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INTRODUCTION 

A study of the production of :z;:+ +x+ by 'If+ +p interaction in the threshold 
l'C$~ . . . . 

region and at 1170 MeV/c has been made with the 7Z-inch hydrogen bubble chamber. 

The pictures were obtained from two exposures of the chamber to w+ beams at the 

Bevatron. The momentum at the center of the chamber was equal tol050 MeV /c 

and 1170 MeV /c respectively. The eventa were measured on the Franckenstein 

measuring machines at the Lawrence Radiation Laboratory, and were recon

structed and analysed kinematically by means of the PANG and KICK programs. 1 

The details concerning the experimental beam setup, beam contamination, and 

the experimental biases have been publisheS elsewhere. Z A total of 525 events 

(274 at 1050 MeV /c and 251 at 1170 MeV /c) was selected, and the reaults obtained 

for the angular distributions and the polarizations are presented in this paper. 

The data have been analysed in terms of production partlal .. wave amplitudes and 

have been compared with those available for 1:0 and z:- production in the aame 

energy region for a test of the charge-independence hypothesi• • 

• Work done under the auspices of the U. S. Atomitt) Energy Commission. 

t . 
Now at: Institut interunivereitaire des Sciences nucl,aires, Laboratoire des 

/ 

hautes Energies, Brussels, Belgium. 
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RESULTS 

·' Because- of energy lose by i-onization in the liquid hydrogen of thet chamber. 

the event• of the first exposure were produced i"n the'momentum interval ex:. 

tending (rom 1037 ~V/c through 1065 MeV /c. The momentum resolution w"s 

about •3 MeV /c. In this energy region it has been assumed that th~ threshold 

energy dependence for the ..production amplitudes ie still va.lid,L-e.'g. , 3 

I' 

(1) 
I·-, 

where -t; represent& the partial-wave amplitude for the total angular 

momentum _J = I. • 1/2. .•. and pE the 1/- ~mentum in the p~ro,duction center

of-mass system. Therefore the analysis has been made taking into account the 

position o~~-prod.uction vertex atoJil a direeti~n nearly'parallel to the beam 

represented. by the y-coordinate axis of the laboratory reference system. Figure .. ,_,~· -

1 shows the distribution of the production cross 'sectiont- as a function of the y 

coordinate of the production vertex. The pointe have qeen determined from 
' I 

the observed numbers of events corrected for experimental. biaees and beam 

~ttenuation due to 1r + -p interactions_ in the hydrogen of the chamber. The 

cliatributton correaponda to the momentum interval given above. and the 
. , ' 

momentum deci'easea linearly at a rate of 0.2.4 MeV/c per em. Figure l 

. represents the pr~ducuon differential erose section determined. with the events . '· 

of. the fir at, 'half (y<- 7) and the aecond half_ ( y >- 7) of the above y interval, 

therefore eorreapondina to average incident momenta of 1058 MeV /c and 

10423MeV /c respectively. Theae angular distributions could be fitted 

' satisfactorily by polynomials of order 1 in coa 9~ and slightly better by poly-

nomials of order Z. The asymmetry coefficienu calculated from the up-down 

distributions for the E+- p + w0 decay mode are given in Table I for the 
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two average incident momenta given above. These results indicate that a and 

p waves at least are present in the production mechanism. The data .showed 

no evidence for waves of higher order. 

The differential cross sectidn do/dG and the polarization Pz; can 

be written in terms of the non-spin-flip amplitude g(9z:) and the spin-O.ip 

4 
amplitude h(6 E) by 

dg z z an c a< BE) + h(Bz:> , 

and (2) 

where 

.
0

+ J dP1 (cos BE> 
h(8 -.:") c: sin (J.... f fl - £: a 8 . 

.c.. Ii-I .t = 1 lo cos ~ 

(3) 

Then the pr~bability for the observation of an event characterized by the production 

angle 8 :.t and the decay angle + between the decay pion and the normal to the 

production plan& (see. Fig. 4) is given by 

(4) 

where CL is the decay a1ymmetry parameter of the sigma decay (e 0 for ~ 
+ + . ~ . . 

1r0 - and o. for w - decay mode). For the analysis of the events at 1050 MeV/c, 

only s and p waves have been considered in the expansions (l), and the energy 

dependence represented by Eq. (1) has been used. Near threshold, the ~· c. m. 

momentum Pz: is related to the incident laboratory-•ystem pion momentum 

p'lf by 

Pz = 1CJ.63X (p11' • lOZO)l/Z MeV/c, (5) 
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and therefore can be simply related to the y coordinate of the production 

vertex in the chamber. After the momentum-resolution curve for the incident 

'beam has been folded in, the expression for the probability that an individual 

event will be observed is a function of angles BE and + and the y coordinate 

of the production vertex. The s and p amplitudes have been determined by the 

maxi.Dlum-likellhood method, using this probability fun~tion. The results, 

combined with the knowledge of the average production cross section, are given 

in Table II. Since in the present analysis only relative phaaea can be determined, 

the s amplitude has been aaaumed real. An alternative set of amplitudes is 

obtained by reversing the sign of the non-spin-fiip phase angle x b' and by 

replacing the apin-fiip phase angle x by (w-x ), which also lita the data. c c • 

The amplitudes of Table n have been determined by using for the decay asymmetry 

parameters a.0 and 4 + the value& 1 and 0 respectively. This is in good 

agreement with the currently available data on ,,1; decay. 5 

In order to evaluate the degree of confidence that can be given to the 

maximum-likelihood solution, the differential erose sections, average polari-

zations. and production c rosa section a a a function of the incident momentum 

have been calculated from the amplitudes of Table II and compared with the data. 

The eolld curves in Figs. 1 and l represent the results of this calculation. The 

results obtained for the polari~ation are quoted in Table I. It is obvious that 

the fitted amplitudes are fully consistent with the experimental data. Finally, 

the aeymmetry coefficient o. + "PE averaged over 1037 through 1065 MeV /c for 

+ + the decay mode E - n + w has been found experimentally equal to O.Ol*0.13, and 

therefore in agreement with the zero vilue as signed to 4 + for the maximum-

likelihood fit. 
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A similar analysis was carried on with the events at 1170 MeV /c, 

except that the absence of an a priori energy-dependent repre.senta.tion of the 

amplitudes led to a determination of the amplitudes averaged over the energy 

interval investigated (1170:tsl5 MeV /c). The angular distribution obtained with 

the selected events corrected for experimental biases il shown in Fig. 3, along 

with the results of fit• to polynomials of order 4 (solid curve) and of order 5 

(dashed curve) in cos 8E. Ord.er 3 fitted the data equally aa well as order 4, 

with x Z = 30.3 for 16 degrees of fl"ee4om. The fit to -.~o)y.noltlili:l of order 5 

z was better, with x = 17.5 for 15 degrees of freedom. Baltay et al. have studied 

the same reaction at a somewhat higher incident momentum: lZZO MeV/c. 6 The 

production angular distribution they obtained can be fitted satisfactorily by a 

polynom.iali;:l of order 3 in cos 91: with coefficients in very close agreement 

with those we obtained for order 3. Therefore it may be reasonable to assume 

that the presence of f waves in the production mechanism suggested by our data 

on the baaia of the x 2 test may have been simulated by a statistical fluctuation. 

The polarization distribution determined with the events in the mode 

z;+- p + v 0 , as represented in Fig. 4, does not permit further comment on the 

possible presence of f waves. · 

Although £ waves cannot be excluded conclusively, the production 

amplitudes have been determined by assuming that all partial waves except 

s, p and d waves could be neglected. This determination was done by tlte 

maximum-likelihood method, using the probability function (4) and considering 

lor each event the production angle 9 I: and the decay angle +· The amplitude •. 

normalized to the observed total cross section of O.ZOS&0.014 mb, are given in . 
Table III. The production angular distribution calculated from the fitted amplitudes 
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ie identical with the solid curve in Fig. 3. The calculated polarization 

distribution, (solid curve) is represented in Fig. 4, and is consistent with 

the experimental points. liere again the zero value assigned to 4 + is 

justified by J!'e fact that the asymmetry coefficient a.+ lS'z: was found equal 

to -O.l8:t:O.l·l from the up-down diStribution of events in the E+- n + 1r + decay 

mode. 

In the analysis at 1170 MeV /c the ambiguity in phase angle abo exists, and 

an alternative solution can be obtained by making the same simultaneous trans-

formation on the non-spin-flip_ and spin-flip phase angles of the Table UI 

solution.· An additional ambiguity exit!!ts because the set of amplitudes obtained 

by a Minaini transformation followed by the complex conjugation operation gives 

the same angular distribution and polariz.ation~7 In an attempt to remove this 

· second kind of ambiguity the • and p amplitudes determined near threshold 

have been extrapolated to 1170 MeV /c by using the energy dependence given by 

Eq. (1). It should be emphasized that no Minami ambiguity elcists for these 

amplitudes, since the energy dependence was taken into account in the previous 

analysis. Therefore, at 1170 MeV /c, the true solution should deviate less 

from.the extrapolated e and p amplitudes than the ambiguous solutions do. 

Unfortunately, owing to the large estimated errore, it was not possible to 

decide between the possible sets of amplitudes. The amplitudes resulting 

from the Minami transb"mation and the complex conjugation operation are given 

in Table IV. 

With the data at 1050 and 1170 MeV /c the amplitudes were also determined 

by using different values of t1°. The results showed that the amplitudes are a 

slowly varying function of o.0 • The amplitudes given in Tables U and IU would 

therefore not differ appreciably, within the assigned errors, from those cor

responding to the real value of a. 0 , expected to be close to unity. 
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The results obtained in other laboratories for the I:+K+ production 

cross section are plotted in Fig. 5 and are found in good agreement with the 

values determined in this experiment. The soUd curve in Fig. 5 represents 

the variation of the cross section assuming that the s and p waves are 
.l i 

dominant and f~w the energy dependence of Eq. (1). This assumption seems 

to hold at least up to 1090 MeV /c, where data on };0 and E- production 

a . 
exists. The results obtained from the analysis near threshold have been 

extrapolated. up to 1090 MeV /c and found consistent with the :1;0 and E"' 

data on the basiS of the charge-iadependence hypothesis. 

Other data on li0 and ~- production in the threshold region have 

been obtained at l~lO MeV /c by Crawford et al. 9 from which ·~nimu~ 
values and errore for the I:+ differential cross section allowed by the charge-

independence hypothesis have been calculated.. These have been represented 

with their errors as hatched areas in Fig. 3 for comparison with the .differential 

cross section obtained at 1170 MeV /c. I! one neglects the effect that could 

result from the small difference between the incident momenta, the data are 

not inconsistent with the charge-independence hypothesis. 
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Table I. Valuea of the asymmetry coefficient e&01"'E 

Average iDcldent 
momentum 

(MeV/c) 

104Z 

1058 

1170 

Determined 
experimentally 

O.SS*O.Z3 

0. 76*0.18 

o.6Z*0.19 

Computed with 
the 

fitted amplitude e 

0.66 

0.70 

0.55 
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Table U. R.eaulta for the e and p_~amplitudea near threshold 

(1050 MeV /c). (Amplitudes are given in (mb/er)t, and 

the E c. m. momentum p t in MeV/ c. ) 

a = + (5. 75 • o. 76) • p¥z· 10-3 

b a + (4.31 * t.6Z) • p¥z. 1o·5 

xb = + sz0 .1~t:8°.o 

·c = - (3.57:.t1.41) • p¥z. 1o·5 

£0+a a~ Z£1+ + £i • b! exp [ixb], £1+- fie c exp [ixcl. 

UCR.L-1 OZ43 

An alternative set of solutions ia obtained by the transformations x b- - x b' 

x -w - x . The Cl0 &Dd a+ have been taken as +1 and 0 respectively. c c 
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Table In. Results for the a, p, and d amplitudes at 1170 MeV /c. 
J. 

(The amplitudes are given in (mb/ar) 2 .) 

a.= + 0.06l:i!O.OH> 

b = + 0.131*0.077 

xb = + 34°. 7:tZ9° ·~ 

c = - 0.089li:O.l10 

X = + ZO 0 • 5 sZ6 ° . 1 c 

d = - 0.06Z:t0.063 

Xd = .. 70 .4:t60o .z 
e = - 0.044:t0.040 

X = + 91 ° . 9 •Z5 ° . 8 e 

The meaning of the symbols uaed for the representation of the s and p 

- + .. 
amplitudes is the same ae in Table n. The d amplitudes are : liz + Zfz 

= d exp ltxd]. fl.+- fl.-= e exp[ixel· An alternative set of solutions 

exists for the transformations Xb -- Xb' Xc -n- Xc• Xd -- Xd' 

Xe-"'- Xe· 

) 
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Table IV. Possible solutions for the sand p amplitudes at 1170 MeV/c. 

Sol. I Sol. II Minami I Minami n ~ol. A Sol. B 
-.,.:o~-~~ ~ .............. ~~---· . ---.... --. ·-

a c 0.061~.016 0.10l:tt0.094 0.036 0.083:1:0.014 
ll!m"~~~~~~~ --~i~J 

b = 0.131*0.077 0.066*0.0~~6 0.062 o.ts6eo.orloo· 
;r ' 

~ 
.. --· 

xb = ~~·-~~~:z 325~~~~~:~~~*40° .o 
301 (J. 3 SZ0 .11::8°.0 307°. 9•8° .o 
·~_. 

c ll 0.089r.t:0.110 0.077 0.1 Z9at:.0.053 
_,;,.,-.w;_...., ... -

Xc = zoo0 .5•26°., 339° .5:tt26° .1 227° .s 192° ~· z6o0 .a•2~' 279° .z•z~Az 

Solution I corresponds to the amplitudes given in Table III.· Solution n has been 

.. obtained from Solution I by the transformation Xb -- Xb and Xc- "'· Xc• 

The corresponding Minami transform aolutions are called Minami I and 

Minami n respectively. The phases o£ the Minami solutions have been 

rotated in order to set the s phase angle to zero, accortling to the previously 

adopted convention. Solutions A and B are the result of the extrapolation of 

·tfte·~utiona obtained near threshold and given in Table n. and have been 

included for comparison. Errors shown on the Minami I solution are typical 

of errore on all Minami solutions. The amplitudes are given in (mb/sr)l •. 

" 
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FIGURE LEGENDS 

Fig. 1. Production cross section as a function Gf position in the chamber, £or 

274 events in the interval 1037 through 1065 MeV/c. Here y = - 65 

corresponds to an incident pion momentum of 1065:t:3 MeV /c • 

.Fig. Z. Angular distributions for the momentum intervals (a) 1050.4 P ~ 1065 ,. 
MeV /c and (b) 1037 ""P ~·1050 MeV /c. The points have been determined 

from. the obeerved number of events, corrected for experimental biases 

and beam attenuation. ·The solid curves represent the angular distri

bu,ion as given by the a and p amplitudes cleterinined in this experiment. 

Fig. 3. The corrected absolute differential cross section of this experiment 

(1170 MeV0>C). The dashed curve represents a fi.t in powers of cos6,; 

through order S with a quality of fit given by x Z = 17.5 for 15 degrees 

of freedom. The solid curve ia the result of the e, p, and d amplitudes 

of this experiment with x Z = 30.3 for 16 degrees of freedom. The. 
+ + ' 

erose-hatched areas represent minimwn I: K cross sections and 

their errors. as allo~ed by cha.rge independence and the data of Crawford 

et al. at l Z20 MeV/ c (see reference 9). 

Fig. 4. Decay asymmetry with respect to! i\ for E+- p + ,o, based on 95 

observed events at 1170 MeV /c. The solid curve represent& the 

prediction of the a, p, and d amplitudes of this experiment with 

x 2 = 1.6 for one degree of freedom. 

Fig. 5. The total c:rosa sections of this experiment compared with other 

experimental result•. The solid curve has been determined from 

Eq. (1) by using the a and p ampUtudea determined at lOSO MeV /c. The 

dashed curves represent one standard deviation error, where proper 

account baa been taken of correlations between errors. References to the 

data, cited from this article, are: ( ) this experiment; (0) Baltay et al., 

(reference 6); ( ) Berthelot et al., (reference 10); ( •> Brown et al., 

(reference 11); and ttlJ :~!'Wi~ .e.t a~:-~ (reference 12). 
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