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NEUTRAL PIONS FROM PROTON-PROTON COLLISIONS 
AT 735 MeV 

Gilbert D. Mead 

Lawrence Radiation Laboratory 
University of California 

Berkeley, California 

May 8, 1962 

ABSTRACT 

An investigation has been made of the reaction p + p -+ p + p + n° 

at an incident proton energy of 735 MeV. The external proton beam of the 

184-inch synchrocyclotron bombarded a liquid hydrogen target. Gamma- ray 

spectra were measured at lab angles of 6, 32, and 60 deg with respect to the 

proton beam. Two high- resolution pair spectrometers were used to analyze 
~{ 

the photons. Computer codes were used to make all necessary corrections 

to the data and determine the final spectra, 

No evidence is found for gamma rays produced from any source other 

than n° decay, The cross sectionfor n° production was measured to be 

3.46±0, 25 mb, Using a least-squares analysis, angular and momentum distri­

butions for the neutral pion in the two-proton c, m. system were determined 

from the photon spectra, The pion angular distribution is given by 

da 0 Tr 

an 
2 4 l 0,834 + 0.099 (3 cos 8) + 0.067 (5 cos 8)] , 

That is, 83o/o of the pions are produced with isotropic distribution, This re­

sult is consistent with the isobar model of pion production. Pion momentum 

distributions are given for several c, m, angles. These also support the iso­

bar model. 
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I. INTRODUCTION 

A. Review of Pion Production in Nucleon-Nucleon Collisions 

Since the discovery of the pi meson, a large amount of effort, both 

'..' theoretical and experimental, has been spent trying to understand.the basic 

mechanisms involved in pion production in nucleon-nucleon collisions. Ther.e 

is still no comprehensive theory able to make detailed, precise calculations 

and predictions. Several theories have been presented, however, which pro­

vide qualitative and semiquantitative understanding of the pion productionpro­

cess in various energy regions. 

.. ,,~ 

Perhaps our clearest understanding is in the region near threshold. 

The first experiments were performed using cyclotrons whose proton energies 

were only slightly above threshold for pion production. This early work, 

along with a phenomenological theory that provides a good understanding of 
1 

the experimental results, is summarized in review articles by Rosenfeld 
. 2 

and Gell-Mann and Watson, 

At high energies, the arguments that apply near threshold .become 

less applicable, Final-state interactions between the emergent pion and one 

of the nucleons must be considered, The isobar model, as developed by 

Lindenbaum and Sternheimer, 
3 

assumes that pion production proceeds via 

the intermediate formation of a nucleon isobar, which subsequently decays. 

into a nucl~on and a pion: 

N+N-N+N 
* N-N+Tr 

>lc 

This nucleon isobar is assumed to be in the isotopic spin _T = 3/2, angular 

momentum J = 3/2 resonant ·state, Its mass corresponds to the t'otal energy· 

of the pion-nucleon system at the 3/2 ~ 3/2 scattering resonance, . Since the 

n-N resonance has a finite width, the mass of the isobar will not be unique, 

but has a distribution centered on the value of 1.23 BeV~ · This theory assumes 

that the isobar exists long enough to allow it to separate from the other nucleon 

before- decaying. Thus final-state interactions between the decay product's of 

the -isobar and the other nucleon are smalL 

If sufficient energy is available, double-pion production can proceed 

via the excitation and decay ofboth nucleons, One can also excite higher iso-
-. 4 

baric levels corresponding to the higher resonances in the n-N system. 

I 
i. 
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! 
This theory has been quite successful in explaining the experimental 

/results of pion production at cosmotroncenergies {0,8 - 3.0 BeV),. but its 

predictions are quite different. from those of the Fermi statistical modeL 
5 

{ Fermi assumed that thermodynamic equilibrium was established insl.de a 
" collision volume of radius equal to the pion Compton wave length. The rela­

j tive probability of a final state was simply proportional to the phase space 

available for this state. Thus it was assumed that matrix elements for all 

final states were essentially the same. Although the p·redictions were useful 

at high cosmic-ray energies (10 to 100 BeV), at energies of l to 3 BeV its 

predictions of pion mulltiplicities and pion spectra differed significantly from 

the experimental results. It thus appears that the pion-nucleonfinal-state 

interactions play a. major role at these energies. 

· Mandelstam has developed a resonant theory to apply in the inter-

mediate energy region (up to about 700 MeV). 6 Just as with the phenomenological 

description at threshold energies, the pion-production process is analyzed 

in terms of a limited. number of angular-momentum final states. The dif­

ference is that whereas Gell-Mann and Watson consider states wherein the 

pion is in an S- or· P- state with respect to the whole nucleon-nucleon system, 

Mandelstam assum.es that the pion is in a 3/2 - 3/2 resonance state with one 

nucleon, and the second nucleon is in an S- or P-state with respect to this 

resonant system. He develops a theory with adjustable parameters for six 

basic types of transitions. By somewhat arbitrarily setting some of them 

equal to each other, he is left with three parameters that can be fixed fr.om 

i the experimental values of three basic cross sections. The resulting theory 

' agrees quite. adequately with most of the experimental results in the energy 

' regionto which it has been applied. Some rnodification is necessary, however, 

in the threshold region. 

{ These theories all have one basic inadequacy: they are all essentially 

i phenomenological in nature. That is, they fail to provide any underlying 
~ ! mechanism for the production of the resonant state. They all depend upon 
II 
f' 

f experimental data to provide numerical values for the necessary parameters; 

no absolute cross sections are predicted. In order to go further,. one must 

assume a specific mechanism associated with some Feynman diagram, so 

that field theoretical calculations can be made. 

v 
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. Recently several authors have suggested theories wherein such a 

mechanism is provided. 
7

- 9 This mechanism consists of the exchange of a 

single virtual pion,. for which.a Feynman diagram is as follows: 

~------<~~ 
·. I --------

Here solid lines are nucleons and dotted lines are pions; In this. ex.:.. 

ample we show the production of an isobar by the exchange of a single virtu'al 

pion, The isobar then decays to produce the pion. This mechanism ha·s been 

called the peripheraL interaction model or the long-range interaction rriodel,· 

so called because the interaction between nucleons seems to take place in ·the 

pion cloud rather-than at the much smaller absorptive core. Bonsignori arid ·­

Selleri have used this theory to calculate energy distributions and cross sect:lons 

for incident proton energies of 970 MeV. 7 This energy corresponds to that · 

used by Batson et aL at Birmingham to produce .inelastic proton-proton inter-· 

actions in, a hydrogen-filled .diffusion cloud chamber. 10 The pe:dpheral inter.:. 

action model predicts results which are well verified by this_ experiment. On 

the other hand, predictions of the statistical model differ significantly f:rom 

the experimental results. 

The peripheral interaction model has been applied 'mainly in the region' 

of~ 1-BeV incident nucleon energy. ·This is primarily because at lower 

,. energies only a few angular momentum states are important,. an,d threshold 

effects are still dominant.- Sirigle-pion ·exchange is only one 'of many funda-'-

mental processes that can contribute to the pion-production matrix element 

at low energies. 
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B. The Reaction p + p - p + p + n~ 

The reaction p + p - p + p + . .,P has been of particular interest for . · 

several reasons. First of all, in the notation of Rosenfeld, 1 the cross section 

is pure a 11 ; that is, the isotopic spin of the nucleons equals 1 in both the 

initial and final states. Most other reactions in which pions are produced in­

volve combinations. of the three basic cross sections aLl, a 
10

, and a 
01

. For. 

instance, the reaction p + p- p + n + ,.,+ is a sum of a 
11 

and a 
10

. 

A second reason for the interest in the p + p- rr0 reaction is its rather 

unusual behavior near threshold. The. cross section is extremely low as com­

pared with positive pion production, and rises :rapidly as the incident proton 

energy increases, This is because the state which is most important in T,+ 
production near threshold (Class Sp in Rosenfeld 1 s notation) is not available 

to the all eros s section. When the Pauli principle is. applied, one cannot con­

serve angular momentum and parity simultaneously, 

Studies of neutral pion production, however, are difficult to pe:r:form, 

This is true for a number of reasons. The pion itself can never be observed, 

due to its neutTal charge·and extremely short lifetime, Analysis of·the gamma 

rays into,.which it normally decays is also not easy. An instrument with .high •· 

efficiency cannot measure gamma-ray energies with any precision, On the 

other hand, a high-resolution instrument such as the pair spectrometer which· 

we use has inherently low efficiency. It is very difficult .to detect the two 

gamma rays simultaneously,· and even more difficult to also measure.the 

energy of either one or both, Ahydrogen bubble chamber is very inefficient 

for detecting gamma rays because of the low cross section for pair production,, 

If a heavier element is used as the liquid for a bubble chamber, the event can 

no longer be simply analyzed interms offundamental particle interactions, 

Most of the experiments which have been done are of three types: 

those that simply detect and count gamma rays at various laboratory angles, 

those that measure the energy spectrum of the .gamma rays, and those that 

analyze one or both of the recoil nucleons . 

. We now summarize the main results of the experiments on neutral 

pion production,. especially in proton~proton collisions, since 1950 . 

. Soon after discovery of the neutral pion
11

• 
12 

it was noted by Hales 
13 . 

et aL that the gamma- ray yield from protons on complex nuclei depended 

only on the number of neutrons in the nucleus and was essentially independent 
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of the number of protons" Actual cross-section measurements for 
.. . 0 14 15 

p + p - p + p + ;r by Mather and Martinelli, Moyer and .Squire, 

:w, Marshall et aL, 
16 

Stallwood et aL, 17 and York et aL, 
18 

at energies from 

340 through 447 MeV confirmed both the low cross section near threshold 

',) 

(10 f.J.b at 340 Mev
14

' 19 as compared with 150 f.!b for 1r0 production on neutrons) 

and the steep excitation function, Further. cross -section measurements have 

been made up to 670 MeV by Tia.pkin et aL , 
20 

Soroko, 
21 

Prokoshkin and 

Tiapkin, 
22 

and Dunaitsev and Prokoshkin, 
23 

The result; of these measurements, 
. 24 

along with a value in nuclear emulsion at 925 MeV, and a value obtained 

from a hydrogen diffusion cloud chamber at 970 MeV, 
10 

are plotted in Fig, L 

The value of 3,46±0,25 mb obtained by us at 735 MeV is also shown, These 

are all plotted as a function of 1') , the maximum pion momentum in the 
max 

center-of-mass system, in units of m 0 c, It is seen that the cross section 
'iiT 

continues to rise rapidly up to around 600 ·MeV, after which it begins to level 

off to a value of around 4 mb, This general behavior is in good agreement 

with Mandelstamu s resonance theory, when modified at energies below 500 MeV 

for nonresonant. Ss transitions, Mandelstam 0 s theory predicts a peak inthe 

cross sectionat about 800 MeV, 

The information on angular distributions is much more limited, pri­

marily becuase the gamma-ray angular distributions only weakly reflect the 

neutral-pion angular distributions, One must measure gamma fluxes very 

accurately to obtain even limited accuracy for pion distributions, unless one 

can measure the gamma energy spectra as welL 

. The c, m, angular distributions can be expressed by expanding the 

distributions in the even powers of cos8 L e, , c,m,, 

da 2 4 
~ cc 1 + 3 b cos e + Sc cos e + 

Odd powers of cos 8 cannot appear because of the symmetry between the two 

protons, In the experiments done so far,. terms higher'than cos
2e have not 

been needed to fit the. data, 

Prokoshkinand Tiapkin found that at 445 MeV, b::::: 1, L e,, approxi-
2 

mately equal numbers of pions were distributed isotropically and with a cos 8 
22 

distribution, At 660 MeV they find that the distribution has become isotropic, 

In contrast to this, Dunaitsev and Prokoshkin find that the pions are produced 

isotropically over the entire region from 400 to 660 MeV, 
23 

The results of 
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York et aL at 397 to 445 Mev
18 

are also consistent with isotropi~ production. 

The only experiment on hydrogen done with .a pair spectrometer finds 

b = 0.1±0,03 at 660 MeV, 
25 

It is interesting to note that Mandelstamu s res-
. . . .· ·, 6, 23 

ona~ce theory predicts almost complete isotropy at all energ1es to 700 MeV, 

Information on pion-energy distributions is almost nonexistent, One 

must have accurate gamma~. ray spectra at several angles of view to obtain 

this information, and this has simply not been. available .. Baiukov and 

Tiapkin find that at 660 MeV the most probable or0 energy is about 0,45 times 
. ' . ' 25 

the maximum available, 

Several experiments in the BeY region by Collins et aL have measur.ed 

th . f h "l . 11· . 26 ' 2 7 .· Th e energy spectrum o t e reco1. protons 1n p-p co 1s1ons. . ey 

found strong peaks in the spectrum of the unexcited proton when a nuclear· 

isobar is formed: 

·* p+p-~p+p 

The, principal peak occurs at an energy corresponding to about L20 BeY for 

the isobar, slightly less than the L23 BeY predicted from the isobar modeL 

These experiments, of course, cannot distinguish between 'IT;@ and 'IT+ production, 

C. Motivationfor this Experiment 

Several conclusions may be drawn from a review of the experime:qts 

which have been performed so far on the p + p -+ p + p + 1T
0 reaction: 

(a) With the exception of the total cross-section measurements, we have 

very little accurate information about the reaction, at any energy. 

(b) Most of the experiments measured only gamma-ray fluxes, and did not 

measure energy spectra .. Unless we know the gamma-ray energies, only 

limited information can be derived, 

(c) The only experiment that used a pair spectrometer for accurate energy 

measu·tements used internal cyclotron targets and .a C - CH2 difference 

technique, 
25 

Because of the experimental difficulties, the results had large 

statistical errors, 

(d) Almost no information, except for total eros s section, has been obtained 

at any energy above 660 MeV, More accurate information at higher energies 

is needed· to adequately test the isobar and peripheral interaction models, 

(e) All experiments have assumed the only source of gamma rays at cyclotron 

energies is from .ofJ decay, This hypothesis can only be tested by a detailed 
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investigation of gamma-.ray spectra at several angles. This has been done only 

. h b 19 ' 28 h. b f . . d . w1t car on targets, . w ere tie center o mass 1s 1n ete rm1nate. 

In light of these considerations, we decided to conduct an experiment 

using the external 735-MeV proton beam from the Berkeley cyclotron, a 

liquid hydrogen target, and a high-energy precision pair spectrometer. We 

wished to measure the fluxes and energy spectra of t~e gamma quanta from 

the target at three carefully selected angles, From this information we hoped 

to answer the following questions: 

(a) Do. all the gamma rays arise from n~ decay, or are there some of non­

n ° origin? 

(b) What is the total cross section for n'0 production at 735 MeV? 

(c) What is the angular distribution of tP mesons produced in the c. m: 

system? 

(d) What is the momentum distribution of the neutral pions at different c. m. 

angles? 

(e) How do the answers to these questions ·compare with the predictions of the 

various current theories of meson production? 

Spectra were measured at three laboratory angles with respect to the 

incoming proton beam: at 6, 32, and 60 deg .. These correspond to c. m. 

angles of 11, 55, and 93 deg, Since the beam is uri polarized and the protons 

are identical, all measured experimental quantities must be· symmetrical about 

the 90-deg plane in the center of mass, We therefore also have effective in­

formation at 125 and 169 deg in the c,m, frame. 

One may use certain symmetry arguments to predict several things 

about the gamma-ray spectra. Let us assume that the spectra are plotte<;l in 

the c, m, system such that the energy scale is logarithmic (see Fig. 2)~ We 

draw a vertical line at an energy equal to half the. n~ rest mass (67.5 MeV). 

If the gamma ray·s are assumed to come only from n° decay, the following 

statements can be proved (see Appendix F, and references: 19, 29, and 30): 

(a) The total spectrum (that is, the spectrum integrated over all angles) is 

geometr.ically symmetric about the 67.5=MeV vertical line: That is, a cutoff 

at the high-energy end is matched by an equidistant low-energy cutoff. The 

shape of the spectrum above 67,5 MeV is exactly the same as the shape below· 

67,5 MeV, ln particular, the'peak ofthe spectrum must lie .at 67.5 MeV. These 

statements holdtrue for the total ·spectrum in any coordinate system, whether 

or (not it is the center-of-mass system. 

'1 .... 
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k0 = 67.5 MeV 

20 40 60 80 100 200 400. 

Y - ray energy · (MeV) 
MU-26520 

Fig. 2. Illustration of the symmetry properties 
of the gamma-ray spectra. 
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(b) The same symmetry properties hold true for the c, m, spectrum at the 
2 

so-called "isotropic 1a angle, 8 = 55 deg, for which cos 8 = 1/3, 
. c, m, 2 . c, m. 

so long as there are only is9tropic and cos 8 terms in the n° angular distr.i-

bution, If there are .higher.terms with positive coefficients, thenthe peak of 

the gamma-ray spectrum is shifted to a slightly higher energy. 

(c) At angles betwee·n 0 and 55 deg, the peak of the spectrum will be shifted 

above 67,5 MeV if there are positive terms in the pion angular distribution 

proportional to cos 
28 . At angles between 55 and .125 deg the peak will 

c,m, 
be below 67.5 MeV, See Fig, 25 in Appendix F, 

(d) The total cross seCtion· may be determine,d by a single measurement of 

the gamma-ray flux at the isotropic angle .{again assuming no terms higher 
2 

than cos 8 · ), Measurements at other angles are unne.cessary for total c,m, 
cross section; 

By usl.ng this information, we can gain a great deal of qualitative in-' 

formation from a cursory examination of an experimental spectrum. More 

detailed information on pion angular ~nd energy distributions,. however, can 

only come from a. detailed comparison of the spectra with the kinematic theory 

as developed in Appendix. F. 

The next section reviews the experimental method and describes the 

apparatus used, Section Ill describes the methods developed to analyze the 

raw experimental data t,o obtain gamma'- ray spectra, Section IV gives the· 

experimental results and the n° :diis.tributions obtained from these results, 

Section V compares these results with currerit theories and gives a summary 

and conclusion, 
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The basic objective of this experiment was to measure the spectra of 
' 

'• gamma rays emerging from a liquid hydrogen target bombarded with 735.:.. 

MeV protons at three laboratory angles with respect to the incoming protons:_ 

6, 32, a!J-d 60 deg, At this energy, gamma rays from ·'IT0 decay can be pro­

duced hom around 20 MeV up to a: maximum of 540 MeV, Instruments. there­

fore 'had to be constructed which could detect gamma rays over a very broad 

range of energies, with efficiencies known accurately overthe entire range, 

To obtain the desired range, accuracy, and resolution, we used two pair 

spect:J?ometers, A third spectrometer constructed ·in the early stages of the 

experirrteht was found.unsatisfactory for reasons. to be discussed; and the data· 

obtained from it was not used in the final analysis, 

· ... · ·The· spectrometer is based on fairly simple and straightforward 

p:rineiples, and the electromagnetic interactions· involved are well. under­

stood theoretically, Efficiencies and resolution functions can therefore be 

calculated with reasonable confidence, In simplest terms, a thin target of • 

high- Z material, called a converter or radiator, is placed in the path of the 

beam of ga??"m<l rays to be analyzedu Some of the gamma rays will give up 

their. energies in the converter to produce electron-positron pairs, which 
.,' } \ . ' . . 

erperge in a small cone in the forward direction~ The electrons and positrons 

travel through a magnetic field and .are deflected in opposite directions, They 
' ' ·. ' ,: 

are then detected by a series of scintillators placed on both sides of th~ magnet, 

Knowing_the magnetic field, one can determine the energy of the particles; the 
': ·... . ' ' 

sum of the two energies (including rest masses) equals the energy of the gam-

ma ray. 

:f'art B of this f?ection will discuss the physical layouts used to meas­

u.re the spectra at three angles, and will also discuss the ,char~cteristics of 

the protOI1 beam, Part C will discus!:j the three spectrometers that were used, 

along Vlith som~ -of the attendant apparatus, Part D will describe the elec­

tronicsH~,ed to det~ct_ the coincid~nces Cl.nd store the datau The last part out­

lines the,e~perimental procedur~s used during the run, 

,..,\:. . :,; 
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B. Physical Layout 

1. Cave Layout 

The layout of the hydrogen target and r:p.agnets to achieve the three 

desired angles is shown in Figs, 3(A), 3(B), and '3(C). In all cases the proton 

beam remained inside the physics cave, -and the gamma rays were viewed 

from outside the cave through a port built into the wall of the physics cave. 

The 60-deg angle was the easiest to obtain, since it was not necessary to bend 

the proton beam at alL The 6-deg angle was .the most difficult; two magnets 

were necessary to bend the beam toward one of the ports, then a third to de.,. 

fleet it back again. ; 

Figure 4 shows a typical layout along the gamma-ray channel. M 1 
and M 2 are sweeping magnets used to separate charged particles, primarily 

'IT+ mesons,. from the. gamma rays. .An and. coincidence counter, described be­

low, was placed in front of the spectrometer in order to further reduce. charged 

particle background. Its main effect was to significantly improve the conve.rte:r 

in-out ratio. 

2, Proton Beam 

The external proton beam of the 184-inch cyclotron emerges into the 

physics cave with a mean energy of approximately 740 MeV. Von Friesen 

and Barkas, 
31 

and Larsen, 
32 

have made extensive studies of its charact~risti~s. 
• • • • I ' 

Figure 5 shows the relationship of the physics cave to the cytlotron itself. By 

varying the current in the internal quadrupole and steering magnet, we were 

able to obtain a beam spot approximately two in,a:hes in diameter, with a maxi­

mum current of 0.03 p.a. or 2Xlo
11 

protons/sec. Through use of the auxiliary 

dee, this beam could be spilled out evenly over a period of about eight rnsec, 

giving a duty cycle of approximately 50o/o. 

The proton beam was monitored by means of a secondary erriis sion 
' ' . 32 

chamber, or SEM chamber, similar to that used by Larsen. An ion chamber 

was also used to monitor the beam, but gave evidence of substantial saturation 

effects at the beam currents which were used. A careful check of the oper­

ational charaCteristics of SEM, however, indicated no evidence of nonlinearity. 

A proton beam produces .current in.a secondary emission chamber by 

knocking ions out of a series of thin aluminum plates, rather than by ioni­

zation of the gas through which it passes as in a normal ion chamber. Since 

an ion chamber produces over a thousand .times as much current as a SEM 

I' .,, 

,. 
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Physics cove 

Fig. 3(A). Beam setup at 6 deg lab. M 1 and M 2 
act as sweeping magnets and M 3 is the 
spectrometer magnet; M 4 , M 5 , and . M 1 
guide the proton beam. 

MUB-1032 
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H2 target 

Physics cove 

Fig. 3(B). Beam setup at 32 deg lab. M 1 and 
M

2 
are sweeping magnets. 
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chamber, it is important that a high vacuum be maintained in the latter; 

otherwise, the ionization of the residual gas will significantly change the 

calibration of the chamber, 
' 

A high vacuum was maintained by attaching a Varian Vaclon pump 

(l liter/sec) to the chamber. For the most part, pressures of about lp. or 

better were maintained,. However, it was discovered at one point duringthe 

run that the Vaclon pump was malfunctioning and that the pressure in the. 

chamber had risen 'considerably. It was difficult to determine just when the 

malfunctioning began, and the degree to which the calibration changed during 

this period was also uncertain. Comparison with the ion chamber. readings 

gave some information, and repetition of runs gave assurance of only small 
. . 

change within any 24-hour period. However, there remained .an uncertainty 

of about 5% in the overall normalization of different sections of data taken. 

during the one,-month run. 

3. Hydrogen Target 

The hydrogen target used in this experiment is shown in plan view 

in Fig. 6. The flask was a horizontal Mylar cylinder 6 in, long at the center. 

and 5 in. in diameter. The end windo~s, through which the beam :passed, 

were 9 mils thick. Surrounding the flask was a l-l/2~rnil aluminum heat, 

shield. The entrance window was 25-mil Mylar and the exit window was 

45-mil Mylar. Thus, in its passage through the entire target, the proton 
2 2 ' . .· 

beam traversed 1.08 g/cm of hydrogen, 0.02 g/cm of aluminum, and 
2 ' 

0.31 g/cm of Mylar, 

The Mylar exit window, 6 in. high by 27 in. wide, allowed gamma rays 

coming from the target at angles from 0 to 90 deg with respeCt to the in­

coming protons to pass through with minimum interference. 

The target was designed to operate with either hydrogen or deuterh,1m. 

During the run both liquids were used as targets, The data obtained from 

deuterium will be reported in a later publication. 

,, 

.. ' 
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. F1g. 6.:; Plan view of the liquid hydrogen target. The 
··flask was 6 in~ long at' the center. The wide 

exit window permitted viewing the y rays at any 
angle from 0 to 90 deg . 
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C. Physical Apparatus 

1. Spectrometers 

The design, development, and construction of the. spectrometers for 

this experiment took place over a period of more than three years. Three 

different spectrometers were designed and built. _ Data obtained from only the 

last two were used in the final analysis, 

All three instruments were designed for use with the same analyzing 
·,· 

magnet, "Orion, 11 This magnet has 24-in. X36-in, pole pieces, over which a 

uniform field of up to 20,000 gauss can be obtained, Special yoke pieces were 

built to enable gamma rays to enter the field ina direction perpendicular to 

the longest pole dimension. A 5-in. gap was used throughout. 

The geometry of the first spectrometer is indicated .in Fig. 7. We 

called this the 1174-degree spectrometer, "bejc:cvus:e of the angle between the 

converter and the two lines of scintillators. It was deslgned .to cover gamma­

ray energies up to 650 MeV. Two versions of this spectrometer-were used, 

The first used plastic scintillators 1/2 in. thick by l in. wide by 2 in. high, 

joined to RCA 6810A photomultiplier tubes by clear curved lengths of Lucite, 

designed to follow approximately the expected path ofthe electrons, The 

phototubes were' located in the horizontal plane, about a foot away from tP,e pole 

pieces, The second version differed in two respects. Sc.intillators 4 in. high 

replaced the earlier ones, so,as to detect a larger fraction o'f.electrohs under­

going vertical scattering in the converter. Also, hollow aluminum light pipes 

replaced the earlier Lucite ones, so as to eliminate what we thought might be 
v . 
Cerenkov radiation caused by electrons scattered out of one scintillator into 

an adjacent light pipe. 

Both of these versions suffered from a common defect. Often when a 

coincidence occurred, two or more counters on the same side, usually adjacent, 

produced a signal simultaneously, as though a single electron had gone through 

two or more scintillators. Multiple coinciden.ces of this. type occurred as 

much as 10% of the time, and seemed to be more prevalent at the higher 

magnetic fields. 

We never fully understood the basis for this phenomenon. One possi­

bility is that electron-electron collisions in the scintillator produce delta 

rays of lower energy, which are then able to circle back into an adjacent 

scintillator. However, calculations based on this assumption indicate that 
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the probability for this process is somewhat less than that neede?- to explain 

the .results. A second possibility is that somehow electrons could scatter 

from one scintillator to an adjacent one. 

The geometry of the second spectrometer· is· shown in Fig. 8. This 

was designed especially for the lower~energy region of the spectrum, and is a 

conventional 180-deg spectrometer. Six scintillators on each side, each 

1/2 in. thick by 1 in. wide by 4 in. high, detect electrons with radii of" curva­

ture from 3 in. to 8 in. The maximum gamma-ray energy that can.be meas­

ured is 240 MeV. Lucite light pipes joined to the scintillators extend verti­

cally through 2-in. -diam holes drilled through. the upper body and pole piece 

of the magnet. The 6810A photomultipliers and mag~etic shields rest on 

stands placed on top of the magnet. Thus only the scintillators themselves, 

plus the converter, lie in the median horizontal plane. 

This spectrometer worked quite satisfactorily a'nd did not have the 

problem of multiple coincidences exhibited by the 74-deg spectrometer. The 

reason, we felt, was two-fold .• First of all, adjacent scintillators were situ­

ated along a line perpendicular to the direction of the impinging electrons. 

Thus an electron entering one scintillator would have to scatter 90 deg be;fore 

reaching an adjacent scintillator. Secondly, the absence of light pipes in the 

median plane permitted us to place absorbing material immediately in back 

of the scintillators. We used a block of l-in" -thick aluminum, plus several 

layers of lead bricks. Aluminum was chosen so as to produce minimum back­

scattering. 

After having experience with each of these !irst two spectrometers, 

we set about designing a third one that would have the high~energy capability 

of the 74-deg spectrometer, but without the problem of multiple coincidences. 

We felt this could best be accomplished by incorporating some of the basic 

design characteristics of the 180-deg spectrometer, but with much larger 

electron-radii of ~;ourvature. In particular, we required that 11.ight pipes ex-

tend vertically thr.ough holes drilled in the magnet, and that adjacent scintilla­

tors lie along a line perpendicular to the electron direction. This led to a design 

with the geometry shown in Fig. 9:. Here (he converter and all scintillators 
' . ' . . . . ' ' 

lie on the circumference of a circle of 16-'in. radius; Eight scintillators on 

a side are each 1/2 in. thick and 4 in. high, but have variable widths. The 

energy resolution of a spectrometer is given primarily by the widths of the 

detectors {see Appendix .B): our widths were chosen so as to keep the percentage 
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reso1utiona constant for each .detector .. By varying the actual widths from 

0. 94 in. to L 50 in. , uniform resolutions of 10o/o (full width) of the electron 

energy were attained. In contrast, the electron energy reso~utions of the 

180-deg spectrometer ranged from 7o/o to 17o/o. 

This third spectrometer, which we refer to as the. circular spectrometer, 

worked extremely·well. Gamma·-ray energies up to 65Q MeV can be measured. 

As in the case of the 180-deg spectrometer, the scintillators were backed up 

. with 1 in. of aluminum and several layers of lead. Multiple coincidences 

were negligible .. The overall counting efficiency was several times as great 

as that ofthe 74-deg spectrometer, for two reasons. First, there were eight 

detectors on each side instead of six. Also, each detector was on the average 

wider, and therefore a larger fraction of the e1ectrons were detected. Since 

the overall gamma- ray efficiency goes as the square of the efficiency for 

detecting electr<:ms or positrons, these factors were significant .. Under 

typical running conditions with _a hydrogen ;target at the 6 -deg laboratory 

angle, as many as 4,000 gamma rays per minute were analyzed, 

A converter flipper was designed to use with either the 180-deg or 

the c~rcular spectrometer, which could be remotely controlled from the 

counting area, This is pictured in Fig. 10. A converter is attached to a 

thin piece of Mylar, which is in turn_attached to a Micarta frame. A similar 

piece of Mylar, with no converter, is attached to another frame in a plane 

perpendicular to the plane of the first frame, The$e two frames are rigid 

with respect to each other, but can rotate together through a 90-deg angle. 

SeveraL turns of thin wire wrapped around each frame form a current loop . 

.. When current flows through the wiretthe frames, situated in a magnetic field, 

tend to rotate so as to maximize .the number of lines of force passing through 

the current loop. Reversal of the current causes a rotation in the opposite 

direction, The .figure shows the converter flipper in a midway position, This 

unit worked well at. all magnetic fields, and saved a good .deal of beam time 

which would have been lost if manual switching were necessary. 

The choice of converters used depended upon the' energies of the gam­

ma rays being measured .. Multiple scattering in the converter can cause 

electrons to be scattered vertically out of the plane of the detectors. The con­

verters must be thin enough so that the loss of efficiency due to this scattering 

is not excessive, Since the average scattering angle is a strong function of 
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ZN-3236 

Fig. 10. The converter flipper. A d. c. current flowing 
through loops of wire in the frame interacts with 
the magnetic field so as to orient the converter in 
either the in or the out position. 
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electron energy, thicker converters can safely be used when analyzing the 

higher-energy gamma rays, During our final run; for the circular spectrom­

eterwe used a ta~talum converter ·10 mils (0,010 in,) thick, with some data 

at lower current settings taken with a 4-mil converter. The 180-deg spectrom­

eter used a 4-mil and a 2-mil converter .. In no case were losses in overall 

efficiency due to vertical scattering greater than 50o/o, and over most of the 
. . . . . . 

region scattering losses were .less than 20o/o .. The effects of horizontal scat-

tering, which hroaden the energy resolution function, were negligible (se_e 

Appendix B). All converters were approximately 2 in, square. Thicknesses 
. ·.. .. . . 2 . 

ranged from 0.090 to OAlO g/cm of tantalum, 

After much experience with a number of different spectrometer designs, 

. we felt that the circular spectrometer was the most effective instrument for 

our purposes. It had high efficiency and good resolution. It could analyze 

ga~~a rays over a very wide range of energies, It was easy to set up and tear 

down. Because the median plane was free of all apparatus except the scintilla-
":').' : ~ •. : .' .'. 

tors themselves, it was easy to shield from extraneous radiation, If we were 

to perform a similar experiment in the future, we would probably use only 

this instrumenL Analysis of low-energy gamma rays could be accomplished 

by us~l1g thinner converters and lower magnet currents. Although the geometric 

design at first g;lance seems highly unusual, its characteristics can be pre­

cisely calcul.ated and t~e experimental data. readily interpreted. 

2. Anticoincidence Counter 

One of. the problems encountered in the early phases of the experiment· 

had:to .do with production of showers in the gamma-~ray channel. It is impossible 

to collimate a beam of high-energy gamma rays without the collimator itself 

acting as a target for pair production and bremsstrahlung. As a result some 

of the gamma rays striking .the edge of the collimator produce a shower of 

electrons and lower""energy gamma rays. The electrons can be removed with 

sweepi!lg· magnets, but the low-energy gamma rays remain to contaminate the 

measured spectrum, The effect i.n our case is to warp somewhat the low-. 

energy part of ~he spectrum and make it difficult to observe the low-energy 

cutoff predicted by n° decay kinematics. We found also that the observed 

spectrum was somewhat dependent upon the way in which we collimated. It 

wa$ impossible to run with no collimation, because of the sharp rise in con­

verter.-out coincidences and the resulting decrease in the converter in-out ratio, 
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On the other hand, too much lead collimation in certain places produced a 

sizable increase in the number of low-energy gamma rays observed. 

Our basic approach to the solution of this problem was to attempt to 

detect bremsstrahlung and shower events near the collimator with a speCial' 

counter. The signal from this counter would then be placed in anticoincidence 

with the signals from the electrop counters. Thus only gammas which were 

not produced from electron bremsstrahlung would be analyzed. 

With these goals in mind, an anticoincidence counter was designed 

and builL This is shown in plan view in Fig, ll. There are three sections: 

the pre -collimator; 'the ''bear claws, " and the thin counter, The bear claws 

consisted of a sandwich of layers of lead l/4-in. thick alternating with plastic 

scintillator, so that a developing shower would have a maximum probability 

of being detected, The thin counter, which was a plastic scintillator 20'ni.ils 

thick, detected any remaining charged particles pas sing through. Two 681 QA 

phototubes were attached to the bear claws, and two to the thin counter. The 
. ' 

signals were ail added together and the resulting signal used in anticoincidence: 

The COUI~.ter was placed about four feet from the converter. 

The effectivenessof this counter was somewhat less than we ha-d hoped 

for. First of all, the sir;.gles counting rate was extremely high, of the order 
. 7 . 

of l-0 counts/ sec instantaneous, With a. duty cycle of about 20o/o, one ques-

tioned its ~ffect~veness in being able to "anti 11 out undesirable events. Sec­

ondly, its actual effect on the observed spectrum was not too significant. The 

main effect was to decrease the number of converter-out counts, and there .. 

fore increase the converter in-out ratio by as much as a factor of 2, This 

showed that there were electron-positron pairs being produced somewhere in 

the gamma-ray channel which were detected by the spectrometer. However, 

the converter-out subtraction would normally compensate for this. 

· The anticoincidence counter was used in taking all of the data except 

that at 60 deg, In a direct comparison with data taken without antcoincidence, 

there seemed to be some decrease of gamma rays at the lowest part of the 

spectrum. However, we were never able to obtain'a complete cutoff of gamma 

rays at energies below that expected from rr0 decay. Our feeling was that 

those remaining were not produced in the target, but resulted from brems­

strahlung 'events inseparable from the original gamma rays. As a result, we 

do not place high confidence in that portion of the spectrum below 75 or 100 MeV. 

Fortunately, the statistics are already poorest in ·this region, and it is possible 
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Fig. 11. The anticoincid.ence counter: (a) is a plan view, 
and (b) is a beam' s-eye view. Shower events 
originating in any section of the lead collimator 
should be detected by one of the scintillators. 
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to make a unique determination of the n° energy and angular distribution 

without utilizing this part of the spectrum. The reader is referred to Sec. IV 

(Results) for further comments on this poinL 

D. Electronic Apparatus 

The electronics used to determine electron-positron coincidences are 

shown in simplified block diagram in Fig. 12. The eight signals from each 

side (six in the case of the 180-deg spectrometer) are first added together. 

The summed signals are put into a Wenzel-type coincidence circuit
33 

to de~ 
termine two-fold coincidences, with the signal from the anticoincidence counter 

in anticoincidence, The resolving time of this circuit is approximately ten 

nsec (full width at half-max). The fast output triggers a gate former, which 

in turn informs the binary coder that an event has taken place. T'he binary 

coder then takes a "snapshot" of the particular counters which have produced 

a signal over the past 20 nsec. A square f.!Sec pulse is prc;>duced for each counter 

that has fired. From here on f.!Sec circuits are used. Validity circuits test 

to ensure that one and one counter only on each side has fired, A record is 

kept of the number and type of invalid events. If the event is valid, pulse9 in 

binary code are transmitted to the core storage matrix, which adds l, to the 

number stored in the channel corresponding to the particular combination of 

counters that fired, The core storage unit is a transistorized 256-che~.nrtel 

pulse-height analyzer manufactured by Nuclear Data Corp<:>ration, Model 

ND-101, which was modifie'd for our use. On command, the core storage 

unit reads out the number of counts in each channel by punching a series of 

eight 13M cards, each prefaced by a code indicating the run number and 

running conditions, These cards are later analyzed by an:IBM 709 computer, 

using a program described in the section on Method of Analysis (Se.c. iii). 
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E. Experimental Procedures 

Our final run at the cyclotron, during which time all the data reported· 

here was taken, took place from March 25 to ~ay 4, 1961. During this time 

we took data at the three lab angles of 6. 2, 32,0, and 60.5 de g. At each angle, 

data was taken with hydrogen in the target, with deuterium, and with the target 

empty. 'I arget in-out ratios of approximately 5:1 were obtained with hydrogen, 

and 12:1 with deuterium. The deuterium data will be analyzed separately and 

is not reported here, 

Both the 180-deg and th.e circular spectrometer were used at all angles. 

For the most part, with each spectrometer we took data at each of 16 magnetic 

field settings, ranging from 1. 92 to 19', 7 kg a us s. Each field setting differed 

from the previous one by a factor of 1. 168; that is, equal increments of 

around 17% were chosen. The purpose of running at so many different fields 

was to average out the effect of possible small variations in efficiencies of 

individual counters or counter combinations. Discontinuities in observed 

spectra due to systematic variations in counter efficiencies are es.sentially 
. ' 

eliminated if the value at each experimental point is determined by contri-

butions from almost every possible counter combination, The data analysis 

becomes somewhat more complex, but we had committed ourselves at an early 

date to automatic data processing by computers, so that this dec:isi0n presented 

no problem. 

A run under a given set of conditions would typically take about 15 

minutes; then we would turn off to punch out data. Time was allocated between 

converter-in and converter-out ·approximately as the square root of the counting 

rates (L e, , if the converter in-out ratio was 9: l, we ran three times as long 

on converter-in), in order to minimize the statistical error for a fixed amount 

of running thne. The observed converter in-·out ratios varied considerably, 

and depended on many factors, including magnet current, angle, collimation 

used, cqnverter used, etc. Under some conditions it was as high as 15: l. 

More typically, the ratio was between 5:1 and 10:1, and ranged down to L5:1 

and less at the lowest current settings. 

'-' 
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IlL METHOD OF ANALYSIS 

A" General Method 

Our experimental methods differed from those of other workers in the 

field of pair spectrometry in one important respect: rather than take data at 

onLy one, or at most only a few magnetic field settings, we varied our mag­

netic field with small increments over a very wide range. This posed a rather 

unusual problem in data analysis" At each field setting, as many as 36 dif= 

ferent energy channels (with the circular spectrometer) can be defined, de-
~ • t 

pending upon the particular combination of counters producing the coincidence" 

Since we collected data at 16 different magnetic fields, this me~ns that there 

are 576 different energy channels between minimum and maximum energies" 

The observed counting rate at each channel depends upon a number of factors: 

. the ''true 11 value of the spectrum at that energy, the geometry of the spectrom­

eter, the magnetic field, the widths of the counters, the dimensions and thick­

ness of the converter, the 'pair-production cross section at that energy, the 

loss due to vertical scatteringof electrons in the converter out of the plane of 

the scintillators, and the degree of radiation straggling of electrons in the con­

verter" 

The problem of analysis is therefore twofold: The theory of the operation 

of :ac·pair spectrometer must be thoroughly understood,. along with the various 

nuc~ear process-es which the electrons and gamma rays undergo; and secondly, 

these the:ories must be brought together to determine spectrometer efficiencies 

at each channel_, and these channels consolidated, so that only a relatively 

small numb~r of experimental points appear in the final sp_ectrumo 

In the early stages, _the process of data analysis was performed entirely 

by }}and~ Data was manually recorded in the data book, and analysis consisted 

of_makinglen~thy tables and calculations by hand" . Errors were numerous and 

difficult to detecL The final spectrum reflected a number of compromises 

made in order to simplify data processing" 

. As our understanding of the spectrometer grew and our data became 

more precise, '!'~ recognized the need for some system of automatic data 

processing" A comp':lter program was written to do what we had up to that 

point done by hand" This program has undergone a number of modifications 

and wen9w have a very high degree of confidence in its accuracy and effective­

ness" 
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B. Description of the Data Analysis Program 

The final version of our ESCHATON program for data analysis is de­

signed for use on either an IBM 709 o.r 7090 computer. It performs the for­

lowing functions : 

(l} reads in data; 

(2} makes the converter-out subtraction; 

(3) normalizes all data using efficiencies as determined from 

spectrometer theory; 

(4} corrects for :vertical scattering losses and r~diation straggling; 

(5) groups data corresponding to similar gamma-ray energies into 

one experimental point; 

(6) calculates its statistical error; 

(7) makes the target out subtraction; 

{8) joins data taken with the 180-deg and ci~cular spectrometers; 

{9} transforms the spectrum into center-of~rnass coordinates; 

(10} · plots all results on a cathode ray tube; 

(ll} photographs t~en; and 

(12) prints out numerical results. 

Four preliminary calculations must be made: the scattering correCtion 
. . 

as a function of converter,' magnetic field, and counter combinations; the 

pair-production cross section as a function of gamma-ray energy;. the 

geometric ~fficien~y of each spectrometer channel; and the radiation straggling 

correction, These were air computer- ca1c:U.late9., combined together and 

read out on magnetic tape, The formulas used for these calculations are 

derived in the appendices. Appendix A derives, the basic theory of the spectrom­

eter and shows how one arrives at the geometric efficiency. Appendix C 

gives 'the actual parameters used for the 180-degand circular spectrometer. 

Appendix D indicates the method used to· calculate the vertical scattering cor­

rection, The radiation straggling correction is described in Appendix B . 

. Appendix E gives the pair-production formulas used. 

ESCHATON. begins by reading in all the efficiency and correction 

factors from the prepared tape, It then reads in the data on cards, sortingit 

according to magnet current and whether it is converter~in o~-but, target-

in or-out. and high (circular) or low (180-deg} spectrometer. Along with the 

number of coincidences in each ~hannel, the cards aiso record the number 
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of dumps as measured by the SEM chamber (one dump corresponds to a 

certain total charge as integrated by the electrometer attached to the chamber). 

In order to simplify the later grouping or ''binningu into a single experimental 

point and the calculation of experimental error, all correctioz:s ~re applied to 

the number of dumps,. rather than .to the total number of counts. Thus, if 

channel A is inherently twice as efficient as channel B, the number of dumps 

in channeL A is multiplied by 2 before combiningthe data with channel B, 

rather than dividing the counts by 2. 

After the converter~out subtraction is made. and the number bf dumps 

adjusted by the various efficiency and correction factors, the data is combined 

into experimental points. This can be done in quite flexible fashion, accordii1g 

to the wishes of the experimenter. One reads in from cards a set of numbers 

corresponding .to the energy of the end points of each "bin. 11 The program then 

sorts the data into the proper bin, according to the energy of each channel, 

and averages all the data in .each bin .with the proper statistical weights. It 

·also calcula~es an average energy for that bin, weighted by the amount of data 

included in each channeL With this feature, results can be obtained with .ex-
. . 

perimental points as close together or as far apart as desired. One can obtain· 

results with a small number of points and good statistics, or a large number 

ofpoints with poorer statistics. One can .also shift the end points of each bin 

and .check for consistency in both the program and .data . 

. The last phase of the program depends uponwhat kind of data has been 

read in. If ,there is both target~in .and target-out data present,. a subtraction 

is made and the resulting statistica~ error computed. If data from both the 

.high and low spectrometers is present,. points at the same energy are combined 

with the proper normalization and statistical weights. All the resulting. spectra 

are then transformed into the two-proton c. m. system, the transforming factor 

depending upon the laboratory angle. These spectra are plotted on .a cathode­

ray tube and photographed. All results and certain intermediate steps are 

also read out in tabular form. The entire process of analysis and plotting 

takes approximately 2-1/2 minutes on the 709 for a typical set of data at one 

angle. 
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C. Normalizing. Procedures 

Ideally, if the spectrometers had been well plateaued, if theii· effici­

encies were exactly tnose calculated by the spectrometer theory, and if the 

SEM monitor made precise measurements of all proton currents, aU the ob­

served gam1na-ray spectra would have the proper normalization·. In practice, 

however, this was not entirely true, Because of the problems associated with 

the loss of good vacuum in the SEM chamber mentioned in Sec, II-B-2 above, 

there was some uncertainty in the measurement of the proton currents during· 

some sections of the run, Also, the spectrum.measured with the circular 

spectrometer at a given angle did not exactly match the spectrum measured 

with the 180-deg spectrometer, in the region where the energies over1apped.. 

The experimental points from the circular spectrometer were about 5% high~r 
than those from the l80~deg spectrometer at each angle. 

Because of these difficulties, the normalization of some sections of':!' ., 
.-_ , .. ·' 

the data had to be adjusted, This was done by plotting the results of the -~!{~lysis 
; 

of various sections of data separately, then comparing the spectra pol.nt by 

. point, ·If, on the average, the points from one section were uniformly lower :.!. 

th-an' those from another seCtion, then the data from the first section was 

multiplied by a constant factor before combining the two sections. The same 

procedure 

together, 

In 

was followed in normalizing the spectra from the two spectrometers 

In almost .all cases these adjustments were no larger than ab~ut .5o/o.' 
Fig, 13 we show separately the spectra obtained from the 180-deg 

and circular spectrometers at 60 deg, after the normalizations had been ~d- · 

justed; The observed spectra are essentially the same; the difference between 

any two points at the same energy is almost always less than the experimental 

error, This gave us confidence in the data-analyzing procedures, Physically, 

the two spectr01neters are very different, and yet the spectra observed by the 

two instrulne!lts were essentially alike, T'he spectra matche.d · equally weli 

at the other two angles" 
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Fig. 13. Spectra obtained with the circular spectrometer and 
the 180-deg spectrometer, plotted separately~ Notice 
the close overlapping of points .. 
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IV, RESULTS 

A, Laboratory Gamma-Ray Spectra 

The gamma-ray spectra observed at the three lab angles of 6, 32, and 

60 deg are shown in Fig, 14, The high-energy cutoffs predicted by JT0 decay 

kinematics are at 540, 464, and 346 MeV, respectively, In each case the 

experimental cutoffs are almost exactly where predicted, Kinematic theory 

predicts a low-energy cutoff ~swell, at energies of 27, 23, and l7MeV,' 

respectively, ·Although the spectra did drop off sharply at the low-energy end, 

they never actually reached zero, We felt that this was due ~o a contamination 

of the low-energy part. of the spectra from higher-energy gamma rays producing 

electron pairs somewhere in the channeL These. electrons then under~ent 

bremsstrahlung to produce gamma rays of lower energy, This is discussed 

at greater length in the section that describes the anticoincidence counter 

(II-C- 2)" Since the amount of contamination could not be .accurately estimated, 

the parts of the spectra at.the lowest energies were not used for subsequent 

analysis, 

The errors shown ar,e statistical errors ·only" The error on ·most 

points is less than Zo/o .. except at the lowest energies, In addition, there are 

systematic errors of as mu·ch as 5o/o which would affect the total normalization 

of the spectra, These come ·primarily from uncertainties in the measurement 

of the proton current, due to problems_ encountered with the secondary emission 

monitor chamber, 
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B" Center-of-Mass Gamma-Ray and PionSpectra and 
Total Cross Section 

1. Gamma- ray spectra 

UCRL-10187 

In Figs. 15, 16, and 17 we show the same gamma-ray spectra after 

they have been transformed into the two-proton c. m. system. The predicted 

high-energy c. m, cutoffs are now all at the same energy: 301 MeV. The 

predicted low-energy cutoff is 15 MeV. The errors shown are a combination 

of two types: statistical errors, plus an estimated reproducibility error equal 

to 2o/c of the value of each poinL This latter error was necessary in order to . 

make the goodness-of-fit parameter X 
2 
/d = 1 in the least-squares analysis 

described in the next section, 

Examination of these spectra clearly indicate that the n° angular distri­

bution cannot be purely isotropic, because of substantial differences in the 

gamma-ray spectra at the three angles. At 11 deg c. m., the spectrum peaks 

at about 110 MeV. There is a broad peak from 40 to 80 MeV at 55 deg, and 

the spectrum peaks around 40 MeV at 93 deg. This means that the pions must 

be peaked in the forward and back directions; that is, there are positive terms 

inthe pion angular distribution proportional to cos,2e (or higher order terms). 

The fact that there is such a broad gamma-ray peak at 55 deg implies that 

very few of the pions _are giveD; off with low energy; the pion spectrum must 

be peaked at higher energies, 

2, Method used to get pion distributions 

To obtain any quantitative information on pion distributions, we must 

compare the results in detail with predicted spectra based on the kinematics 

of pion decay. If we assume any specific energy and angular distribution .for 

the pions, the kinematic theory as developed in Appendix F predicts what the 

resulting gamma-ray spectra will be at any angle. Unfortunately, the reverse 

is not true. That is, it is not possible to directly dete_·rminethe pion distributions 

in any analytic fashion from a knowledge of the gamma-ray spectra. 1'hus one 

is forced to begin, with some assumptions concerning the pion distributions, 

then determine how well the predicted gamma-ray spectra agree with experi-

ment. 

Instead of choosing the pion distributions in rather haphazard fashion, 

we wrote a computer program that would make a least-squares analysis to de­

termine the proper pion distributions for a best fit to the data. This was done 

as follows: 
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Fig. 15. The gamma-ray spectrum at 11 deg in the center of 
mass. The solid line shows the best fit to the data as 
determined by the least-squares program. 
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Fig. 16. The spectrum at 55 deg c. m. 
the best fit to the data. 

The solid line shows 
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. A subprogram was written that would calculate gamma-ray spectra at 

each of the three .angles at which our experiment was performed, starting 

with any arbitrary c. m. pion distributions, The angular distribution could be 

isotropic; proportional to cos
2e or cos 

4 e, or any combination of these three. 

For that fraction of the pions produced isotropically,. arbitrary momen~um 

distributions could be assumed, This was done by assuming that the momentum 

distribution was proportional to the product of the three-body phase space term 

(see Appendix F for the exact form) and .a polynomial in p (momentum) with 

arbitrary coefficients. This ensured that the momentum spectrum would go 

to zero at the end points, Thus one can assume momentum distributions 

proportional to phase space, ·phase space times p, times p
2

, et~., :up:to 

phase space times p
8

, or any combination of these, Similarly, ,those ··pions '­

produced with cos 
2e or cos 

4 e distribution could have arbitrary mo~entum · 
distributions, which need not'be the same as the isotropic distribution's, Three 

additional parameters allowed one to assume arbitrary normalizations at,.each 

of the three angles, 

. A master program was then written that could start with a giveri s'et: 

of parameters and calculate the goodness of fit as measured by the statistical 
. 2 

quantity X , defined by 

2 
X . =:' I: 

i 

i r : exp th 
\X. -X. 
'., 1:· ' •, 1 ~ ,. 

2 a. 
1 

where x. exp is the experimental point, a. the experimental error, and 
h 1 1 

x.t the value of the spectrum at that energy predicted by kinematic theory, 
1 

and the sum is over all the experimental points. The value of each arbitrary 

parameter is now varied in turn, to see whether one can improve the fit by 

d 
. 2 

re uc1ng X , The process of varying each parameter is continued until no 

variation in any of the parameters can make any further reduction in the value 2 c ' . . . . 

of x . To ensure that this is indeed a unique solution, one uses many different 

starting points for the value of the parameters, and checks to see whether the 

ultimate solution is essentially the same. We found that the solution was indeed 

unique, so long as one did not allow too many of the parameters to vary. 
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3. Resulting pion distributions 

The best fit to the gamma~ ray spectra at each of the three c. m .. angles 

as determined by the least-squares program. is shown as a solid line in Figs. 

15, 16, and 17: In making this fit, only points at energies greater than 50 MeV 

c. m .. were used. It was felt that the spectra at energies lower than this were 

unreliable, because of the bremsstrahlung contamination mentioned above . 

. Whenever experimental points at lo~er energies were included, the goodness 

of fit, as measured by the parameter X 
2

, became much poorer. 

The pion angular distribution for this solution is represented by 

da 0 1T 

an 
O'tot 2 4 = "4-iT [ 0.834 + 0.099 (3 cos 8) + 0.067 (5 cos 8) J 

That is, approximately 83% of the pions are produced isotropically, 1 Oo/o with 

cos 
2

8 dependence, and 7o/o with cos 4 8 dependence. . 
2 

We also attempted to find a solution where only isotropic and cos 8 

terms were allowed. The resulting angular distribution is given by 

da no a tot 2 
-d..,.,n..---- = ----;r;:r l o. 799 + .o. 201 (3 cos 8)} 

Note that the fraction;of pions with isotropic distributionis somewhat 

less for this solution (around 80%, instead of 83o/o). This is because the presence 

of a cos 
4

8 term in the former case can produce a larger amount of anisotropy 

than the same amount of cos 
2

8 production. To compensate for the lack of this 

term, therefore, the isotropic term mu.st be reduced in the present solution. 

The shape of the angular distributions is almost the same, however, as can 

be seen in Fig. 18, where the angular distributions for the· two solutiort.s are 

plotted together. 
2 

The goodness of fit is somewhat poorer for this solution (x /d = 1.0 

for this case, whereas x )'d = 1. 2 when .cos 
4

8 terms. are allowed; d is the 

number ?f degrees of freedom). However, a sufficiently good fit is obtained 

so that it is not possible to say with certainty thaf cos 
4

8 production is neces­

sary to explain the results .. We can say definitely that the production is ap­

proximately 80% isotropic. We cannot define with any precision .the nature 

of the anisotropic term. For this reason, we cannot make .any reasonable 

assignment of error to the individual terms in the angular distribution. 
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Fig. 18. n° ang-ql~r distributions in ,the. two-proton c. m. system. 
The solid line shows the distribution when terms through 
cos 4e are included. The dashed line shows 'the distri-

c. m. Ze d but.ion when only isotropic and cos c. m. terms are permitte . 
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The pion momentum distributions at the c. m. angles of 0, 45,. and 

90 deg are shown in Fig. 19, along with the (isotropic) spectrum one would 

expect if the differ,ential eros s section were proportional to th.e available 

phase space .. The indepe~dent variable is the pion momentum YJ in multiples 

of f.lc, where f.L is the nit rest mass. ·The solutioh ccmtaining cos 
4e terms is 

used here. The curves for the second solution. are almost identical to those 

shown in Fig. 19. 

· As might be expected, the p:i.ons emitted at 0 deg are peaked at higher 
( 

·values of momentum than those emitted at 90 de g. At all three angles, the 

average momentum is somewhat less than that predicted from phase space 

calculations. In fact, the distribution cente·red around lower values of mo­

mentum is just what one would expect from an analysis based on the isobar 

model of pion production. This point is discussed further. in the Summary and 

COnclusions. section. 

4. Total cross sectd.on 

. The total cross section for the reaction p + p- p + p + n° can be ob­

tained from the results of the least-squares program. If the gamma-ray 

speCtra used .as the data input are properly norrri.aliz.ed, then the normalizing 

parameter~ selecte,d by th_e least-squares program are related to the total 

cross section. In Part 3 of Appendix F we relate all the factors that must be 

used to calculate the total c·ross section. The result is 

atotal {p + p- p + p + n°) = 3.46 ± 0.25 mb. 

The error is primarily due to uncertainty inthe measurement of the absolute 

proton flux striking the hydrogen target. This result can also be obtained by 

integrating the gamma-ray c. m. spectrum at the ''isotropic" angle, 

8 , = 55 deg, over gamma-ray energy, and multiplying by 4n/2 (since c.m. 
each n° produces two gamma rays). This,. of course, assumes no terms 

highertffin cos
2e in the pion angular ,distribution~ . 

.. ' ( 
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F'ig. 19. The n° mor'nent~m distributions at c. m. angles of 0, 45, 
and 90 deg. The dashed line is the distribution calculated 
from phase space. 
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V. SUMMARY AND CONCLUSIONS· 

We :now summarize the results of this 'experiment. and attempt to draw 

some conclusions. Vfe have meas'Q-red the g~mma-ray spectra from a?-ydrogen 

target bomb~rded by .735-MeV protons_ at th;~e l,ab~~ratory ~ngles. The ~~~ulting 
J . . ' ' ~.l . . ' . ·. . . . : ·. •. ., - . . . ' \ ... 

spectra are s:q.o~nin Fig .. 14 and the equivalent spectrai:n the two-p:roton c. m, · 

system. are sh~'Wn.in, Figs: 15-17, The spe~tr~ exhibit ~-~-~ gener~l ch~racF~ris­
tics e~peoted from th~ d~cay of neutralpicms produ·ced with a total cross sec- . 

tion of 3·.46 :i: 0. 25 mb, The sp~ctra were com~ared \~ith the pr-~dicted sp~~tra' 
' . . ·. ' ~ -~- . : ~ . 

based on pion=decay kinematic theory, usinga least-:-squares c'?mp~ter pr9~ 
-~ .. . ' . . . -~ .'--' ', .; 

gram, . and pion angular and mom~ntu~ distributions were det ermin.ed. The· 
. .. -. :. . ' - . : . •. ·.' . . . . . . . . . . . ': . ~ ; : .. ' '. ;·~ : 

angular,elisttibution i~. given by. 
- . ... . '·. '· .• [ . • . ' ~ ' ··•. ·•. f ... ) •-; .. ' '' 

i .'. '· 

. daTio '· q tot 
·-:-crrr = 4 7T 

L. r.: 

and is ·Shown in Fi:g.· 18; andthe ·momentum distributions; .along with·the ·:·'>, ''··. 

distribution calculated on the basis of available phase. space, are shown in 

''It is· perhaps somewhat surprising that the piori ap:gular: distribution is· .. 
so nea-tly isotropic. OverBO% of the pions are produced with isotropic dLs.t:r:i-. 

bution. · Most nuelear pro<;::es ses .bec'ome highly: -anisotropic:as. the. energy in-: ··, 

c re'as-e s; Partial-wave analysis based on 'clas sital impact iparameter theo•ry ·. ·~ 

indicate that'high'-brder angular distribution te.rms could very well be <im.:­

portant. However, ~f the-production proceeds primarily through the inter• _; ... 

mediate creation of a nuclear isobar, which subsequently decays into a proton 

and a 7T D meson, one expects the reaction to be mostly. isotropic. After 

creation of the isobar, very little kinetic energy remains. In our case, 

approximately 40 MeV is available to the proton and an isobar of mass 1230 

MeV. The isobar would therefore be produced primarily in an s state, with 

isotropic production, The pions would therefore also be mostly · isotropic. 

The presence of small higher-order terms would indicate some p-wave pro­

duction of the isobar. 

We may compare our pion angular distributions with those of 

Dunaitsev and Prokoshkin, 
23 

They measured the value of the parameter b 

at energies of from 400 to 665 MeV,·. where b is the constant in the angular 

distribution given by 



da 0 '11 

an a; 
l .. Zn + b cos v~ :r ~. m. 

They find b to be statistically zero except at 665 MeV, w4ere 

.UCRL-10187 

b =·0,10 ± 0.03 (see Fig. 20). In other words, the reactionis'alinost com­

pletely isotropic. In order to make a qirect compar.ison, we must use our 

solution in which the cos 
4 e term was omitted. In this case b = 0. 25±0:04. 

('I'he error quoted here was ~stimated by noting the approximate sensitivity 

of x 2 
to b, ) . t'hus it would appear that the anisotropic term is increasing 

rapidly in the energy region from 665 to 735 Mev: 
Additional eviden'ce for pion produGtion proceeqing primarily througl~ 

the creation of an isobar comes from the ooserved pion momentum distributions. 

Here th~re is a significant departure from phase space predictions, wit!:). t:i'le 

observed, pions peaked at somewhat lower values of rriOmehtutn (see Fig. 19). 

In fact, the observed distributions are very similar to those which would be · 

expected if .the pions came· from the decay of a nuclea;r isobar of energy L23 

:SeV. 

In summ~ry, we find that the gamma rays observed from, a hydrogen 

target bombard.ed with 735-MeV protons appear-to arise entirely from the de.,. 

cay of neutral pions prqduced within the target! This hypothesis explains all._ 

of the characteristics of the observed spectra, and a detailed analysi~·of the 

spectra provides quite reasonable results for pion .:production cross sections, 

and angular and energy distributions. We find no evidence for gamma rays_ 

produced from any source other t!'lan neutral pion decay. 
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APPENDICES 

A, Theory of the Pair Spectrometer 

Let us assume we''have.a beam of gamma rays whose energies are such 

that the number of gammas per second striking a: converter with energies be­

tween .k · and k + dk is given by F(k)dk. 

We place a pair of counters in a magnetic field with.a given geometric 

configuration and ask the basic que.stion: How many electron-positron pairs 

per second will be observe.d by the counters, L e., what is the coincidence 

rate R? 

W~ assume the converter is made of material of atomic number Z, 

atomic weight A, and thickness t g/cm
2

• The differential cross section for 
+ + . + the creation of a positron of total energy between E and E + dE and a 

negative electron E by a gamma ray of energy k is denoted by' (j) (k, E+)dE+. 

The form we have used for <j> is given in Appendix E. 

Thu's the double differentiar 
t N 

F(k~ <j> (k, E+) A O dE+ dk 

represents the rate of creation of positrons of energybetween E+ and 
+ + . 

E + dE from gamma rays of energy between .k and k + dk. N
0 

is· 

Avogadro's number. 

Now suppose'that the positron counter is placed in a magnetic field H 

such that the minimum and maximum radii of curvature that the positron may 

have and stHf be detected by the counter are given by r + . and r + The 
+ m1n max 

average radius of curvature is r The corresponding radii for the electron av 
counter are r- . , r- , . and r- For t.he purpose of determining these 

m1n max av 
radii, we assume th.e eledroris come frdm the. cente·r of the converter. The 

fact that the converter has finite width will affect the resolution function, but 
.··, 

not the efficiency factors which we are at present determining. 

and 

We denote. corresponding energies as follows: 

H + -- r , .av 

E+ 
max 

= H r+ etc · 
max' ·' 

k = E+ 
av av 
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Note that these equations hold only if the electrons are highly rela­

tivistic, as they are in our application. Note also that we have eliminated a 

constant factor to save confusion (actually, E+ = 300 H r + if r + is in ern, H 

is in gauss, and E+ is in electron volts). 

Thus the. positron counter will detect all positrons with energies be-

tween ~ + + E< · ..... and E . , with average energy E , and this is likewise true 
max rn1n av 

for the electron counter. 

To determine the coincidence rate, we must now perform a double 

integration, one over the range of gamma.- ray energy k and the second over 

the range of positron energies E+ for a given k. To aic:'l. us in this integration, 

we defi~e a step functionS(k, E+), which is equal to unity if k and E+ are such 

that both the electron and positron are detected, and equal to zero otherwise. 

We refer. to Fig. 21 tci aid us in our deterrninatio~ of S. Po.sitron 

energies are plotted along the abscissa, and electron enetgies along the ordin­

ate. Lines of constant gamma-ray energies are diagonal$ as shown. The 

rectangle corresp~nds to those values of E+ ·and E- fo~ which the step 

function Sis unity, i.e., a coincidence will be observed. S is zero outside 

the rectangle. 

We may now begi~ to define S mathematically: 

S(k, Ef) = 0 if k < H (r+ . + r- . ) , 
rn1n rn1n 

or if 
+ k>H(r +r- ). 
max max 

For k lying between these two values, S depends upon the value of E+ .. We 

assume, as in the diagram, that the rectangle is taller than it is wide, sb that 

(r- - r- . ) > (r + - r + . ) . 
max rn1n max rn1n 

We now define three regions: 

Region.!: H(r + . + r- . ) < k < H (r+ + r- . ) 
rn1n rn1n max ro1n 

+ .· + . + 
S(k, E ) = 1 if H r . < E < (k - H r- . ) ; 

ro1n ·rn1n 
Here we have 

otherwise,. S(k, E+) = 0. 
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Region II: H (r + + r ~ . ) < k < H (r + . -- + r.- . ) 
max m1n m1n max 

+ . + 
Here we have S(k, E ) = .1 if H r . 

m1n < E + + < H r . ; 
max 

otherwise, S(k, E+) = 0. 

Region III: H (r + , + 
m1n 

r ·) < k < H (r + + r- ) 
max max max 

. + 
Here we have S{k, E ) = 1, (k - H r- ) 

. max 
+. + <E <H r · max' 

UCRL-10187 

otherwise, S(k, E+):::; 0. 
' ' - ' 

Having thus defined the function S(k, E+), we may now write t~e co-

incidence rate R .in te_rms of the double integral as follows: 

F(k) 

The. solution of this integral is straightforward. The inte'grai over k­

is divided int;) three parts~· corresponding to the three regions as d'efined 

above. Within each region, the definition of S(k, E+) is used to define th~ 
'. ' ... · ' + 

limits of integration over E and k. We must make two approximciiions':' 

(1) We assume that the spectrum F(k) is not rapidly changing ovet the 

region of integration. We may therefore substitute its av.e;age value:,._ equal 

to the energy at the midpoints of the counters, and take the function F(k ) 
. :· av 

outsi<ie the integraL - -- --

(2) - we assume that the differential pair production ·eros s sectio~~- ' 

~(k, E+) is not rapidly varying over the region of integr~tion~. Its average 

value is also substituted, and the function brought out in front of the integral. 

where 

and 

The final result of the double integration is: 

R= 
t N + 

0 F(k ) :h (k E+ J 6E .0.E-
--p:- av Y av' av 

H 6r+ = H ( + rmax 
+ r . ) ' m1n 

6E = H 6r = H (r- r- ) 
max ·min ' 

Since the total pair-production cross section varies only slowly with 

gamma-ray ehergy, whereas the differential cross section goes approximately 

as 1/k, the cross section usually plotted in the literature is k <j>. Using the fact 
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that k = H (r+ + r ), we :r:r:tay rewrite the above as : ' '>~: . 

Note that C:.r + and C:.r are not the. physical widths of the detectors, They 

refer only to the range of electron radii that can be detected, This range is a 

function both of the detector widths and their positions in the spectrometer, 

See Appendix C for the values of C:.r and r, 

. In this final form,·. we 'drop the subscript denoting averages', and assume 

that values corresponding tothe center of the detectors will be-used; 

We emphasiz,~ again that in actual calculations a. constant factor must 

be included :so that the fi~al bracket will ha.;e the dimensions of ~nergy, 
· Two important factors have been omitted from this analysis. First, 

we have not taken into consideration losses in counting rate due to vertical scat-. ·. . ' ' . '- . ),_... . 

tering .of electrons out of the plane of the cbunter, This is discussed in 
t . .• • ' • ' ;·. 

AppendixD, Secondly, we have not considered the change in the spectrum due 
,,. '" ' 

to radiatio.n..'straggling in the converter, This correction is discussed in 
< ' ' ." • • I,' • ;. • ' ' 

A?.pendix ~? 
1 

The final bracket is the geon:etric ~fficiency of the s.pect:~mete,r, In 

our data analysis' ~his, factor was ~alculated for each cou~ter corrl.binatio~ at 

each rri;ign~tic 'fi~id. and multiplied by the correspondi~g f~ctors f~r pair 
1

. 

production, ~nd scatte,ring loss, The resulting table was stored ,on ~agnetic 

tape and read in .at th,e beginning of the ESCHATON program, 

" . . ·,: 

.:.: 

<" .• 
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B. Resolving Power of the Spectrometer 

The re~olving power of a spectrometer depemds on several factors. 

The two most important are the geometric resolving po~er due to finite de­

tector widths and the radiation straggling of electrons in the converter. Other 

factors are horizontal scattering of electrons, effects due to finite widths of 
- • • • •I : ' 

the coz:1;verter, and pair production. at finite angles with re.spect to the in­

coming beam of gamma r~ys, Each of these factors will be discussed below. 

Only the first two were used to correct the observed spectra. 

L Geometric Resolving Power. 

The geometric resolving power can be obtained by performing only 

one of the two integrations in the expression for the spectrometer efficiency 

derived in Appendix A, Recalling the definition of the step.functi6n S(k, E+L ·· 
and neglecting constant factors, we may write the geometric resolution func- .• 

tion F (k) as 
geom 

k 
r 

F (k) = J' S(k, E+)dE+ . 
geom + 

. E =0 

As before, we use Fig" 21 to redefine the integral in three different 

regions of k, using the properties of the step function to establish the limits 

of integration. After the integration is performed, the following result is ob•. 

tained (as before, we assurhe that ~r = ~ ~r +'): 

Region I: 

+ -F (k) = k = H {r . + r . ) ; 
geom rmn m1n 

Region II: 
+ . -~ . + -

H(r + r . . ) < k < H (r . + r ) , max· :r;run m1n • max 

F (k) = H (r + - r + ) = H ~r + 
geom max min 

Region Ill: H (r + . + r- .. ) < k < H (r +· + r- · ) 
m1n max · max max ' 
. . . .. + 

· F geom:(k) = H (rmax + rmax) - k · 

\ . . . . . . .. · ...... 
A constant factor.·must multiply the HXr products in order to give 

them the correct energy uhit.s. 
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This resolution funCtion is plotted in Fig. 22 .. We may note several 

characteristics: 

(a) Inthe general case, the resolution function takes the form of a trapezoid. 

In the special case where Lir+ = ~r-, this red;uces to <:1. triangular function. 

This, in fact, was the case with our 180-deg .spectrometer, but not with the 

circular spectrometer, except for symmetric counter pairs. 

(b) The total width of the resolution function is H (b..r + + b..r -). Expressed 

as a fraction of the total gamma-ray enel,gy, this reduces to 

Fractional resolution = .6.r + + 6r-·. . 

yve may use the parameters given in Appendix C to determine the pe~­

centage resolution for each spectrometer: 
·. + . 

(l) For the 180-deg spectrometer (b..r = ~r = 0.5 in.), 

·~ t . 1 1 . l in. J:< rae 1ona reso utlon = --'-· ---' + = 

(2) For the circular spectrOmeter ( L'.:/: : !N?~) 
Frac.tional resolut1"on· - 1. 5 - 0 096 - 15. 8 7 5 . - . . 0 

\ 

Thus resolutions for the 180-deg spe·ctrometer ranged from 7o/o to l7o/o, 

depending upon the counter combination. The circular spectrometer had a 

uniform resolution of about lOo/o. The half-width, of course, would be half of 

these numbers. 

2. Radiation Straggling 

After an electron-positron pair has been produced by a gamma ray ill! 

the converter, the electrons and positrons can undergo radiative collisions 

or bremsstrahlung during their passage through the remainder of the converter. 

These processes cause them to lose a certain fraction oftheir initial energy. 

For electron energies~bove 10 MeV, this energy loss in Ta (z = 73) is large 

compared to the .loss from inelastic atomic collisions, and therefore the latter 

can be ignored. At these higher energies, the average radiative loss is 

p~opor~~o.~al. to t,he· remaining thickness of converter and to the initial electron 

energy. Specifically, 

( ~~ \ z E 
} rad XO 
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I . I 
I a H ( ~ r·~ ~ r- ) 

---4 f-----
. ._ -

I j 
200 300 

r- ray energy (MeV) 

Fig. 22. Plot of the geometric resolution function. The shape is 
either trapezoidal or triangular, depending upon the specific 
geometry~ 

.. -
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where X
0 

is 1 radiation length of t:):le converter material and E is the electron 

or positron energy; For tantah.im, 1 radiation length is 604 g/cm
2

, For the 

most part we used a 10-mil c~nverter OAl g/cm
2 

thick in the circular spectrom­

ter, and a 4-mil converter ·o, 17 g/c~2 
thick in the 180-deg spectrometer, 

Since on the average the electrons and positrons pass through only one half of 

the converter, the average energy loss was therefore about 3o/o for the circular 

spectrometer and about 1,3o/o for the 180-deg spectrometer, As a ftrst approxi­

mation, therefore, we may cor.rect for radiation losses by shifting the energy 

scale of the observed gamma-ray spectra upward by these percentages, 

However, there is a large amount o:£ straggling in :the ene~gy loss, In 

particular, themc;>st probable ehergyloss is zero, yet some of the ele.ctrons 

will lose almost all their energy~· The exact calculation of the electron dis­

tribution cannot be done analytically, Bethe and Heitler
34 

;use a simplified 

expression for the radiatioh probc;tbility and show that the probability that an 

electron of initial energy E
0 

has energy between :E and E + dE after 

traversing a thickness of t. radiation le:z(:ni~i~~y1 
w(E0 ,E,t)dE= ,EO r( t )' 

Iil2 ' 

For thin converters '(t < < 1), 

and we have 

.. : . . ~ 

.€ n 2. 
:::: -t-

w(E
0
,E, t) dE 

·.dE· t 
~ .. - E· 1tr2 

0 

1 

' ,· 'l' '·. t . 
.. I . .~ Eo ') - .fllT 

', £ n E i 
\ I 

Since pair production can occur anywhere in the converter, an integral 
35 

must be taken through the converter, Ryan has developed an IBM pr9gram 

entitled CANIS MAJOR that we used ih calculating our radiation straggling 

correction, This program uses as input a given converter thickness and 

electron and positron energy, then uses more accurate equations for the radi= 

ation probability to determine the electron energy spectrum after passing 

through a certain fraction of the converter, An integration through the converter 
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is performed, and the electron and positron distributions are foldedtogether 
\ 

to determine what the observed gamma spectrum would be with a monoenergetic 

incident gamma beam and a given pair fragment splitting, A typical result for 

a 300-MeV gamma beam and 10-mil tantalum converter is shown in Fig. 23. 

In making corrections to the experimental data the· geometric resolution 

fraction was folded with the radiation straggling function at a number of gamma­

ray energies and the resulting function folded into several typical theoretical 

specttr-a, (The 11fold 11 h(x) of the functions f(y) and g(y) is defined as 

h(x) = J f(y) g(x-y) dy. ) The amount by which. the theoretical spectra were 

changed then represented the correction that must be applied to the raw ex­

perimental data, The IBM 7090 was used to perform the folding operations 

and determine the corrections, 

3, Other Factors 

Several other factors can broaden the total resolution function, but in 

our case these were all small in comparison with the two effects already dis­

cussed, We will, however, make brief mention of them. 

a. Horizontal scattering of electrons. Electrons and positrons can be 

scattered horizontally as well as vertically by the converter (see Appendix D 

for discussion of the latter effect). Horizontal scattering cannot affect the 

spectrometer efficiency, since on the average as many electrons are scattered 

into a given detector as are scattered out. However, the resolution function 

will be somewhat broadened. To first o•rder, this effect is zero for a 180-deg 

spectrometer, due to the refocussing of rays with the same radius of curvature 

at the 180-deg point. With the circular spectromet.er, the broadening effect 

due to hor.izontal scattering is largest at low energies. The effect becomes 

negligible at the higher energies at which this spectrometer was normally. 

operated. A 70-MeV electron passing through half of a 10-mil tantalum con­

verter will have a projected rms horizontal scattering angle of around two 

degrees. The resulting deflection at the detector is something less than half 

the width of a typical scintillator. The effect must therefore be smaller than 

that due to the finite widths of the detector, which is discussed in the first 

section of this appendix. The degree of broadening is inversely proportional 

to the energy. 
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L.__==~======'=====:r:======r=_ _ __l._-,'---,-L~~- ··.,. .,_ >. 
100 200 300 

Y-ray energy ( MeV) 
MU.26.51 9 

fig. ~3. Radiation straggling for a 300-MeV gamma ray Cl,nd a 10-mil 
converter. The most probable energy loss is zero. 

. .. •; 

·.,' 
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b. Angular distribution of pair electrons. The electrons are produced 

in the conversion process at a finite angle with respect to the incoming gamma 

ray. This angle is of the orde.r e
0 

=- mc
2 
/E, where E is the total electron 

or positron energy. Since the mean-square projected scattering·,angle after 

traversing t.· radiation lengths of converter is given by 

escattering = 14 rt-, 
rms E V 

where E is measured in MeV, we find that the ratio of these two angles is 

8o 1 
----:-~--:--- ::::: 
escattering 30Jt 

rms 

independent of energy. Since our thickest converter was 6o/o of a radiation 

length, and the electrons pass through half the converter on the average, 

this ratio is approximately 0.2. Therefore effects due to the_ angu~ar distri­

bution of pair electrons are small compared with effects due to ele'ctron scat­

tering. 

c. Finite converter widths. The spectrum measured by the· circular 
' 

spectrometer is broadened, because the converter is not infinitely narrow. 

There is no broadening with the 180-deg spectrometer, because if a gamma 

ray converts over to one side of the converter, the apparent chal.lge in ~nergy 
. .. ·:~ . L·:. 

of the electron is compensated exactly by a corresponding change ii:i-fhe apparent 

energy of the positron. Thus a 180-deg spectrometer may have a converter 

as wide as may be desired, without losing resolution. 

Such was not the case with our circular spectrometer. In our particu­

lar geometry, no error will occur if the event.is detected by a pair of sym­

metrically-placed counters. In the general case, one can show that to first 

order the fractional error in the observed gamma-ray energy due to a con­

version at a distance 6 from the center of the converter is given by 

+ . 
where .r and r are the positron and electron radii of curvature, and R 

is the radius of the circle on which the detectors lie. Since R = 1 ?.· 9 in. , 

6 = 1 in. (our converter was 2 in. wide), and r+- r = 17.25 in. for the max 
most widely separated co-unter pairs, the maximum error in measurement of 

gamma-ray energies is 3.4o/o. In the majority of cases the error is less than lo/o. 
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C ... S.pectro~eter Parameters 

In this section we list in tabular form the various parameters __ as.sociated 

with the two spectrometers~ 

(1) Radii of curvature for electrons entering midpoint of detector-. 

Counter 
Number 

'\''.,': 

1 

2 

3 
I·. 

4 

5 . ' 

6 

7 

·-- 8-

180-deg Circular 
Spectrometer Spectrometer 

(in. ) (in. ) 

3 5.6 

4 7,3 

5 9.1 

6 1 L 1 

7 13,3 

8 15,9 

19.1 

22.9 
. -

(2) ;Physitc[f ~idths df scintiliators (w) ·and- range of electron r~dii which can' 
qe detected. (.LS'r). . , .. . , 

... 

Counter· 
Number 

1 

2 
.3 ···,~ 

4 

5 

6 

7 

-8 

. '··, . ,-~ 

180-deg 
· Spe ct ramen~ r 

·'w -~r 
(in.:) 

1 -- 0.5 

1 -- o;5 

1 0.5 

1 0.5 

1 0.5 

1 0.5 

.· ·.: 

Note: In the circular spectrometer, the widths w 

.: · .. _ ; 6.'rj r and thus .ci~/k ~ou,ld .re~ain co-nstant~ 
.. ~:· ; ;. i -· -~ .;,, ... :.. ' ' 

Circular 
Spectrometer-

w .6;r 
(in, ) 

0.94- \ 0.53 

'Ll3 0.69. 

1,28 0.86 

L41 L04 

L47 L26 

L50 L51 

L47 L80 

'1 ;41- -. 2,15 

were chosen so that 

---

· .. _, 
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(3) Values of magnetic field at which data ~ere taken" 

Number Magnetic field Number Magnetic field 
(kgaus s) (kgauss) 

1 1. 92 9 6064 

2 2.24 10 . 7. 76 

3 2,62 11 9.06 

4 3.06 12 10:59 

5 3.57 13 12.36 

6 4.17 14 14.44 

7 4.87 15 16.87 

8 5.69 16 19.}0 

Note: Successive field settings were chosen such that Hj+l = 1.168 H .. 
J, 

(4) Electrbn energies at maximum field setting. 

(H = 1 9. 70 kg a us s) 
\ 

Counter 180-deg Circular 
Number Spectrometer Spectrometer 

(MeV) (MeV) 

1 45 84 

2 60 109 

3 75 136 

4 90 166 

5 105 200 

6 120 239 

7 286 • 
8 •343 
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D, Vertical Scattering Correction 

The spectrometer efficiency, as derived in Appendix A, .does not take 

into consideration the fact that some of the electron-positron coincidences 

will be missed owing to the possibility of one or both electrons scattering 

vertically out ()f the plane of the scintillators, Horizontal scattering, however, 

will not reduce the counting rate, since on the average as many electrons will 

be scattered into a detector as are scattered out, Only the spectrometer 

resolution is affected by horizontal scattering, and this is discussed in 

Appendix B, 

We refer to Fig, 24 in setting up the problem for calculating the vertical 

scattering loss, We assume that a gamma ray of energy k enters one side 

of a converter of thickness ·t
0 

and height ·· h, at a distance :X: above the center 

of the converter .. At a point t g/cm
2 

from the other side of the converter 
,·'.\ ·-::.,.., 

an electron-positron pair is 'formed, 

We now focus our attention on the positron, ·We assume it to be emitted 

in the direction of the gamma ray, The average angle of emission is actually 

of the order of me 
2 /E+, which is. small in_corn.parisc:m:with.the. ~V',e:rag~:~ ~cat-:: 

tering angle, and therefore can be ignored. The p9sitron continues a distance 

t through the remainder of the converter and is scattered through a_projected 
. .· ~:! . :1 --: ~ ·: ~ •• 

angle cj>. : We use the projected angle instea~ of the space angle in.·o.rder to 

include only.the vertical component of scattering. The distribution in · cp de­

pends upon the energy of the positron and the thickness of the converter. 

'We now ask the question: What is the probability that the positron 

will enter the scintillator and.be detected? More specifically, if the scintil­

lator has a height a, and the positron must travel a distance D+ to the scintil­

lator (since, .it 'is in a magnetic field, it actually travels along the arc of a 

circle), what.is the probability that the positron will be scattered less than an 

angle ¢
1 
+ up or ¢

2 
+ down? 

We let· P(<j>, t, E) represent the probability that the projected scattering 

angle will be less than cj> when an electron or positron of total energy E passes 

through a thickness t g/cm
2 

of tantalum. The form of P will be considered 

later. The probability of the positron being detected is then 

where 
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/ 
Detector 

MU-26515 

Fig. 24. Diagram to perform the vertical scattering correlation 
calculation. The distance D is actually along the arc:. of a 
circle. 

:' .i 
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and 

. a 

+ -l(Z f- X) 
q,2 =tan D+ , 

Similar expressions can be written down .for the electron probability, . Since 

the scattering of the electron is independent of the scattering of the positron, 

the total probability of both particles entering a scintillator is the product of 

the individual probabilities, 

We may now compute an average probability over the whole converter 

by performing a double integration: one over the height and one through the 

thickness of the c:onverte r, The 
h/2 

integral to be evaluated is 

p 
av = l 2 

4~ 
r 

-Sc=O 

~0 
[ + + . + +l dt P(cp

1 
,t,E )+ P(q,2 ,t,E )j dx 

An underlying assumption in this integral is that equal numbers of pairs are 

produced over the thickness and height of the converter" This would not hold 

£o1.· thick converters, or for converters partially shadowed by collimation of 

the gamma rays, 

The value of P(<j>, t, E) must be obtained from electron scattering theory. 

Let us denote the probability of finding an electron of energy E emerging 

from a thickness t (g/ em 
2

) of tantalum with a projected angle between a and 

a + da as f(tt, t, E) duo Then 
<P 
;' 

P(<j>, t, E) = j f(a, t, E) da, 

Jo 

If we do not require a high degree of accuracy, f(a,, t, E) da may be 

approximated by a Gauss error curve: 

where 

l 
f(a, t "E) da = 

~2na2 

2 
a 

exp 
2 2 

-a j2a. da, 

in which t u = thickrues s in radiatioh lengths, and E = electron energy measured 

in .MeV, 
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For greater accuracy, one must consider deviations from a pure 

Gaussian, especially for a thin converter, where the number of scattering col­

lisions iS small. In our calculation we used the more exact plural scattering 

theory of MC>liere. Since tlie formali~m of this theory is somewhat complex, 

it will not be reproduced here. It is s~m~arized in Bethe and Ashkih, 
37 

ex-
. . : . . 

cept for some of the projected angle formulas that must 'J:>e obtained from the 

original. 

The double integral over the converter was evaluated by using a ten-

point Simpson v s rule approxilnation. It must be calculated,for each_ spectrometer, . . 

for each converter used, and for each combination at each magnetic field. 'fne 

time required on the IBM 709 was about 20 minutes for 9ne converter. 

If the simplified Gaussian form for the scattering 'angle distribution is 
, . , " r , 

used, one can ea~ily show that for a 180-deg spectromet(;lr; the scattering 

loss is independent of counter combinatiqn at a given magnetic field. Using 

our more exact formulae, it was indeed found that the efficiencies at the 

same field varied less than lo/o. However, this was no longer true for the 

circular spectrometer' where efficiencies o£ different co~mter combinations 

could vary by as much as 20 or 30o/o at a given field setting. 
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• •• • • ~ • ~- f .• I.: 

·' ... 

. . · 
Thepair~production cross sections use~ ~n the c,alculations on 

•' . •,... 

spectrometer efficiency (see Appendix A) are those given by Bethe and 
: . 34 ·' ··' ;·.. . :: .. • ... •; . ' : ' .37. ··. . .. :· ... ' ; •·.·, '. 

Beitler, ... . as summarized by Bethe and Ashkin and modified by Davies 
'38' . ·.: , .... · '·' .:.!:' .·:. ' .· .. . > ..... ' ' •• 

et al. to account for deviations from the Born approximation, The dif-:- ,_ 

ferential crps_,s s~c~ion for the creation of a positron pf total energy between + . ' +: .. : ' . + ".. .. . . . ,. ..... .. <; ' . . . . - ' . ' ' • :. . ..: .· .. · ' 

.E an,.d E +dE . anq_ a.n~gative electron E by a gamma ray of energy k, ... •... . _.. ;: · .. .:,: .. ': + ..' '·'': ' . ' . . .. " . 
denoted_ ,by. <1> {k,E } d:E is given '\)y. 

. .. , - ':· . ·~ (k', Jt+) 'dE+ " 1tE+ C(k; E< , . 
wh'ere'.>:: .. ;-cii· .. j.' :··;c .. · -·· '.···· . 

~_; .. 

.' ~ . 

::; .:-· .. : 

with·-._;·''·,_;· 

·:·, ..... .£::..·,,.··-~·-~_:,,: .• :..: ·:~·-;·;_; :} ," ··,· ;_, .. ; ... i~::;··~ ·:<'~ 

.... J'he, ), _is a qU:antity slightly gr~ater than unity H. ~ L 17 for Ta) which 
, •. J',)-: .. 1 .... ;.,· •• :.' •• ! .. , .. : '. -·~-~.: :: .. : ': ·. _.:·:.::~-·-~ .. . . . ·::. :.~·' •, \' .. · . . . . . j' ;; • ·' :-··. ' ... • .... 

accounts for pair production in the field of electrons' and m is the electron 
•:,, ' I , ~ ,J ' + , < - • • I 

mass, 

G(k, E+) is a slowly-varying function that depends 'upon the screening 

effect of the atomic electrons, We define a quanity y: 
2 

k me 
y = 100 + - l/3 

E E Z 

For tantalum, with energies measured in MeV, we have 

Then G(k, E+) is .defined in two regions: 

Region I: 0 < y ~2 

G(k, E+) " ) { (E+ 
2 

+ E- \ [ q,1 (y) 1log Z-4f(Z] 

+ ~ E+E-[<I>z(Y) - j log Z-4f(Z~} 
<1> 1 (y) and <!> 2 (y) are functions given graphically in Bethe and Ashkin, 

37 

In our computer program these were approximated by polynomials: 
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for 0 < '{ ~ l, 

<j>l (y) = 20.76 4~00 '{ + 0. 78 y
2

, 

and 

q,2 (y)=20.l7 

and for l < y ~ 2, 

<l>1 (y) = <l>2 (y) 

2 
2.78 y + 0.12 y ; 

2 
= 2Q·.,68 - 3-.63 Y f Oo56 Y • 

UCRL-10187 

The f(Z) is the correction term to the Born approximation given by 

Da. v1"es et al. 38 F t t l f(73) 0 2756 or an a um '· = . . 

Region II: y > 2 

~ 2 E+E- l . ~ 
X log 2 - Z - c ( y) - f ( Z.) o 

kmc 

. The C(y) is plotted in Bethe and Ashkiri. 
37 

This was approximated in 

our program by 
l 

c(y) = 3.18 · y - 1.59 

In our computer calculation of spectrometer efficiency, G(k, E'+} was 

calculated for each counter combination at each magnetic field·, and the re­

sult multiplied by the corresponding geometry and scattering loss factors as 

derived in Appendices A and D. 
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F. The Kinematics of n° Decay 

We consider in this Appendix the angular and .energy distribution of 

gamma rays produced by the following process: 

p+p-p+p+ 

no- Y + Y • 

We thus have three different frames of reference to consider: 

(a) The rest f:rame o'f the de~aying pion; 

(b) The center-of-mass frame of the incident .proto~s;. and 

(c) The laboratory frame, in which measurements are made. 

The simplest of these is the pion rest frame. Each pion decays into 

two gamma rays of ~qual energy (67.5 MeV, half the pion_rest mass). These 

gamma rays emerge in opposite directions, and since the pion has no spin 

and therefore can have no orientation in space, every direction is equally 

probable. 

In the two-proton c. m. system, the final state is a three-body state. 

Thus th~ pion can: have.any energy ranging from .zero up td a kine·rriatically 

determined maximum, which occurs· when the pion emerges in one direction • 

and the two p'rotoris en:ierge together in the opposite direction . 

. , ... The probability that the, pion will emerge at a given. c .. m. angle 8 1 
.. " -. . . .· . . . ·. . ·. . .- : .. ' ' ... ;: 

with r~.spect tq the line joining the two incoming, protons is given bya certain 
... - . .. .. ~ - . . . . ( . . . . . ' ; : .. ' . . : . 

distF~bution functioll.Aet~rrn,ined by the _nature, of the interaction,, ;.E,ven ~ithe>~t 

knowledge of any of the details of this interaction,we can deduce certain 

properties of this distrubiton function: 

First, it must depend only upon the angle 8 1 , and not the azimuthal 

. angle cp. so long as both protons are completely unpolarized. · 

Second and most important, since the two protons are indistinguishable 

in the c. m. frame, all pion (and therefore gamma-ray) distributions, both 

angular and energy, must have symmetry about a plane perpendicular to the 

line joining the incoming protons. Thus, observations (inthe c. m. system) 

at angle 8 1 must be equivalent to those at 180°- 8 1 • If we expand any 

angular distribution function in powers of cos 8 1 , even powers only can appear. 

In the first part below we derive the differential cross seCtions and 

spectra for gamma-ray production in the two-proton center of mass, assuming 

arbitrary pion distributions. In Part 2 we relate the laboratory and c. m. 
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gamma ray spectra, In Part 3 we relate the coincidence rate of the spectrorri- · 

eter to the total cross section for pion production. 

l, Determination of Gamma-Ray Spectra from n° Distributions. 

We assume that the neutral pions are produced with velocity v 1 =13' c 
in the proton-proton c. m. system, with a total cross section (]iTo, (Throughout 

this Appendix primes refer to quantities in the center-of-mass system.} The 

restriction that the pions be mono-energetic will be removed later. Let us 

express the pion angular distribution in terms of Legendre polynomials, such 

that 

da o 
'IT 

ds-2' 
= (] 0 ~ a p (cos e'} . 

TT n n n 

Then it can be shown (see Appendix A, thes£8 by Robert Squi.:J:e 39} that 

the differential cross section for production of gamma rays in the c. m. system 

is given by 

'f f-

~ a p (cos e g} p (z} 
n n n 

n 

k' for k' within the limits y 1 (1 ~ !3 1 ) < k < y' (1 + !3' ); and 
0 

for k 1 outside these limits. 

fJ-TTo 
Here k 0 = - 2- = 67,5 MeV, and z = cos a, where ?- is the angle between 

the direction of the photon and the direction of the n° which produced it. 

From relativity theory, 

and therefore 

We now consider four special cases: 

Case L · Neuhal pions produced isotropically. 

Here we,l have 
da 0 'IT 

ds-2' 
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t1J.en. 

drl'dk' 

. 2 
.d a 

= 4n(3 1 y 1 k ' 
0 

. y ~ 

drl' dk' - 0, otherwise. 

If the pions are riot mono-energetic,, but are distributed .so that h 0 (p 1 )dp' 

represents the number of pions with momentum between p 1 and p' fdp 1
, ·"" 

normalized so that j h
0 

(p 1 )dp 1 = 1, then 

k' 
Here ::\ = ~ and the momentum p 1 is measured in units .of 

0 
these units, p' = f3Ryu, 

Case 2, 

Here we have 

then 

where 

2 
Pions c.prod.uced with a pure cos e I distribution, 

. 2 
3a ,0 cos e u 

'lT 

4'1T 
1 2 

ao = ~ ' a2 = ""41T"" ; 

'd
2 

3 . a a d 2 · y 'iT 
, .,d"'n'"u -,;d'<-k u = ...,8,-rr___,.f3..,..u -:-Y-.,_,.k___,. ( M + N z ) ' 

0 

2 
M = 1 - cos 8 1 , 

• 2 
N = 3 cos e u - 1 

If the pions. have a momentum distribution h
2 

(p) P the~ 

2 
d a 

p' 

·.:;•; 

:,.·. 

In 

y 
df2 1 dkC 

3a 0 1T 

8rrk . . 0 

( max h2(p') 

"l p' 

. . 2 
(M t N z )dp'. 

J 

;; 1 · I ' 2
- 1·1 p -zx- 1\ 

•· 
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2 
Note that at the "isotropic angle", for which cos 8 1 = 1/3, -this reduces 

to the same form, as that fo.r isotropic production, including the normalization 

factor·. 

Case 3. Pions produced with pure cos 
4 e 1 distribution. 

Here we have 

= 

4 
5 a 0 COS e I 

n 
4n ' 

and if the pions have a momentum distribution h
4 

(p 1 ), then 

f. 

where 

.df.ll dk I 

2 
M = 1 - cos e v, 

5 a 0 n = ..,.....,.-...,----
32 n ko 

2 2 
R = (l - cos 8 1 ,)(1 - 5 ·cos · e 1 ), 

4 2 . s = 35 cos e 1 - 30 cos e v + 3 . 

I 

Jma~ 
P I = 

2X. 

h4 (pI) - · 2 2 
--.--(3M -6Rz p' 

l"-2-11 

Case 4: Combination isotropic plus cos 
2e 1 , with arbitrary parameter b. 

Here we have 

then 

2 
d a D 

TI 

df.ll 

2 
d a 

y 

= 

lx.2-l( 

\ 
) 

d •i p . 
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. In Fig. 25 we show the resulting ga:r:p:ma-ray spectra at a:t;1gles Qf 0, 

55, and 90·deg; for isotropic, cos
2

8 1 ,-.and cos
4

8 1 pion distributions .•.... where , 

we assume a momentum distribution proportional to the three-body phase 

space factor at 73.5 .MeV:,· · ··· . 
. 1jz 

2 
h(p} cc p 

2 
p 
4M ) ' 

where E is the available c. m. kinetic energy-before ·pion production, and 

M is the proton rest mass. All quantities are measured in units of pion 

rest masses. The energy scales are logarithmic in order to illustrate the 

symmetry properties~ ,T:qe spectra are normalizedto a 0 = 1 . 
' \ I , . . • , ' 1T . : ,· -

2. Transformation of Gamma Ray Spectra 
·.; . .. ·. 

·· :. ; , . L;:t us ·a~-~u~e that the differed:1f~l 'crbss section 'for producing gamma 

rays in the c. m. ·system is gi~en by dQ' Jk' . We wish to calculate the 

equivalent quantity in a frame such as the laboratory frame moving with velocity 

13 with respect to the center of mass. From basic principles of relativity, it 

can be shown that the gamma-ray transformation equations for solid angle and 

energy are: 

and 
> ~ :. ' ,. ~ :~-••• , ._ 

Also we have 

d~ab 
dQi 

2 
13 cos elab) 

' ' k' 
. ~iab·= y(.l"'-13::cos elai/ =k 1 y {l+l3c~·s 8 1 ). 

· ·cos'8'+!3 
cos 8la~::: 1+13 cos eu 

We use these formulae, then, to determine that 

and 

' ,, 
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where elab' e i. klab' and k R are related as above, To transform a laboratory 

spectrum at a given laboratory angle to an equivalent c. m. spectrum at a 

corresponding c. m, angle, one needs only to multiply both the energy and· 

value of each experimental point by the factor · '{(l-[3 cos elab). If the spectrum 

has been plotted on a log-log scale, this is equivalent to moving the entire 

spectrum along a 45-deg line. 

Because the transformations for gamma-ray spectra are so straight­

forward, our procedure has been to transform all spectra measured in the 

laboratory to the equivalent spectra in the center of mass immediately. All 

further analysis is performed in the center of mass, with no further reference 

to the laboratory spectrao 

3. Determination of Total Cross Section 

We may now proceed to link together the results of Sections 1 and 2 

above, and in addition the results of Appendices A and E, to determine the total 

cross section for pion production a 0 , We assume that N protons pass through 
. TI 

a hydrogen target of thickness tH g/cm
2

, At an angle elab and a di-~tance R 

em from the target, we place a conve~ter made of material of atomic number 

Z and atomic weight A , of area .€ 2 and thickness t g/cm 
2

: . A pair of. 
c . . c c . . 

counters a.re located in a magnetic field H so that they will observe positrons 
+ -and electrons whose average radius of curvature is r and r , and average 

energy is: E.+ and E- ,· Then the number of coincidences observed; G, is 

given by. 

where 

Xl<j> G(k 'E+~ [aH .6.r + .6.r- ] ' 
- lab + . ~ 

r + r 

N 0 = Avogadro 1 s number, 

AH = atomic weight of hydrogen ::: 1.008, 

13 = velocity of the c. m, system, 

<I> and G(klab' E+) are defined in Appendix E, 

.6.r + and .6.r- are defined in Appendices A and C, 

a is a constant chosen so that a H .6.r + has. the dimensions of energy, 

f(k i' e I) is the function derived in Part 1 above, normalized so that 
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This function, of course, depends upon the energy and angular distributions 

of the pion. 

Note .that the expression for. C has not been cor~ected for vertical 

scattering losses or for the effect of radiation straggling. 
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