoots a barage of 

particles at the deflector and recorda what-·happens. 

4.Z CALCULATION OF THE REFERENCE RAY AND CHANNEL WALLS 

A. The Reference Ray. The reference rayparti:~l'e"ls started (usually 

on or near an equilibrium orbit) at the angle e
1 

and is integrated until the 

angle 9£ is reached (see fig.3). Outside the pie-shaped area where the de

flector is located, determined by radial lines at 9 0 and 6 1, the particle experi· 

ences the magnetic field 

-b ( r. 9) :: b ( r. 9) + bR ( r. 8) • 

whereas inside the angles 6 0 and 8 1 it sees a field 

where 

b(r, 8) = b(r, 8) + bR (r, 8) + bM [xc(9)] +bE (8), 

b (r, 9) = tle,cyclotron magnetic field without the deflector, 

bR (r, 8)= the component of field due to a harmonic bump; the code 

presently has the same two bump routines as described in 

the general orbit code, 

bM[xc(8)] =the component of field due to the influence of the magnetic 

channel; it is a function of the distance x of the particle from c 

the channel, 

.jl+pcl. 
bE(8) = • t (8) =the magnetic field equivalent to the electric 

Pc 

field, where p is the magnitude of the particle momentum and 
C {" r• .- (' 

~ (9) = lfo + E 1 (8 .. 90) + t z ((1- 8o)z] /Bo· when ,:_:.0' ·~ 1' c z 
are input parameters specifiying tho electric field and B 0 is 

a. normalizing constant-usually the value of the magnetic field 

at the center of the cyclotron. 
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B. Channel Walls. 

( 1). Computed. If r (0) and p (6) denote the reference-ray radius c rc 

and radial momentum, d(9) = v (where Vis the voltage on the deflector) 
It <9>1 

is the channel width, and uE' uM are the thicknesses of the electric and magnetic 

channel walls, respectively, then the radii of the channel walls (see fig. 3) are 

given by 

T+(9) = r (9) +{( 1 - u)d (9) + uE] p /q , c c c 

B+(9) = r (9) + (1- u)d(8)p /q. c c c 

T (9) = r (9) - u d{9) p /q , 
- c c c 

B (9) = r {8) • [ud(8) oE + O'~xJP /q • 
• C .LV.I. C C 

where o :: J p 2 - ~Z and u is an input number specifiying the fractional 
"'C c rc 

part of d (8) that the wall T _ (9) is from the reference ray. Thus, the parameter 

u allows the channel to be shifted with respect to the reference ray. 

(2). Input Directly. The program has the option whereby the co-

ordinates of the channel walls may be input directly. Provision is made so that 

the walls may be adjusted to different positions by changing four numbers, one 

at the end of each channel wall. This feature is only available for the electric 

channel. 

( 3). The Acceptance Test. 

(a) Initial Conditions for barage. The program as now written 

requires that the initial conditions for each particle be punched on a separate 

card. A simple subroutine could be written to put the particles on a grid and 

save the card punching. Several different ways of specifying initial conditions 

are available, but as a rule they are set relative to the r, pr coordinates of 

the equilibrium orbit of the same n'lomentum, for which purpose the equilibrium-

orbit code is used as a subroutine. 
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(b) Field Specifications. The particle will see the field component 

bR as described in the general orbit-code descriptions of the harrnonic .. bump 

routine. during its entire history. It will see the magnetic equivalent of the 

... ,Jp2. + 1 
electric·field bE (r, 8) =p c: (9) only while it is inside the channel (see 

fig. 3). It is assumed that the fringe effects are negligible. and that the particle 

orbit is perpendicular to the electric field lines. The particle experiences the 

effect of the magnetic channel only when it is above or below the bar of iron de

fining the channel. The magnetic channel component bM is a function of the 

distance of the particle from the channel x(r,O} =u d(8)+UE t[r(6)-rc{9)] CJcfPc· 

For each iron shape this effect must be measured and fit to an analytic 
Fo FJ 

such as bM [x(r, 9)] :; - + --z- With some difficulty the code could be 
X X 

curve, 

modified to pick up this number from a table. 

(c) Particle History. The particle is tracked and its history 

recorded from some initial starting position until one of several events takes 

place. If it hits a. channel wall the integration stops, and its position and the 

wall encountered is recorded. If it passes through the channel it is stopped at 

the angle 9£ (see fig. 3), 41.nd the information for a restart is recorded. U it 

completes a specified number of revolutions and has not encountered a wall or 

entered the channel, it is stoppe~ at 8£ and its coordinates recorded for a 

restart. If the run is a multichannel study, and all of the particles have been 

tracked, the information defining the next channel is called for and the surviving 

particles are continued from Or 

4.3 OUTPUT 

A. Off-line. The input parameters for each run are output on tape 6. 

The detailed information about each particle is output at each integration step 

on tape 6 in decimal form (fig. 4), or on tape 4 in binary form. for future 
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machine processing. The user has the choice of printing the detailed informa

tion starting at the initial point or delaying until the particle has entered the 

channel. 

B. On-line. The same detailed information that is printed off-line on 

tape 6 is printed on-line at the angles oi' 00, 81' and of (figs. 3 and 4), as 

well as information as to what part of the deflector structure, if any, has been 

hit. 

4.4 TDv1ING 

If 20 Runge-Kutta steps per sector are used, the deflector code takes 

about 15 see/revolution with the abbreviated output and approx 25 see/revolution 

with the extended output. 
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Fig. l. Equilibrium-orbit-code output format. 

Fig. z. General orbit-code output format. 

Fig. 3. A channel configuration. 

Fig. 4. Deflector-code output format. 
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