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ABSTRACT 

Certain asymptotic conclitions for I. ... • are dlscuaaed., uncler which 

the u.alytic continuation ol the S matrix in a.n;ular momentum ia unique. 
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Regge haa proved from the Schrodinger equation wittz a particulu claas 

of potentials (a superposition of Yukawa potentials). 

' co 

V(r) • I .. 'ab<)[exp(•j&r)/r]dp., 

m>O 

•I,.•: 

.• j ~ : .·. ;.. 

that it 1• possible to construct a function a(E,.f) of the eneray E ancl the complex 

variable l with the, following properties; 1 . 

(a) It agrees with a
11

(E). the coefficients of the partial-wave expansion 

of the scattel'ing amplltucle, for l • n (integer). 

(D) It is merom.orphic in the region· .Re .f > • 1/2. • 

(c) It is represented aaymptotically (for .f - •) by an exponential in 

every anaJ.e ( - i + t • -% • t) , where • ls an arbitrarily small 

positive number. 

This analytic continuation of the scattering ampUtucle in angular momentum 

is important because ita poles have a simple physical meaning (namely, they are 

·connected with the bouncl states and the resonances) anc1 are related to the problem 

of the au'bt:rac:Uona in the Mal:lclelatam representation. 
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Chew, Frautschi, and Mandelstam have conjectured that a almilar 

~ continuation is also possible in the relativistic case and have solved 1n thia way 

the problem of the undertermined subtractions in the S-matrix theory. However; 

·in the relativistic case there la no Schreidinger equation that providea the clealrecl 

particular continuation, ao it is important to· study whether conclitiOJia like 

(a), (b), (c) are 1u!£icient in themael~ea to characteri•e uniquely the function 

a(E,l), if it is aa1umed that it exists. 

We shall prove that il a function a(l) exists which aaaumea given value a 

•n for . l integer. which ia meromorphic to the right of a certa.bl vea-Ucal line 

. r · in the complex plane, ancl which for fll aufflciently larie aad.aflea the con• 

·clition (uniformly in aU'direcUons) · 

(1) 

then it ia unique. 

A proof of the same statement has been given by Squirea on the grounda 

that the pole a of a(l) determine the asymptotic behavior in the momentum transfer 
. . . 

3 of the acattering ampUtucle. Our proof is, however, mathematically more clirect, 

cloe1 not require any explicit reference to the possibility of Wataon•a traneforma.tlon, 

and. providea a more general prescription for the aaymptotic behavior of a(l) that 

.. makea the continuation unique. Theae enlarged prescription& are not phyaically 

. bnmecliately sipiflcant, but may turn out to be useful for the problem in 1eneral 

azul eventually for particular development•. 

Our proof reats on a lemma that 1 shall give at preaellt in a rather 

reatrictive form: 

A fuDction f(J ), which ia holomorphic to the right of a certain vertical 

line r and aatiaflea for euUiclently laraqa fll the conclltion (uniformly in aU 

directions) 

.... •• • • .:• • • -~ .. ••· M 
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.. ··.· · .. 

f£(.1) I< ... 0' fJ f for 0' > 0, ·. (Z) 

i8 ze:ro everywhe:re. . ·., '' 

·Let us suppose fo:r convenience that :r 1• at the left of the imagina:ry · · · 

axi8. The function £(1') of the :real variable · ' can be JOe presentee! :'by a Fourier 

,!:' r , 1; '·; ' '.· .· ,· 

+• 
f u ') . 1 j e·ik' .t.(k)c:lk, "'" • n- ,. ...... 

·' . (3). . . .. 

. ' 
• I, , ; .. '.t ' } ' <,.'' ·. • 

" 
bein1 t(k) pven by 

',, 

.. 
~;~H., kl . 

+(k) • : r . • tCJ, dJ • 

-1~ 

The function +Ck) is analytic: in the k plane in the strip J 1m k I < a which 

includes the whole k :real axis. Since f(.l) is holo~rphic: 4m!ti')'Where, we hav, 

J kl . 
e , . f(J) cU , . 

~ . ' ' 

(4) 

C(.R) 

where C(N) is the aemici:rc:le of radiua .R and cente:r in the or~gin which Uea · . 

· · . " .. ; : . ...... . at the right of the imaginary axis. ~ The right-hand term bi (4) goea to zero foJ> . 

.R . ..,. •· it the condition fk f < 0' is ·aatlafiecl. ·Therefore +(k) ia. zero in a circle 

of the k plane belonging to ita analyticity domain, and then it ia zero everywhere. 
. ' . 

Then f(.t) ia zero on the imaginuy axis and, aince it is holomol'phlc; ia zero 

everywhere. 
.: 

. ;..' 

The lemma now given is susceptible of the immediate geaeraUzat1oua 

(a) we may admit for f(.t) a finite number of poles; in tact,· in th1• case · · ·' . . . 

. f(l). g(.f) ~ 
. ,, f ' 

n \• .... 1~' -rr (1-t ) 
k'ol k / 
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where g(l) is an l~o:r.P.,liih.! function, which must satisfy a condition Uke (2). 

(b) We may admit that the condition (Z) is violated in certain neighborhoods 

of a succession of points off the imaginary axis; these neighborhoods are ao 

small that it is possible to construct a succession of semlcirclee C(B ) with n 

R - • • over which the (Z) holds without exceptions. D . 

Let us suppose now that a(..f) is a solution of our problem ancl a 1 (J) a 

. second solution. Since a• (J) and a(.f) must be equal for I. integer, we have 

a' (l) • a(l) + f(l) sin wl , (5) 

where f(l) 18 a function meromorphic to the right of r (obviously without poles 

at the integers). · Obvioualy, for sufficiently large fl.f , 

ff(l)j x fain wl.f.; fa 1 (l) I + f&(.f) f4iie·T' Be I... (6) 

OA the other side it is easy to see that it is possible to construct appropriate 

neighborhoods of the integers out of which we have, for instance, 

Jain wl. r > ~ • 'II' lim .c r .. 

. It follows that, for sufficiently large 1 , 

+ • arg 1 .. (7) 

U we observe now that the condition (1) prevents the possibility of an infinite 

>· number of poles for a(1), we have f(1) e. 0, a• (l) ;; t\(l) e 

. U we relax the condition (1) ancl we ask that it be verified not uniformly in the 

entire half plane to the right of. r but only inside an angle (centered on the real . 
. 'II' 'If . -

axis) of the form (•'%. + •, '% -.e), then, a(l) may have au lnOnlte numbes- o~ polee 
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· wh.ere g(l) is holomorph.ic. We may see th.en tb.at our conaideratio11a that follow 
.. ' 

(5) may be repeated i£ th.e conclition 

. (8) 

is aatisfied !or large· l. 

We may now observe that if we know tb.at a m.eromorph.ic continuation from 

an • • exists satisfying a required asymptotic condition, then any other condition 

for which it is possible to establish a very weak asymptotic 'boundary auch. aa (8) 

must be equal to the correct one L vice veroa, lfa continuation exiata aatiaf~ng 

(8) and violating, for instance (1), no continuation satisfying (1) can exist]. Th.la 

observation may eventually be useful in problems of extension of tbe analyticity 

domain of a certain a(l). 

To conclude, we recall tbat a continuation for the amplitude of scattering· 
. . 4 . 

m angular momentum has (;l been proposed by Froissart, also m the relativiatic caae. 

This contmuation, apart from the inessential complication of tbe ao~caUed J•parity, 

may be wdtten with the usual notations: 

. . . . . .· - . 

a(l,a) • (1/Z,.liJ,..z o1 (1 H/Zp2
) D(a,t) dt. 

1' 

(9) 
r 1 • 

Equation (9) aatisfiea Eq. (1) and is completely holomorphlc to tbe riaht of 
'! 1 

a certain line .Re l • NJ the eventual proof (starting from the principle• of the 

S-matrix theory) that the continuation of (9) is meromorphic 1n the whole physically 
• • •' • • •' • .' ' r • ' • r . . ' 

iDtereaUng region ia u actual task.' The other continuation, 

.. _,_.. ..._ .... _ ....... .....___. ·--- ..... ~---...:-...,_,_._ ~ -· -- ... 
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outside every such angle. I! this is the case and if a second vertical line r • 

exists, to the right of which only a finite number of poles falls and the condition 

· (1) is again uniformly satisfied, then the continuation remains unique} the · 

.. position· of the liD.e r is in'fact i:rrelev~t for our considerations• and these 

may be applied again to the right of r•. · If instead the infinite poles of a(.f) do 
. I . 

not remain to the left of a certain vertical line (as it happens if they Ue, for 

instance, on a parabola which has for its axis the imaginary axia), then lt cloea 

not aeem possible to say anything. in general. 

Another consequence of the fact that the boundary of the region, in which 

our consideiations may be applied, can be displaced arbitrarily toward. the right 

iG that the values a 0a 1 • • • ap, aosumed by a(.t) .for J equal 0, 1, • • • p, are 

completely determined from the values assumed for J 111 p + 1, p + Z • • •, • It 

' follows that only for particular assignments of the values an • a we may expect 

that an analytic: continuation that satisfies the required conditions exists, even 

if such values are in agreem~nt with Eq. (1). This illustrates the dynamical 

content of the property of the analyticity of the S matrix in angular momentum. 

From the mathematical point of vie.w the condition (1) il clearly very 

particular; it corresponds to tho case in which a finite ellipse exists for the 

convergence of the partial-wave expansion of the scattering ampUtude. Physically, 

the moat interesting case that violates condition (1) ia represented by the Coulomb 
. ' 

potential. To have a more general asymptotic: condition (that makea the continuation 

umque) we observe that in our lemma the condition (Z) may be replacecl by 

(Z) 

whe~e )l ( fl I) ia an arbit.rary function that goes to zero l.or I J I - • . Thl• la 

true for f(.f) eltheJ' holomo~c or rn•ro~rpbicJ the latte:r ,. l'eclucecl to the 

former by· 

-
0 

,_ ____ ,_ __ ~ 0 
- .. --... ~ ....... - --- .......... "• ''-. 0 0 •·•- O -~.o-·~~~ ... ,,...._,_,, ____ .~ ..... 0 • _ • .., ....... •• 0 ' _.,. L 0 o •. U •• •• ~--·'"'-"'"-"'• ,o'--'- ~· -- !· O 
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b(J, s) = i ·.j A(a, coa 6) P1 (cos d•) d cos 6,. 
-1 

' 
UCBL-10116 

(10) 

which could s_eem natural, violates in general condition (1) and o:bviously violate a 
• l ' ' • '. • • ' ' . 

. even .c~ndition (8). 
, , ·,' ,: ,I 

Incidentally, the possibillty of establishing, for b(a,.t), the boundary 
."'lim .t ,. . ·.. . . . - . - ' . 

fb(s,.t)J<e (for large J), wbich.is the closest possible to (8), seem~ to 
~ . . . . ' . 

.· .,_. 
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