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" Blankenbecler et alol have shown that for.certain classes of pctentials
the Schroedinger equétionvis eqﬁivélent to the_Mandelstaﬁ representatidn
combined with unitarity. Given the fifst Born épproximation for the'scattering
| amplitude the fuli amplitude can be obtaiﬁéd by aistép_bymstep procedure,

‘ Explicitly, the equivalent equations are

W) + % [ as Blelst) BEY

ﬁ(tys) = Ve g 7
S sl D (t',s) D(t",s) .
p(s,t) = & ¢ [/ at' at TR ; - R
[t54t 95447 = 20ttt + tt" + t°¢") - Lot k7]

(2)
The integration in (2) is carried out over that region of the t' t" space
where the denominator function is positive. We have

(s emA = K Tad ¢ o= e2k(1-cos0) . (3)

‘The function v(t) 1s related to the potential in configuration space by

[ at w(t) exp(-tY20) /e . ; (1)

| V(r). = -
e 0O )

" Al

Finally, the full scattering amplitude‘ean be written

B(t',s
t? -t

0%8

(s - L N ©)
Now we know that the scattering aﬁplitude in potential scattering

can be represented.as a sum of an infinite number of Regge'pole terms,2 and
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is dominated for large. momentﬁm tran@ferq %t by that pole which lies farthest
to the right in ‘the ﬁcmp¢ex anguLarmmomanium plane ﬂ We obtain therefore

(t:s) ~ B\s) t ( ) ) o . (6)

t - @

- a

where a( ) is the position of thls pcle in the £ plaﬁe for s perticular s &
Tt can be shown that the asymptotic form 16} is consistent with Egs. (1) and
(2) previded that' Im a(s) % 0 . How ver, dh&t is not so clear is how |
accurately it is possible to generaie the traJPcJory a(s) by means of an
iterated solution'of Eqsf.(l) and (2), given. the input pctential vi(t).
We have théréfore evalusted the fragecﬁcry. als) of the pole ferihest

to the right in the Z plane by two mﬁthudq, Fifstyrusing 8 poﬁential.
v(t) ( 5/9 for b g t 400 and zero outside thiq renge ), wé_cérrieﬁ outv
 ;_the iteration of (1) and {2) until we reachaa a value cf % (bsﬁweeﬁ 2000 -

.and'5000) vhere the OSGillatory'behaviorfimpliei.by (6) nad ceveloped. We
then evaiuated the resl and iméginary rarte of d 'at severali energies by
looking at the freéuenéy snd smplitude of the cscillations in,ths doubis
épecfrai‘functiqn, The behavior'Af the dauble,spéﬁtral funation as &
function of 't is. exemplified by Fig. 1 where we éive the result of an
‘equivaleﬁt caleuletion which uses thé re}atfviéﬁic unitarity condition
(see below). The‘second.methﬁd used was tc so1ye tﬁe Schroedinger equation

using the potential V(r) related to vit) through Eg. {I):

=20r

0 11+ 2r)e™® L (1 200)e™ (7)

V(r) = - ===
. Snr
The comparison of the two metheds for the Regge trajsctory farthest 4o the

right in the £ piane is given in Figes. 2 and 3. It ig seen that the

dispersion-relation approach is accurats to about 0,01 in the ¢ plane., it
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prcved dif‘icult to obtain the seconﬂ Regge trajectory from the aisbe sion-
relation method owing o the insuffinienuy cf the namerical accuraﬂy. The
calculation was carried out on an IBM 7090;and reqpired;about five miﬁutes V
computiﬁg time for the accufany éhowna _ 
Chew and Frautschi3 have considered the mod¢fications to Egs. (l)

and (2) nenessary for ‘the relativistic case, In thls caee v{t) is rnplaced ‘

by a Lomplex potential v(t, s) obtained from crossing symmetry, and an extrs
| factor h/1ff is introdu»ed into the unitarity relaticn (2). 'The.equatlons
can be solved with,ﬁhe seme’ amount of effert.as the~qriginalveqnatidnsg
provided that we knOW"V(t s)'Afor'all rele&ant t and s . vIt then becomes
possible in principle to treat the coupled integral eqpations erising in plon-
i pion scattering by this- methodoh” The 1n$egrals, although formally d;vergent,
can be carried out by aSsuming a-Regéé p0le behavior for thé amplitude.
Equations (l) and~(2)vwére solved for a variéty of potentialsl v(t,s) in
the relativistic case, and the correqnondirg Regge trajectoriea determinedo
In Fig. 1 we show one anmple cf such & calcalationo An addltlonal d*fflfuluy
first pointed out by Chew et al,,u arises Trom the presenae of Regge pole
terms in ﬁhe.crdssea'channel;: This impiies that the potential.has the
‘behavior B ’ ‘v, .? | o
Wee) o~ we® - (8)
5~ ® '
and, if Re alt) > 1 for somo t, the unitarity reiation becomes divergent
on iterating Eqs. (1) and (2)0» Chew et al. regard this as evidence that many
partiﬂle intermediate states, not included in (2,, g;ve a strcng repulsive
contribution at small distgnces; however, it le difficulﬁ to knoﬁ'how to
ailow for such effecﬁs in thé.thecry° The troublesome behavior implied by

(8) oecurs for those regions of p(s,t) with small- t and large s, and s0
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we investigated5 the importance of such regions in generating the asymptotic
behavier (6). Our procedure waé to omit the evaluvation of :p(s,t) from
Eq. (2) fof 51/2 >.(£an e)tl/a','where © was chosen to be about 45 or 55
'dego This region of. p was 81mp1y smocthed to zero in the s direction,

- by USing an exponential cutoff of the form .
o(s,t) = (a s.1/2 + b) exp[-a(s /. tan Qotl/g)/tén 8°tl/2] ,

where a :apé b afe ¢hosen,to give confinuity in fhe p function and its
derivétive.. In Fig, b we‘shdw the effect on.the'first'Regge trajectory of
applying such a cutoff. The potentlal used in. this run was a function of t
only. We see that the regions of the double spectral function omitted do
v.not play a vital rolg,in determinlng the trajectory, prpvided a and ©
are chosen apﬁropfiatélyn~ We are thﬁs encouraged. to believe that if the
;conjecturé of Chewfet_alou is correct and the divergence inﬁthe unitarity
conditioﬁ is~pr§vented b&ba hard coré in the pctential, then_the.use of the
elastic unitarity condition (2) together with this cutoff procedure will be
capable of giviﬁgAréaSOnably'éccurate trajectofieé in,the full pion-pion
problemé . |

We aré:greafly indebted to Professor G. F. ChewAfor sﬁggesting this
investigation and”f@r his:¢ontiﬂued interest in its progress.

o



L

3.
L,

'GCRL-10217
_5_ v
REFERENCES

This work was performed under the aUspices of the U. S. Atomic Energy

Commission.

R. Blankenbecler, M. L. Goldberger, N° N, Khuri and S. B. Treiman,

Ann. Phys. 10, 62 (1960)

A, Bottino, A. M. Longonl, and T. Regge, Potential Scatterlng for Complex

Fnergy and Angular Momentum, University of Turin Report (1962). Seeﬁalso

IE Jo quires, On the Contlnuation of Partial-Wave Amplitudes to Complex £,

Lawrence Radiation Laboratory Report UCRLs10053, January 1962, Nuovo
Cimento (submitted for publication)

G. F. Chew and S Frautschi, Phys. Rev. 124, 26h (1961)

'G. F. Chew, S. C‘o Frautschi, and S Manaelstam, Regge Poles in stex K
’Scattering, Lawrence Radiation Laboratory Report UCRLw9925, November 1961,
.Phys. Rev. {to be published.). |

: Folloﬁing a suggestion by Professor G. F. Chew (laﬁrence Radiation laboratory,

‘Berkeley).

- -



Fig.

Fig.

Fig.

- Fig.

.10

UCRL-10217
-6-
FIGURE CAPTIONS

The double spectral functiqn obtained by using the relativistic

‘unitarity condition, plotted as a function of t for several values

of s . The input function v{t,s) shown has no s  dependence.

Comparison of - Re afs) for nonrelativisticvécattering'obtained by

i twdvmethods,'_The line fepresents‘the solution of the Schroedinger

- equation and the points the equivalent solution of the dispersion

and‘unitarity equétiohs,

As«for-Figu 2 for Imafs) .

A compafiéon of the Re a(s) and -im'q(s) obtained using different

‘,typés of cutoff in the double spectral function.
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Blankenbeclgr et al;l have shown that for certain classes of pctentials

the Schroedinger equation is eqﬁivalentvtorthe'Mandelstam representation

" combined w‘i'th‘unitari'ty° Given the firét,Born'approximatioh for the scattering

amplitude the full'amplitude can be obtained‘by a step-by-step procedure.

~ Explicitly, the equivalent equations sre

~ . ’ l . . ¢ ‘t - ‘ "“
Bt,s) = wt) + & faerflend, (1)
¥ p ~, o
= ..l_ ‘l voAen D ('t')S) D('t"’s)
pls,t) = = £ [/ at' at T

(2)

The integration in (2) is carried out over that reglon of the £ space

where the denomlnator function is posa.’tive° We have

(s - W)/ = ¥  ana ¢ = -26%(1 -~ cos. o). . (3

The function v(t) is related to the potential in configuration space by

Al

Vir) = - ?Ddt v(t)'exp{étl/grj/r ,« ‘ '.. ; v o (h>
, 0 o o .

Finally, the full scattering amplitude can be written
. -1 ® ﬁ t' .8 | ' : . | :
f(s,t) = = f —-(——L-l, atr . - (5).
.o tt -t _ |
Now we kncw that the scattering amplltude in poten+ial scatterlng

can be represented as a sum of an infinite number of Regge pole terms,euand

*

+t 8 +t”_2 2(tt'+ t’c" + Bt - 0t [k

2]1/2
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is dominatad for lérge mémentum transfers t by that polé which lies férthest
to the right in the complex angulafampmentum plane £ . Wg chtain ﬁherefore

B(e,e)  ~ a(s) X5 o - (6)

t =+ : : ' ' ‘

where a(é)‘ is the posi*idn oflthia pcle inm the 8 plane fér s perticular s .
It can be shown that the asymptcrlc form (6) is consisten* with Egs. (1) and
(2) provided that Im a(s) # O . However, what 15 not so slear is how
accurately it is possible to géneﬁgte the trajectory ais) by mea£s of an
iterated solution of Egs. (1) and {(2), given the-inpﬁt potential’ v(t).

wn have therefore evaluated the ﬁraject Ty a(q) of the pole farihest
.to the right in the ! piane by twc methodao Pilrst, using s poten%ial
v(t) {(=5/9 -for h t < hOO and zero outside this range), we carried cut
the iteration of (1) and 12) until we reache1<a value cf f tbe;ween 2000
and 5000 ) wherguthe.oscillatory benavior_implieé by (6) hga developed. We
then evaluated the rﬁal and Lm&ginary parte cf a a{ several energies by
'looklng at the Trequency and amg ’tuﬂe of mhe-os»illanimph in the doublis
‘spectral function, The bebavmar of th&vdovblé spectral function as =
function of t 1is exemplified b&'Figo 1 where wéiéiVe-ﬁhe reguit of an
eqﬁivalent caléulationvwhich ﬁses the reléiivis%ic unit&rify corditicn
{see below). The seccnd meﬁhm& uzed was to éolve thé Schrogdinger equation

using the potential V(r) related to w{t) through Bg. (b):

00 1+ r)e™ . (14 20r)e By {7

Orr

‘ V(rj = -

The éomparison of the two methods for the Regge trajectory farthest ¥o the
right in the £ plene is given in Figs. 2 sod 3. It i seen that the

dispersion~-relation approach is sccurste to about_o;Ol in the ¢ plane. 1t
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proved difficult to cbtain the second.Regge ﬁfajectcry from the diSperéienw
rélation method oﬁing to the inéufficieﬁcy of'the nnmefical accuraey. The
_calculation was carrled out on an IBM 7090 and required aboat fivn minutes
ccmputing time for the accuracy shown.

3 have considvred the mmiificatlons te Egs. (1).

' Chew and Frautschl
:and (é) necessary for the relativistic cese, In this case -v(t)»-is replaced
| by a complex potential v{t,s) obtainéd from-crosaiﬁé symmétry,_and an extre
‘factor 4/1r" is intréduced into the unitarity relaticn (2) The equations
can be solved withvthe same amount of effort as the criginal equations,
provided that we know v(t,s) fér all relevaﬁﬁ fr‘and g . 'It then beécomes
possible in principle to treat the coupled integral eqpations arlslng in pionm
pion scattering by this methodog The intcgrals, although formally divergeut
cen be carried out by aésuming a Regge_pQLe-behavior for the ampiitudwo
‘Eqpations (1) and (2) were sdlved for a Variety'of poﬁentiais' V(t,s) in
the relativistic case,~and the corraspondiﬁg_Reggé.traje¢£ori¢s determined.
" In Fig. 1 we show cne example ¢f such s caiculaﬁiqnﬁ An additicgal difficulsy,
fi:st pointed out by Chew et alc,h arises from_the.préseﬁﬁe'of.Régge poie '
terms in the crossed cﬁannel° This impiies tba. he poten ial bas the

behavicr

W+, 9~ p(a)sd®) ey
8.~ a:»' : 2 , :

“and, if Re a(t) 2 1 for some tg the unlvar;ty *ela*ion bebomes divergent

on iteréting'Eqs; (1) and (2). Chew et al. rega*d this as eviden@e that many

particle iﬁtermédiate states, hot-lncluded in (2,, givg a strong repulsive

contribution at small distgnces;'howeVer9'it is difficult to know.hew tc

allow for such effects in the theory. The troublesome behav1or implied by

(8) occurs for those regions of .p(sﬂt) with small t and large '8, and S0



UCR1-10217
',,2,,.,. o
5

we invesfigated - the importance 6f such regions-ih generating the asymptotic
behavicr (6). our procedure was to omit the evaluation of - p(s t) from

Eq. (2) for sl/ > (tan e)tl/ , where © was chosen to be about 45 or 55'
v..deg° This region of p was 51mply smoothed to zero in the 8 ‘direction,

by using an exponential cutoff of the form -

p(s,t) = _(g. _8,1/2 + b) e;cp[;;d(sl/a - tan @ tl/e\/tan 8- tl/2

vhere a and b are choSehlﬁo'give contimity in the p funetieh and ite
‘derivafive. In Fig. 4 we show’the.effect on the first‘Regge.trajectory of
applyiné such a cui_:off‘° bihe potential used in thie run vas a fuhetion of %
only. We see'that-the regions_of the.double spectral function omitted do
not play a vital;role in determining the trajectory, provided «a and ev
are chosen appropriately. 'Weaare thus encouraged tc believe that if the
conjecture of Chew et 5104 is cerrecﬁ and the divergence in the unitafity
condition is.prevented by.a hard core in the petential, %hen the'use of'the
elastic unitarity condition (2)'tegether with this cutoff prqcedure will be
capable of giving feasohabiy accurate trajectories in the fuii plon-pion |
problemo | | *

‘We are greatly indebted to Professor G. Fo Chew for suggestlng this

investigation and for his continued interest in its progress.
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| FIGURE CAPTIONS
Fige. 1. The;doﬁble spécfrai function obtained by ﬁsiﬁg the rélativiéfic
| | uhitéfity_condition; plotted as a fﬁnétioh’of»'t for several values
of -s . The input function wv(t,s) shown has .no ;- dependence.
- Fig. 2.  Comparisbn of Re’a(s) for nonrelativistic scattefing bbtéined by
| two méthodé; The line,fepfesenfs the éo;utionvof.fhe Schroedinger
eqﬁatidn.and the points the eqpivalént sQlutionvbf tbe‘dispersion
Aﬁd_uniﬁaiity.eqpations; | B |
Fig. 3. As for Fig. 2 for Im a(s) . ‘
'  Fig. k4. A cdmparison of the Re.a(s) ‘éna Im a(é) “obtained ﬁsing differént

. . types of cutoff inlthe7dcublé spectral function.
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