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A continuation of the S matrix, for many-channel potential-scattering 

problems with arbitrary spin, away from physical values of the angular momentum 

is defined. It is shown that the scattering amplitude can be expressed as a 

sum over physical J values of a summand which is meromorphic in the entire 

finite J plane. 



UCRL-10138 

ON COMPLEX ANGULAR MOMENTUM 

'* IN MANY -CHANNEL POTENTIAL-SCATTERING-·· PROBLEMS. I 

John M. Charap and Euan J. Sq_uires 

.Lawrence Radiation Laboratory 
University of California 

Berkeley, California 

March 22, 1962 

l. INTRODUCTION 

The purpose of this work is to extend the discussion of complex angular · 

'l 2 
momentum given by Regge and by Bottino et al. for the single-channel, zero-

spin, potential-scattering problem to the many-channel potential problem with 

arbitrary spin. We restrict our considerations at present to the case where 

.all channels are two-body. 

The intrinsic interest of the properties of partial wave amplitudes in 

the complex angular momentum plane in potential scattering problems is probably 

onlyacademic, but, in so far as the results can be taken over to the relativistic 

problem, where at present many of the proofs are lacking, it is extremely useful 

(see, for example, Udgaonkar, 3Chew et a1.,
4 

and Frautschiet aL 5 ). For this 

l 
purpose the essential result of- Regge is that the partial-wave amplitude, 

defined initially for physical _t values, can be continued to give a function 

of t which is meromorphic in Re t > -l/2 ahd for which the Sommerfeld-Watson 

transform is possible. For potentials regular at r = 0, the meromorphy domain 

has been extended to include the whole t plane except .£ = 00. 6, 7, 8 In 

this paper we show that an analogous continuation can be made for the many-

channel problem with spin, and yields an S matrix which is meromorphic in the 

finite J plane. The restrictions we make on the potential matrix are (i) that 

it be local in r in the sense defined in Eq_. (3.4), (ii) that it be a super-

position of Yukawa potentials with a finite maximum range, and (iii) that 
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it be regular at the origin. It should be noted that (i) does not exclude 

such interesting cases as, for example, the spin-.orbit interaction. The 

restriction to a sum of Yukawa potentials is made because in the one-channel 

problem it ensures suitable behavior of the scattering amplitudes for large 

I J 1. The regularity condition at r == 0 allows us to show meromorphy in the 

entire J plane rather than in a part of it. Note that these three restrictions 

are sufficient for our purpose but may well not be necessary. In section 2 we 

obtain a general expression for the scattering amplitudes in terms of solutions 

of the coupled Schrodinger eq_uations, essentially following conventional treat

ments (see, for example, Newton9). The continuation to complex angular momentum, 

and the study of the analyticity properties of the scattering amplitudes are 

contained in section 3. 

It should be noted that there are many continuations of the S matrix 

8 10 
away from physical angular momenta. ' Our particular choice is motivated by 

our belief that it is the only one that permits an analogue of the Sommerfeld-

8 
Watson transformation to be made (cf. the situation in the one-channel case ). 

We will discuss these and other related matters in a future paper on this 

subject. 
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2. GENERAL FORMULATION ~ 

The Coupled Schrodinger Equations 
I 

We are concerned with states of two particles, which in general are \ 

"compound", satisfying the SchrO"dinger equation 

(E - H) I I ) = o, 

where H contains the kinetic-energy operator of the relative motion and a 

general interaction operator V, and E . is the energy of the system. We expand 

these states I,I) in terms of a complete set of. states of total angular momentum, 

h . h d f. 11 w lC we e lne as 

I JMc£s) = (2 .2) 

Here J is the total angular momentum, £ is the orbital angular momentum of 

the relative motion, sl and s2 are the spins of the two particles in intrinsic 

states cl and c2 ' and M, m £' ml, and m2 are the .z projections of J, .e, sl,, 

and s2 respectively. The index c on the left is used for brevity instead of 

c1 and c2 . Both jJMc£s) and ltm£c1m1c2m2 ) are normalized to unity. 

The r representative of a state II), where r is the separation of 

particles l and 2, can be written in the form 

(r. I y ) = (2, 3) 
--· 

• JMc£s 

Inserting this into Eq. (2.1) and using the orthonormality of the states defined 

in Eq. (2.2), we obtain 

(k2 _ £(£+ l) )1jrJM(r) 
c 2 c£s 

r 

( c£s I~ (r'/1 c 1 £ 1 s 1
) 1jr 1 ~~ 1 (r) . c ~ s 

c 1 £ 1 s 1 

= 0. 



-4.;, UCRL-10138 . 

He':l?'El' :' we have put f} /2m 1, where m is the reduced mass of the two particles, 

and introduced 

2 
k c E - E , c 

(2.5) 

where E is the energy threshold for channel c, i.e., the channel in which the 
c 

two particles are in intrinsic states cl and 

In writing Eq_. (2. 4) we have used the locality restriction on the paten-

tial, and also its rotational invariance. Since we shall always use boundary 

conditions that ar:e.::independent of M, it follows from Eq_. (2.4) that the index 

M on the \jr's is irrelevant; we shall therefore omit it in future. It will also 

be convenient in much of the following to replace the suffixes c£s by ~· We 

can then order the channels in some way so that ~ .takes on integral values 

between l and N, where N is the number of channels. The value of a para-

meter in the ~th channel will then be denoted by giving it a suffix ~ e.g., 

.e ' k 
~ ~ 

Special Solutions 

We first define regular solutions of Eq_. (2. 4) which, for physical values 

of the angular momenta, satisfy 

lim 
r -7 0 

¢' J (r) 
~ 

0. (2 .6) 

We choose N linearly independent solutions satisfying this condition, \.where j N 

is the number of channels, and denote them by ¢ J, with 
~p 

p 

We further define 2N linearly independent solutions 

which satisfies a boundary condition for large r,. viz. 

lim 

1, 2 .•• N. 

X·J("!:), each of 
~p 

(2. 7) 
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Thus, at infinity the wave function X J("!:) will have an ingoing or outgoing 
. J.lP 

wave in the ;E,th channel, and nothi:qg, iqthe other channels. The possibility of 

being able to define wave functions by using ECl .. (2. 7) depends on the fact that 

the potential falls off faster tban .-1/r ·for large r, which follows from the 

second restriction· on V given in section 1. 

The 2N .solutions of the N second-degree coupled e'luations (2.4) defined 

by ECl. (2.7) form a basis for all solutions of these e'luations. Therefore we :can 

write, in matrix notation, 

i J J J J 
= 2 [ ,£ ( - ) ~ (+ ) - ,!_ ( + ) ~ (- ) ] ' (2.8) 

where ;,J, XJ(-!:) are, N-b_y-N matrices with. components . rf.. J and X J(-!:) 
J;:. . """' 'P J.lP ~LP ' 

respectively. Here we have introduced the matrices J:_J (;:), with components 

f J(+- ), 
ClP 

which are independent of r and are generalizations of the well-known 

Jost functions. J+ To obtain explicit expressions for J:. (- ), we note first that 

w [~J (-!: ), 'J+ 
~ (-'-)] o, (2.9a) 

and 

W[XJ (+ ), 
""'~ 

t (-)] = 2i. (2.9b)_ 

Here W[\jr(l), 'ljr(2
)] .is the Wronskian of two solutions of ECl• (2.4), defined by 

.- \jr(l)T W(2) _ ~(l.)T 'lr(2) , (2.10) -
where \jrT is the transpose of \jr and \jr is the derivative of \jr . with respect 

to r. Since the potential matrix in ECl· (2.4) is symmetrical, the Wronskian is 

independent of r. Then, from ECls. (2.8) and (2~9) we have 

W[XJ(t), ,¢JJ = fJ(-!:)·. I _,...,.,... "'""""""' ~ 
(2.11) 
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The S Matrix 

From Eq_s. (2.7) and (2.8) the asymptotic form of f is given by ,_, 

p, -l/2 
i i'J.l(k ) 
2 . fl 

+ik r] 
e fl • (2 .12) 

To obtain the S matrix, we define N linear combinations of the rl. J 'fl , each 
· flP 

having zero ingoing flux in all but one channel, i.e. we introduce L:· rl. J A. J 
'flflp PCl ' p 

with 

Then we have 

l. ,.,... 

and, by definition, the S matrix is given by9 

s J = f J (+) 
. Clfl flP 

From Eq_s. (2 .13) and (2 .15) we .obtain 

(2.13) 

f J (+ ) A. J e fl , ( 2 ~ 14) ik J 
flP PCl . . 

(2 .15) 

(2.16) 

We can write Eq_. (2.16) in a simpler form if we note that W[¢J, ¢J] = 0, 
'. """"" ,.,.,... ,..,.,.. 

from the boundary condition at r = 0, and, from Eq_s. (2.8) and (2.9): 

-~-... 

![~, i] = . o. 

Hence we have 
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(2.17) 

The symmetry of the'*'- matrix follows from comparison of Eq_s. (2.16) and (2.17). 

The SchroCiinger eq_uation (2.4) is real for physical k and .e, so that 
' J ,' 

we can choose the f to be real. . From Eq_. (2 .7), . however, we have 

(2.18) 

Hence we obtain 

:= (2,.19) 

from which follows the unitarity of - SJ, 
' ·VVI. 

SJ l. (2.20) 
' ----

The ScatteringAmplitude 

The cross section for scattering from intrinsic states denoted by c to 

states denoted by c' is given in terms of the scattering amplitude f(G, ¢)by 

da(G) 
dQ 

2 
(2 .21) 

where the A. are the respective helicities and Q and ¢ are respectively the 

center .. of-mass polar and azimuthal.angles of scattering. In terms of the S 

t . ha 12 rna rlx we ve 

:= 

and 



where 

and 

UCRL-10138 

£-£' 
i 

(2.23) 

(2 .24a) 

(2 .24b) 

In the shorthand notation used previously, the S-matrix elements in E~. (2.23) 

are simply J 
8 I • 

l.l l.l 

This completes the review of the formal analysis for physical values of 

the angular momentum, and we now turn to the problem of the continuation to 

general values. 

/ 
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3. ANALYTIC PROPERTIES IN .J 

The Potential 
j__ 

Before we can determine the analyticity properties of the- solutions of 

Eq. (2.4), we must consider the potential matrix. Ignoring the index c, which 

is irrelevant here, we have 

(r 1JM.e 1
S lvlrJM.es) 

l 
= 4rt 

.·· ( r I m I m_ I I V I rmlnt... ) ' 
"""lc, 11M c 

where 

dQ ,_ sin g dQ d¢ 

and 

m = M - m - m2' l 

(3.1) 

(3 .2) 

(3.3) 

and similarly for dQ 1 and m1
• Using now the first restriction.on the poten-

tial, we can express it in the form 

X o(r-r 1
) y (g,¢). 

-- ,A}q 
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The spherical symmetry of the potential imposes certain restrictions on the 

:i.:(hl; we assume that these are satisfied but otherwise do not use them explicitly. 

Insertion of this into Eq_. (3.1) yields 

( r 1 JM£ 1 s' IV I rJM£s) == 

== 

X 

C(s 's 's'· m 'm ') 1 2 , 1 2 c(.e;A £' ;m'fri) 

X C(£'s'J; m', M-m') C(£sJ; m,M-m). (3.5) 

We introduce new variables t and t' by 

t==£-J (3 .6a) 

and 

t' == ].' - J, (3. 6b) 

and substitute for £ and £' in Eq_. (3.5). The right-hand side of this eq_uation 

is then used to define the potential matrix vi(r) for all J. It is a holo-

morphic function of J in the whole J plane, apart from isolated singularities. 
i 

To study these, we use Wigner's expression13 for the Cle~sch-Gordan coefficients, 

from which it follows that 

< t' s' 1vr (r) Its> == 
N (Jts) 
N(Jt's') 

is holomorphic in J, where 

(J+t ', s' I vi (r) IJ+t, s) (3. 7) 

.• 
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N(Jts) 
[ 

(;J+t+s+l)! ~ l/2 

= (2J+t-s)!_(2J+2$-1-l)j · 

-:v_.T 
Notice, however, that J: ·is generally not. symmetrical. 

I. 

Reformulation of the Scattering Amplitude 

In this section we modify. the formal theory t.o take account of the singu-

larities of the factors N(J, t,;s) introduced in the last section. If the problem 

has only zero-spin particles, these modifications are unnecessary since these 

factors are then identicallyunity. 

We introduce new wavefunctions defined by 

(3. 9) 

where · £ = J + t. These satisfy the e~uations 

. •• J . [kc2 (J + t)(J+ t + 1)~ "' J· 
'If ct~ (r) + 2 '~'cts (r) 

r 

(cts JyJ" (r) I C 1t IS, I)' "' J -L. '~'c ' t ' s'. ( r ) == 0. 
· · c't 's' 

(3.10) 

The "potential" in this eq_uation is an analytic function of J, so tbat this 

form of the SchroQinger eq_uation is more suitable for considering the analyticity 

properties of the wavefunctions tban is Eq_.· (2.4). First we show.how the S matrix 

.can be expressed in terms of particular solutions of E~. (3 .10). 

F.or physical J regular solutions p J(r) 
. 1-lP 

satisfy 
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"'J lim ¢ (r) = o, 
~0 1-!P 

(3.11) 

where 1-1 denotes c,, t, and s, and p ( = 1, 2 .•• N) again labels N linearly 
r 

independent solutions. 

and, 

with 

We also define solutions X 3(~) by the boundary condition 
1-!P 

+ ik r 
1-l x cJ(~) 

1-!P 
lim e 
~CD 

as before, 

~J = 
11M 

fJ ("!:) 
""" 

write 

i 
[ !J(-) 2 

= lim w 
~CD 

= 

xJ(+) t(+) f(-)]' -
"""' 

[ XJ ("!: ), t) . 

(3.12) 

(3.13) 

Note that the Wronskian is not :t:J.OW independent of r, oW'ing to the nonsymmetrical 

form of V. The limit in Eq_. (3.14) exists since the potential tends exponen-

tiallyto zero as r tends to infinity. 

From Eq_s. (3 .12) and (3 .13) we obtain 

i 
"' ~cb 2 

.e -l/2 · [ -ik r -ire£ 
i 1-l(k ) f J (-) e 1-l -e 1-l f J (+) 

1-l · . 1-!P 1-!P 
' . 

+ik r] . ll 
e ' (3.15) 

whence 
.e -l/2 

i i 1-l(k ) 
2 ll [ 

-ik r 
f 3 (-) N(J!l) e ll 

llP · 

-ire£ J +ik r] 
-e ll f · (+ )N(J!l)e ll , 

llP 

where N(J!-1) = N(Jt s ). Therefore the S matrix is given by 
ll 1-l 

(3.16) 
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where 

s J 
Vfl 

"-'J s 
"\/tti. 

N(Jv) 
N(Jf.l) 

""'J s 
Vfl ' 

(3.17) 

"-'J We shall define S for·all J by means of this eq_uation, and show below that 
"""' 

l•t . h" . 14 1s meromorp 1c. 

Before doing this we return to the scattering amplitude, given by 

Eq_. (2 .23 ), which we rewrite as 

,I: 
J 

L (2J + 2t' + 1)1 / 2 (2J + 2t'+ 1)
1/ 2 

Xc(J+t',s'J; o,r-.'.) 
.tt' SS I 

The t sum, for example, is initially limited to values ranging by integer steps 

from I J - s I - J through s. However, for physical J., we can replace this 

by the range -s through s .without altering the value of the sum, since the 

Clebsch-Gordan coefficients are zero at the additional values. The limits on 

the t and t' sums thus l::lecome independent of .J. We now observe that the J 

summand in Eq_. (3.19) is holomorphic in J apart from the singularities of 

To. see-this we use13 



= 

-14-

[ 
(J - A.' ) ! (J + A.)! ] J/ 2 
(J + A. I.)! (J - A.)! 

X F(A. - J, -A.' - J; A. - A.' + 1; - :gan
2

G/2) 

for A.> A.', and a similar expression derived from 

= 

UCRL-10138 

for A.' ? A.. Here the F is the hypergeometric function (
2

:F'
1 

in Pochhammer' s 

notation). It can be shown to be holomorphic in J for all Q for which 

2 
-tan Q /2 is not a real number greater than or ·equal to unity. It may then be 

easily verified that .the singularities in J of the J 
dXA.' and of the Clebsch-

Gordan coefficients in Eq. (3.19) cancel with those of the factors 

N(Jt's') N(Jts)-1
. 

Analyticity Properties 

In this section we shall extend the definitions of the XJ(~) and 
/lN'I 

~J ' 
y; to nonphysical J, and show. that they are holomor'phic in J. 

M" 

~J The regular ·solutions y; satisfy Eq. (3.10) for all J and Eq. (3.11) 
""" 

for Re J sufficiently large (for example, in the zero-spin caseJ Re J > -1/2). 

In this restricted region of the J plane, the holomorphic property of the 

' ~J y; c~n be obtained by consideration of the iterative solution of an integral 
/Wl 

equation with specified boundary conditions at r = 0. As observed by Newton, 9 

some care is required in writing this integral equation when the £ values are 

different in different channels. To avoid this difficulty and to extend the holo-

morphy domain to the whole J plane, we introduce the third assumption on the 

rV(r) ·is regular in 
""' 

r at r = 0. This enables us to potential, viz. that 

obtain a power-series solution7' 8 
for ~J. 

IW1 
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Explicitly, we assume that 
co 

( r .~ - r vr) = I: aJ ( n) r n 
""" l1rl' n=O """ 

converges for r < R. Here the matrix K is given by 
!W\ 

K 
f.LV 

5 k 
f.LV f.l 

We make the Ansatz 

'f(r) 
£0+1 

= r 
""" 

where-

.eo J - s 
max 

and 

~ax ' 
2 s 

max 

(X) ~ax 
cl(n, q)rn I: I: 

""" n=O q=O 

+ l ' 

s being the maximum value of s. 
max 

(r ln r )q , 

UCRL-10138 

(3.20) 

(3.21) 

(3.22) 

(3.23) 

(3.24) 

Substituting Eq. (3.22) into Eq. (3.10) and equating coefficients of / 

rn(r ln r)~ we obtain the recurrence relation 

J 
[ (£

0 
+ n + q + l)(£

0 
+ n + q) - ~(~ + l) ]g. (n, q) 

J 
- m ... l; q) - (2£

0 
+ 2n + 2q + l) (q + l) ~ (n-1, q+l) 

m 

J 
- (q + 2)(q + l) a (n-2., q+2), (3 .25) 

"""' 

subject.to the choice of a(n,q) = 0 for n(O, q( 0, ..... or q > a . illax 
The 

matrix L is defined by 
AM 
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L = 5 .£ • 
f.lV f.lV 1-L 

This recurrence relation determines all the exll~ (n, q) in terms of N linearly 

independent sets. of N arbitrary parameters. These are 'ex (0 ;o) for 
llP 

ex (1, 0) for .£ 
1-LP 1-l 

£
0 

+ 1, and in general ex (n,O) for £ 
llP · 1-l 

If we choose these parameters to be holomorphic functions of J , then Eq. (3 .25) 

shows that the ex J(n,q) are meromorphic in 
1-LP 

J. As in the single-channel case, 7'
8 

J the poles of z give rise to fixed poles in which therefore cancel when 

"' we form the S matrix. Alternatively they can be removed by a suitable choice of 

the arbitrary parameters. If we do this, Eq. (3.22) defines Jt(r) to be a 

holomorphic function of J , at least for r~ R . 

To extend this result17 to all r, we use the integral form of Eq. (3;'10) 

with boundary conditions specified at some r 0, with 0 < r 0 < R . In order to 

write down the integral equation, we must first consider the solutions of Eq. 

(3.10) when 

by J u (r), 
llP 

V= 0 . Denote those solutions that behave at 
-.£ 

and those that behave like r 1-l. by v J(r), 
flP 

£ 1 
r = 0 like r f.H-

where p again labels 

N linearly independent solutions of each kind. Then·the integral equation is 

r 

~J(r) 
""" 

~J(r)- W [u,v]-l J 
"""""' lilY\~,.,... 

[ uT (r) v(r' ) - uT (r' ) v(r) ]yT (r 1 )~J (r 1 )dr,' 
"""""" ,1'1./'A -- ....-..... """""" . ,..,_ 

(3 .27) 

"J 
where 1

0
._ (~) is the unperturbed solution satisfying 

and 
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Since the u and v are in fact just spherical Bessel functions, the kernel of -
the integral eq_uation (3.27) is bounded for r ~ r

0 
> 0 , and is holomorphic in 

J for alL J •
18 

Thus the iterative solution is convergent, and shows that ~ (r) 

is holomorphic in J .for all J and all real r. 

For the solution XJ(~), we can immediately us~ the integral eq_uation 
"""" . 

with boundary conditions. specified at r = oo. This is discussed in detail for 

2 I 
the one-channel case by Bottino et al., and a .similar argument obtains in the 

preserit case. 

~J "-'J + Thus we have the result .that the 'fJ ·.and ~ (-) are holomorphic functions 
""""" 

of J for all J. It follows from Eq_. (3.14) that the same result holds for 

fJ (~) and, hence, ·that SJ is meromorphic. 
""" """ 
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